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ABSTRACT

This paper uses exponential sum methods to show that if £ C (Z/p")" \ (p)™ has a
sufficiently large density and j is any unit in the finite ring Z/p” then there exist pairs of
elements of £ whose dot product equals j. It then applies this to the problem of detecting
2— simplices with endpoints in E.
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1. Introduction

This article studies the distribution of dot product values over Z, := Z/q on sets E x E C
22" (n > 2) which belong to the unit group Uy := (Z/q)*, where ¢ = p" and r > 2.

If n > 2 our main result (Theorem 1.1) finds a simple lower bound on the density
g :=|E|/q" of a subset E C Z2\ (p)™, where

(P)™ = {(ar,...,a,) € Zy: a; € (p) for each i},

which is uniformly bounded from below in all p > 1 and all » > 2, and which insures that
the following property is satisfied:
for each j € U, there exist

Xx=(1,...,%n), Y= (Y1,---,Yn) € E's.t. (x,¥) ::Z@-yi:j € Zy.
i=1

Defining for each j € U, and £ C Z \ (p)™

Bi(E) = {(x,y) € E*: {x,y) = j}I,

* Corresponding author.

Received 11 Mar 2025; Revised 12 Jul 2025; Accepted 29 Dec 2025; Published Online 14 Mar 2026.
DOI: 10.61091/0jac21-03

(© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/ojac21-03
https://www.combinatorialpress.com/ojac
https://doi.org/10.61091/ojac21-03
https://creativecommons.org/licenses/by/4.0/

2 B. LICHTIN

the first observation to make is that the restriction to subsets £ of Z}\ (p) () {5 a reasonable
one since any subset of E that lies inside (p)™ cannot contribute to 3;(E) because j ¢ (p).

What we mean precisely by the expression “dg is uniformly bounded from below in all
p>1and r > 2" is that there exist v < 0, P > 1, and C > 0 (independent of p,r) such
that

p>P and 6 > CpY implies [;(E)>1 foralljeU, andr > 2.

Our main result shows this property holds if vy = —(n — 1) /2, and also gives an explicit
main term for each §;(E). Its proof is given in Section 2.2.4 and is a simple consequence
of the two estimates derived in Section 2.2.2, Section 2.2.3. The statement is as follows.

Theorem 1.1. Assume n > 2 and E C Z7\ (p)™. Then there exists a constant C' > 0
(uniform in p > 1 and r > 2) such that

p>1 and 6p> Cp "z implies Bi(E) = u-(1—1—0(1)) for each j € U, and r > 2.

q
(1)

The significance of Theorem 1.1 is that our density lower bound therefore only depends
upon a sufficiently large p and not upon a choice of r > 2. This is to be contrasted with
the results in [1], [3] in which the weaker density lower bound dg > rp~"z sufficed to
insure that §;(E) is positive when r > 1 (for each j and n > 2), but without giving the
main term in (1).

An additional point to emphasize here is that our density lower bound is on a scale
of p and not ¢, i.e. it is a negative power of p not ¢. This appears to be an inevitable
consequence of the presence of zero divisors in Zj, that is, vectors that are zero after
multiplication by some power of p less than 7.

Since our method relies upon estimates for averages of exponential sums mod ¢ of
scalar products of non zero vectors, such averages are necessarily inflated because of this
phenomenon (see (23), (24)ff. in Section 2.2.2). However, by being careful and using a
different approach to that in [1], [8], we are able to extract some savings that result in
the negative exponent of p in (1).

A variant of Theorem 1.1 is the subject in Section 3. This concerns the problem of
detecting points in a “2—simplex", which for our purposes here means any set of the form

3,i(E) ={(x1,x2) € EX E:[[xi][=v1, [[%2]|=v2, (x1,%2) = j},

where (v,7) = (v1,v2,7) € U and [|x||= (x,x) .
It is not difficult to adapt the argument that proves Theorem 1.1 to this problem. Tt
suffices to replace E by £, x E,, where

E,, =ENS,, =En{x:|x|=v.} (u=1,2).

However, an apparent obstacle exists that prevents our method from being applicable
for a given n > 2 and all r > 2.

To see this most simply, assume that E is a random subset of Z;, which tells us that
E and the S, are independent sets with respect to the probability measure

XCZZLH(SX.
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In this event it follows that for each wu:
5Evu = 5E qil (1 + 0(1)) .
By combining (35) and (54), we show (see Section 3) that

R B, ||E., EP?
Spqg t(1+0(1))>q2p 2 = |%,,(E)|= % (I1+o0(1)) = % (I1+o0(1)).

However, since 6 < 1, the hypothesis can only be satisfied when r <n —2 and p > 1.
More generally, our second result includes the possibility that £ and the S, are not
independent.

Theorem 1.2. Assumen > 5 and r > 2. Then there exists a constant ¢ > 0 (uniform in
p> 1, r>2) such that for all (v,j) € U3 :

1 . B, ||E,
p>1,r<n—2, and (5}231 552 Zcqfép*% implies ‘Ev,j<E)‘: | 1H 2|
v v q_

(1+0(1)).
(2)

In general, it is convenient to introduce a parameter «,,, defined by setting

5E = OéudE(SSDu,

Yy

and express the criterion of Theorem 1.2 in terms of ay, as, and |E| as follows.

