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Dot product values over �nite p−adic rings
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abstract

This paper uses exponential sum methods to show that if E ⊂ (Z/pr)n \ (p)(n) has a

su�ciently large density and j is any unit in the �nite ring Z/pr then there exist pairs of

elements of E whose dot product equals j. It then applies this to the problem of detecting

2− simplices with endpoints in E.
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1. Introduction

This article studies the distribution of dot product values over Zq := Z/q on sets E×E ⊂
Z2n

q (n ≥ 2) which belong to the unit group Uq := (Z/q)×, where q = pr and r ≥ 2.

If n ≥ 2 our main result (Theorem 1.1) �nds a simple lower bound on the density

δE := |E|/qn of a subset E ⊂ Zn
q \ (p)(n), where

(p)(n) := {(a1, . . . , an) ∈ Zn
q : ai ∈ (p) for each i} ,

which is uniformly bounded from below in all p≫ 1 and all r ≥ 2, and which insures that

the following property is satis�ed:

for each j ∈ Uq there exist

x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ E s.t. ⟨x,y⟩ :=
n∑

i=1

xiyi = j ∈ Zq.

De�ning for each j ∈ Uq and E ⊂ Zn
q \ (p)(n)

βj(E) := |{(x,y) ∈ E2 : ⟨x,y⟩ = j}| ,
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the �rst observation to make is that the restriction to subsets E of Zn
q \(p)(n) is a reasonable

one since any subset of E that lies inside (p)(n) cannot contribute to βj(E) because j /∈ (p).

What we mean precisely by the expression �δE is uniformly bounded from below in all

p≫ 1 and r ≥ 2" is that there exist γ < 0, P ≥ 1, and C > 0 (independent of p, r) such

that

p ≥ P and δE ≥ Cpγ implies βj(E) ≥ 1 for all j ∈ Uq and r ≥ 2.

Our main result shows this property holds if γ = −(n− 1)/2, and also gives an explicit

main term for each βj(E). Its proof is given in Section 2.2.4 and is a simple consequence

of the two estimates derived in Section 2.2.2, Section 2.2.3. The statement is as follows.

Theorem 1.1. Assume n ≥ 2 and E ⊂ Zn
q \ (p)(n). Then there exists a constant C > 0

(uniform in p≫ 1 and r ≥ 2) such that

p≫ 1 and δE ≥ C p−
n−1
2 implies βj(E) =

|E|2

q
·(1+o(1)) for each j ∈ Uq and r ≥ 2.

(1)

The signi�cance of Theorem 1.1 is that our density lower bound therefore only depends

upon a su�ciently large p and not upon a choice of r ≥ 2. This is to be contrasted with

the results in [1], [8] in which the weaker density lower bound δE ≫ r p−
n−1
2 su�ced to

insure that βj(E) is positive when r ≥ 1 (for each j and n ≥ 2), but without giving the

main term in (1).

An additional point to emphasize here is that our density lower bound is on a scale

of p and not q, i.e. it is a negative power of p not q. This appears to be an inevitable

consequence of the presence of zero divisors in Zn
q , that is, vectors that are zero after

multiplication by some power of p less than r.

Since our method relies upon estimates for averages of exponential sums mod q of

scalar products of non zero vectors, such averages are necessarily in�ated because of this

phenomenon (see (23), (24)�. in Section 2.2.2). However, by being careful and using a

di�erent approach to that in [1], [8], we are able to extract some savings that result in

the negative exponent of p in (1).

A variant of Theorem 1.1 is the subject in Section 3. This concerns the problem of

detecting points in a �2−simplex", which for our purposes here means any set of the form

Σv,j(E) = {(x1,x2) ∈ E × E : ∥x1∥= v1 , ∥x2∥= v2 , ⟨x1,x2⟩ = j} ,

where (v, j) = (v1, v2, j) ∈ U3
q and ∥x∥= ⟨x,x⟩ .

It is not di�cult to adapt the argument that proves Theorem 1.1 to this problem. It

su�ces to replace E by Ev1 × Ev2 where

Evu := E ∩ Svu := E ∩ {x : ∥x∥= vu} (u = 1, 2).

However, an apparent obstacle exists that prevents our method from being applicable

for a given n ≥ 2 and all r ≥ 2.

To see this most simply, assume that E is a random subset of Zn
q , which tells us that

E and the Sνu are independent sets with respect to the probability measure

X ⊂ Zn
q −→ δX .
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In this event it follows that for each u:

δEvu
= δE q−1 (1 + o(1)) .

By combining (35) and (54), we show (see Section 3) that

δE q−1 (1+ o(1))≫ q−
1
2 p−

n−2
2 =⇒ |Σv,j(E)|= |Ev1| |Ev2|

q
(1+ o(1)) =

|E|2

q3
(1+ o(1)).

However, since δE ≤ 1, the hypothesis can only be satis�ed when r < n− 2 and p≫ 1.

More generally, our second result includes the possibility that E and the Sv are not

independent.

Theorem 1.2. Assume n ≥ 5 and r ≥ 2. Then there exists a constant c > 0 (uniform in

p≫ 1, r ≥ 2) such that for all (v, j) ∈ U3
q :

p≫ 1, r < n−2, and δ
1
2
Ev1

δ
1
2
Ev2
≥ c q−

1
2 p−

(n−2)
2 implies |Σv,j(E) |= |Ev1| |Ev2|

q
(1+o(1)).

(2)

In general, it is convenient to introduce a parameter αu, de�ned by setting

δEνu
:= αu δE δSνu

,

and express the criterion of Theorem 1.2 in terms of α1, α2, and |E| as follows.

p≫ 1, r < n− 2, and δE ≥ c
q

1
2 p−

(n−2)
2

(α1 α2)
1
2

implies |Σv,j(E) |= α1 α2 |E|2

q3
(1+ o(1)).

(3)

What this means in practice is that the parameters α1, α2 are implicitly constrained by

the condition that any lower bound for δE must be at most 1, that is,

α1 α2 ≫ pr−(n−2).

An immediate corollary of Theorem 1.2 extends the main result in [4] to detect �circular

2−point con�gurations" whose vertices belong to some E ⊂ Zn
q for all p≫ 1 and n ≥ 5,

provided that 2 ≤ r < n− 2.

Given a set E ⊂ Zn
q and unit ι this problem asks whether pairs of points (x1,x2) ∈ E2

exist that satisfy simultaneously the conditions:

∥x1∥= ∥x2∥= ι and ∥x1 − x2∥= ι.

Given that 2 · ι ̸= ιmod p when p > 2, such a property follows trivially from the

hypotheses in (2) by setting v1 = v2 = ι and choosing j = 2−1 · ι, which insures that ι =

2 (ι−j) . Since there are |Uq| possible ι there are |Uq| such circular 2−point con�gurations
if the hypotheses in (2) hold.

