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ABSTRACT

In this paper, we enumerate restricted-growth words of type B associated with signed set
partitions with respect to several statistics related to levels, ascents, and descents. For
each case, we investigate these words according to four types of statistics and study the
total of each statistic individually. Furthermore, we determine both the ordinary and the
exponential generating functions for the total of each statistic under consideration.
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1. Introduction

A set partition of [n] = {1,2,...,n} of type A is a collection By, Bs, ..., By of nonempty
disjoint subsets of [n| such that B; U By U --- U By, = [n|. In this case, the subsets
By, By, ..., By are called blocks and we assume that the blocks are listed in increas-
ing order of their minimal elements, that is, min B; < min By < --- < min B;. Any
set partition By, Bs,..., By of [n] of type A can be represented by a restricted growth
function (RGF) mymy---m,, where m; = j if ¢ € B;. For example, the set partition
{1,3,5},{2,6},{4,8},{7} of type A is represented by the RGF 12131243. A level (re-
spectively, ascent, descent) in a RGF m = mymg -+ m, is an index 1 < j < mn — 1 such that
m; = w1 (respectively, m; < w1, m; > m.1). In the last decades, the area of statistics on
set partitions of type A has received a lot of attention (see [] and references therein). In
particular, they studied the statistics levels (number of subwords aa with a > 1), ascents
(number of subwords ab with 1 < a < b), and descents (number of subwords ba with
1 < a < b). Mansour and Munagi [10] derived an explicit generating function for the
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2 T. MANSOUR AND A. SAFADI

number of set partitions of type A of length n (marked by x) with & blocks (marked by y)
according to the number of levels (marked by /), ascents (marked by r), and descents
(marked by d):

ryt(r — d)’
P TTi (1+z(r—0)i\ (1)
Later, Mansour and Munagi [9] (for some combinatorial proofs, see Shattuck [11])
studied the number of set partitions of length n of type A according to word-statistics

P(z,y;r,0,d) =1+

¢-levels (¢ — 1 consecutive levels), (-rises (¢ — 1 consecutive ascents), and (-descents (¢ — 1
consecutive descents). Some of their results were further extended to three-letter subword
patterns by Mansour and Shattuck [11] and to families of subword patterns by Mansour,
Shattuck, and Yan [12|. Moreover, [9, 12, 11] studies the total number of occurrences of
a fixed subword pattern.

Goyt and Pudwell |5, 6] extended the notion of set partitions of type A to include
colored set partitions. A colored set partition of [n| of type A is a set partition of [n]| of
type A where each element in its blocks is assigned one of ¢ colors. For instance, all RGF
of all colored set partitions of [3] of type A with 2 colors are 111, 112, 121, 122, and 123,
where each letter is colored by one of the two colors, that is, there are 40 such colored set
partitions. When we specialize to the case ¢ = 2, their construction aligns closely with our
definition of set partitions of type B, though it arises from a combinatorial perspective
rather than from Reiner’s algebraic framework (see Dolgachev-Lunts [3, p. 755] and Reiner
[13, Section 2]).

Now we are ready to present the definition of set partitions of type B (for instance, see
[1, 2]). A set partition of [n] of type B or a signed set partition is a set partition of the
set [+n] = {£1,...,£n} such that the following conditions are satisfied:

e If B appears as a block, then —B (which is obtained from B by negating all its
elements) also appears in that partition.

e There exists at most one block satisfying —B = B. This block is called the zero
block (if it exists, it is a subset of [£n] of the form {+i | i € C'} for some C' C [n]).
For instance, the following is a set partition of [6] of type B

{1,-1,3,-3},{—2,—4,5},{2,4, -5}, {—6}, {6}.

For simplicity, we write for the pair of blocks B, —B, only the representative block
containing the minimal positive number appearing in BU —B. In the above example, the
set partition of [6] of type B is represented as {1,—1,3,—-3},{2,4,—5},{6}. Moreover,
from now, we write first the zero block and denote it by By if it exists and then the
non-zero blocks of a set partition of type B in such a way that the sequence of absolute
values of the minimal elements of the blocks is increasing. In this context, we call this
the standard presentation.

Now we are ready to define a restricted-growth (RG-)word of type B (or just RG-

word) for a set partition of [n] of type B written in a standard presentation. Let ¥ =
{0,41,42,...,£n} with the following order on X:

0<-1<1<-2<2<---<-—"m=<n.
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A restricted-growth (RG-)word of type B of length n is a word w = wyws - - - w,, in the
alphabet P which satisfies

wy € {0,1}, w; T max {|wi,...,|wj1|}+1, 2<j<n,

with respect to the order defined above. In the case that |w;|= max {|wi], ..., |wj_1]|}+1,
we demand w; > 0. We denote the set of all RG-words of type B of length n whose
maximal element is k by RP(n, k). Define REZ = |J R®(n,k) and R® = |J RE.

k

n>0

Definition 1.1. Let P = By, By, ..., By be any set partition of [n] of type B, written in
its standard presentation. We associate P with an RG-word w = w; ---w, of type B as
follows: for each 1 < j <mn, if the element j appears in the representative block, then w;
is the number of the block containing j; otherwise, w; is the number of this block, with a
negative sign. Note that if j is the smallest element in its block (in absolute value), then
it should appear in the representative block by definition, so that we demand that w; > 0.

For instance, let P = By = {2,5,—2,—5}, By = {1,—7}, By = {3,—4,6} be a set
partition of the set [7] of type B, given in its standard presentation. Then, its associated
RG-word of type B is given by w = 102(—2)02(—1).

