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Abstract
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1 Introduction

Permutations. Let Sn be the symmetric group of permutations of 1, 2, . . . , n and let π =
π1π2 . . . πn be any permutation of length n, that is, π ∈ Sn. An increasing subsequence in π
of length ℓ is a subsequence πi1πi2 . . . πiℓ satisfying πi1 < πi2 < · · · < πiℓ . Several authors have
studied properties of the length of the longest increasing subsequence isn(π) of a permutation π.
Logan-Shepp [4] and Vershik-Kerov [9] showed the asymptotic expectation E(n) of isn(π) satisfies
E(n) = 1

n!

∑

π∈Sn
isn(π) ∼ 2

√
n when n → ∞. Deutsch, Hildebrand and Wilf [3] generalized the

above results to study the limiting distribution of the longest increasing subsequences in pattern-
restricted permutations for which the pattern is any one of the six patterns of length three.

Recently, Stanley [8] developed an analogous theory for alternating subsequences, i.e., subse-
quences πi1πi2 . . . πiℓ of π satisfying πi1 > πi2 < πi3 > πi4 < · · · πiℓ . He proved that the mean of the
longest alternating subsequence aln(π) in a permutation π ∈ Sn is 4n+1

6 for n ≥ 2, and the variance
of aln(π) is 8

45n − 13
180 for n ≥ 4. Also, Widom [10] showed the limiting distribution

lim
n→∞

1

n!
|{π ∈ Sn | aln(π) ≤ 2n/3 + t

√
n}|

to be Gaussian with variance 8
45 . Firro and Mansour [7] generalized the above results to study the

limiting distribution of the longest alternating subsequences in pattern-restricted permutations for
which the pattern is any one of the six patterns of length three.

Words. Let [k] = {1, 2, . . . , k} be a (totally ordered) alphabet on k letters. We call the
elements of [k]n words of length n (more generally, we call the elements of An words of length n on
the alphabet A). Consider two words, π ∈ [k]n and τ ∈ [ℓ]m. That is, π is a k-ary word of length
n and τ is an ℓ-ary word of length m. Assume additionally that τ contains all letters 1 through ℓ.
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We say π contains an occurrence of τ , or simply that π contains τ , if π has a subsequence order-
isomorphic to τ , i.e., if there exist 1 ≤ i1 < · · · < im ≤ n such that, for any relation φ ∈ {<,=, >}
and indices 1 ≤ a, b ≤ m, πiaφπib if and only if τaφτb. In this situation, the word τ is called a
pattern. If π contains no occurrences of τ , we say that π avoids τ (or is τ -avoiding).

In this paper we develop an analogous theory for alternating subsequences in τ -avoiding k-ary
words (see [6]), i.e., subsequences πi1πi2 . . . πiℓ of π satisfying πi1 > πi2 < πi3 > πi4 < · · · πiℓ. Denote
the longest alternating subsequence of π by aln,k(π). To achieve our main results we define al′n,k(π)
to be the longest subsequence πi1πi2 . . . πiℓ of π satisfying πi1 < πi2 > πi3 < πi4 > · · · πiℓ . Let
am

τ (n, k) (resp. a′mτ (n, k)) be the number of τ -avoiding k-ary words π of length n having aln,k(π) =

m (resp. al′n,k(π) = m), and let aτ (n, k; q) and a′τ (n, k; q) be the polynomials
∑n

j=0 aj
τ (n, k)qj and

∑n
j=0 a′jτ (n, k)qj , respectively. The corresponding generating functions are given by

Aτ (x, y, q) =
∑

k≥0

Aτ
k(x, q)yk =

∑

k≥0

yk

(

∑

n≥0
aτ (n, k; q)xn

)

,

A′
τ (x, y, q) =

∑

k≥0

A′τ
k(x, q)yk =

∑

k≥0

yk

(

∑

n≥0
a′τ (n, k; q)xn

)

,

respectively.
The main result of this paper (in the next section) is an explicit formula for the generating

function Aτ (x, y, q) for the number of k-ary words π of length n that avoid τ satisfying aln,k(π) = m,
where τ is any pattern in S3.