Theorem 1.2 can also be interpreted in terms of the well known graph coloring problem

from geometric Ramsey theory in the simplest possible case. In this context, the value



4 b. lichtin

of ∥x1 − x2∥ becomes a color for the edge of a graph whose vertex set {x1,x2} is a

subset of some E ⊂ Zn
q . Theorem 1.2 tells us that if p su�ciently large then |Uq| distinct

monocolorings of the edge set must exist provided that E has density at least q
1
2 p−

n−2
2

and r < n− 2.

It is natural to ask whether the proof of Theorem 1.2 can be extended to address

analogous problems for complete graphs in Zn
q with k ≥ 3 vertices. Using very di�erent

ideas, some progress on this problem is given in [6].

Theorems 1.1 and 1.2 (as well as the theorems proved in [4]-[5]) can be thought of as

a modest response to Tao's general challenge (see [7]) to extend to �nite rings results

in additive combinatorics involving orthogonal invariants that have been proved over �-

nite �elds, using ideas or techniques that do not typically (or immediately, or even at

all) extend to �nite p−adic rings. Although Tao's explicit interest in [ibid.] concerned

the sum-product phenomenon, it does not seem unreasonable to adopt a broader under-

standing of his challenge to include, in addition, point con�guration questions like those

addressed in [op.cit.] and this article.

A basic feature of Theorem 1.1 is that it proves a result that is uniform in r ≥ 2,

provided only that p is larger than a lower bound that does not depend upon r. In

addition, it will be evident that there is nothing in the proof of Theorem 1.1 that would

not extend straightforwardly to treat the same problem over �nite subrings of the ring

of integers of any �nite extension of the p−adic �eld Qp. Filling in the details of such a

discussion is an exercise best left to the reader. On the other hand, because the density

lower bound in Theorem 1.1 is a power of p, and not q, it does not seem possible to

improve Theorem 1.2 by eliminating the a priori bound for r.

In a Concluding Remark we indicate a simple application of the uniformity in r property

of Theorem 1.1 to a comparable dot product problem over the ring Zp of p−adic integers.
An interesting consequence of our result is that by using only Haar measure we can say

something about the presence of dot product values created by points in a subset E ×E

when E is a closed subset of Zn
p . This is sketched at the end of the article. An alternative

approach, for a general con�guration problem on average, was worked out in the thesis

[2], which used the full arsenal of geometric measure theoretic techniques based upon

Hausdor� and Frostman measures adapted to the non archimedean metric context.

Notations

We use throughout the particular notations below where j ∈ Uq, m = (m1, . . . ,mn) ∈ Zn
q ,

mmm = (m1,m2) ∈ Z2n
q , and x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Zn

q :

⟨x,y⟩ =
n∑

i=1

xiyi ; ⟨x,m⟩ :=
∑
i

ximi ; ∥x∥:=
n∑

i=1

x2
i (all de�ned in Zq);

ordp x = mini ordp xi := mini max {ℓ : pℓ|xi};
1j(x,y) = characteristic function of {(x,y) ∈ Z2n

q : ⟨x,y⟩ = j} ;
1E(x) = characteristic function of E ;
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for any y ∈ Zq χ(y) := e2πiy/q ;

1̂j(mmm) = q−2n
∑
x∈Zn

q

1j(x,y)χ⟨(x,y),−mmm⟩ ; 1̂E(mmm) = q−n
∑
x∈Zn

q

1E(x)χ⟨x,−m⟩ ;

for any �nite set X, |X|= number of elements of X ;

cp = 1− p−1 , cp,n = 1− p−rn , Cp,r,n = cp cp,n
1− p−r(n−1)

1− p−(n−1)
,

δE = |E|/qn .

2. Proof of Theorem 1.1

2.1. Starting points

It is clear that

βj(E) =
∑

xxx=(x1,x2)∈Z2n
q

1E(x1) · 1E(x2) · 1j(xxx)

=
∑

mmm=(m1,m2)

1̂j(mmm)
∑

xxx=(x1,x2)∈Z2n
q

1E(x1) · 1E(x2) · χ⟨xxx,mmm⟩

=q2n ·
∑

mmm=(m1,m2)

1̂j(mmm) · 1̂E(−m1) · 1̂E(−m2) :=M∗ + E∗,

where

M∗ :=q2n · 1̂j(0,0) · 1̂E(0)2

E∗ :=q2n ·
∑

mmm̸=(0,0)

1̂j(mmm) · 1̂E(−m1) · 1̂E(−m2)

=q2n ·
{
1̂E(0) ·

∑
m2 ̸=0

1̂j(0,m2) · 1̂E(−m2) +
∑
m1 ̸=0

∑
m2

1̂j(mmm) · 1̂E(−m1) · 1̂E(−m2)

}
:=q2n ·

[
δE ·

∑
m2 ̸=0

I(m2) +
∑
m1 ̸=0

∑
m2

II(mmm)

]
.

:=E∗I + E∗II . (4)

We think ofM∗ as an expected main term and E∗ as an expected error term that must

be shown to be strictly smaller thanM∗ provided only that p and δE are su�ciently large

in the sense given in the Introduction.

We �rst evaluateM∗ when p ̸= 2. It is clear that

1̂E(0) =
|E|
qn

= δE.

To evaluate 1̂j(0,0) we note that the choice of the xxx = (x1,x2) coordinates on Z2n
q is

not optimal to do this since it obscures the relation to the work in [4]. It is more useful

�rst to de�ne

z1 = x1 + x2 z2 = x1 − x2 .
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Setting zzz = (z1, z2), since p ̸= 2, it follows that

T (zzz) = (T1(zzz), T2(zzz)) =
1

2
· (z1 + z2, z1 − z2) = (x1,x2), (5)

de�nes a coordinate change on all of Z2n
q such that

Q : zzz −→ ⟨(x1 ◦ T )(zzz), (x2 ◦ T )(zzz)⟩ =
1

4
· (∥z1∥−∥z2∥) .

It is then clear that 1∗j(zzz) := 1j ◦ T (zzz) denotes the characteristic function of the level

set {z : Q(z) = j}. Since Q is an additive and nondegenerate quadratic form in 2n

variables we deduce from [9] and a standard p−adic lifting argument, using Hensel's

Lemma, which lifts solutions of the congruence Q ≡ j mod pi (i = 1, 2, . . . , r − 1) to

solutions of Q ≡ j mod pi+1, that

1̂j(0,0) = 1̂∗j(0,0) = q−1 ·
(
1 +O

(
p−

2n−1
2

))
uniformly in r ≥ 1 and j ∈ Uq . (6)

We conclude

M∗ =
|E|2

q
·
(
1 +O(p−

2n−1
2 )
)
. (7)

To simplify the discussion below, it will be useful here to �x an integer P0 such that

p ≥ P0 =⇒ 1

2
≤ 1 +O

(
p−

2n−1
2

)
≤ 2. (8)

2.2. Bound for E∗

It is convenient to split the work into two parts. We �rst bound E∗I (see (13)) whose proof

only relies upon the fundamental exponential sum estimate of Weil that is used to prove

(6). We then use a very di�erent method to establish a di�erent bound E∗I in Section 2.2.2

(see (35)). We have thought it instructive to include a discussion of each method in order

to highlight the relative strength of the second approach.