Bagno, Garber, Mansour, and Safadi [2] studied pattern avoidance in RG-words of
type B by enumerating the avoidance classes for all patterns of lengths 2 and 3 using
generating-tree techniques. They also establish new connections with quasi-symmetric
functions by proving symmetry and Schur-positivity for several naturally arising families.

Motivated by the level, ascent, and descent statistics on set partitions of type A and
the results of [2], we now define the following statistics on RG-words w = wyws - - - w,, of
type B of length n:

o A level of first, second, third, fourth kind is an index 1 < 7 < n — 1 such that
wp =wy >0, w = —ws >0, —w; =ws >0, w; =ws <0, respectively.

e An ascent of first, second, third, fourth kind is an index 1 < j < n — 1 such that
0<w <ws, 0 <wy < =Wy, 0 < —wy < wo, wy < wy <0, respectively.

o A descent of first, second, third, fourth kind is an index 1 < j < n — 1 such that
wp >wy >0, wp > —ws >0, —wy; > wy >, 0> wy > wo, respectively.

For example, the RG-word w = 102(—2)11(—1)3(—2)2 of length 10 of type B contains
one level of first kind (11), two levels of second kind (2(—2), 1(—1)), one level of third kind
((—2)2), one descent of first kind (10), one descent of second kind (3(—2)), one descent
of third kind ((—2)1), one ascent of first kind (02), and one ascent of third kind ((—1)3).

The aim of this paper, is to count the RG-words of type B according to the statistics
level, ascent, descents of these four kinds. The paper is organized as follows. In Section
2, we present the basic version of the scanning-element algorithm that we use to obtain
the recurrence relations of the results of the paper. In Section 3, we treat the counting
RG-words of type B according to the statistic level of first, second, third, and fourth kind;

see Table 1.
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Table 1. Exponential generating function for the total of the statistic in the question over all the RG-
words of type B

Statistic f Exponential generating function for the total of f over R? Reference
level of first kind [ (/2 = 1)t D2y 4 L2 got (e -1)/2 Thm. 3.4
level of second kind | [ @e”(e%’”/zdt + Zer (D)2 Thm. 3.5
level of third kind | 1 4 22-Les (=072 _ L [Tyt (=124 Thm. 3.6
level of fourth kind | 1 + 22-Les (e =D/2 _ 1 [Wyctt (' =D/2qy Thm. 3.7
absolute level IS fg et V2 drdy + e [ fot et =D/2(9pe2 4 5 4 9)drdt | Thm. 3.8
level pet =172 _ I e D2y Thm. 3.9

In Section 4, we treat the counting RG-words of type B according to the statistic ascent
of first, second, third, and fourth kind; see Table 2

Table 2. Exponential generating function for the total of the statistic in the question over all the
RG-words of type B

Statistic f Exponential generating function for the total of f over R”? Reference
ascent of first kind o e D235 4 (4t — T)et + (4t + 1)e)dt+1em T ETD2(e2 —3) +1 | Cor. 1.2
ascent of second kind | 2 [ et (T D2((4t — 3)e + 4(4t — 1)e + 7)dt Cor. 4.4
ascent of third kind | &5 [ e =D/2((4¢ + 1)e + 4(4¢ — 3)e + 11)dt Cor. 1.6
ascent of fourth kind | 25 [7 e =D/2((4¢ — 3)e + 4e* — 1)dt Cor. 4.8
absolute ascent LT et D2 (4t — 3)e™ + 8¢ + 11)dt + 17D (2 — 3) + 1 Cor. 4.10

In Section 5, we treat the counting RG-words of type B according to the statistic
descent of first, second, third, and fourth kind; see Table 3.

Table 3. Exponential generating function for the total of the statistic in the question over all the RG-
words of type B

Statistic f Exponential generating function for the total of f over R? Reference
descent of first kind 1t D2 (20 — 1) + 1) — L [ e =D2((12¢ — 9)e + (32t — 4)e* + 13)dt | Thm. 5.1
descent of second kind | 1"+ D/2((2z — 1)e? + 1) — L [T =D/2((12¢ — 9)e™ + (32 — 4)e* + 13)dt | Thm. 5.2
descent of third kind | & [/ e D/2((4¢ — 3)e't + 4(4t —1)e* + 7)dt Thm. 5.3
descent of fourth kind | L [7 e =D/2((4¢ — 3)ett + 4 — 1)dt Thm. 5.4
absolute descent L[ e+ =D2((4¢ — 1)e* + 8te* + 1)dt Thm. 5.5
descent L7 e 024t — 1)et + 2(6t + 1)te® — 1)dt Thm. 5.6

In each case, we give an explicit formula for the corresponding ordinary generating
functions, and from it we derive the ordinary and exponential generating function for the
total of the statistic in the question over all the RG-words of type B.

2. Scanning-elements algorithm

Motivated by the scanning-elements algorithm in permutations [1], we describe the scanning-
elements algorithm for RG-words of type B in RP as follows. Let f be any statistic on
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RG-words of type B in R” Denote the generating function for the number of RG-words
of type B in R? according to the statistic f by F(z;q), namely,

g)=> " > '™,

n20 e RG-words of type B in R”

The main goal of this section is to describe how to derive a system of recurrence relations
involving the generating function F(x;q). Given by, bo, ..., b, we define

By, (759) Zx” b Z g’

nzk m=biby--byr’e RG-words of type B in RP

By the definitions, we have

Fb1bz-~-b;C ({L’; Q) = qf(blbzmbS) +z Z Fblb2"‘bk+1(:€; Q),

0<bg11

that is, the generating function Fjp,..s, (7;¢) can be written as a linear combination of
the terms of the generating functions Fy ¢,....(x;q) with s <k + 1.

