An Elementary Proof of Thomae’s Formulae

Amichai Eisenmann
Hershel M. Farkas

Submitted: March 13, 2007; Revised: August 6, 2007; Accepted: December 12, 2007; Published: January 29, 2008

1 Introduction

Thomae’s formulae go back to two papers {7} },{7T>} and express the proportionalities be-
tween the 4th powers of the non-vanishing theta constants, and polynomials in the variables
A1, -, Agg—1, which are the algebraic parameters of the hyperelliptic surface. They take the
form

94[5,}(0,11)
P (AL, 5 Agg—1)
M.

=K,

6/

2g+1

where K is independent of [ 66, } . Since there are precisely ) non-vanishing theta

constants, this is the number of terms on the left hand side.

Thomae’s formulae can be viewed as a generalization of the A- function of elliptic curves,
a subject studied for example in {F},{G}. In those papers one does not obtain Thomae
but rather express the \;, the algebraic parameters of the hyperelliptic curve in terms of the
elements of the period matrix m; ; i,j=1,...g which are of course transcendental parameters.
There are however instances where Thomae’s formulae are actually essential {S} . Thomae’s
formulae have been generalized to the case of Z,, curves in {N} .

In this note we give a proof of Thomae’s formulae for hyperelliptic surfaces using only
extremely elementary tools. In addition we shall also prove Thomae type formulae for Z3
curves, that is, curves with an algebraic equation of the form w® = [[>7.*(z — \;) using

i=0
similar techniques.

Our method is based on two stages. First, we compare certain pairs of theta constants
attached to certain characteristics, obtaining equalities by means of elementary theta func-
tions theory. Then we show that all pairs may be compared to each other. The second
stage uses a simple combinatorial argument for the Z3 case. In the hyperelliptic case we use
an inductive argument for the second stage , but here also lies implicitly a combinatorial
argument of a similar kind.

We begin with the algebraic equation defining a hyperelliptic surface of genus g.

w? = z(z — DI (2 = )
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This is a branched two sheeted cover of the Riemann sphere, branched over the points
Oa ]-7 00, )\la e 7)\2g—1

For a construction of a standard set of generators for the first homology group we refer
to {FK} pp. 102-103. Denote this set by {v1,...,74,01,...,04}.

A basis for the holomorphic differentials dual to the chosen homology basis is given by
91, .. .,Hg, where f’Yj ‘9@ = 52']‘, f5j ‘9@ = Tj for Z,j = 1, e, g.

We shall now recall some general notions regarding the Jacobi variety of a Riemann surface
and theta functions.

The Jacobi variety of the surface is J(S) = C9/G where G is the group of translations of
(Y9 generated by

< z—>z+e(i),z—>z+7r(i) >,

and the points of order two in J(S),

g / g

€ €& i € €
> 5e +;§w =I5 +10

1=1

will be denoted by ( E}""’Eg ) _ ( eE’ )
e

If one chooses a base point Fy € S one has a mapping
S — J(S)

given by
P

P — t(elv"'veg>
Py
which we shall denote by ¢p,. One then may extend this mapping to the set of integral
divisors of degree n by setting ¢p (P -+ Py) =Y o ¢p (D)
Recall the definition of a theta function with characteristics:
1 /
IEE S canpmiy (N PN + )+ (N + 5+ )

Where{ E,l’ o ’E,g } = { EE, } €7% (e€C9 I eS8, Weshall in fact restrict €, €, to be 0 or
ARRENCS

1 in our following discussion, as up to sign this gives us all the various theta functions with
integer characteristics.

Recall also the following formula:

/

o] & | - = eapmitoe.m

¢ From this formula we may conclude that the 229 Theta functions with ¢;, €, 0 or 1 partition
into two classes, even and odd functions of (. The odd ones all vanish at ( = 0. Furthermore,

if an even function vanishes at ( = 0 it vanishes to second order, so that if { 66, } is an

even function and vanishes at ¢ = 0, then also
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We shall also have a need in our discussions of the following formula:

€ o
9|:€, :| (Z+I§+H§7H)_

cop(2nil=gtl = (e + ) = 3o | STA | o) )

The main result one has regarding these objects is due to Riemann. A discussion can
be found in {FK}. Consider the local analytic function 8(¢(P) — e) with e € C9 on the
Riemann surface. This either vanishes identically on the surface or vanishes at g points
Py ...P, on the surface, s.t. (P ...P,) = 0. Furthermore in the latter case we have
e = ¢p,(P1,...,P;) + Kp,. The vector Kp, is called the vector of Riemann constants with
base point Fj.