Of signi�cance here, however, is that is possible to adapt the second method to bound

E∗II in Section 2.2.3. We �nish the proof of Theorem 1.1 in Section 2.2.4 by showing that

if p is su�ciently large (uniformly in r ≥ 2 and j ∈ Uq) and n ≥ 2, then the expected

main termM∗ is larger than E∗ provided that δE is bounded below by the product of a

constant with p−
n−1
2 uniformly in j, r ≥ 2, and all p≫ 1.

Remark 2.1. The reader might be curious about the case when r = 1, that is, when

Zq = Fp. The method in [1] clearly su�ces for this case. So there is no need to consider

this possibility in the following discussion.

2.2.1. Bound for E∗I (see (13)). We �rst apply Cauchy-Schwarz and Plancherel's Theorem

to the sum over m2 ̸= 0 which implies

E∗I ≤qn · |E|·δ
1/2
E ·

(∑
m2 ̸=0

|1̂j(0,m2)|2
)1/2
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=qn · |E|·δ1/2E ·
[ ∑

m2 ̸=0

1̂j(0,m2) · 1̂j(0,−m2)

]1/2
. (9)

Second, we note that the de�nition of each Fourier transform in (9) implies∑
m2 ̸=0

1̂j(0,m2) · 1̂j(0,−m2) = q−4n ·
∑
m2 ̸=0

[∑
y

σj(y)χ⟨y,−m2⟩
]
·
[∑

y′

σ′
j(y

′)χ⟨y′,m2⟩
]
,

(10)

where

σj(y) :=
∑
x

1j(x,y) and σ′
j(y

′) =
∑
x′

1j(x
′,y′).

As a result, since σj(y) = σ′
j(y) and the function

(y,y′) −→
∑
m2 ̸=0

χ⟨y′ − y,m2⟩ equals (y,y′) −→ qn · 1{y=y′}(y,y
′)− 1 ,

it follows that

∑
m2 ̸=0

1̂j(0,m2) · 1̂j(0,−m2) = q−4n ·
∑
y,y′

σj(y)σ
′
j(y

′)

(∑
m2

χ⟨y′ − y,m2⟩ − 1

)

= q−4n ·
{
qn ·

∑
y

σ2
j (y)−

(∑
y

σj(y)

)
·

(∑
y′

σ′
j(y

′)

)}

= q−3n ·
∑
y

σ2
j (y)− q−4n ·

(∑
x,y

1j(x,y)

)2

. (11)

Since j ∈ Uq, the sums over y,y′ are actually concentrated on Zn
q \ (p)(n). As a result,

for each �xed y,y′ ∈ Zn
q \ (p)(n):

σj(y) = σ′
j(y

′) = qn−1 ,

which implies

q−3n ·
∑
y

σ2
j (y) ≤ q−3n · q2(n−1) · |{y ∈ Zn

q \ (p)(n)| = q−2 (1− p−n) < q−2 .

Moreover, (6) implies∑
x,y

1j(x,y) = q2n−1 ·
(
1 +O(p−

2n−1
2 )
)

uniformly in r ≥ 1 and j ∈ Uq.

Combining these estimates, and using the facts that the sum over m2 is nonnegative,

and for p≫ 1 (
1 +O(p−

2n−1
2 )
)2

= 1 +O(p−
2n−1

2 ) ,
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we conclude that

0 ≤
∑
m2 ̸=0

1̂j(0,m2) · 1̂j(0,−m2) < |q−2 − q−2(1 +O(p−
2n−1

2 )| = q−2 ·O(p−
2n−1

2 ) . (12)

As a result, (9) now implies that there exists P ′
I and a constant c′I uniform in r ≥ 2, j,

and p ≥ P ′
I such that

p ≥ P ′
I =⇒ E∗I ≤ c′I · qn · |E|·δ

1/2
E ·

(
q−2 · p−n+ 1

2 )
)1/2

= c′I · p−
n
2
+ 1

4 · q
n
2
−1 · |E|

3
2 . (13)

2.2.2. A better bound for E∗I for any r ≥ 2 and n ≥ 2 (see (35)). We start again with (9)

but use a di�erent idea to bound the rightmost factor where, implicitly, r ≥ 2 is always

assumed.

Setting zzz = (z1, z2) and zzz′ = (z′1, z
′
2), and using the de�nition, it is clear that for each

m2 ̸= 0

|1̂j(0,m2)|2=q−4n ·

(∑
zzz

1j(zzz)χ⟨z2,−m2⟩

)
·

(∑
zzz′

1j(zzz
′)χ⟨z′2,m2⟩

)

=q−4n ·

(∑
zzz,zzz′

1j(zzz) · 1j(zzz′) · χ⟨z2,−m2⟩ · χ⟨z′2,m2⟩

)
. (14)

In which case, by exchanging the order of summation with m2 we see that∑
m2 ̸=0

|1̂j(0,m2)|2= q−4n ·

(∑
zzz,zzz′

1j(zzz) · 1j(zzz′) ·
∑
m2 ̸=0

χ⟨z2,−m2) · χ⟨z′2,m2)

)
. (15)

We �rst note that since j ∈ Uq it follows that zzz,zzz
′ /∈ (p)(2n). For each z1 resp. z

′
1 /∈ (p)(n)

set ı(z1) resp. ı(z
′
1) to denote a �xed vector, depending upon z1 resp. z′1, in

{z2 : 1j(z1, z2) = 1} resp. {z′2 : 1j(z′1, z′2) = 1} ,

and set

K(z1) = {z2 : ⟨z1, z2⟩ = 0} resp. K(z′1) = {z′2 : ⟨z′1, z′2⟩ = 0}.