1 (n—2)
1 E2

p>1, r<n—2 and dg>c % implies | Xy ;(E)|= % (1+0(1)).
(a1 a2)§ q

(3)
What this means in practice is that the parameters oy, ag are implicitly constrained by
the condition that any lower bound for gz must be at most 1, that is,

g (g > pr’(”’2).

An immediate corollary of Theorem 1.2 extends the main result in [1] to detect “circular
2—point configurations" whose vertices belong to some E C Zj for all p > 1 and n > 5,
provided that 2 <r <n — 2.

Given a set E' C Z; and unit ¢ this problem asks whether pairs of points (x;,x3) € E?
exist that satisfy simultaneously the conditions:

[xu[|= [[xal|= ¢ and [lx) —xs[=e.

Given that 2 - ¢ # tmodp when p > 2, such a property follows trivially from the
hypotheses in (2) by setting v; = vo = ¢ and choosing j = 27! - 1, which insures that =
2 (1 —j) . Since there are |U,| possible ¢ there are |U,| such circular 2—point configurations
if the hypotheses in (2) hold.

Theorem 1.2 can also be interpreted in terms of the well known graph coloring problem
from geometric Ramsey theory in the simplest possible case. In this context, the value
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of ||[x; — x2|| becomes a color for the edge of a graph whose vertex set {x;,x2} is a
subset of some E C Zj. Theorem 1.2 tells us that if p sufficiently large then |U,| distinct
monocolorings of the edge set must exist provided that F has density at least q% p_nT_Z
and r <n — 2.

It is natural to ask whether the proof of Theorem 1.2 can be extended to address
analogous problems for complete graphs in Zj with k& > 3 vertices. Using very different
ideas, some progress on this problem is given in [6].

Theorems 1.1 and 1.2 (as well as the theorems proved in [1]-[5]) can be thought of as
a modest response to Tao’s general challenge (see [7]) to extend to finite rings results
in additive combinatorics involving orthogonal invariants that have been proved over fi-
nite fields, using ideas or techniques that do not typically (or immediately, or even at
all) extend to finite p—adic rings. Although Tao’s explicit interest in [ibid.] concerned
the sum-product phenomenon, it does not seem unreasonable to adopt a broader under-
standing of his challenge to include, in addition, point configuration questions like those
addressed in |op.cit.] and this article.

A basic feature of Theorem 1.1 is that it proves a result that is uniform in r > 2,
provided only that p is larger than a lower bound that does not depend upon r. In
addition, it will be evident that there is nothing in the proof of Theorem 1.1 that would
not extend straightforwardly to treat the same problem over finite subrings of the ring
of integers of any finite extension of the p—adic field Q,. Filling in the details of such a
discussion is an exercise best left to the reader. On the other hand, because the density
lower bound in Theorem 1.1 is a power of p, and not ¢, it does not seem possible to
improve Theorem 1.2 by eliminating the a priori bound for r.

In a Concluding Remark we indicate a simple application of the uniformity in r property
of Theorem 1.1 to a comparable dot product problem over the ring Z, of p—adic integers.
An interesting consequence of our result is that by using only Haar measure we can say
something about the presence of dot product values created by points in a subset £ x F
when F'is a closed subset of Z;. This is sketched at the end of the article. An alternative
approach, for a general configuration problem on average, was worked out in the thesis
[2], which used the full arsenal of geometric measure theoretic techniques based upon
Hausdorff and Frostman measures adapted to the non archimedean metric context.

Notations

We use throughout the particular notations below where j € U, m = (m4,...,m,) € Ly,
m = (m;, my) € Zg”, and x = (z1,..., %), Y= (Y1, Yn) € Zy :

xy) = i (xom) =Y ammi; ||xlli=Y a? (all defined in Z,);
i=1 7 i=1

ord,x = min; ord, v; := min; max {{ : p*|z;};
1;(x,y) = characteristic function of {(x,y) € Z?I" x,y) =7};

1p(x) = characteristic function of E;
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for any y € Z, x(y) == ™/,

Tim)=q¢ > Lixy)x(xy),-m); Igm)=q" Y 1p(x)x(x,—m);
x€ELy x€Ly

for any finite set X, |X|= number of elements of X ;

1 — pfr(nfl)

-1 - -
Cp = 1—p, Cpn = 1—p rn7 Cp,r,n = CpCpn 1 — p—(n—l) ’

p=|E|/¢". O

2. Proof of Theorem 1.1

2.1.  Starting points
It is clear that

Gi(E)= Y 1eba)-lp(x) - 1(2)

T=(x1,%2)ELI"

— Z 1;(m) Z 1g(x1) - 1p(x2) - x{(x,m)

m=(mj,ms) z=(x1,x2)€LI"

. Z 1;(m) - Tp(—m,) - Tp(—my) := M* + £,

where
M* :=¢*"-1,(0,0) - 1(0)?
£ =g Y 1(m) Ip(-my) Tp(—my)
m#(0,0)
g {TE<0>- 3" 1,0, my) - Tp(cmy) + 3 ST, (m) - Tp(—my) -TE<—m2>}
m27$0 m;#0 mo
— [5,;. > Ifmy)+ Y le(m)l :
mo#0 m;#0 mo
=EF + &, (4)

We think of M* as an expected main term and £* as an expected error term that must
be shown to be strictly smaller than M* provided only that p and dg are sufficiently large
in the sense given in the Introduction.