For example, let f(mmg---m,) = 0 if there exists 1 < i < n — 1 such that m;1; < m;,
and let f(mmy---m,) = |{i | m = mi1}| otherwise. So, by the definitions, we have

F(x;q) = 1+ xFy(z;q) + vFi(x; q),

Fo(z;q) = 14+ aFoo(x; q) + xFor(z;q) = 1+ quFo(z; q) + xFi(x; q),
Fi(z;q) =14 xF(x;q) + 2 Fio(x;9) = 1+ quFi(z;q) + 2 Fia(x; q),
Fia(z;q) = 1+ xFi9a(x; q) + v Fio3(x; q) = 1 + qeFia(w; q) + o F193(7; q).

In general,

F(x;q) = 1+ aFy(x;9) + 2 Fi (23 q),
Fo(z;q) = 1+ quFy(; q) + 2 Fi(2;9),
From(z:q) = 1+ quFi2..m (75 q) + 2F12.0n11 (75 q).
In order to solve this system of recurrence relations, we write

1 T

F12~.m(33; C]) = F12-..m+1(33; (])-

l—qgr 1—qx

By iterating (here we assume that |z|< 1), we obtain

xI—m 1
12 (l' Q) Z (1 — qx>]+1,m 1 _ (q+ 1).]7

jzm

Hence, Fi(z;q) = , which leads to

(+1

F(z;q) = 1+ aFy(z; q) + 21 (23 q),
Fo(z; q) = 14 quFo(z; q) + o Fi(z;q),
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1

Fi(x;q) = T—(g+ Dz

By solving for F'(x;q), we obtain that the generating function for the number of RG-
words of type B in R? according to the statistic f is given by

L-lg-Dz_, > 2g+ 1),

Flaig) = — 4= )%
(#:0) 1—(g+1)x et

In the next sections, we use the scanning-elements algorithm for solving harder problems
on statistics on RG-words of type B, namely, level, ascent, descent statistic.

3. Counting RG-words of type B according to the number of
levels

In this section, we present explicit formulas for the generating functions for the number of
RG-words of type B according to the number of levels of first, second, third, and fourth
kind. Then, we derive the exponential generating function for the total of each of these
statistics over all RG-words of type B.

Define

4
F(5;Q) = F(z;q1, 42,43, 90) = 3 _a" > [[ ™.
n>0 TERB j=1

where f;(7) is the number of levels of the jth kind in 7. By the scanning-element algo-
rithm, we have

F(z;Q) =1+ zFy(z; Q) + xA1(7;Q), (2)
Fo(z;Q) =1+ quaFo(z; Q) + A (2; Q), (3)
m—1 m—1
An(@Q) =142 Y Cnj(@:Q) +7 Y Dj(2;Q)
j=0 J=1

+ QIfCAm(:CS Q) + Q2$Bm(x§ Q) + l'Am+1($; Q)> (4)

m—1 m—1
Bo(2:Q) =142 Y Cpnj(;Q) + 2 Y D j(w;Q)

— —
+ q:sx]flm(l‘; Q)+ QMBmZﬂE; Q) + zAmi1(z; Q), ()
Cmo(;Q) =1+ mzzl Cm,j (@3 Q) + qraCmp(a; Q) + xmzzl Do j(2; Q)
+ xAjn(;; @) + 2B (; Q) + xAm 1 (3 Q)j,1 (6)
Cm,j(z;Q)=1+z mi; Crmj(z;Q) + (g1 — 1)Chyj(x; Q) + armz_‘; Dy, j(7;Q)
j= j=

+2(q2 — 1) Dy j(2; Q) + 2Am (23 Q) + 2B (75 Q) + v Ami1(2; Q), (7)

m—1 m—1

Drj(25Q) =1+ 2 Y Crj(2:Q) + (g3 — 1)Crnj(:Q) + 2 > Dinj(5Q)

j=0 7j=1
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+ m((M - 1)Dm,j($; Q) + .Z‘Am(.l‘; Q) + me($; Q) + xAerl(x; Q)a (8)

where Am(xa Q) = FIQm(x7 Q)J Bm(‘r) Q) = F12~~~(m—1)(—m) (I’ Q>’ Cm;j(l’; Q) - F12...mj (ZE, Q)7
and Dy, (75 Q) = Fia.m(—j)(2; Q).

Lemma 3.1. The solution of the system of the recurrence relations (4)—(8) is the same
solution of the following system

Bl @) = (14 B EHERI) A 0)

(101 = @G5+ F s — 1 — g + Q=@ —g)r 1, o)
(1= (g1 = Dx)(1 + (g2 — ga))

Cm70(x; Q) =
Cm,j(x; Q) - Am(xa Q)7

Dy j(;Q) = (1 + <Q31++q?q; zlq;f)x) Am(2;Q),

where A, (x; Q) satisfies the following recurrence relation

amAp(z;Q) =1+

+ (1 + ) Amia(7;Q),

l—qx l—qz

+ m((q1+ga—g2—q3)r—2)z> (m—1+g2)(g3+qa—q1—q2)z>

(1+(g2—qa)x)(1—q1) 14+(g2—qa)x

where a, =1 —2(2m — 2+ ¢ + ¢o)

Proof. By substituting the expressions of B,,(z; Q), Cy,0(z; Q), Cp;(2;Q), and D, j(x; Q)
in each of (4)—(8), we obtain the following relation

amAm(z;Q) =1+

+x (1 - ) Ay (7;Q),

1 —qx — q1r

which completes the proof. O

By iterating (we assume |z|< 1) the recurrence relation of A,,(z; @) in the statement
of Lemma 3.1, we obtain

An(z;Q) = Z (14 (1 — qp)x)i T

S (L= quyt=r I, o
Hence, by (2) and (3), we obtain the following result.