2 Pattern-restricted k-ary words

Our aim is to find an explicit formula for the generating functions Aτ
k(x, q) and A′τ

k (x, q). The main
technique used here is obtaining a functional equation for these generating functions and then
applying the kernel method. In order to do this we must introduce the following definitions and
notations. Let am

τ (n, k; j1, . . . , js) (resp. a′mτ (n, k; j1, . . . , js)) be the number of τ -avoiding k-ary
words π of length n such that aln,k(π) = m (resp. al′n,k(π) = m) and π1 . . . πs = j1 . . . js. For n ≥ s
define

aτ (n, k; j1, . . . , js; q) =
n∑

i=0
ai

τ (n, k; j1, . . . , js)q
i,

a′τ (n, k; j1, . . . , js; q) =
n∑

i=0
a′iτ (n, k; j1, . . . , js)q

i,

and for k ≥ 1,
Aτ

k(x, q; j1, . . . , js) =
∑

n≥0
aτ (n, k; j1, . . . , js; q)x

n,

A′τ
k (x, q; j1, . . . , js) =

∑

n≥0
a′τ (n, k; j1, . . . , js; q)x

n.

Also we define

Bτ
k(x, q, v) = 1 +

∑k
j=1 Aτ

k(x, q; j)vj−1, B′τ
k (x, q, v) = 1 +

∑k
j=1 A′τ

k (x, q; j)vj−1.

Our plan is to study the generating functions Aτ (x, y, q) and A′
τ (x, y, q) for each pattern τ ∈ S3.

We first show how to reduce the number of cases by using some standard involutions.

Online Journal of Analytic Combinatorics, Issue 3 (2008), #5 2



Lemma 2.1 Let τ = τ1τ2 . . . τℓ ∈ Sℓ be any pattern. Define

τ ′ = (ℓ + 1 − τ1)(ℓ + 1 − τ2) . . . (ℓ + 1 − τℓ).

Then Bτ
k(x, q, v) = 1 + vk−1(B′τ ′

k (x, q, 1/v) − 1) and Aτ (x, y, q) = A′
τ ′(x, y, q).

Proof. A straightforward application of the complement map

π1π2 . . . πn 7→ (k + 1 − π1)(k + 1 − π2) . . . (k + 1 − πn).

2

Proposition 2.2 We have
(i) The number of 231-avoiding k-ary words π of length n having aln,k(π) = m is the same as

the number of 132-avoiding k-ary words π of length n having aln,k(π) = m. In other words,

A231(x, y, q) = A132(x, y, q).

(ii) The number of 213-avoiding k-ary words π of length n having aln,k(π) = m is the same as
the number of 312-avoiding k-ary words π of length n having aln,k(π) = m. In other words,

A213(x, y, q) = A312(x, y, q).

Proof. In each case we exhibit a bijection from [k]n(τ) to [k]n(τ ′) which does not change the value
of aln,k. We use the following notation. For an integer r and word σ ∈ [k]n, we let σ + r be the
word obtained by replacing each letter σi by σi + r, i = 1, 2, . . . , n.

(i) We first use a standard block decomposition. Let π be any k-ary word that avoids 231 and
contains the letter k exactly s ≥ 1 times. Then, π can be written as π = π0 k π1 k . . . πs k πs+1

such that

• πp
i ≤ πq

j for all i, j, 0 ≤ p < q ≤ s + 1,

• πp avoids 231 for all p = 0, 1, . . . , s + 1,

• πp, p = 0, 1, . . . , s + 1, is a word on the alphabet {ap, ap + 1, . . . , ap+1} such that πp contains
at least one letter ap+1, where 1 ≤ a0 < a1 < · · · < as+2 ≤ k − 1.

We now define the map α recursively as follows. Define α(π) be the k ary word

α(σ0 + r0) k α(σ1 + r1) . . . k α(σs + rs) k α(σs+1 + rs+1),

where rj = k +
∑j

i=1(ai−1 − ai)− aj+1 = k + a0 − aj − aj+1. In other words, we recursively ensure
that the pattern 231 is avoided by the blocks, and then increase all elements in σj and decrease
all elements in σj+1 so that the pattern 132 does not straddle the divider k between blocks. Of
course, we interpret each word σj as a k-ary word on the letters occurring in it. For example,
α(1153355455) = 4452255155. Since π avoids 231, every alternating subsequence that leaves σj ,
0 ≤ j ≤ s, must fall at that step, so by replacing the next element in the subsequence by k, we
obtain an alternating subsequence of the same length that includes k. Every such sequence maps
to an alternating subsequence via α. Thus aln,k(α(π)) ≤ aln,k(π). Since the inverse has a similar
property, α preserves the aln,k.