It then follows that

rhs(15)

=
∑
z1,z′1

∑
w1∈K(z1)
w′

1∈K(z′1)

∑
m2 ̸=0

χ⟨ı(z1),−m2⟩ · χ⟨ı(z′1),m2⟩ · χ⟨w1,−m2⟩ · χ⟨w′
1,m2⟩

=
∑
z1,z′1

∑
m2 ̸=0

χ⟨ı(z1),−m2⟩ · χ⟨ı(z′1),m2⟩
∑

w1∈K(z1)
w′

1∈K(z′1)

χ⟨w1,−m2⟩ · χ⟨w′
1,m2⟩ . (16)

We now must understand the behavior of the functions

v ̸= 0 −→
∑

w∈K(z)

χ⟨w,v⟩ when z ∈ {z1, z′1} and v ∈ {±m2}. (17)



dot product values over finite p−adic rings 9

To do this we use the fact that if w ∈ K(z) −→ χ⟨w,v⟩ is a trivial resp. nontrivial

homomorphism of the additive group K(z) then

the exponential sum in (17) equals qn−1 resp. 0 . (18)

To decide which possibility can occur it su�ces to reduce the 2× n matrix

L :=

(
z

v

)
=

(
z1 z2 · · · zn
v1 v2 · · · vn

)
,

to row echelon form. By a permutation of indices we may assume z1 ∈ Uq, in which event

L is row equivalent to

L′ =

(
z1 z2 · · · zn
0 v2 − v1 z

−1
1 z2 · · · vn − v1 z

−1
1 zn

)
,

where the inverse in Zq of z1 is denoted z−1
1 , and

K(z) =

{(
−[

n∑
j=2

wj · z−1
1 zj], w2, . . . , wn

)
: (w2, . . . , wn) ∈ Zn−1

q

}
.

So, if v1 ̸= 0 and ⟨z⟩ := {τ z : τ ∈ Zq} then

v ∈ ⟨z⟩ ⇐⇒ w ∈ K(z)→ χ⟨w,v⟩ is identically 1. (19)

Indeed, the condition is clearly su�cient. The fact that it is also necessary is seen as

follows. If for each u ≥ 2 we choose wu to be a non zero divisor and set

wu := wu · (− z−1
1 zu, 0, . . . , 0, 1, 0, . . . , 0) ∈ K(z) (where the uth entry equals 1),

then for each u ≥ 2

χ⟨wu,v⟩ = 1 ⇐⇒ 0 = ⟨wu,v⟩ = wu ·
(
vu − v1 z−1

1 zu
)

=⇒ z1 v = v1 z =⇒ v = (z−1
1 v1) z ∈ ⟨z⟩ .

In addition, since ordp z = 0, we also observe that if ν := ordp v, then

z1 v = v1 z =⇒ ν = ordp v1 and v̂ := p−νv = (z−1
1 p−ν v1) z ∈ ⟨z⟩∩

(
Zn

q \ (p)(n)
)
. (20)

Moreover, if v1 = 0 then it is equally clear that v ̸= 0 cannot belong to ⟨z⟩, and

v ̸= 0 =⇒
∑

w∈K(z)

χ⟨w,v⟩ =
∑

w̃=(0,w2,...,wn)∈Zn−1
q

χ⟨w̃,v⟩ = 0 , (21)

since, in this event, the map w ∈ K(z) −→ χ⟨w,v⟩ = χ⟨w̃,v⟩ is a nontrivial homomor-

phism (i.e., not identically equal to 1) on the additive group K(z).
This tells us that the rightmost sum in (16) can only be nonzero when m2 ∈ ⟨z1⟩∩⟨z′1⟩,

in which event, (18) then implies this product equals q2(n−1). In other words :

rhs(15) = q−2n−2
∑
m2 ̸=0

∑
z1,z′1 /∈(p)(n)

χ⟨ı(z1),−m2⟩ · χ⟨ı′(z′1),m2⟩ · 1⟨z1⟩∩⟨z′1⟩(m2). (22)
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We next split up the innermost sum into that part over which z1 = z′1 and z1 ̸= z′1 and

bound each part separately.

If z1 = z′1 then we can evidently choose ζ(z1) = ζ ′(z′1) and write each m2 = pν m̂ where

m̂ ∈ Zn
pr−ν and ordp m̂ = 0, in which case, by thinking of Zn

pr−ν as being embedded in Zn
q

as the vectors each of whose coe�cients of a power of p larger than r− ν − 1 equals 0, we

have:∑
m2 ̸=0

∑
z1=z′1 /∈(p)(n)

χ⟨ı(z1),−m2⟩·χ⟨ı′(z′1),m2⟩·1⟨z1⟩(m2) =
r−1∑
ν=0

∑
m̂

∑
z/∈(p)(n)

1⟨z⟩(p
ν m̂). (23)

Denoting the units in Zpr−ν by Ur−ν , we then note that

pν m̂ ∈ ⟨z⟩ ⇐⇒ there exists η ∈ Ur−ν such that m̂ = η z mod pr−ν . (24)

However, from this congruence one cannot infer that any of the coe�cients of pr−ν , pr−ν+1,

. . . , pr−1 of the p−adic expansion of z must also equal 0. So, any such z is only determined

uniquely mod pr−ν .

Setting η′ = η−1 ∈ Ur−ν it follows that this property is equivalent to

z = η′ m̂ mod pr−ν .

Since for �xed m, η′, and a �xed representative z̃0 mod pr−ν of η′ m̂ in Zn
q there exist

pνn other vectors z̃ ∈ Zn
q such that

{z̃0 + pr−ν z̃} = {z /∈ (p)(n)mod q : z = η′m̂ mod pr−ν} ,

it follows that if z′1 = z1 then:

rhs(23) =
r−1∑
ν=0

|Ur−ν | pνn cp,n = cp cp,n q
r−1∑
ν=0

pν(n−1)

= cp cp,n q p
(r−1)(n−1) (1− p−r(n−1)) (1− p−(n−1))−1

= [cp cp,n(1− p−r(n−1)) (1− p−(n−1))−1] qn p−(n−1)

= Cp,r,n q
n p−(n−1) . (25)

If z1 ̸= z′1 it follows that if ν = ordp m2 then there exist η0 = η0(ν), µ0 = µ0(ν) ∈ Ur−ν

such that (as equations in Zn
q )

m2 ∈ ⟨z1⟩ ∩ ⟨z′1⟩ =⇒m2 = pν m̂ := (pν η0) · z1 = (pν µ0) · z′1
=⇒ z′1 = η0 µ

−1
0 z1 mod pr−ν . (26)

Setting

ξ := η0 µ
−1
0 ∈ Ur−ν ,

it is clear that in (26), the set of possible η0, µ0 consists of all units in Ur−ν since z1, z
′
1

are independent elements of Zn
q \ (p)(n) . As a result, the set of all possible ξ also equals

Ur−ν and (26) says the following:

m2 ∈ ⟨z1⟩ ∩ ⟨z′1⟩ and m2 := pν η0 z1 = pν µ0 z
′
1 =⇒ z′1 = ξ z1 mod pr−ν . (27)



dot product values over finite p−adic rings 11

In other words

m2 ∈ ⟨z1⟩ ∩ ⟨z′1⟩
=⇒ χ⟨ı(z1),−m2⟩ · χ⟨ı′(z′1),m2⟩ = χ (pν µ0 j (1− ξ)) 1{z′1=ξ z1(pr−ν)} (z1, z

′
1). (28)

Setting, for each ν and ξ ∈ Ur−ν ,

N(ν, ξ) :=
∑

z1,z′1 /∈(p)(n)

1{z′1=ξ z1(pr−ν)} (z1, z
′
1) ,

it is elementary to see that

N(ν, ξ) = cp,n q
n pνn uniformly in ξ ∈ Ur−ν . (29)