Theorem 3.2. The ordinary generating function for the number of all RG-words of type
B in R® according to the statistics fi, fo, f3, and fi is given by

1+ (1 —q)x)™!
F([L” Q17927Q3aQ4) = Z (1 . x)jJrl HJ 0447
>0 T i=1 i

1 _ m((g1+91—g2—g3)z—2)a®> _ (m—1+¢2)(g3+q1—q1—go)z>
where ay =1 —2(2m =2+ ¢ + @) + =15, S0 (—q0) Ex pr—r :



8 T. MANSOUR AND A. SAFADI

For instance, the Taylor’s expansion of F(x;q1, ¢2, g3, q4) is given by
1422+ (2q1 + g2 + 3)2” + (24 + (102 + G203 + G2qa + 6q1 + 4go + 9)2® + -+ -

Note that (1) there are 2 RG-words of type B of length 1 in RZ, namely 0 and 1; (2)
there are 6 RG-words of type B of length 2 in R, namely 00, 01, 10, 1(—1), 11, and 12,
which are weighted by ¢, 1, 1, g2, ¢1, and 1, respectively; (3) there are 24 RG-words of
type B of length 3 in RZ, namely 000, 001, 010, 01(—1), 011, 012, 100, 10(—1), 101, 102,
1(=1)0, 1(=1)(—1), 1(=1)1, 1(—=1)2, 110, 11(—1), 111, 112, 120, 12(—1), 121, 12(-2),
122, and 123, which are weighted by ¢%, q1, 1, ¢, 1, 1, q1, 1, 1, 1, @2, @2q4, @203, G2, G1,
G2, ¢4, @1, 1, 1, 1, g2, g1, and 1, respectively, which agrees with the coefficient of 27 in
F(z;q1, 2, g3, q4), for all j =0,1,2.

In the next sections, we focus on one statistic only.

3.1.  The statistic f1: Number subwords aa with a > 0

By Theorem 3.2, we have

H(x;q) = F(x;¢,1,1,1) = (1 + (1 — q)x )Z (1 —(2i +$q])$ +i(g —1)z?)’

which implies

Flal) =) = -2t Do)

3=>0
As showed in [2, Theorem 4.1]. By dlfferentiating the generating function H(x;q) at

q = 1, we obtain

0 z(1+ )

HI(ZL’) = (ZL‘ q)|q 1= —INO + 2(N1 + N()) + B Ml, (9)

where

.

yQ

5l B 7 ?
No=2 (1= (2i+ 1)z)’ M“_Z (1= (2i+1)z) & 1-(2i+ 1)z

720 72>0 1=0

In order to find the corresponding exponential generating functions for the ordinary
generating functions H'(x) M,(x), and N,(x), we state the following lemma.

Lemma 3.3. The corresponding exponential generating function for N, is given by

_ZQJJ| N ‘ea»‘_

7>0

In particular,

NO _ 6$+(62x_1)/2, Nl _ %(62$ - ]_)ea:—i-(~'32””—1)/27
X ]- T -~ 1 x
N2 _ Z_1(6495 . 1)€x+(62 71)/2, N3 — §(€2x . 1)( 4z + 462:): 1)ex+(32 —1)/2
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Moreover, the corresponding exponential generating function for M, satisfies

a—1
~ 1 a d - 1d - 1~
M, =—— By—Ngi1-p+ Mgy — =M,_;.

20— <k3> Mg * 2dzx 2 !

In particular,

Mo _ €$+(62171)/2<1 Lo+ erm),

1 @
M, = Z(Qxe“ — el 4 e 4 1)e D2

-1 .

My = 1—6@1’“62 “V2((42 — 3)e5 4 (282 — 11)e* 4 (242 + 11)e* + 3),
-1 . :

M,y = %eH(@Q —b72 ((12x —11)e™ + (1567 — 101)e% + (4082 — 69)e™

+ (144x + 173)e™ + 8) :

Proof. By partial fraction decomposition, the generating function can be written as

B je J (_1)k—j(j)
N“_ZQJJ'!; 1—(2j+lf)x'

J20

Thus, the corresponding exponential generating function for N, is given by

N J 2x i x
Na_ZQJj!(e —1)e".

>0

ya

Note that by [2, Theorem 4.2, we have that Ny(z) = e*t(€*~1/2 Now, let us consider
the generating function M. It is not hard to see that x-L No(z) = —No(x) + Mo(z). Thus,
the corresponding exponential generating function satisfies

~ ~ d - .
My = Ny + a:d—NO(x) = " D21 4 g ze?).
x

Let a > 1. By rewriting the generating function M,, we have

1 Xl ] jo1 1
M, = — - —" 7+ —) — oMy,
2 §>0 g:o(l —(2i + 1)) Z ( 1—(2i+ 1)z 2 '

1=0

which implies

1 o ! 1
M,=— |- . N My | = =M,y
2 ( 2 7 (1—(2i+1)z) 2 1) g !