We first evaluate M* when p # 2. It is clear that

~ FE
1p(0) = |q"| =

op.

To evaluate Tj(O, 0) we note that the choice of the 2 = (x1,%;) coordinates on Z2" is
not optimal to do this since it obscures the relation to the work in [4]. It is more useful
first to define

Z1 = X1 + Xo Zo — X1 —X9g.
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Setting z = (z1,z2), since p # 2, it follows that

. (Zl + Zo,21 — ZQ) = (Xlax2>» (5)

N | —

T(z) = (T1(2), Ta(2)) =

defines a coordinate change on all of Zg” such that

Q:z— ((x10T)(2), (x20T)(2)) = ;1 - (lzall=llz2l) -

It is then clear that 13(z) := 1; 0 T'(2) denotes the characteristic function of the level
set {z : Q(z) = j}. Since @ is an additive and nondegenerate quadratic form in 2n
variables we deduce from [9] and a standard p—adic lifting argument, using Hensel’s
Lemma, which lifts solutions of the congruence Q = jmodp' (i = 1,2,...,7 — 1) to
solutions of Q = j mod p'*!, that

1,(0,0) = /1\}‘(0, 0)=q"- (1 + 0 (p*%)> uniformly inr>1and j € U,. (6)

We conclude |E\2

To simplify the discussion below, it will be useful here to fix an integer F, such that

1 n—
PZPOZ>§§1+O<P7%)S2~ (8)

2.2.  Bound for £*

It is convenient to split the work into two parts. We first bound £; (see (13)) whose proof
only relies upon the fundamental exponential sum estimate of Weil that is used to prove
(6). We then use a very different method to establish a different bound &5 in Section 2.2.2
(see (35)). We have thought it instructive to include a discussion of each method in order
to highlight the relative strength of the second approach.

Of significance here, however, is that is possible to adapt the second method to bound
&7 in Section 2.2.3. We finish the proof of Theorem 1.1 in Section 2.2.4 by showing that
if p is sufficiently large (uniformly in » > 2 and j € U,) and n > 2, then the expected
main term M* is larger than £* provided that g is bounded below by the product of a
constant with p‘nT71 uniformly in j, r > 2, and all p > 1.

Remark 2.1. The reader might be curious about the case when r = 1, that is, when
Z4 = F,. The method in [1] clearly suffices for this case. So there is no need to consider
this possibility in the following discussion.

2.2.1. Bound for & (see (13)). We first apply Cauchy-Schwarz and Plancherel’s Theorem
to the sum over my # 0 which implies

1/2
£ <q 1|6 ( S mw)

mo#0
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1/2
g |E|-5Y2 [ 3" 7,00, my)- 1j<o,—m2>} . (0)
my#0

Second, we note that the definition of each Fourier transform in (9) implies

> T(0,my) - 150, —my) =g Y [Z%(.V)x(y, —m2>] : {ZU§(Y/)X<Y,7TH2>]7
m,#0 my#0 -y y’

(10)

where
o;(y) =Y Lixy) and oj(y) =) 1;x.,y).
As a result, since 0;(y) = 0’;(y) and the function

(y.y) — D> x(y —y,my) equals (y,y) — q" - Ly—yr(y,¥) = 1,
my#0

it follows that

Z;OTJ-(O, my) - 1;(0, —my) = ¢ *"- Z a;(y)o}(y") (%: Xy =y my) — 1)
=g {q" Y oily) - (zy: Uj(Y)) : (Z 0}(y’)> }
=q " ;U?(Y) —q " <; 1;(x, y))2 : (11)

Since j € Uy, the sums over y,y’ are actually concentrated on Z \ (p)™. As a result,
for cach fixed y,y’ € Z2\ (p)™:

which implies

¢ W) <y ez \ ()™ =gt (1-p ) <q >
Yy

Moreover, (6) implies

Z Li(x,y) =¢""- (1 + O(p’%)) uniformly in r > 1 and j € Uj,.
X,y

Combining these estimates, and using the facts that the sum over m, is nonnegative,
and for p > 1

_2n-—1

2)’

(1+00 ™M) =1+ 00
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we conclude that

0< > 1;(0,my) - 1;(0,—my) < g2 — ¢ 21+ 0(p "7 )| =¢2-0(p 7). (12)

mo#0

As a result, (9) now implies that there exists P and a constant ¢; uniform in r > 2, j,
and p > Pj such that

w[3

+

N

S Pl s g <d g B0 (g2 ) — 1B, (13
p>2P = & <cp-q"|E|l0g" (¢ p ) i p B2, (13)

2.2.2. A better bound for £ for any r > 2 and n > 2 (see (35)). We start again with (9)
but use a different idea to bound the rightmost factor where, implicitly, r > 2 is always
assumed.