We now evaluate the contribution from those z1 ̸= z′1 in (22) as follows:∑
m2 ̸=0

∑
z1 ̸=z′1 /∈(p)(n)

χ⟨ı(z1),−m2⟩ · χ⟨ı′(z′1),m2⟩ · 1⟨z1⟩∩⟨z′1⟩(m2)

=
∑

0≤ν≤r−1

∑
µ,ξ∈Ur−ν

χ (pν j µ (1− ξ)) N(ν, ξ)

=
∑

0≤ν≤r−1

∑
µ∈Ur−ν

χ (pν j µ) Eν(µ) (30)

where

Eν(µ) =
∑

ξ∈Ur−ν

χ(−pν j µ ξ)N(ν, ξ)

=cp,n q
n pνn

∑
ξ∈Ur−ν

χ(−pν j µ ξ)

=cp,n q
n pνn

∑
κ∈Ur−ν

χ(pν j κ) , (31)

where the last line is due to the fact that for each �xed µ, {µ ξ : ξ ∈ Ur−ν} = Ur−ν .

It is a standard fact (see [3], pg. 56) that there is considerable cancellation in the

character sums as follows:∑
κ∈Ur−ν

χ(pν j κ) =

{
−1 if ν = r − 1,

0 if ν ≤ r − 2.
(32)

Combining (30), (31) with (32) amounts to evaluating (30) at r = n − 1. Then,

combining this with (25), now tells us the following:

rhs(15) =q−2n−2 · {Cp,r,n q
n p−(n−1) + cp,n q

2n p−n}
=q−2 p−n ·O(1) uniformly in r ≥ 2 and p≫ 1. (33)

As a result we have now shown∑
m2 ̸=0

|1̂j(0,m2)|2= q−2 p−n O(1) . (34)
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Going back to the original error bound in (9) we conclude that there exists constants

PI , CI such that for all r ≥ 2

p ≥ PI =⇒ E∗I ≤ CI q
n |E| δ

1
2
E q−1 p−

n
2 = CI q

n
2
−1p−

n
2 |E|

3
2 . (35)

In this way we see some improvement in the upper bound from (13), having eliminated

the p1/4 factor.

2.2.3. Bound for E∗II (see (50)). The method is similar to that in Section 2.2.2, but the

estimate we get (see (50)) is rather di�erent in form to the bound in (35). The reason for

this seems to be due to the fact that the behavior of the factor in the summation over x2

in (44) depends upon ordp (1− ξ), i.e., it is evidently not uniform in the variable ξ.

As a result, it will su�ce to emphasize in this section the details that di�er from those

in the preceding section (see Remark 2.2 in particular).

De�ning (see (4)) for each m1 ̸= 0

F(m1) =
∑

m2∈Zn
q

1̂E(m2) 1̂j(m1,m2), (36)

an application of Cauchy-Schwarz and Plancherel's Theorem, as with E∗I , �rst tells us that

E∗II ≤q2n ·

(∑
m1 ̸=0

|1̂E(m1)|2
)1/2

·

(∑
m1 ̸=0

|F(m1)|2
)1/2

≤q2n · δ1/2E ·

(∑
m1 ̸=0

F(m1) · F(m1)

)1/2

. (37)

The second step is to rewrite, for each m1 ̸= 0, the factors in the sum (37) using

the Fourier transform de�nition. This gives the following, in which we have set zzz :=

(z1, z2), zzz
′ := (z′1, z

′
2), and used the fact that F(m1) =

∑
m′

2
1̂E(−m′

2) 1̂j(−m1,−m′
2):

F (m1) · F(m1) =q−6n ·
∑

m2,m′
2

{(∑
x2

1E(x2)χ⟨x2,−m2⟩

)
·

∑
x′
2

1E(x
′
2)χ⟨x′

2,m
′
2⟩


·

(∑
zzz

1j(zzz)χ⟨zzz,−(m1,m2)⟩

)
·

(∑
zzz′

1j(zzz
′)χ⟨zzz′, (m1,m

′
2)⟩

)}
. (38)

In the third step we interchange the sums over m2,m
′
2 with those over x2, zzz,x

′
2, zzz

′. This

then gives:

F(m1) · F(m1) =q−6n ·
{∑

x2,zzz

1E(x2) 1j(zzz)χ⟨z1,−m1⟩ ·

(∑
m2

χ⟨x2 + z2,−m2⟩

)

·
∑
x′
2,zzz

′

1E(x
′
2) 1j(zzz

′)χ⟨z′1,m1⟩ ·

∑
m′

2

χ⟨x′
2 + z′2,m

′
2⟩

 . (39)
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Since the sums over m2,m
′
2 are complete exponential sums over Zn

q , it now follows that∑
m2

χ⟨x2 + z2,−m2⟩ = qn · 1{x2+z2=0}(x2, z2),

and ∑
m′

2

χ⟨x′
2 + z′2,m

′
2⟩ = qn · 1{x′

2+z′2=0}(x
′
2, z

′
2) .

Substituting the right sides into (39) and simplifying a bit then shows:

F(m1) · F(m1) = q−4n · II(m1) · II ′(m1), (40)

where

II(m1) :=
∑
x2,z1

1E(x2) 1j(z1,−x2)χ⟨z1,−m1⟩,

and

II ′(m1) :=
∑
x′
2,z

′
1

1E(x
′
2) 1j(z

′
1,−x′

2)χ⟨z′1,m1⟩ .

We can now compare these expressions with those in (14) since the right sides can be

rewritten as follows∑
x2,z1

1E(x2) 1j(z1,−x2)χ⟨z1,−m1⟩ =
∑
x2

1E(x2) ·

(∑
z1

1j(z1,−x2)χ⟨z1,−m1⟩

)
∑
x′
2,z

′
1

1E(x
′
2) 1j(z

′
1,−x′

2)χ⟨z′1,m1⟩ =
∑
x′
2

1E(x
′
2) ·

∑
z′1

1j(z
′
1,−x′

2)χ⟨z′1,m1⟩

 .

Adapting the idea from Section 2.2.2, for each x2,x
′
2, we note that the sums over z1, z

′
1

are, by de�nition, concentrated on the following two a�ne subspaces of Zn
q , which can

only be nonempty when x2,x
′
2 /∈ (p)(n) since j ∈ Uq :

Hj(x2) :={z1 : ⟨z1,−x2⟩ = j} = z̃1(x2) +K(x2);

H′
j(x

′
2) :={z′1 : ⟨z′1,−x′

2⟩ = j} = z̃′1(x
′
2) +K(x′

2) ,

where K(x2) resp. K(x′
2) denotes the linear subspaces on which z1 → ⟨z1,−x2⟩ resp.

z′1 → ⟨z′1,−x′
2⟩ vanishes, and z̃1(x2) resp. z̃

′
1(x

′
2) denotes a particular solution of

⟨z1,−x2⟩ = j resp. ⟨z′1,−x′
2⟩ = j .