>0 Lli= i=0

By the fact that (see [7])

<

o~

Q

N

I
ISE
]
|
—
R
x> Q
~__
oy,
<.
IS

Jr

T
JR‘
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where By, is the kth Bernoulli number, we obtain

1 &l 1—z
M,=—— ByN,1- M,_4.
Sax k_o() kNVat1-k + 57 1

Thus, the corresponding exponential generating function for M, satisfies

a—1
. 1 a\ . d 1d 1
M, = —— BN, — =M,
2a <I<:> s P g et

as required. N

Thus, by (9) and Lemma 3.3, we obtain the following result.

Theorem 3.4. The exponential generating function for the total number of levels of the
first kind over all RG-words of type B is given by

/9C (f _ 1) e =1)/2, ¢ L+ 21:6904—(62”—1)/2'
o \2 4

3.2.  The statistic fo: Number subwords a(—a) with a > 1

By Theorem 3.2, we have

27 (1 — 1))
H(z;q) = Fx;1,q,1,1) = ; (1— Ez:r(f)x —)z’()q —1)2?)

By differentiating the generating function H(x;q) at ¢ = 1, we obtain

, 0
H (.Z’) = a_qF(x7 17Q7 17 1)‘q=l

<.

)

_ j:EJH 2 i
Z I o1 = (2i4 1)z )+Z (I =(2i+ 1)) = 1—(2i+ 1)

7>0 7>0 1=0

:.Z'Nl +x Ml,

which, by Lemma 3.3, leads to the following result.

Theorem 3.5. The exponential generating function for the total number of levels of the
second kind over all RG-words of type B is given by

/x e —3 -2t €t+( et /244 += $+(62171)/2.
0 4 2

3.3.  The statistic f3: Number subwords (—a)a with a > 1
By Theorem 3.2, we have

H(z;q) = F(x;1,1,¢,1) = ; (1= (2i + V) +i(g — 1)a2)
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By differentiating the generating function H(z;q) at ¢ = 1, we obtain

, 0
H'(z) = a—F(x, 1,1,q,1)|4=1

J

7>0

which, by Lemma 3.3, leads to the following result.

Theorem 3.6. The exponential generating function for the total number of levels of the
third kind over all RG-words of type B is given by

1 + 2r — 1eac+(e2m—1)/2 _ %/w tett (e =1/2 44
0

4 4

3.4.  The statistic fy: Number subwords (—a)(—a) with a > 1

By Theorem 3.2, we have

o B 214 (1 — g)z)™!
H(w;q) = F(w;1,1,1,q) = ; (1= Qi+ gz —(1—q)(i+1)a?)

By differentiating the generating function H(x;q) at ¢ = 1, we obtain

J

0 xl iz
H'(z)==—F(z:1,1,1,q9) = : : = 22Ny,

320

which, by Lemma 3.3, leads to the following result.

Theorem 3.7. The exponential generating function for the total number of levels of the
fourth kind over all RG-words of type B is given by

l 2 — 16x+(62w_1)/2 B % /z t€t+(82t_1)/2dt.
0

4+4

We end this section, by stating the following results, where we omit the proofs since the
similarity to the previous four subsections. An absolute level in a word w7y - -, is an
index 1 <7 < n—1 such that |m|= |m1|. So, the number of absolute levels in a RG-word
7 of type B is the same as the number of subwords aa, a(—a), (—a)a, and (—a)(—a) in
7. Thus, by Theorem 3.2 with ¢; = ¢ = q3 = q4 = ¢, we obtain the following result.

Theorem 3.8. The ordinary generating function for the number of all RG-words of type
B according to number of absolute levels (counts by q) is given by

1 —q ]>0H (22— 2(g +i)a)

Moreover, the exponential generating function for the total number of the absolute levels

over all RG-words of type B is given by

x t T t
/ / e D2 g 1 e” / / eI /29062 | 5 4 9)drdL.
o Jo o Jo
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A level in a word mymy -+ -7, is an index 1 < ¢ < n — 1 such that m; = 7 11. So, the
number of levels in a RG-word 7 of type B is the same as the number of subwords aa and
(—a)(—a) in w. Thus, by Theorem 3.2 with ¢; = ¢4 = ¢ and ¢ = g3 = 1, we obtain the
following result.

Theorem 3.9. The ordinary generating function for the number of all RG-words of type
B according to number of levels (counts by q) is given by

Flrg) = (1 —(¢—1)x )Z (1 —x222+q) )

Moreover, the exponential generating function for the number of all RG-words of type

B according to number of levels (counts by q) is given by

edTH(e2T=1)/2 _ (¢ — 1)/ et (e =1)/2.
0

4. Counting RG-words of type B according to the number of
ascents

In this section, we present explicit formulas for the generating functions for the number
of RG-words of type B according to the number of ascents of first, second, third, and
fourth kind. Then, we derive the ordinary generating function for the total of each of
these statistic over all RG-words of type B.

Define A
F(2:Q) = Friq, g2, q3,00) = »_ 2" Y [[a?™,

n>0  eRB j=1
where f;(m) is the number of ascents of the jth kind in 7. By the scanning-element
algorithm, we have

F(z;Q) =14 xFy(; Q) + 241 (7 Q), (10)
Fo(z;Q) =1 + 2 Fy(7; Q) + qur Ay (75 Q), (11)
Ai(7;Q) =1+ 2Co(2; Q) + A (25 Q) + 251 (2, Q) + xAx(x; Q), (12)
Bi(z;Q) =1+ 2C10(x; Q) + grAi (25 Q) + 2B (7; Q) + %5@42(56; Q), (13)
Cro(r; Q) =14+ 2C1o(2; Q) + qrAi(7; Q) + By (7; Q) + v Az(7;Q),  (14)
m—1 m—1
An(@:Q) =¢" " + 2 Couj(@:Q) + 7Y Dini(13Q)
j=0 J=1
+ A (r; Q) + ﬂme(x; Q) + xAm(z;Q), (15)
m— 1 m—1
J=0 j
+ LB A (1,Q) + 1B (23 Q) + ‘”q*”’xAmH(x Q). (16)

q1 Q1
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Cm,]<x7Q) +xzcmz X, Q +Q1$ Z sz )

i=j+1

+xZDmx Q) + g Z D i(x;Q)

i=7+1

T qrdn (93 Q) + B (x Q)+$Am+1( Q) (17)