6/
mann surface either vanishes identically on the surface or vanishes at g points P, ... P, on
the surface, s.t. i(P;...P,) = 0. (This follows from equation (1) and the preceding result).
In the latter case we have

In particular, for an integer characteristic :, } we have: 6 [ y } (¢p,(P),II) on the Rie-

€
< y ) = 6 (P1, ..., P)) + Ky,

Note that if l Ee, ] is even then P; # P, fori = 1,..., g, otherwise the function would vanish

identically on the surface. This would follow from the Riemann vanishing theorem.

2 Points of Order 2 on the Jacobi variety of hyperelliptic Riemann
surfaces

We return to hyperelliptic Riemann surfaces given by
w? = z(z — DI (2 = N).

It is well known that if the base point Fy of the aforementioned mapping ¢p, is chosen
as any of the 2¢g + 2 branch points 0,1, 00, A, ..., Agy—1 then the image of any other branch
point is always of order 2.

In fact, it is easy to see that all points of order 2 are given as sums of k (k < g) distinct
points of the 2g + 1 points of order 2, ¢o(1), ¢o(00), (A1), - -, Po(A2g—1)-

For the sake of completeness we shall prove this fact:

Take all sums of k& such points Zle ¢(P;) for k =1,---,g. we thus get 229 — 1 sums.
Adding 0 we get exactly 229 sums, which are all points of order 2. Clearly there are exactly
229 points of order 2 ,

We now need to show that these are all distinct. This follows from the fact that for any
divisor P; ... P, where k < g and the P; are distinct branch points of S we have i(P; ... P;) =
g—k.

This in turn follows for example from the fact that on a hyperelliptic surface, if a holomor-
phic differential vanishes at a branch point then it vanishes there to even order. Therefore
i(P...P;) =0, and hence i(P, ... P,) =g — k.
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Suppose now that ¢p (P ... Py) = ¢p,(Q1...Q;) where k <.
So ¢p, (P . .. PkPé_k) = ¢p,(Q1...Q;). We then have by Abel’s theorem that there exists

a meromorphic function on S whose poles are @1, -+, Q;.
But the Riemann-Roch theorem implies that T[Ql Qz] =l—g+1+g—1=1so0thisis
impossible, unless k =l and {Py,..., Py} = {Q1,...,Qx}.

We now fix the base point of ¢p, to be 0, (that is we look at ¢p). One may compute
explicitly the images of the various branch points under ¢y. A point of order 2 is called odd
if in the representation

()
6/

we have e.¢ = 1. (In this case 0 [ 66, } is odd). Otherwise call it even. It turns out that

®0(Aak—1) is an odd point for all k = 1,...,g. We then have that 0[0](¢o(p), II) vanishes at
these g points (just use equation (1)) . As 0[0](¢o(p), II) is non vanishing, these are precisely
its zeroes. For more details details see {FK} ( pp. 329-331). From the discussion in the end
of section 1 we may now conclude that ¢g(AAs... A1) = —Ky. We also conclude from
the same discussion that the even non-vanishing characteristics are precisely the 29 +1
points of the form ¢o(P; ... P,;) + Ko where P; € (1,00, A1,...,A\yy—1), and P; # P; for i # j.

Note that we may easily switch from this last representation of a non-vanishing even
characteristic to a representation as a sum of k points k& < g using ¢o(A1, As, ..., Agy—1) =
— Ky = Ky. In the following we shall use this relationship in order to characterize the non-
vanishing even characteristic in terms of their representation as a sum of k£ < g points. This
will eventually allow us to prove Thomae’s formulae using an inductive argument.