Setting z = (z1,22) and 2’ = (2}, 2}), and using the definition, it is clear that for each

mo 7& 0
|/1\j(07m2 =" (Zl X(Z2, — 2>) : (Z 1j(z/)X<Z,2>m2>>
o (Z 1i(2) - 1;(2") - x(z2, —my) 'X<Z§>m2>> : (14)

z,2!
In which case, by exchanging the order of summation with ms we see that
Z ﬁj<07m2)‘2: g <Z 1;(2) - 1;(2) - Z X(z2, —my) - X<Z/2>m2)> : (15)
mo#0 2,2/ m37#0
We first note that since j € U, it follows that z, 2’ & (p)®™). For each z; resp. z} ¢ (p)™
set 1(zy) resp. 1(z]) to denote a fixed vector, depending upon z, resp. z\, in
{22 :1;(2z1,20) =1} resp. {z}:1,(z),2,) =1},
and set
K(z1) = {22 : (z1,22) = 0} resp. K(zy) = {z}: (z},2)) = 0}.
It then follows that
rhs(15)
=Y > D x(a(z), —my) - x(1(2)), my) - x{w1, —my) - x(w}, my)

z1,2] wi1€EK( mo#0

=2 D

z1,z) m2#0 wi1EK(

We now must understand the behavior of the functions

v£0— > x(w,v) whenz€ {z,,2,} and v € {£m,}. (17)
wek(z)
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To do this we use the fact that if w € K(z) — x(w, V) is a trivial resp. nontrivial
homomorphism of the additive group K(z) then

the exponential sum in (17) equals ¢"~* resp. 0. (18)
To decide which possibility can occur it suffices to reduce the 2 x n matrix
Z PRI n
e (-0 E D)
A% V1 V2 -+ Up

to row echelon form. By a permutation of indices we may assume z; € Uy, in which event
L is row equivalent to

r— 21 Z9 s Zn
- 0 -1 -1 ’
Vg — V121 22 *+° Up —UV121 Zn

where the inverse in Z, of z; is denoted 2!, and

K(z) = {(—[Z w; - 27" 2], wg,...,wn> (wa, ... wy) GZg_l} .

So, if v; # 0 and (z) := {7z : 7 € Z,} then
v e (z) < weK(z) > x(w,v) is identically 1. (19)

Indeed, the condition is clearly sufficient. The fact that it is also necessary is seen as
follows. If for each u > 2 we choose w, to be a non zero divisor and set

Wy =Wy - (— 271 24,0,...,0,1,0,...,0) € K(z) (where the u'" entry equals 1),

then for each u > 2
X(Wy,v) =1 <= 0= (w,,V) =w, - (vu — zflzu)
— nv=02z = v=_(2"v)z € (z).
In addition, since ord,z = 0, we also observe that if v := ord, v, then
av=uvz = v=ordyv; and V:=p'v=_(z"p "v)ze (ZN(Z\ (p)(”)) . (20)
Moreover, if v; = 0 then it is equally clear that v # 0 cannot belong to (z), and
v#£0 = Z X(W,v) = Z x(w,v) =0, (21)
weK(z) VT/:(O7w2,...,wn)EZI;71

since, in this event, the map w € K(z) — x(w,v) = x(w,Vv) is a nontrivial homomor-
phism (i.e., not identically equal to 1) on the additive group K(z).

This tells us that the rightmost sum in (16) can only be nonzero when my € (z;) N (z}),
in which event, (18) then implies this product equals ¢*"~V. In other words :

rhs(15) =¢ 22 ) > x((z1), —my) - x(1(2)), ma) - Ly (ma). (22)

ma#0 712 ¢(p) ™)
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We next split up the innermost sum into that part over which z; = z} and z; # z| and
bound each part separately.

If z; = 7} then we can evidently choose ((z;) = ('(z]) and write each my = p” m where
m € Z;’,‘,V and ord, m = 0, in which case, by thinking of Z", v a8 being embedded in Zj
as the vectors each of whose coefficients of a power of p larger than r — v —1 equals 0, we

have:

r—1
ST DY x((z), —my)x(V(2)), my) - 1y Yooy 1 ). (23)
my#0 7, =7 ¢ (p) (™) v=0 @ z¢(p)

Denoting the units in Z,— by U,_,, we then note that

p’m € (z) <= there exists n € U,_, such that m =nz modp™". (24)
However, from this congruence one cannot infer that any of the coefficients of p"=v, pr—v+1,
.., p" ! of the p—adic expansion of z must also equal 0. So, any such z is only determined

uniquely mod p"™
Setting ' = n~! € U,_, it follows that this property is equivalent to

z=1n"m modp "

Since for fixed m, 7', and a fixed representative Zo mod p"™" of 5’ m in Z} there exist
p”" other vectors z € Z; such that

{20 +p""2} = {z ¢ (1) modq: z=n'm modp’ "},

it follows that if z| = z; then:

r—1
rhs(23) Z \U,—| p™" =CpCpn( Zp”(”_l)
v=0

= CpCpn qP(T—l)(n—l) (1 _ p—r(n—l)) (1 _ p_(n_l))_l
= [ey epm(1 — p ") (1 — ()= g =)
prn @ 7Y (25)