Exactly as in (19), (21)

xxx ∈ {x2,x
′
2} =⇒

∑
w∈K(xxx)

χ⟨w,v⟩ =

{
qn−1 if v ∈ ⟨xxx⟩
0 if not.

(41)

When v = ±m1 we apply this for any x2,x
′
2 and conclude:∑

z1

1j(z1,−x2)χ⟨z1,−m1⟩ =qn−1 · χ⟨z̃1(x2),−m1⟩ · 1⟨x2⟩(m1) ,
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∑
z′1

1j(z
′
1,−x′

2)χ⟨z′1,m1⟩ =qn−1 · χ⟨z̃′1(x′
2),m1⟩ · 1⟨x′

2⟩(m1) . (42)

Given that ν := ordpm1 ∈ [0, r − 1] we follow the same method from Section 2.2.2 by

using the fact that ordp x2 = ordp x
′
2 = 0. Thus, there exist units η = η(m1,x2), µ =

µ(m1,x
′
2) ∈ Ur−ν and m̂1 ∈ Zn

r−ν with ordp m̂1 = 0 such that

(i) m1 ∈ ⟨x2⟩ ∩ ⟨x′
2⟩ ⇐⇒

m̂1 = η x2 mod pr−ν ; m̂1 = µx′
2 mod pr−ν ; x′

2 = µ η−1x2 mod pr−ν ;

(ii) χ⟨z̃1(x2),−m1⟩ = χ (−pν η j) and χ⟨z̃′1(x′
2),m1⟩ = χ (pν µ j) .

De�ning next

ξ = η µ−1 ∈ Ur−ν ,

it will also be convenient (see Remark 2.3 below) to think of ξ as a unit in Uq as well by

setting

ξ̂ = ξ0 + pξ1 + · · ·+ pr−ν−1ξr−ν−1 + (pr−ν0 + · · ·+ pr−10). (43)

Such a unit of Uq can be thought of as the �canonical lift" of ξ to Uq.
We then combine (40) with (i), (ii) and the other preliminary remarks, to understand

more precisely the sum over m1 ̸= 0 in (37). Arguing as in Section 2.2.2, we have the
following:

∑
m1 ̸=0

F(m1) · F(m1) = q−4n ·
∑

m1 ̸=0

∑
x2,x′

2

1E(x2) 1E(x
′
2)

(∑
z1

1j(z1,−x2)χ⟨z1,−m1⟩

)
(44)

·

∑
z′1

1j(z
′
1,−x′

2)χ⟨z′1,m1⟩


= q−2n−2 ·

r−1∑
ν=0

∑
η,µ∈Ur−ν


∑

x2,x′
2 /∈(p)(n)

x′
2=µη−1 x2 (pr−ν)

1E(x2) 1E(x
′
2)χ (pν j (µ− η))


= q−2n−2 ·

r−1∑
ν=0

∑
µ,ξ∈Ur−ν


∑

x2,x′
2 /∈(p)(n)

x′
2=ξx2 (pr−ν)

1E(x2) 1E(x
′
2)χ (pν µ j (1− ξ))


= q−2n−2 ·

r−1∑
ν=0

∑
ξ∈Ur−ν

NE(ν, ξ) E(ν, ξ) . (45)

where

NE(ν, ξ) =
∑

x2,x′
2 /∈(p)(n)

x′
2=ξx2 (pr−ν)

1E(x2) 1E(x
′
2) and E(ν, ξ) :=

∑
µ∈Ur−ν

χ (pν j µ (1− ξ)) .

Unlike the argument in Section 2.2.2, there is no uniform in ξ bound for the double

sum over x2,x
′
2.
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To overcome this issue, we must �rst sum over µ for each �xed ξ. To do this, we �rst

set, for any ξ ∈ Ur−ν ,

ρ(ξ) = 1− ξ ∈ Zpr−ν ; κ = ordp ρ(ξ) ; ρ(ξ) = pκ ρ̂(ξ) where ρ̂(ξ) ∈ Ur−ν−κ ,

where it is understood that κ ≤ r − ν with equality i� ξ = 1. We then break up the sum

over ξ according to the value of κ. It then follows that∑
m1 ̸=0

F(m1) · F(m1) = q−2n−2
∑

0≤ν≤r−1

∑
κ≤r−ν

∑
ξ∈Ur−ν

ordp ρ(ξ)=κ

NE(ν, ξ) E(ν, κ, ξ) (46)

where

E(ν, κ, ξ) =
∑

µ∈Ur−ν

χ
(
pν+κ j µ ρ̂(ξ)

)
.

It is now evident that the character sum evaluations in (32) apply to each E(ν, κ, ξ). In
particular, for given ν there is a nonzero contribution only when κ ∈ {r − ν − 1, r − ν},
in which event it follows that

(44) = q−2n−2
∑

0≤ν≤r−1

(A(ν) +B(ν))

where

A(ν) =
∑

ξ∈Ur−ν

ξ=1+pr−ν−1ρ̂r−ν−1(ξ)
ρ̂r−ν−1(ξ)∈U1

NE(ν, ξ)
∑

µ∈Ur−ν

χ
(
pr−1 j µ ρ̂r−ν−1(ξ)

)

=(−q p−ν−1)
∑

ξ∈Ur−ν

ξ=1+pr−ν−1ρ̂r−ν−1(ξ)
ρ̂r−ν−1(ξ)∈U1

NE(ν, ξ) (
∑

µ∈Ur−ν
(·) is uniform in ξ),

B(ν) =|Ur−ν |
∑

x2,x′
2 /∈(p)(n)

x′
2=x2 (pr−ν)

1E(x2) 1E(x
′
2) ≤ cp q p

ν(n−1) |E| .

For ν ≥ 1 we denote the coset mod pr−ν of any vector z ∈ Zn
q by

[z]r−ν = {y ∈ Zn
q : y = z (pr−ν)} .