We begin by recaling a simple lemma:

Lemma 2.1 (1) + ¢o(c0) + 227" do(Ai) = 0

Proof: This follows from the fact that the divisor of the function w on S is =577,
so ¢o(0) + ¢o(1) + Zzg "do(Ai) — (2g + 1)¢g(c0) = 0. This however can be rewritten as
do(1) + do(00) + 32721 ¢o(Ai) = 0 because -(2g + 1)¢(00) = —o(00) = po(00).
Suppose now we have P, ..., P, where P, € {1,00, A1,...,A\yg_1} and P, # P; for i # j.
Consider

( ) Go(Pr...Py))+ Ko = o(Pr...Py) + do(MAs ... Agg—1).

Suppose exactly k points of the P; are odd points, that is, of the A\; with i odd. Then we
have

Go(Pr ... Py) + do(MAs.. . Aggo1) =
¢o(Byy .. By, )+ do(Niy - Ny, )

Where P, ... F;, _, are all even pomts. If 2(g — k) < g then we get a representation of this
even characteristic as a sum of 2(g — k) = r < g points where § points are odd and § are
even points. If on the other hand 2(g — k) > ¢ then using the lemma above, we may take the

sum of the complement of the set F;,,..., P ., Ay, ..., A;,_, in the set 1,00, A1,...; Ay

—k) —k
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to represent :, ) This complement consists of » = 2k + 1 points, of which k + 1 are even

and k are odd.

On the other hand we may go the other way round to show that each sum of one of these
sorts, is a non-vanishing even characteristic. If we have a sum of £ odd points and k even
points s.t. 2k < g then add the "missing” odd points to the sum of the odd points and to
the sum of the even points to get a sum of the form ¢o(Py,. .., P)) + Ko. If the sum is of &
odd points and 2k + 1 even points, then turn over again to the sum of the complement set
to get a sum of an equal number of odd and even points, and proceed as in the first case.

Thus we have proven the following

Lemma 2.2 [ 66, } corresponds to an even non-vanishing theta constant iff it is either of

the form S5 do(P:) + 321, ¢0(Q:), where the P, correspond to even points of order 2, and
the Q; correspond to odd points of order 2, and 2k < g

or of the form Zf:ll oo(P;) + Zle ®0(Q;) where the P; and the Q; are as before, and
2k+1<yg.

3 The proof of Thomae’s Formulae

Lemma 3.1 Let 6 [ 66, } (po(P),11) and 6 { 5/ } (¢o(P), 1) be two nonidentically vanishing

theta functions with even characteristics with respective zeros Py...P, and Q;...Q)y. Suppose

that
(£)=(2)-oim

where R is a branch point of the surface. Then R # P;, Q; for any i=1,...,9 and also P; # Q;
for all i,j=1,...,qg . In other words { 66, } (¢o(p), 1) and 6 { <

ZEeroes.

SN

o } (¢o(p), 1) have no common

Proof: The hypothesis implies that

¢0(P1...Pg> + (bO(R) — (bO(Qng)
If R = P, (wlog) we would have

¢o(Pr...PyPy) = ¢po(Py...Py) = ¢po(0P...Py) = ¢o(Q1...Qy)

This would imply that i(Q);...Q4) > 1 which is a contradiction. Hence R # P, for any i. In
a similar manner one can show R # @); for any i. (Just take ¢o(R) to the other side of the
equation an proceed as before).

Suppose there indeed was a common zero (without loss of generality) P, = ;. We can
then write

¢o(Pr...PyR) = ¢o(0Q;...Qy)

which becomes

¢o(Ps...PyR) = ¢(0Q2...Q,)-
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We have already seen in section 2 that this is impossible.
Equipped with this lemma we turn now to our problem.
We start with a definition:

Definition 3.1 Let 66, be an even non-vanishing integer characteristic. Let Py, ..., P, be

€
%

the zeroes of 0 [ 66, } (¢o(P),II). Then we denote by Z [ } the set of points { Py, ..., Py} U

{0}

Now we prove:

M

€ !