If z, # z] it follows that if v = ord, my then there exist ny = no(v), po = po(v) € U,—,,
such that (as equations in Z7)

my € (z1) N (z}) = my = p"m = (p"no) - 21 = (p” o) - 2
= 2| = o pig* 21 modp"". (26)

Setting
6 = 770,“(;1 S UT—I/7

it is clear that in (26), the set of possible ng, o consists of all units in U,_, since z,z]
are independent elements of Zj \ (p)(”) . As a result, the set of all possible & also equals
U,_, and (26) says the following:

m; € (z1) N (z}) and my:=p"noz; =p" pozy, = z) =&z modp™™".  (27)
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In other words

m, € (z;) N (z))
= x((z1), —mg) - x(1'(z}), m2) = x (0" p0J (1 = &)) Lim—capr—)y (21,27).  (28)
Setting, for each v and £ € U,_,,
N(V, g) = Z 1{Z/1:£zl(pr—u)} (Zl,le) s
21,21 ¢(p) (™)

it is elementary to see that

N, &) = cpnq"p""  uniformly in £ € U,_,. (29)

We now evaluate the contribution from those z; # z) in (22) as follows:

Z Z x(1(z1), —my) - x(1'(z]), my) - 1<z1>m<z3>(m2)

mo#0 z17#2| ¢ (p )(n)

= > > x@in1-¢) Nwg

0<v<r—1 u,kelU,—,

= > D> x0in E(w (30)

0<v<r—1 peU,_,

where

E,(u)= > x(=p"jp&) N(v,€)
éeU'rfu
= " D" Y x(—p"jp€)
Eel,—y

= "D Y X IR), (31)

KEUr—y

where the last line is due to the fact that for each fixed u, {ué:£€U,_,} =U,_,.
It is a standard fact (see [3], pg. 56) that there is considerable cancellation in the
character sums as follows:

> ><(p”jf<:)={_1 tr=r=t (32)

el 0 fv<r-—2.

Combining (30), (31) with (32) amounts to evaluating (30) at » = n — 1. Then,
combining this with (25), now tells us the following:

rhs(15) =g "2 A Cprnd"p "V + g p "}
=27 O(1)  uniformly in v > 2 and p > 1. (33)

As a result we have now shown

> 15(0,my)P= g2 p " O(1). (34)

mo#0
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Going back to the original error bound in (9) we conclude that there exists constants
Pr, Cy such that for all r > 2

p>P = & <Crq"|E|Lq p % = Crgilp 3 B (35)

In this way we see some improvement in the upper bound from (13), having eliminated
the p'/* factor.

2.2.3. Bound for &, (see (50)). The method is similar to that in Section 2.2.2, but the
estimate we get (see (50)) is rather different in form to the bound in (35). The reason for
this seems to be due to the fact that the behavior of the factor in the summation over x,
in (44) depends upon ord, (1 — §), i.e., it is evidently not uniform in the variable &.

As a result, it will suffice to emphasize in this section the details that differ from those
in the preceding section (see Remark 2.2 in particular).

Defining (see (1)) for each m; # 0

]-"(ml) = Z TE(mQ)Tj(ml,mg), (36)

msa EZZZL

an application of Cauchy-Schwarz and Plancherel’s Theorem, as with &7, first tells us that

1/2 1/2
Er <¢*"- (Z |/1\E<m1)‘2> : (Z ’]:<m1>’2)

mj#0 m; #0
1/2
¢ 87 (Z F(my) - )) . (37)
m; #0

The second step is to rewrite, for each m; # 0, the factors in the sum (37) using
the Fourier transform definition. This gives the following, in which we have set z :=
(21,22), 2" := (2},2)), and used the fact that F(my) =3, 1p(—mj) 1,(—my, —m)):

F(m,;) - F(my) =¢° Z { (Z 1 (x2) X (X2, —m2>> : Z 1p(x3) x(x3, m3)

mo m2

<Z1 —(my, my) ) <Z1 ml,m2)>> } (38)

In the third step we interchange the sums over my, m/, with those over x,, 2, x5, 2’. This
then gives:

F(my) - F(m;) =¢q {Z 15(x2) x(z1, —my) - (Z X (X2 + 2o, —m2>>

ma2

Z 1p(x3) 1;(2") x (2}, muy) ZX X) + 25, my) | (39)

x 2! m2
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Since the sums over my, m/, are complete exponential sums over Z", it now follows that
9 2 q°

Z X<X2 + zo, —m2) =q"- 1{x2+zQ:0}(X2, Z2)7

mso

and
> x (X + 2, mb) = ¢ L a0} (X5, Z5)

/
my

Substituting the right sides into (39) and simplifying a bit then shows:

F(my) - F(my) = ¢ " I(my) - 1I'(my), (40)
where
= Z 15(x2) 1;(21, —X2) x(Z1, —my),
and
IT'(my) == Z 1g(x3) 1;(z), —x3) x(z], my) .
Xb,2)

We can now compare these expressions with those in (14) since the right sides can be
rewritten as follows

Z 1p(x2) 1;(21, —X2) x (21, —my) Z 1p(x2) (Zl Z1, —X3) X(Z1, —m1>)

/
Z 1g(xy) 1;(z), —x3) x(z), my) ZlE X5) Zl z1, —Xy) X (2}, m1)
X5,2]
Adapting the idea from Section 2.2.2, for each xs, %}, we note that the sums over zy, z}

are, by definition, concentrated on the following two affine subspaces of Zy, which can
only be nonempty when xy,x5 & (p)™ since j € U, :

Hj(x2) :={21 : (21, —X2) = j} = 71(x2) + K(x2);
Hi(xy) :={z] : (2}, —%3) = j} = 21 (x5) + K(x3)

where IC(x3) resp. K(x)) denotes the linear subspaces on which z; — (z1, —X3) resp.
7} — (2, —x}) vanishes, and z;(x2) resp. z;(x}) denotes a particular solution of

(21, —Xo) = j resp. (z},—X,) =].