(ii) This is similar to (i). Let π be any k-ary word that avoids 312 and contains the letter 1
exactly s ≥ 1 times. Then, π can be written as π = π0 1 π1 1 . . . πs 1 πs+1 such that
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• πp
i ≤ πq

j for all i, j, 0 ≤ p < q ≤ s + 1,

• πp avoids 312 for all p = 0, 1, . . . , s + 1,

• πp, p = 0, 1, . . . , s + 1, is a word on the alphabet {ap, ap + 1, . . . , ap+1} such that πp contains
at least one letter ap+1, where 2 ≤ a0 < a1 < · · · < as+2 ≤ k.

We now define the map β recursively as follows. Define β(π) be the k ary word

β(σ0 + r0) 1 β(σ1 + r1) . . . 1 β(σs + rs) 1 β(σs+1 + rs+1),

where rj = k +
∑j

i=1(ai−1 − ai)− aj+1 = k + a0 − aj − aj+1. Since π avoids 312, every alternating
subsequence that leaves σj , 0 ≤ j ≤ s, must rise at that step, so by replacing the next element
in the subsequence by 1, we obtain an alternating subsequence of the same length that includes 1.
Every such sequence maps to an alternating subsequence via α. Thus aln,k(α(π)) ≤ aln,k(π). Since
the inverse has a similar property, α preserves aln,k. 2

Thus we need to consider in detail only the cases τ = 123, τ = 321, τ = 132, and τ = 312,
which we now proceed to do.

2.1 The cases 123 and 321

First we study the generating functions Bτ
k(x, q, v) and B′τ

k (x, q, v) for the pattern τ = 123. From
the definitions we have for all j = 1, 2, . . . , k,

A123
k (x, q; j) = xq +

j−1∑

i=1
A123

k (x, q; j, i) + A123
k (x, q; j, j) +

k∑

i=j+1
A123

k (x, q; j, i)

= xq + xq
j−1∑

i=1
A′123

k (x, q; i) + xA123
k (x, q; j) + x

k∑

i=j+1
A123

i (x, q; i)

(1)

and

A′123
k (x, q; j) = xq +

j−1∑

i=1
A′123

k (x, q; j, i) + A′123
k (x, q; j, j) +

k∑

i=j+1
A′123

k (x, q; j, i)

= xq + x
j−1∑

i=1
A′123

k (x, q; i) + xA′123
k (x, q; j) + xq

k∑

i=j+1
A123

i (x, q; i).

(2)

Hence, for all j = 1, 2, . . . , k − 1,







A123
k (x, q; j) − A123

k−1(x, q; j)

= x
1−x

A123
k (x, q; k) + xq

1−x

j−1∑

i=1
(A′123

k (x, q; i) − A′123
k−1(x, q; i)),

A′123
k (x, q; j) − A′123

k−1(x, q; j)

= xq
1−x

A123
k (x, q; k) + x

1−x

j−1∑

i=1
(A′123

k (x, q; i) − A′123
k−1(x, q; i)).

(3)

Also, Equations (1)-(2) for j = k and the facts Bτ
k(x, q, 1) = 1 +

∑k
j=1 Aτ

k(x, q; j) and B′τ
k (x, q, 1) =

1 +
∑k

j=1 A′τ
k (x, q; j) give

A123
k (x, q; k) = xqB′123

k (x, q, 1) − x2q(q − 1)

1 − x
and A′123

k (x, q; k) = xB′123
k (x, q, 1) + x(q − 1).
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Hence, multiplying (3) by vj−1 and summing over j = 1, 2, . . . , k − 1 we find that

B123
k (x, q, v) −B123

k−1(x, q, v)

= xqv
(1−v)(1−x)

(
B′123

k (x, q, v) − B′123
k−1(x, q, v)