Dm,j<xaQ) +xZszxQ +QS$ZszfL’Q

i=j
+xZsz x; Q + qux Z sz 33' Q)
i=j+1
g A Q)+ B (:.Q) + e (.Q), (18)
1
where Am(xa Q) = F12~-m(x; Q)a (93' Q) F12 (ZIZ’ Q) m](x Q) F12~--mj($; Q)a

and D, j(2; Q) = Fig.m(—j)(2; Q). Since the solutlon is complex, we consider only once
statistic at once.

4.1.  Ascents of first kind
In this case, (10)—(18) with ¢ = g and ¢ = g3 = ¢4 = 1 is equivalent to the following

F(z;Q) =14 xFy(x; Q) + zA:(x; Q),
Fo(z;Q) = 1+ xFy(2; Q) + qrAi(7;Q),
oy 14 aBi(1;Q) + 2 Ay (2 Q)
A0 = e = D)
N ¢+ mqr B, (z;Q) + vA1(z; Q)
An®iQ) = T2 T3 (7= Da)(13 (@ Doy ~ /=D’
By(2:Q) = 1+ 2(2+ (¢ — Da)Ai(2;Q) + cads(a; Q)7

1—2z

—1)g)mt+1_
g2+ BHEDIE LA, (2:.Q) + oA (4;,Q)

. _ q(q

B
Crnj(2;Q) = (1 + (¢ — 1)) Ap(2;Q),
D j(7;Q) = qBp(7; Q).

9

Therefore,

1 N z((1—q)z+q)
1-3x+(1—q)2®> q(1—-3x+ (1 —q)x?)
(1—q)qg™"
(¢ —)mz —q+ (1+ (g — 1)a)m*
z(1 —¢q)(mz(1 —q) +q) A
q((q — Dymz — g+ (1 + (¢ — L)z)mt1) "

Ai(z;Q) = As(z;Q),

Ap(z:Q) =

+ (z;Q),
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for all m > 2. Hence, by iterating (here we assume |z|< 1), we have

R ) e | (L)
© = q; (g =iz — g+ (14 (¢ — Da)i*+h)

Thus,

oy 5~ (L= TS (1~ glia + )
A1($7Q)—§ I (g =iz —q+ (14 (¢ — D)x)+1)

By (10) and (11), we have the following result.

Theorem 4.1. The ordinary generating function for the number of all RG-words of type
B according to number of ascents of first kind (counts by q) is given by

1— g TTZ1((1 — q)iz +
3 ]( q) [T.2 (1 — )iz + q)

1
P LD = ) L (- i g (g 1))

1—=x

By differentiating at ¢ = 1, we obtain that the ordinary generating function for the
total number of ascents of first kind over all RG-words of type B is given by

> (1—(2i+1) (erZl_m +xz (1- 22+1 ))

j>1 Lli=o

2

:INO+N1—N0+1—gNQ—i‘gNl—i‘%(Mg—i‘Ml).
Thus, by Lemma 3.3, we obtain the following result.

Corollary 4.2. The exponential generating function for the total number of ascents of
first kind over all RG-words of type B s given by

]_ * t ]. x
= / e D235 4 (4t — T)e + 44t + 1)e®)dt + 5e“(ffz D22 3y 4 1.
4.2.  Ascents of second kind

In this case, (10)—(18) with ¢ = g and ¢; = g3 = ¢4 = 1 is equivalent to the following
recurrences

F(2;Q) = 14 aFy(x; Q) + 2A(2;Q),
Fo(z;Q) = 1+ xFp(x; Q) + v Ay (7;Q),

L 14 aA(5Q)

Al(l‘, Q) 1 — 55(3 + (q — 1)33)’

' B 1—|—l’Am+1($' Q)

A (2;Q) = 1— x((m‘*‘l) (g— Dz +2m+1)

Bi(7;Q) = Ai(7;Q),

Y
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B (7;Q) = qAn(z;Q),
Crnj(2;Q) = (14 (m — j)(q — 1)x) A (z; Q),
Dij(2;Q) = An(z; Q).

()

Therefore,
Ail; Q) = 1—x(3—|—(q—1) )
Am(:Q) = L An(niQ)

1—z((" ) (g— Dz +2m+1)’

for all m > 2. Hence, by iterating (here we assume |z|< 1), we have
—2

Az (;Q) = Z T —2((N(g— Dz +2i+ 1))

7j>2 1=2

which implies
i—1

Ay(z;Q) = Z (U —a((TY (g =Dz +2i+ 1))

7>1 =1

By the equations of F(z;Q) and Fy(x; @), we have the following result.

Theorem 4.3. The ordinary generating function for the number of all RG-words of type
B according to number of ascents of second kind (counts by q) is given by

F(x;1,q,1,1) _; (1_$((i;1)(q—1)x+2i+1)).

By differentiating at ¢ = 1, we obtain that the ordinary generating function for the
total number of ascents of second kind over all RG-words of type B is given by

i J (¢;1)x2

Z i (11— (22+1))Zl—(22—|—1) 2

>0 Lli=o

(Mz + M),

which, by Lemma 3.3, implies the following result.