Exactly as in (19), (21)
lfve(x
z € {xX2,X5} — Z X{w,v) = 1 f @ (41)
wek(z) 0 if not.

When v = +m; we apply this for any x5, %/, and conclude:

Zl (Z1, —x2) x (21, —my) =¢" " X (%1 (x2), —1m) - Ly ()
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> 1, —x5) x (2, mu) =¢" " - (2 (%), m) - Ly (my). (42)

Given that v := ord, m; € [0, — 1] we follow the same method from Section 2.2.2 by
using the fact that ord,xs = ord,x, = 0. Thus, there exist units n = n(m;,xz), p =
p(my,x5) € U,—, and my € Z!" , with ord, m; = 0 such that

(1) my € (x) N (x5)

T—U,

m, =Xy modp™™"; My = pxh modp "; xb = pun 'xy modp™;
(i) x(21(x2), —mu) = x (=p"nj) and  x(Zy(x5),m1) = x (" 1) -

Defining next
§= 77#_1 €Uy,
it will also be convenient (see Remark 2.3 below) to think of £ as a unit in U, as well by
setting
E=&+pa+ - +p T+ (00 T0), (43)

Such a unit of U, can be thought of as the “canonical lift" of £ to Uj,.

We then combine (10) with (i), (ii) and the other preliminary remarks, to understand
more precisely the sum over m; # 0 in (37). Arguing as in Section 2.2.2, we have the
following:

> Flmy) - Flmy) =q " > { > 1p(xz) 1a(xh) (Z 1j(Z1,—X2)X<Z1,—m1>> (44)

M1 20 m;#0 | x2,x)
30 12 ) x (et )
z
r—1
A IEDY D R ECAN IR
v=0 n,ucl,_, X27X/2¢(p)<n>
xy=pn~ ! x2 (p" )
r—1
=gy Y > lp(xe) 1p(xh) x (0" pj(1-¢))
v=0 p,E€lU,_, X2,X§¢(p)(n)
\ x,=¢Ex2 (p" ")

r—1
= q—Qn—Q . Z Z NE(”? 5) 5(1/, 5) . (45)
v=0 £els—y
where
Np(r.§) = Y lp(x)lpy) and Ew.&:= > x@jnl-9).
x2,x5¢(p)™) peUr_y
xh=€x2 (p" V)

Unlike the argument in Section 2.2.2 there is no uniform in £ bound for the double
sum over Xo, Xb.



DOT PRODUCT VALUES OVER FINITE p—ADIC RINGS 15

To overcome this issue, we must first sum over p for each fixed . To do this, we first
set, for any £ € U,_,,

p€) =1 =8 € Ly—v; k=ord,p&); p(&) =p"p&) where p(§) € Upp s,

where it is understood that x < r — v with equality iff £ = 1. We then break up the sum
over ¢ according to the value of k. It then follows that

Yo Flo) - Flm)=¢ 2 Y Y Y Ne&EwrE) (46)

m;7#0 O<v<r—1 wk<r—v  £eUr—y
ordp p(§)=K

Ew,r, &)= > x@iup) .

MEUT—V

It is now evident that the character sum evaluations in (32) apply to each (v, k,&). In
particular, for given v there is a nonzero contribution only when k € {r —v —1,r — v},
in which event it follows that

() =g Y (Aw)+B()

0<v<r—1
where
Av) = > Ne(w,§) > x @ jnprv(9)
EeUr_y, pnelUyr_y

§:1+priyilﬁr—u—l(€)
ﬁT,V,1(£)€U1

()Y Ned) (S, () is uniform in €),
§€Ur—y
E=14p" " pr_y—1(€)
Pr—v—1 (§)€U1

B)=|U| > lu(xe)le(xh) < cqp™VE].
x2,x5¢(p)(™)

xh=x32 (p"")

For v > 1 we denote the coset mod p"™" of any vector z € Zj by
2], ={y €Z;:y=2z(p"")}.