™M

Proposition 3.1 Let { ‘ } and [ } be as in lemma (3.1), then we have

" { y } (0,11)
Ais\j€EZ 6/ A< PYONT 4 6, A<

94[ }(o,n)
(A —Ay) -

M ™

II (A = Aj)

M

™M
~

)\i,)\jEZ|: f i| 7>\i<>\j )\i,)\j¢Z|: :| 7)\i<)\j

Proof: In the following we shall use formula (1) of section 1.

“ }wo(m,ﬂ)

M

. [
We have:
o [

where ¢ is some constant, and P, ..., Pyand (), ..., ), are again the zeroes of ¢ [ 66, } (¢o(P),I1)

= O 2 (@h)

(LN

] (¢o(P),IT)

and 0 [ S, } (¢o(P),II) respectively - one can see this is a well defined function on S using

elementary theta function identities (see e.g. {FK} p. 302), and it has the same divisor as

the rational function of z on the right.

Note that according to lemma (3.1) all the P; and (); are distinct and distinct from one
another.
Moreover, none of them is 0 because an even characteristic s.t. 6 [ :, } (00(0),II) =0
vanishes identically. (See the end of section 1).

We have now accounted for 2g + 1 of the branch points and exactly one remains. This

has to be R as defined in lemma (3.1).
Thus, to find ¢ we may set P = 0 and we get:

” { ¢ ] O 20
0 { Ee } ) T=rz(P)
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In the next computation we warn the reader that we have not actually computed exactly
but only up to sign. Set now P = R, then we have, using formula (1) (here is where we are
neglecting the sign) in order to calculate the left hand side of the equation,

¢ i |wom e[ Jemn e ]en T 2(Q) T ((R) — =(P)
‘ : ,2(7) T, (:(R) — =(@,)

el @om el S wmn e $lon

And so we have:
o {

94[
Note that R, Q1,...,Q, ¢ Z[

Z[ andO,Ql,...,QgeZ[g}.

To get the equality that the proposition states, we just have to multiply the denominator
and the numerator of (2) by all the differences z(P;) — 2(F;) and 2(Q;) — 2(Q;) (where i # j).
It is now clear that the polynomials we are looking for are

(A —Ay) -1

m
m

.M

} (0, 11) I x(P) T (2(R) — 2(Q)
} (0,11) 9_,2(Q;) TY_,(2(R) — 2(P))

M

Mmr

€
¢

}WhereaSO,Pl,...,PgEZ { 66, },andagainR,Pl,...,Pg ¢

M ™

(A = Aj)

6/

P € ()‘17"'7)\2g—1):H €
|: :| )\iEZ|: ’ i| 7>\i<>\j )\i¢Z|: / i| 7>\i<>\j
€ €
What is left to do in order to prove the main theorem is to use an inductive argument so
as to get the equality we look for for any two non-vanishing even characteristics. For this

we use lemma (2.2):
Use induction on the minimal number r such that [ :, } can be written as the sum of r

terms ¢(P;) as in the lemma.
For r = 1 the theorem is a result of proposition (3.1).

Suppose we have proved the theorem for » — 1, and | ~ | can be written as the some of

Mr ™\

r terms. Then, if r is even, we may subtract one ’odd’ term, and the result will be a non
vanishing even characteristic which can be written as a sum of r—1 terms. Using proposition
(3.1), and the induction hypothesis, we get the result.

If r is odd, then we may subtract an ’even’ term, and conclude in a similar manner . We
have thus proved

Theorem 3.1 Let 6 [ 66, } (0,I1) be an even non vanishing theta constant on the hyperelliptic

surface. Then
b { 5 } (0,11)
. } (Ai = A) - 11

)\i<>\j€Z ’
€

I1 ¢ (Az‘—Aj):k
|

N<NEZ|
€
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where k is independent of the characteristic.