Corollary 4.4. The exponential generating function for the total number of ascents of
second kind over all RG-words of type B is given by

1 xr

% e D2 (41 — 3)et 4 44t — 1) + 7)dt.

4.8.  Ascents of third kind

In this case, (10)—(18) with g3 = g and ¢ = g2 = ¢4 = 1 is equivalent to the following
recurrences

F(z;Q) = 1+ 2Fy(2; Q) + x4 (2; Q),
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Fo(z;Q) = 14+ 2Fy(x; Q) + A (2;Q),
20y = L+ (g —1)ma) A (2 Q)
An(; Q) 1—x((m;1)(q—1)x+2m+1) ’
By(r;Q) = (1 —2(1 = ) Am(2;Q) — 2(1 — q) Apia (5 Q),
Cmj(7;Q) = An(z;Q),
D j(7;Q) = (14 (¢ = Dz(m + 1 = j))An(2; Q) + (¢ — DNz A1 (2;Q).

Therefore, by iterating (here we assume |z|< 1), we have

o e P2 (14 2(q — 1)ix)
Ay(7;Q) = Z 511(1 — x((i—&-l) (g—Da+2i+1))

j>1 2

By the equations of F(z;Q) and Fy(x; @), we have the following result.

Theorem 4.5. The ordinary generating function for the number of all RG-words of type
B according to number of ascents of third kind (counts by q) is given by

| - v [T (1 + (g = V)ia)
Fz;1,1,¢.1) = j;o gzo(l — x((zgl)(q — Dz +2i+1))

By differentiating at ¢ = 1, we obtain that the ordinary generating function for the
total number of ascents of third kind over all RG-words of type B is given by

i S ' : (i;l)x2 oz 22
Z J (1_(214—1)1-) (ZZZE+;m> —5(]\72_]\71)4—5(]\42_{_‘]\41)7

>0 1li=o0 i=0

which, by Lemma 3.3, the following result.

Corollary 4.6. The exponential generating function for the total number of ascents of
third kind over all RG-words of type B is given by

1 €T

5 e TU2((41 4 1)e + 4(4t — 3)e? + 11)dL.
0

4.4. Ascents of fourth kind

In this case, (10)—(18) with ¢4 = g and ¢; = g2 = g3 = 1 is equivalent to the following
recurrences

F(2;Q) = 1+ xFp(z; Q) + A1 (7 Q),
Fo(z;Q) = 14+ xFy(z;Q) + z A1 (x5 Q),
1+ IAm+1(x; Q)
Am 5 = oy 5
=1z p(UHELIL 4 1)
Bi(2;Q) = Cpj(2;Q) = A (25 Q),
D j(2;Q) = (14 (¢ — D)™ A (7 Q).
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Therefore, by iterating (here we assume |z|< 1), we have

j—1

)
Al(ﬁ;Q) ; H ( 1+ q D)

By the equations of F(z;Q) and Fy(x; @), we have the following result.

— (i + )z)

Theorem 4.7. The ordinary generating function for the number of all RG-words of type
B according to number of ascents of third kind (counts by q) is given by

)
Fa;1,1,1,9) =) =)

=0 TI=o(™ —(i+z)

By differentiating at ¢ = 1, we obtain that the ordinary generating function for the
total number of ascents of third kind over all RG-words of type B is given by

zd J (Z)IQ x_2
Z (1= (2i+ 1)z Z1 (2i + Dz 5 (Mz — M),

7>0 =

which, by Lemma 3.3, implies the following result.

Corollary 4.8. The exponential generating function for the total number of ascents of
third kind over all RG-words of type B is given by
1 x

% D24 — 3)et 4 4€? — 1)dt.

4.5.  Absolute ascents
An absolute ascent in a word myms -+ -, is an index 1 < i < n — 1 such that |m;|< |m;1]-

Then, as before, (10)-(18) with ¢1 = ¢2 = g3 = q4 = q gives

(1 L 1= (4 (@= Do)+ 20g = Do)"
qg—1

) Ap(r;q) = ¢" + 1A (25 9).

Hence, by iterating (here we assume that |z|< 1), we have

xj—lqj—l
Az q) = ; ngl (1 I 17(1+(q71)x)(1+2(q71)x)i)’

q—1

which leads to the following result.

Theorem 4.9. The ordinary generating function for the number of all RG-words of type
B in RE according to number of absolute ascents (counts by q) is given by

ﬁ—i—(l%—(q—l)x)z

=1 g <1 + 1‘(1+(q—1);1<11+2(q—1)x)1‘)
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By differentiating at ¢ = 1, we obtain that the ordinary generating function for the
total number of absolute ascents over all RG-words of type B is given by

2’ (j—1)a?
P s @t T = it )

j>1 j>1
J 9 92
21°x
+ -
; 501—2z+1)x);1—(2z+1)x

= 2Ny + Ny — Ny + 1+ 22° Mo,
which, by Lemma 3.3, implies the following result.

Corollary 4.10. The exponential generating function for the total number of absolute
ascents over all RG-words of type B is given by

é / e T D241 — 3)eM + 8¢ + 11)dt + %e”(e%_lm(e?x —-3)+ 1.
0

5. Counting RG-words of type B according to the number of
descents

In this section, we present explicit formulas for the generating functions for the number
of RG-words of type B according to the number of descents of first, second, third, and
fourth kind. Then, we derive the ordinary generating function for the total of each of
these statistic over all RG-words of type B.