Then, for each x; ¢ (p)™ and & € U,, the canonical lift of £ € U,_, (see (13)), it follows
that

> Np(v.§) = > 1p(xo) > > 1p(z)

err—u ng(p)(n) SEU’I‘—V Ze[éx2]r7y
E=14p" " pr_y 1 (6) =" Py -1 (§)
ﬁr—u—1(£)€U1 ﬁr—l/—l(g)EUl

<c,p™ | E| (since |Uj|=p—1). (47)
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This extends trivially to the case v = 0 since in that event each congruence x|, =
€ Xy (p") has but one solution. From this it is easy to verify that

r—1
> BW) <qqlElY  p Y =q¢"p "V EI0(1)
0<v<r-1 v=0
r—1
Yo AW < DD AW)I<gpT B D p Y = ¢"p B[O (48)
0<v<r—1 0<v<r—1 v=0

As a result, we have shown the existence of a constant C;; which is uniform in p > 1
and r > 2 such that

1/2
< Z F(my) - }"(m1)> <Cpr Cf%*lp*%l ’Eﬁ ; (49)
mj;#0

from which (37) now implies:
There exist constants Prr and Cyr such that for all™ > 2 and j:

p>Py = E;<Crq"t p_%l B (50)

Remark 2.2. The fact that this argument gives the factor |E| in (50), not |E|*/? (as in
(13)), is crucial for the proof of Theorem 1.1

Remark 2.3. One could only hope to improve upon this if one knew something more
precise about the function

E— X e F:x' =& (p) for some x € E}.
To that end, and with a sharpening in mind (see Section 3) whenever E is replaced by
E,=ENS, for some v € Uy,

which will be used in Section 3, it is useful to point out here how (50) can be improved
in that event.

We first note that (see (47)) for any 1 < v <r —1 and £ € U,_, such that 1 — & =
P () with 7€) € Uy -

Xy =EXp (p77) and 1p,(x5) = 1p,(x2) =1 (51)
— x, € [€xalr ={{+p "y iy =yo+pyi+- + 1y €23}

A,

= v(1-&)=p" (2é<x2,y> —i—pr’”HyH) (an equation in Z,) .

As a result, if X, = £x, + p" ¥y satisfies 1p,(x}) = 1 then p™|v(1 — £2) in Z,.
On the other hand, since £ # 1 (p"") it follows that

A

F=0-p 7 pE))>=1-2p)p " () £1L ().
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In other words, it is not possible that
V(1 =€) =00"").

This now tells us that whenever FE is replaced by E, in (36) then

(=g Y (AW +B)= ) BW),

0<v<r-1 0<v<r-1

that is, only each B(v), when & =1 (p" ") can effectively contribute.
From this we now conclude that any y appearing in (51) must then satisfy the congru-
ence

0=2(x2,y) +p" "Iyl (). (52)

This condition determines a non singular hypersurface in Zj, since the linear part is
not identically zero, given that x, ¢ (p)™.

Applying the standard method, via Hensel’s Lemma, of lifting solutions mod p to
solutions mod p”, which is possible because the linear part y — (Xs,y) is non zero mod
p, it follows that

{y € Z : (52) holds }| = O(p""~ V). (53)

As a result, for any v € U,, when we replace E by E, in the definition (36) of F(m,),
(47) - (19) can then be improved as follows:

r—1
> B SqalB Y v =y B 00
0<v<r-—1 v=0

1/2
( Z F(my) ~f(m1)> <Crhqiip T |EU|% (when E = E, in (56)).
mj;#0

(54)

2.2.4. Finishing the proof of Theorem 1.1 . The proof of Theorem 1.1 is now very easy.
We must compare the bound for £ in (35) with that for &, from (50) when p is
sufficiently large and r > 2. To that end, we first observe :

- 2 _a Crr\’
Curg" ' p~7 |EI< Crq? 'p % B> iff 5E2p(—0”) . (55)
1

Since dp < 1 this cannot occur for p sufficiently large. So it suffices to understand
under what conditions is it the case that

M >2Cq" p T |E|> 26, > E + & =E".

It is clear that this occurs if
1

6E > 20[[]9_%.

This now completes the proof of the assertion:

JC>0 st. p>1 and 5EZC'p_nT_1 = M*>E& if n,r>2. (56)
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3. Proof of Theorem 1.2

Recalling the definition of 3 ;(£) from the Introduction, it is clear that
ovi(B) =IZ(B) = D) lw(x) - lpw(xe) - 1), (57)
.’13=(X1,X2)EZ$TL

where for each u
g, (Xu) = 1B(xy) - Ls,, (Xu),

is the characteristic function of E, := EN.S,,.
Applying Fourier inversion as in Section 2.2.1, it follows that

ovi(E) = Z 1;(m) Z L0 (X1) - 1g 0, (X2) - X (T, M)

m=(mj,my) T=(x1,%2)ELI"

:qzn . Z i\](m) . TE7U1(_m1) ./1\E7'U2(_m2) = M* + 53‘77 (58)

where (see (7))

~ ~ E’U . EU _2n—1
M= T5(0.0) T, (0)- T (@) = E2EE2L (14 02
Ev =" Y 1m) - 1g,, (—my) - 1g,,(—my)
m#£(0,0)
{1 0)+ 3 T,(0.ma) - Tp(-mo)
my#0
- Z Zl 1Ev1 —m) 'TE,vz(_m2)}
ml;ﬁo mo
;:qzn . |:5Ev1 . Z ]Uw-(mg) + Z Z]IV,](m)] .
m27£0 ml;éO meo
=& + & (59)

The extension of (35) to bound & is straightforward. It suffices to replace 15 (ms)
in the applications of Cauchy-Schwarz and Plancherel in (9) by TE,UQ? in which event
the factor 5}9/2 should change to 52/7]22 Furthermore, the definitions of Py, c; in Remark 1
remain unchanged.