)
− xqvk−1

(1−v)(1−x)

(
B′123

k (x, q, 1) − B′123
k−1(x, q, 1)

)

+ xq
1−x

(

vk−1 + x1−vk−1

1−v

)

B′123
k (x, q, 1) − x3q(q−1)(1−vk−1)

(1−v)(1−x)2

(4)

and

B′123
k (x, q, v) − B′123

k−1(x, q, v)

= xv
(1−v)(1−x)

(
B′123

k (x, q, v) − B′123
k−1(x, q, v)

)
− xvk−1

(1−v)(1−x)

(
B′123

k (x, q, 1) − B′123
k−1(x, q, 1)

)

+
(

xvk−1

1−x
+ x3q2(1−vk−1)

(1−v)(1−x)

)

B′123
k (x, q, 1) − x3q2(q−1)(1−vk−1)

(1−v)(1−x)2
+ x(q−1)vk−1

1−x
.

(5)

The second functional equation in the above system may be solved systematically using the kernel
method, as described in [1]. Assume that v = 1 − x, then

B′123
k (x, q, 1) = x(q−1)

1−x
+ 1

1−x(1−q2)−xq2(1−x)−k+1B′123
k−1(x, q, 1).

Using this recurrence relation k times with the initial condition B′123
0 (x, q, 1) = 1 we arrive at

B′123
k (x, q, 1) =

x(q − 1)

1 − x
+

1 + x(q−1)
1−x

∑k−2
i=0

∏k−1−i
j=1 (1 − x(1 − q2) − xq2(1 − x)−j+1)

∏k
j=1(1 − x(1 − q2) − xq2(1 − x)−j+1)

. (6)

Equations (4)-(5) give

(B123
k (x, q, v) − B123

k−1(x, q, v)) − q(B′123
k (x, q, v) −B′123

k−1(x, q, v))

= x2q(1−q2)(1−vk−1)
(1−x)(1−v) B′123

k (x, q, 1) + x3q(1−q)2(1+q)(1−vk−1)
(1−x)2(1−v)

− xq(q−1)vk−1

1−x

Therefore, for all j = 1, 2, . . . , k,

(B123
j (x, q, 1) − B123

j−1(x, q, 1)) = q(B′123
j (x, q, 1) − B′123

j−1(x, q, 1))

+ (j−1)x2q(1−q2)
1−x

B′123
j (x, q, 1) + (j−1)x3q(1−q)2(1+q)

(1−x)2
− xq(q−1)

1−x
.

Adding these relations for all j = 1, 2, . . . , k and using the initial conditions

B123
0 (x, q, 1) = B′123

0 (x, q, 1)

we obtain that

B123
k (x, q, 1) = (1 − q)(1 + kxq

1−x
)

+
(k2)x

3q(q−1)2(q+1)

(1−x)2
+ qB′123

k (x, q, 1) + x2q(1−q2)
1−x

k∑

j=1
(j − 1)B′123

j (x, q, 1).
(7)

Thus, Lemma 2.1, (6) and (7) give the following result.

Theorem 2.3 Let k ≥ 0. The generating function for the number of 321-avoiding k-ary words π
of length n with aln,k(π) = m is given by

B321
k (x, q, 1) = x(q−1)

1−x
+

1+
x(q−1)
1−x

k−2
P

i=0

k−1−i
Q

j=1
(1−x(1−q2)−xq2(1−x)−j+1)

k
Q

j=1
(1−x(1−q2)−xq2(1−x)−j+1)

,
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and the generating function for the number of 123-avoiding k-ary words π of length n with aln,k(π) =
m is given by

B123
k (x, q, 1) = (1 − q)(1 + kxq

1−x
)

+
(k2)x

3q(q−1)2(q+1)

(1−x)2
+ qB′123

k (x, q, 1) + x2q(1−q2)
1−x

k∑

j=1
(j − 1)B′123

j (x, q, 1).

A number of results follow from Theorem 2.3. The first is an explicit expression for the generating
function of the number of 321-avoiding (123-avoiding) k-ary words π of length n. Theorem 2.3 for
q = 1, gives B123

k (x, 1, 1) = B321
k (x, 1, 1) = 1

Qk
j=1(1−

x

(1−x)j−1 )
(see [2]).