4 Nonspecial Divisors on Z3 Curves

Let w® = [[255%(2 — i) be the algebraic equation of a three sheeted cover of the sphere
branched over the 3r points Aoy, ..., A\3._1, 00 where \g = 0 and \; = 1. This is a compact
Riemann surface of genus g=3r-2. We would like to get Thomae type formulae for these
surfaces. Recall that in the hyperelliptic case we were able to obtain the formulae due to
the fact that a non vanishing even characteristic is of the form ¢p, (P ... FP,) + Kp, with
Py, ..., P, branch points and i(P; ... FP,) = 0. Thus, in order to find the analogue formulae
for Z3 curves, we would like to construct on this surface a set of integral divisors of degree
g whose support is in the branch locus which are non special, that is, no holomorphic
differential (non constant) vanishes at the g points which constitute the divisor, or there is
no canonical divisor which is a multiple of this divisor. We shall show that the only such
divisors are those constructed by choosing r-1 distinct points from the branch set and then
an additional r distinct points from the remaining elements of the branch set and forming
the divisor PZ...P? ,Q;...Q,. In other words we are constructing

3r 2r+1
r—1 T
divisors.

We begin with some elementary and trivial observations: We think of the function z as the
3

projection map of the compact surface onto the sphere and as such it has divisor 5 where

P,
P; is the point on the surface over the branch point A;. The divisor of the meromorphic
2 p2 2
differential dz is just % and the divisor of the meromorphic function w is just
PoPr..P3r—2 =
P3'r71

It thus follows that the divisor of the differential

J 3r—2
dz 3 3 3r—3j—
(H(Z - )‘m)a) = P>\7L1"‘P>\nj H PZPoo ’ 5'
i=1 =1
It thus follows that this differential is holomorphic whenever j < r — 2. Moreover it is also
clear that the r-1 holomorphic differentials [[/_, (= — )\ni)d—j, j=0,..,r—2 are r-1 linearly
independent holomorphic differentials on the surface.
We can now do the same thing with % and conclude that the the 2r-1 differentials
(2 - )\m)%, j =0,..2r — 2 are 2r-1 linearly independent holomorphic differentials
with divisors Py ...P; P'~°"% and that these 3r-2 differentials are a basis for the space of
holomorphic differentials. As a special case we can choose the 3r-2 holomorphic differentials
dz dz ,_odz dz dz gp_o A2
— 22— 2 = = 2, .2 T —
w'w w’ w2 w? w?
and this as is easily seen is a basis adopted to either the point Py or P,,. In fact, if we look
at the orders of the zero at Py we see that for » > 2 the orders are precisely

0,1,3,4,..,3r —6,3r — 5,3r — 3,3r,3r + 3, ..., 3(2r — 2).
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The conclusion from this is that the Weierstass gaps at the Weierstrass point Fy are precisely
1,2,4,5,..3r—=5,3r—4,3r—2,3r+ 1,3r+4,...,3(2r—2) 4+ 1

and in particular if a positive integer is < 3r — 4 and congruent to two mod three, we see
that it is a gap. The argument just given for zero holds for all other branch points as well
so we have thus seen that

Lemma 4.1 If 2 < k < 3r — 4 and k is congruent to two mod three then k is a gap at P;
for any point P; in the branch set. Furthermore there are no orders of zero congruent to two
mod three at any point in the branch set.

Proof: The first statement has been proved before the statement of the lemma. The final
statement follows from the fact that a zero of order congruent to two mod three would imply
a gap congruent to zero mod three of which there are none.

We are now able to determine the integral divisors of degree g with support in the branch
set which are nonspecial.

Theorem 4.1 Let Py, ...P,_1 be r-1 distinct points of the branch set and let Q1 ..., Q, be an
additional set of r distinct points from the branch set which are also disjoint from the P;
already chosen. Then the integral divisor of degree g=8r-2 , P2...P? Q;...Q, satisfies the
condition that there is no canonical divisor which is a multiple of it. Furthermore these are
the only integral divisors of degree g=3r-2 with support in the branch set which have this
property.

Proof: Consider the divisor A = P?...P% ,Q;...QQ, and assume that i(A) > 1. This means
that some multiple of A is canonical and therefore we have

(AQ) = (P...P%.Q1..Q,Q0) = (P...P? ,Q,...Q,)

is a canonical divisor with deg (€2)=3r-4, and deg ()= 2r-3. (The second equation is a
consequence of the lemma).

We now use the fact that given any point in the branch set there is a holomorphic
differential with support at that point. In other words i(P %) = 1. As a consequence of
this if we take the Abel Jacobi map ¢p, it is clear that if Z is a canonical divisor ¢p,(Z) = 0.