We then know that

1 n n n 1
p>Pr = & <C1q"|Ey,| 5237)2 ¢ 'p2=Ciqz'p 2 | By [| B, | 2= By . (60)

Moreover, unlike the situation in Section 2.2.1, where the choice is made to fix m; =0
and leads to a bound that is independent of this choice, in this section there are actually
two possible choices to be made of that index ¢ for which m, = 0. In other words, there
is a second possible bound as follows:

* n 1 -1 —n n_j1 _n 1 >
p=Pr = & <C1q"|Ey|dp, q ' p72 = Crq"p 2 |Eyl| B, 7= B (61)
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The extension of (50) to bound &j;, given that one has decided to fix m; = 0 to define

*is also straightforward and similarly achieved by replacing 1z(my) resp. 1z(ms)
wherever either function appears in the discussion of Section 2.2.3 by 1z, (my) resp.
15.4,(my). Applying the bounds (51) from Remark 2.3, we conclude as follows:

There exist P;; and Cj; uniform in » > 2 and v, j such that :
N no3 _n=2 1 1 .
pZPII - g[[SOIIq 2p 2 |Ev1|2|Ev2‘2::BII' (62)

Note that this bound is actually independent of the choice to fix m; = 0 in the definition
of £&;. That is, exactly the same estimate holds if we had chosen to define £ by setting
my, = 0. The main point here is that the ezponent of each |E,, | in B}, equals 1/2 and is
independent of the choice made to define E;.

As a result, the single choice to make concerns whether Bj is al least resp. at most g}
This is evidently equivalent to

(a) 0p,, > 0p,, resp. (D) 0p, < g,

If (a) occurs, then B is better (i.e. smaller) than Bj, so we should next compare B} to
7;. To that end we note that

Biy<Bi iff Cuq'2p T |En|? |Bul< Crqt 'p 3 |By|B, |2
But since this inequality would require
1 1 1 1
T (1 +o(1) =83, =65 > q b,

it cannot occur for p > 1.
As a result :

for p sufficiently large it is not possible that Bj; < g}

So, we may assume Bj; > E}* whenever p > 1, in which event, it is now elementary to
verify the following:

11 -
p>1, nr>2, and 51311 (SEUQ >2Cr q’%p’TQ implies M ; > 2B > &5 .

(63)
The lower bound in (63) however, must also be compatible with an a priori upper bound
n—2

1 1 1
0%, >0, 03 >2Cuqip T

V9

SQM\H

¢ (L+o(1)) >4

U1
The two inequalities are evidently compatible if

r—(n—

1+o(1) >2Cp 2 that is, if r<n—2 when p> 1. (64)
In other words, if 0g, > dg,,, n > 2, and r <n — 2, we conclude that if p > 1 then

|Bul|Es|

¢ *(1+0(1))* > g, 0B, > 402, ¢ p*™ implies oy j(E) .

(1+0(1)). (65)
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If, however, 5EU1 < (5Ev2, then it is clear that it suffices to interchange v; with vy as

subscripts in (63) and use the same argument as above to conclude that M . > &
whenever p > 1 and r < n — 2. We leave these details for the reader to verify.
The union € of the two sets of permissible densities is independent of v, 7 and satisfies

the property that if £ is any set for which (0g, ,0g,, ) € Q, then M} . > & ; and

_|Eul|By]

oy (E) .

«(140(1))  uniformly in p > 1 whenever 2 <r <n—2 andn > 5.

4. Concluding remarks

It is natural to want to apply our methods to detect the presence of particular dot product
values between n—vectors over the ring of p—adic integers Z, when n > 2. We also
continue to use the notation (p)™ to denote the n—fold product of the maximal ideal (p)
in Z,.

Starting with a subset £ C Z2'\ (p)™ and denoting by E, the projection (or truncation
by p") of £ to Z;, we impose the hypotheses:

(i) p>1and og > p’%1 for all r > 1;

(i) €= m E,.

Note that condition (i) is a purely Haar measure theoretic condition since the density
of E, C Zjy equals the normalized Haar measure of £,. Condition (ii) says that £ equals
the intersection of its family of approximating “tubular" neighborhoods 7,(€) of width
p

T(E) ={z € Z] : maxyee ||z —x[|<p™™}.

Remark 4.1. Note that this property does not hold if £ = Z".

Theorem 1.1 tells us that if the two hypotheses are satisfied, for example, if £ is a closed
subset (in the p—adic metric topology), and if, in addition, g, > p_nT_l for each r, then
for any unit j € 2,

B (E.) # 0 (where j, € Z, denotes the reduction mod q of j).

Denoting by (x,,y,) a point in E, x E,. for which (x,,y,) = j, the resulting sequence
of points {(x,,yr)}- is a Cauchy sequence in Z' x Z'. By the hypothesis (ii), the unique
limit point (x,y) of this sequence belongs to £ x £. Moreover, since j = lim, j, it follows
that

xy) =]

In other words, for any unit j we have shown that if the hypotheses (i), (ii) are satisfied

by a set £ C Zg\(p)(") then {(x,y) € ExE: (x,y)=j} #0.
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