Then, for each x2 /∈ (p)(n) and ξ̂ ∈ Uq, the canonical lift of ξ ∈ Ur−ν (see (43)), it follows

that

∑
ξ∈Ur−ν

ξ=1+pr−ν−1ρ̂r−ν−1(ξ)
ρ̂r−ν−1(ξ)∈U1

NE(ν, ξ) :=
∑

x2 /∈(p)(n)

1E(x2)


∑

ξ∈Ur−ν

ξ=1+pr−ν−1ρ̂r−ν−1(ξ)
ρ̂r−ν−1(ξ)∈U1

∑
z∈[ξ̂ x2]r−ν

1E(z)


≤cp pnν+1 |E| (since |U1|= p− 1). (47)
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This extends trivially to the case ν = 0 since in that event each congruence x′
2 =

ξ x2 (p
r) has but one solution. From this it is easy to verify that

∑
0≤ν≤r−1

B(ν) ≤cp q |E|
r−1∑
ν=0

pν(n−1) = qn p−(n−1) |E|O(1)∣∣∣∣∣ ∑
0≤ν≤r−1

A(ν)

∣∣∣∣∣ ≤ ∑
0≤ν≤r−1

|A(ν)|≤q p−1 |E|
r−1∑
ν=0

pν(n−1) = qn p−n |E|O(1) . (48)

As a result, we have shown the existence of a constant CII which is uniform in p ≫ 1

and r ≥ 2 such that(∑
m1 ̸=0

F(m1) · F(m1)

)1/2

≤ CII q
−n

2
−1 p−

n−1
2 |E|

1
2 , (49)

from which (37) now implies:

There exist constants PII and CII such that for all r ≥ 2 and j:

p ≥ PII =⇒ E∗II ≤ CII q
n−1 p−

n−1
2 |E| . (50)

Remark 2.2. The fact that this argument gives the factor |E| in (50), not |E|3/2 (as in
(13)), is crucial for the proof of Theorem 1.1

Remark 2.3. One could only hope to improve upon this if one knew something more

precise about the function

ξ −→ |{x′ ∈ E : x′ = ξx (pr−ν) for some x ∈ E}| .

To that end, and with a sharpening in mind (see Section 3) whenever E is replaced by

Ev := E ∩ Sv for some v ∈ Uq ,

which will be used in Section 3, it is useful to point out here how (50) can be improved

in that event.

We �rst note that (see (47)) for any 1 ≤ ν ≤ r − 1 and ξ ∈ Ur−ν such that 1 − ξ =

pr−ν−1 ρ̂(ξ) with ρ̂(ξ) ∈ U1 :

x′
2 = ξ x2 (p

r−ν) and 1Ev(x
′
2) = 1Ev(x2) = 1 (51)

=⇒ x′
2 ∈ [ξ̂ x2]r−ν = {ξ̂ x2 + pr−νy : y = y0 + py1 + · · ·+ pν−1yν−1 ∈ Zn

pν}

=⇒ v(1− ξ̂2) = pr−ν
(
2 ξ̂ ⟨x2,y⟩+ pr−ν∥y∥

)
(an equation in Zq) .

As a result, if x′
2 = ξ̂ x2 + pr−νy satis�es 1Ev(x

′
2) = 1 then pr−ν |v(1− ξ̂2) in Zq.

On the other hand, since ξ ̸= 1 (pr−ν) it follows that

ξ̂2 = (1− pr−ν−1ρ̂(ξ))2 = 1− 2ρ̂(ξ) pr−ν−1 (pr−ν) ̸= 1 (pr−ν).
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In other words, it is not possible that

v(1− ξ̂2) = 0 (pr−ν).

This now tells us that whenever E is replaced by Ev in (36) then

(44) = q−2n−2
∑

0≤ν≤r−1

(A(ν) +B(ν)) =
∑

0≤ν≤r−1

B(ν) ,

that is, only each B(ν), when ξ = 1 (pr−ν) can e�ectively contribute.

From this we now conclude that any y appearing in (51) must then satisfy the congru-

ence

0 = 2 ⟨x2,y⟩+ pr−ν∥y∥ (pν). (52)

This condition determines a non singular hypersurface in Zn
pν since the linear part is

not identically zero, given that x2 /∈ (p)(n).

Applying the standard method, via Hensel's Lemma, of lifting solutions mod p to

solutions mod pν , which is possible because the linear part y → ⟨x2,y⟩ is non zero mod

p, it follows that

|{y ∈ Zn
pν : (52) holds }| = O(pν(n−1)). (53)

As a result, for any v ∈ Uq, when we replace E by Ev in the de�nition (36) of F(m1),

(47) - (49) can then be improved as follows:

∑
0≤ν≤r−1

B(ν) ≤ cp q |Ev |
r−1∑
ν=0

pν(n−2) = qn−1 p−(n−2) |Ev|O(1)

(∑
m1 ̸=0

F(m1) · F(m1)

)1/2

≤ CII q
−n

2
− 3

2 p−
n−2
2 |Ev|

1
2 (when E = Ev in (36)) .

(54)

2.2.4. Finishing the proof of Theorem 1.1 . The proof of Theorem 1.1 is now very easy.

We must compare the bound for E∗I in (35) with that for E∗II from (50) when p is

su�ciently large and r ≥ 2. To that end, we �rst observe :

CII q
n−1 p−

n−1
2 |E|< CI q

n
2
−1p−

n
2 |E|

3
2 i� δE ≥ p

(
CII

CI

)2

. (55)

Since δE ≤ 1 this cannot occur for p su�ciently large. So it su�ces to understand

under what conditions is it the case that

M∗ > 2CII q
n−1 p−

n−1
2 |E|≥ 2 E∗II ≥ E∗I + E∗II = E∗.

It is clear that this occurs if

δE > 2CII p
−n−1

2 .

This now completes the proof of the assertion:

∃ C > 0 s.t. p≫ 1 and δE ≥ C p−
n−1
2 =⇒ M∗ > E∗ if n, r ≥ 2. (56)
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3. Proof of Theorem 1.2

Recalling the de�nition of Σv,j(E) from the Introduction, it is clear that

σv,j(E) :=|Σv,j(E) |=
∑

xxx=(x1,x2)∈Z2n
q

1E,v1(x1) · 1E,v2(x2) · 1j(xxx) , (57)

where for each u

1E,vu(xu) = 1E(xu) · 1Svu
(xu),

is the characteristic function of Evu := E ∩ Svu .

Applying Fourier inversion as in Section 2.2.1, it follows that

σv,j(E) =
∑

mmm=(m1,m2)

1̂j(mmm)
∑

xxx=(x1,x2)∈Z2n
q

1E,v1(x1) · 1E,v2(x2) · χ⟨xxx,mmm⟩

=q2n ·
∑

mmm=(m1,m2)

1̂j(mmm) · 1̂E,v1(−m1) · 1̂E,v2(−m2) :=M∗
v,j + E∗v,j, (58)

where (see (7))

M∗
v,j :=q2n · 1̂j(0,0) · 1̂E,v1(0) · 1̂E,v2(0) =

|Ev1|·|Ev2|
q

·
(
1 +O(p−

2n−1
2 )
)

E∗v,j :=q2n ·
∑

mmm̸=(0,0)

1̂j(mmm) · 1̂E,v1(−m1) · 1̂E,v2(−m2)

=q2n ·
{
1̂E,v1(0) ·

∑
m2 ̸=0

1̂j(0,m2) · 1̂E,v2(−m2)

+
∑
m1 ̸=0

∑
m2

1̂j(mmm) · 1̂E,v1(−m1) · 1̂E,v2(−m2)

}
:=q2n ·

[
δEv1
·
∑
m2 ̸=0

Iv2,j(m2) +
∑
m1 ̸=0

∑
m2

IIv,j(mmm)

]
.