Furthermore since for any two points in the branch set P;, P; we have the divisor i_é is
J
principal we also have qbpi(P]?’) = 0 for any pair of points P;, P;.

As a consequence of the preceding remarks we have ¢g(Q;...Q,") = 0 and the degree of
Q1...Q. is 3r-3 where Q is any element of the branch set. By Abel’s theorem this implies
the existence of a meromorphic function with zeros at Q:...Q,€2" and a pole of order 3r-3 at
Q. Choosing Q however as one of the points in the branch set say one of the ); now gives a
meromorphic function with a pole of order precisely 3r-4 at this point Q. (Note that we can
always find a point @); that does not appear in ). We have seen however that 3r-4 is a gap
at any element of the branch set which is a contradiction.

We now need to prove that these are the only divisors of degree g with this property.
From the fact that the holomorphic differential % has divisor
POPIPQ...P3T_2P§Z’ ~5 it is clear that there is no integral divisor of degree g with all points

distinct and in the branch set which satisfies the condition of nonspeciality. Moreover if even
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one point of the divisor A has order 3 or more then once again the divisor is special since
we will have 7(x) > 2. It thus follows that you can have only points with order at most two
and must have at least one such point. In fact we see that you must have precisely r-1 such
points as follows.

Consider the holomorphic differential ]\, (z — M)E with & < r — 2. Its divisor is
Pl P!Pyyy... Py, o P33 Therefore if k < r — 2 we have
i(PL..PPyyy... Py o P3r=3575) = 1 and thus i(P2...P?Pyy1...Ps o) > 1 as well. Hence we
require at least r-1 points of order 2. Suppose now we had r points of order 2 or more. We
then would have a divisor P?...P2Q;...Qq—2x with k > r. Note however that when k = r,
P3...P3Q3...Q%_, is canonical and a multiple of the original divisor. If k is greater than r
we get a similar result showing the divisors are all special. This concludes the proof of the
theorem.

5 Thomae Formulae for 73 Curves

In this section we apply the main result of the previous section to get Thomae type formulae

on the Riemann surface o
,_

w® = H (z—N).
i=0
We recall the following fact concerning the vector of Riemann constants Kp with respect to
a base point P and canonical homology basis (details can be found in {FK}); as a point in
the Jacobi variety of the surface it satisfies the condition that for any canonical divisor Z,
op(Z) = —2Kp. —2Kp is sometimes referred to as the canonical point.

It follows from what we have already done in the proof of the preceding theorem that
if Q is any point in the branch set then K¢ is a point of order two in the Jacobi variety.
Furthermore we saw that ¢ (F;) is a point of order three in the Jacobi variety. We therefore
can conclude that for any Q in the branch set the point ¢g(A) 4+ K where A is any one of
the nonspecial divisors of degree g with support in the branch set constructed in the previous
section,

PQ(A) + Kq

is a point of order 6 in the Jacobi variety of the surface, and it may be represented uniquely
RIS
3

2

2.—6l+5, / :
+ I-5—, where ¢,0" are inde-
x40

pendent of A. We will represent such a point by the symbol | 5% s
have a correspondence between the divisors constructed above and the theta characteristics

x44

£+

Recalling the Riemann vanishing theorem cited in the introduction we conclude that if we
choose the characteristics as above, taking () = Fy,and taking Py,..., P._1, P, ..., Py, 1 #
Py, then we have that the theta functions with these characteristics do not vanish at the
origin. We shall write such a theta function as 0[Py..P,_1; P,.. Py, _4].

Note that, as in the hyperelliptic case we have that 3277 % ép, (P,) + ¢p,(00) = 0, Where
we take the sum over all the branch points. As a consequence of this fact and the discussion
above we have the following useful

;making some canonical choice once and for all, as II

, |. Hence we shall
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Lemma 5.1 Let Py,...,P_1,Q1,...,Q, be distinct branch points (not equal to Fy), and
Q1,...,Q, denote the complement of these points in the set of branch points (minus Fp).
Then

—¢p(P2.. . P2 -Q1...Q) =op(P>... P2, -Q...Q,)
We now prove the following

Proposition 5.1 Suppose Py, ..., P._1,Q1,...,Q,_1, R are distinct branch points, corre-
sponding to {1, ..., \e—1, i1, - - -, fr—1, P} TESPECtively then:

96[P1..Pr_1; Q1-~QT’—1R](O> H) _ QG[Ql..QT_l; Pl..Pr_lR](O, H) .
T2 (Mo = M)2(p — pi)? ITi2) (Mo = p)2(p = Xi)?