Another result is explicit expressions for the generating function Cτ
k,m(x) for the number of

τ -avoiding k-ary words π of length n having aln,k(π) = m, where τ = 123, 321. So by Theorem 2.3,
when m is fixed Cτ

k,m(x) is the coefficient of qm in Bτ
k(x, q, 1). For instance, if τ = 321 we can state

the following result.

Corollary 2.4 For all k ≥ 1,
C321

k,0 = 1, C321
k,1 = 1

(1−x)k − 1, C321
k,2 = kx−1

(1−x)k+1 + 1
1−x

, C321
k,3 = 1

(1−x)2k − (2k−1)x
(1−x)k+1 − 1

1−x
, and

C321
k,4 = −2+x(k+3)−x2(k+1)

(1−x)2k+2 + 2+4x(k−1)+x2(2−3k−k2)
2(1−x)k+2 + 1

1−x
.

2.2 The cases 132 and 312

Our aim is to find an explicit formula for the generating functions A132(x, y, q) and A312(x, y, q).
In order to do that we need the following lemma, which follows immediately from the definitions
(see [5, Proposition 2.1]).

Lemma 2.5 Let σ be any 132-avoiding k-ary word of length n. Then one of the following assertions
holds:

(a) σ is a 132-avoiding (k − 1)-ary word of length n,

(b) σ = kk . . . k,

(c) σ = σ′ kk . . . k
︸ ︷︷ ︸

j

with 1 ≤ j ≤ n − 1 such that σ′ is a nonempty 132-avoiding (k − 1)-ary word

of length n − j,

(d) σ = kk . . . k
︸ ︷︷ ︸

j

σ′′ with 1 ≤ j ≤ n − 1 such that σ′′ is a nonempty 132-avoiding k-ary word of

length n − j and σ′′
1 6= k,

(e) σ = σ′ kk . . . k
︸ ︷︷ ︸

j

σ′′ such that σ′ is a nonempty 132-avoiding word with letters from the set

{k − p, k − p + 1, . . . , k − 1} and σ′′ is a nonempty 132-avoiding word with letters from the
set {1, 2, . . . , k − p, k}, where σ′ contains the letter k − p and σ′′

1 6= k.

Rewriting the rules in the statement of Lemma 2.5 in terms of generating functions requires
some new notation.
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Notation 2.6 For all k ≥ 0 define the even and odd parts of the generating function Aτ (x, y, q)
to be

Eτ (x, y, q) =
∑

k≥0 Eτ
k (x, q)yk =

∑

k≥0 yk
(

Aτ
k
(x,q)+Aτ

k
(x,−q)

2

)

,

Oτ (x, y, q) =
∑

k≥0 Oτ
k(x, q)yk =

∑

k≥0 yk
(

Aτ
k
(x,q)−Aτ

k
(x,−q)

2

)

,

respectively. Similarly, for all k ≥ 0 we define the even and odd parts of the generating function
A′

τ (x, y, q) to be

E ′
τ (x, y, q) =

∑

k≥0 E′τ
k (x, q)yk =

∑

k≥0 yk
(

A′τ
k

(x,q)+A′τ
k

(x,−q)
2

)

,

O′
τ (x, y, q) =

∑

k≥0 O′τ
k (x, q)yk =

∑

k≥0 yk
(

A′τ
k

(x,q)−A′τ
k

(x,−q)
2

)

,

respectively.

By Lemma 2.5, we have exactly five possibilities for the block decomposition of an arbitrary
132-avoiding k-ary word. Now let us write an equation for the generating function A132

k (x, q) (resp.
A′132

k (x, q)).