:=E∗I + E∗II . (59)

The extension of (35) to bound E∗I is straightforward. It su�ces to replace 1̂E(m2)

in the applications of Cauchy-Schwarz and Plancherel in (9) by 1̂E,v2 , in which event

the factor δ
1/2
E should change to δ

1/2
Ev2

. Furthermore, the de�nitions of PI , cI in Remark 1

remain unchanged.

We then know that

p ≥ PI =⇒ E∗I ≤ CI q
n |Ev1| δ

1
2
Ev2

q−1 p−
n
2 = CI q

n
2
−1p−

n
2 |Ev1||Ev2|

1
2 := B∗

I . (60)

Moreover, unlike the situation in Section 2.2.1, where the choice is made to �x m1 = 0

and leads to a bound that is independent of this choice, in this section there are actually

two possible choices to be made of that index ι for which mι = 0. In other words, there

is a second possible bound as follows:

p ≥ PI =⇒ E∗I ≤ C ′
I q

n |Ev2| δ
1
2
Ev1

q−1 p−
n
2 = C ′

I q
n
2
−1p−

n
2 |Ev2||Ev1|

1
2 := B̃∗

I . (61)
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The extension of (50) to bound E∗II , given that one has decided to �x m1 = 0 to de�ne

E∗I , is also straightforward and similarly achieved by replacing 1̂E(m1) resp. 1̂E(m2)

wherever either function appears in the discussion of Section 2.2.3 by 1̂E,v1(m1) resp.

1̂E,v2(m2). Applying the bounds (54) from Remark 2.3, we conclude as follows:

There exist PII and CII uniform in r ≥ 2 and v, j such that :

p ≥ PII =⇒ E∗II ≤ CII q
n− 3

2 p−
n−2
2 |Ev1|

1
2 |Ev2|

1
2 := B∗

II . (62)

Note that this bound is actually independent of the choice to �xm1 = 0 in the de�nition

of E∗I . That is, exactly the same estimate holds if we had chosen to de�ne E∗I by setting

m2 = 0. The main point here is that the exponent of each |Evu | in B∗
II equals 1/2 and is

independent of the choice made to de�ne E∗I .
As a result, the single choice to make concerns whether B∗

I is at least resp. at most B̃∗
I .

This is evidently equivalent to

(a) δEv1
≥ δEv2

resp. (b) δEv1
≤ δEv2

.

If (a) occurs, then B̃∗
I is better (i.e. smaller) than B∗

I , so we should next compare B̃∗
I to

B∗
II . To that end we note that

B∗
II ≤ B̃∗

I i� CII q
n− 3

2 p−
n−2
2 |Ev1 |

1
2 |Ev2|

1
2≤ C ′

I q
n
2
−1p−

n
2 |Ev2||Ev1|

1
2 .

But since this inequality would require

q−
1
2 (1 + o(1)) = δ

1
2
Sv2
≥ δ

1
2
Ev2
≫ q−

1
2 p,

it cannot occur for p≫ 1.

As a result :

for p su�ciently large it is not possible that B∗
II ≤ B̃∗

I .

So, we may assume B∗
II > B̃∗

I whenever p≫ 1, in which event, it is now elementary to

verify the following:

p≫ 1 , n, r ≥ 2 , and δ
1
2
Ev1

δ
1
2
Ev2

> 2CII q
− 1

2 p−
n−2
2 implies M∗

v,j > 2B∗
II > E∗v,j .

(63)

The lower bound in (63) however, must also be compatible with an a priori upper bound

q−1 (1 + o(1)) ≥ δ
1
2
Sv1

δ
1
2
Sv2
≥ δ

1
2
Ev1

δ
1
2
Ev2

> 2CII q
− 1

2 p−
n−2
2 .

The two inequalities are evidently compatible if

1 + o(1) > 2CII p
r−(n−2)

2 that is, if r < n− 2 when p≫ 1. (64)

In other words, if δEv1
≥ δEv2

, n ≥ 2, and r < n− 2, we conclude that if p≫ 1 then

q−2(1+o(1))2 ≥ δEv1
δEv2

> 4C2
II q

−1 p2−n implies σv,j(E) =
|Ev1| |Ev2|

q
(1+o(1)). (65)
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If, however, δEv1
≤ δEv2

, then it is clear that it su�ces to interchange v1 with v2 as

subscripts in (63) and use the same argument as above to conclude that M∗
v,j > E∗v,j

whenever p≫ 1 and r < n− 2. We leave these details for the reader to verify.

The union Ω of the two sets of permissible densities is independent of v, j and satis�es

the property that if E is any set for which (δEv1
, δEv2

) ∈ Ω, thenM∗
v,j > E∗v,j and

σv,j(E) =
|Ev1| |Ev2|

q
·(1+o(1)) uniformly in p≫ 1 whenever 2 ≤ r < n− 2 and n ≥ 5.

4. Concluding remarks

It is natural to want to apply our methods to detect the presence of particular dot product

values between n−vectors over the ring of p−adic integers Zp when n ≥ 2. We also

continue to use the notation (p)(n) to denote the n−fold product of the maximal ideal (p)

in Zp.

Starting with a subset E ⊂ Zn
p \ (p)(n) and denoting by Er the projection (or truncation

by pr) of E to Zn
q , we impose the hypotheses:

(i) p≫ 1 and δEr ≫ p−
n−1
2 for all r ≥ 1;

(ii) E = lim←−r
Er.

Note that condition (i) is a purely Haar measure theoretic condition since the density

of Er ⊂ Zn
q equals the normalized Haar measure of Er. Condition (ii) says that E equals

the intersection of its family of approximating �tubular" neighborhoods Tr(E) of width

p−rn:

Tr(E) := {z ∈ Zn
p : maxx∈E ∥z− x∥≤ p−rn}.

Remark 4.1. Note that this property does not hold if E = Zn.

Theorem 1.1 tells us that if the two hypotheses are satis�ed, for example, if E is a closed
subset (in the p−adic metric topology), and if, in addition, δEr ≫ p−

n−1
2 for each r, then

for any unit j ∈ Zp

βjr(Er) ̸= ∅ (where jr ∈ Zq denotes the reduction mod q of j) .

Denoting by (xr,yr) a point in Er × Er for which ⟨xr,yr⟩ = jr the resulting sequence

of points {(xr,yr)}r is a Cauchy sequence in Zn
p ×Zn

p . By the hypothesis (ii), the unique

limit point (x,y) of this sequence belongs to E × E . Moreover, since j = limr jr it follows

that

⟨x,y⟩ = j .

In other words, for any unit j we have shown that if the hypotheses (i), (ii) are satis�ed

by a set E ⊂ Zn
p \ (p)(n) then {(x,y) ∈ E × E : ⟨x,y⟩ = j} ̸= ∅ .
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