This equality is up to multiplication by a 6th root of unity.

Proof: Consider the following quotient of cubes of theta functions:

93[P1--Pr—1§ Q1--Qr—1R](¢p, (P))

03(Q1.-Qr—1; Pr..P1 R](¢p,(P))
This is a well defined function. As in the hyperelliptic case this follows from elementary theta
function identities. (We make here use of the fact that the characteristics in the denominator

x+6 X446
and numerator are of the form { 20 Iy } and [ 22 ey for the same 4, 0")
There is though some ambiguity ﬁere, as the thetg function itself is only fixed up to sign
by an element in the Jacobi variety (see e.g. {FK} p. 303). (This was no problem in the
hyperelliptic case as we took there the squares of theta functions)

It follows from the Riemann vanishing theorem that the zeros of this function on the
Riemann surface are just sixth order zeros at Pi,...P._; and that the poles are sixth or-
der poles at the points @)1,..QQ,—1. This is so because the zeros Ry, ..., R, of the function
O[Py..Pr_1; Q1..Q,—1R)(¢p,(P)) are the same as the zeros of the theta function 6(¢p, (P)+e),
where e = ¢p,(P?..., P2 ,Q,...Q,_1R), and for the latter we have by Riemann: —e =
¢p,(Ry ... Ry)+ Kp,. Denote by Q1,...,Q,_1 the remaining branch points, as in the preced-
ing lemma, then —e = ¢p,(P?..., P2 ,Q:...Q,_1) + Kp,. It thus follows, that the zeros of
the numerator are at the points P,..P,_; all of second order and also at the points Q...Qr_1
here simple vanishing. In the same manner the zeros of the denominator are at the points
Q1...Q,—1 each one of second order, all by hypothesis distinct from the P;...P,_; and also at
the points Q)1...Q0,—1. The latter however cancel with those of the numerator.

We can therefore conclude that

PP Pr1; Q1-Qr 1 R)(6p,(P)) _ CH;:ll(Z —\i)?
B3[Q1..Qr—1; Pr..P._1 R|(6p,(P)) H::_ll(z — 1i)?

If we now set P = P, we find that

1= (Ao — )*63[Py ... P15 Qs ... Q1 R) (0, 1)
H::_ll(AO — >\i)203[Q1 e Qr—l; P1 Ce Pk_lR](O, H)

CcC =
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(Where Ay = 2(F)). Now, letting P = R we get

O3[Pr... Py;Qr ... Q,_1R)(ép,(R), 1)
03[(Q1...Qu_1: Py ... Py R](¢p,(R), 10)
O TLS o — )PP Py Qr ... Qe R)(0,11
T2 o = M)263Q ... Qv Py ... Py R)(0, T

S1 03[ppy (Pr...Pe—1)?Q1...Qr_1R?)+ K p,] (0,11
The left hand side is equal to 63[¢p2((Q1...ijl)2P1...Pk,IR2)+Kp2](O,H

of unity, which depends on the canonical choice for the representatives of the characteristics
and the point ¢(R). This equality is derived from formula (1) .Since it is always true that
6 [ :EE, } (0,II) =6 [ 66, } (0,1I) and since

—¢P0((P1 N Pk_1)2Q1 N Qk_1R2) - KP() - (Z)Po((Ql . e Qk_1>2P1 e Pk_lR) + KPO
—¢p0((Q1 e Qk_1)2P1 N Pk_le) —_ Kpo - ¢Po((P1 e Pk_1)2Q1 e Qk_lR) + Kpo
we obtain the conclusion.

Note though, that after making the last change (using the equality 6 [ ::, } (0,I1) =

[T (p — X)?

r—1
=1
121 (p — pi)?