Define
4
F(;Q) = F(z;q1, 42,43, 00) = 3 _a" > [[ ™,

n>0 TeERE j=1

where f;(m) is the number of descents of the jth kind in 7. By the scanning-element
algorithm, we have

F(x; Q) =1+ JIFO(CL’; Q)+ xAl(x, ), (19)

Ap(2: Q) _1+x20m3xq2 +:cZIDmJ Q)
+56A (x'Q)+qu€B (m;Q)JrvamH( Q) (21)
Bo(2;Q) —1+—a:ZCmeQ ZijxQ
+zA, (x'Q)+xB (x'Q)+xAm+1(a:'Q) (22)

Cm,j(x7Q> Q1+Q1l’zcmzﬂ3Q +IZszxQ

=Jj
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+QIIZszxQ ZszIQ
i=j+1
+ @z Am (x'Q) + 2B (7; Q) +qlem+1($'Q), (23)

Dm,j(va Ch‘*‘% ZszxQ ZszxQ

+Q4$2szx Q +xZszx Q

i=j

+ @rAn(1;Q) + @B (z;Q) + A1 (7 Q), (24)

where A,,(2; Q) = Flo..n(2; Q), Bm(2; Q) = Fia.. m) (25 Q), Crij(2; Q) = Floem;(2;Q),
and D, j(7; Q) = Fig.an(—j)(x; Q). Since the CompleX1ty of the solution, we consider only
one statistic at once.

As in the previous sections (here we omit the proofs), we obtain the following results.

Theorem 5.1. The ordinary generating function for the number of all RG-words of type
B according to number of descents of first kind (counts by q) is given by

)

Flriq,1,1,1) =) —
>0 [[io <

Moreover, the ordinary generating function for the total number of descents of the first

iz(1—q)+q ) '

1
- ¥ 7 O—9u-(-gay

kind over all RG-words of type B 1is given by

i L ix(2 — (3i+ 1)x)
2T (1— (2 + 1)) z; 2(1 = (204 1)z)

j>0 1li=o

and the exponential generating function for the total number of descents of the first kind
over all RG-words of type B is given by

1 e U7 e
Zlez+(62 D221 — 1)e® + 1) — 5 / et t(e? “D2((12t — 9)e + (32t — 4)e* + 13)dL.

Theorem 5.2. The ordinary generating function for the number of all RG-words of type
B according to number of descents of second kind (counts by q) is given by

x]

F(z;1,¢,1,1) :Z

j iz (1 3i+1)z) )
>0 [Ti=o (1 —(2i+ Dz + 2(1(]-2-(7,(q (1):1:)) ))

Moreover, the ordinary generating function for the total number of descents of the second
kind over all RG-words of type B is given by

' L iz(2 — (3i + 1))
Z (1—22+ Z2(1—22+ Dz)’

7>0 =
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and the exponential generating function for the total number of descents of the second kind
over all RG-words of type B is given by

1 e L/
Zex+(e2 D221 — 1)e® + 1) — 32/ e D2((12¢ — 9)e™ + (32t — 4)e® + 13)dt.

Theorem 5.3. The ordinary generating function for the number of all RG-words of type
B according to number of descents of third kind (counts by q) is given by

x]

F(z;1,1,q,1) :; (1— (20 + 1)x + 22(1 — Q)(Z§1)>

Moreover, the ordinary generating function for the total number of descents of the third
kind over all RG-words of type B is given by

J H—l)

Z (1— (20 +1 Zl (2i+1

7>0 =

and the exponential generating function for the total number of descents of the third kind
over all RG-words of type B is given by
1 X

3 et+(62t_1)/2((4t —3)et +4(4t — 1)e* + 7)dL.

Theorem 5.4. The ordinary generating function for the number of all RG-words of type
B according to number of descents of fourth kind (counts by q) is given by

Fz;1,1,1,9) =) — _
=0 [Tizo (1 —(i+ 1z + Hq§++l)>

Moreover, the ordinary generating function for the total number of descents of the fourth

kind over all RG-words of type B s given by

J i

Z (1—2z+ Zl 2Z+

7>0 =

and the exponential generating function for the total number of descents of the fourth kind
over all RG-words of type B is given by

1 /[® ;
1 / e D24 — 3)e 4 462 — 1)dt.
32 J,

An absolute descent in a word mymy - - - m, is an index 1 < ¢ < n—1 such that |m;1|< |m.

Theorem 5.5. The ordinary generating function for the number of all RG-words of type
B according to number of absolute descents (counts by q) is given by

1 xl
1—xz J q 1 2%)'

520 [Iima <<q—1>(1+<q—1>x><1+2<q—1)x)i*1 Tl
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Moreover, the ordinary generating function for the total number of absolute descents
over all RG-words of type B is given by

@i L 2(2i — 1+ (1 — 22))
; (I —=(2i +1)z) = 1—(2i+ 1)z ’

and the exponential generating function for the total number of absolute descents over all
RG-words of type B is given by

1 [ ¢
3 / D2 (4 — 1) + 8te* + 1)dt.
0

A descent in a word mymo - - -, is an index 1 < i < n — 1 such that w1 < 7.

Theorem 5.6. The ordinary generating function for the number of all RG-words of type
B according to number of descents (counts by q) is given by

)

q—1

Moreover, the ordinary generating function for the total number of descents over all
RG-words of type B 1is given by
Z : i ix(2 — 2ix — 1)
(1—22+1 1—(2i+ Dz

7>0 =

and the exponential generating function for the total number of descents over all RG-words
of type B is given by
1

- / eHHED2 (4 1) 4 (61 + 1)te® — 1)dt.
0
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