; multiplied by some 6th root

).
)

6 [ :, } (0,1I)) we (may) get non-canonical representatives for the characteristics involved,

and so we have to multiply again by some 6th root of unity in order to get the value of the
theta functions corresponding to the canonical representatives.

If we would like to avoid the ambiguity caused by the 6th roots of unity, we may take the
6th power of each side of the equation in order to get:

936[P1..Pr_1; Ql--Qr—lR](Oa H) _ 936[691..@7«_1; Pl..Pr_lR](O, H)
ITi2) (o = A)2(p — pi) 2 [T2 (o — pa)2(p = )2

Turning back to the equation in the proposition we may now multiply both the denomi-
nators by

H1§i<j§r—1()‘i - )‘j)z : H1§i<er—1(:ui - Mj)2 and get:
96[P1--Pr—1§ Q1~-Qr—1R](O>7T) - 96[Q1~-Qr—1; P1~-Pr—1R](0a 7T)

[)\0, A1 --)\r—1]2[pa M, ---Mr—1]2 P\o, M1, --,Ur—l]2[p> AL, -~-)\r—1]2

where we understand [ay, .., a,]* to be [} ._;._;(a; —a;)*.

If Q, e Q. is the complement of Py, ..., Pr_1,Q1,...,Q,_1, R in the branch set minus
Py, and @); corresponds to v; then we may multiply both sides of the identity by ﬁ
This is motivated by the following observation;

fQ,...,Qr—1,Q,...,Q_1 are distinct branch points (not equal to Fy), and Qs . . ., Q3,1
denote the complement of these points in the set of branch points (minus Fp), and suppose

Q; corresponds to pu; then, by the lemma above we can write

0°[Q1..Qr—1; Qr..Qar_1](0, ) B 0°1Q1..Qr—1; Qar..Q3r1](0,7)

[)\0, M1, --,ur—lP[,ur, --/~L2r—1]2[,u2r, --,Lb3r—1]2 [)\07 M1, --Mr—lP[Mzr, --,u3r—1]2[,u7“7 --Mzr—l]2

We may now conclude using the proposition and the last observation:
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Theorem 5.1 Let Qy,..Q,_1,Q,,..Q2._1 be an arbitrary choice of 2r-1 of the points Py, ... Ps,_1.
Thus there remain r points which were not chosen. Denote these last r points by Qo ...QQ3,—1.
Suppose Q; corresponds to pu; Then we have

0°(Q1..Qr—1; Qr..Qar—1](0, )

=k-e(e €
[)\0, Hi, --,Ur—l]Q[,Ura -~,U2r—1]2[,uzm -~,U3r—1]2 ( )

where k is independent of the choice, and e(e,€') is a Gth root of unity that does depend on
the choice.

Note that we have equality of the quotients for two different choices of points (up to 6th roots
of unity), if the choices differ by one of two moves; either one may replace @1, ..., Q,_1 by
r — 1 of the points @,, ..., Q2.1 or one may replace the points @, ..., Q2.1 by the points
Qor,...,Q3-—1. The general formula follows readily from this by a simple combinatoric
argument. Let there be given 3r-1 elements. Partition these elements into three distinct
sets A,B,C with the cardinality of A being r-1 and the cardinalities of B and C being r. We
will allow two types of moves. The first move is interchanging the elements of A with r-1
elements of B. There are clearly r such moves possible. A second move is interchanging the
elements of B and C. It is not hard to see that this action is transitive on all the possible
partitions and thus we conclude the proof of the theorem.

We mention again that in order to have equations that do not include possible multiplication
by 6th roots of unity, one may raise the expressions in the equations to the 6th power. We
then have the following:

Theorem 5.2 Let Qq,..Q,_1, Q. ..Q2._1 be an arbitrary choice of 2r-1 of the points Py, ... Ps,._1,
and let Qap, ...Q3-—1 be the remaining r points. Suppose Q; corresponds to p; Then we have
036 [Ql--@r—l; Qr--Q2r—1](07 7T)
[Noy s 1] 2 [y, - pop—1 ]2 [fhor, - fr3p—1] 12

where k is independent of the choice

=k
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