• The contribution of Lemma 2.5(a) equals A132
k−1(x, q) (resp. A′132

k−1(x, q)),

• the contribution of Lemma 2.5(b) equals xq
1−x

,

• the contribution of Lemma 2.5(c) equals
xq

1−x
(E132

k−1 − 1) + x
1−x

O132
k−1 (resp. x

1−x
(E′132

k−1 − 1) + xq
1−x

O′132
k−1),

• the contribution of Lemma 2.5(d) equals xq
1−x

Ck(x, q) (resp. x
1−x

Ck(x, q)),

• the contribution of Lemma 2.5(e) equals

xq
1−x

k−1∑

p=1
(E132

p (x, q) − E132
p−1(x, q))Fk+1−p(x, q) + x

1−x

k−1∑

p=1
(O132

p (x, q) − O132
p−1(x, q))Fk+1−p(x, q)

(

resp. x
1−x

k−1∑

p=1
(E′132

p (x, q) − E′132
p−1(x, q))Fk+1−p(x, q) + xq

1−x

k−1∑

p=1
(O′132

p (x, q) − O′132
p−1(x, q))Fk+1−p(x, q)

)

,

where Fk(x, q) = (1 − x)A′132
k (x, q) + x(1 − q) − 1 is the generating function for the number of

nonempty k-ary words π of length n such that π avoids 132, al′n,k(π) = m, and π1 6= k. Therefore,

the generating functions A132
k (x, q) and A′132

k (x, q) satisfy the following recurrence relations

A132
k (x, q) = A132

k−1(x, q) + xq
1−x

E132
k−1(x, q) + x

1−x
O132

k−1(x, q) + xq(A′132
k (x, q) − 1 − xq

1−x
)

+xq
∑k−1

p=1(E
132
p (x, q) − E132

p−1(x, q))(A′132
k+1−p(x, q) − 1 − xq

1−x
)

+x
∑k−1

p=1(O
132
p (x, q) − O132

p−1(x, q))(A′132
k+1−p(x, q) − 1 − xq

1−x
).

and

A′132
k (x, q) = A′132

k−1(x, q) + x(q−1)
1−x

+ x
1−x

E′132
k−1(x, q) + xq

1−x
O′132

k−1(x, q) + x(A′132
k (x, q) − 1 − xq

1−x
)

+x
∑k−1

p=1(E
′132
p (x, q) − E′132

p−1(x, q))(A′132
k+1−p(x, q) − 1 − xq

1−x
)

+xq
∑k−1

p=1(O
′132
p (x, q) − O′132

p−1(x, q))(A′132
k+1−p(x, q) − 1 − xq

1−x
).
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Taking the even and the odd parts of each of the above recurrence relations we arrive at the
following result.

Lemma 2.7 For all k ≥ 1,

E132
k (x, q) = E132

k−1(x, q) + xqO′132
k (x, q) − x2q

1−x
Mk−1 + x

∑k−1
p=1(Mp − Mp−1)O

′132
k+1−p(x, q),

O132
k (x, q) = O132

k−1(x, q) + xqE′132
k (x, q) + x2

1−x
Mk−1 + x

∑k−1
p=1(Mp − Mp−1)E

′132
k+1−p(x, q),

and

(1 − x)E′132
k (x, q) = − x

1−x
+ E′132

k−1(x, q) + x2

1−x
Nk−1 + x

∑k−1
p=1(Np − Np−1)E

′132
k+1−p,

(1 − x)O′132
k (x, q) = xq

1−x
+ O′132

k−1(x, q) − x2q
1−x

Nk−1 + x
∑k−1

p=1(Np − Np−1)O
′132
k+1−p,

where Mk = Mk(x, q) = qE132
k (x, q) + O132

k (x, q) and Nk = Nk(x, q) = E′132
k (x, q) + qO′132

k (x, q).

Lemma 2.7 gives

Mk(x, q) = Mk−1(x, q) + xqNk(x, q) + x2(1−q2)
1−x

Mk−1(x, q)

+x
∑k−1

p=1(Mp(x, q) − Mp−1(x, q))Nk+1−p(x, q),

(1 − x)Nk(x, q) = x(q2−1)
1−x

+ Nk−1(x, q) + x2(1−q2)
1−x

Nk−1 + x
∑k−1

p=1(Np − Np−1)Nk+1−p,

(8)

for all k ≥ 1. Multiplying by yk and summing over all k ≥ 1 while using the facts N0(x, q) = 1 and

N1(x, q) = 1 + xq2

1−x
we find that

M = q − qy2

y2 − (x + y)(1 − x) − x2q2y + x(1 − x)(1 − y)N

and
x(1 − y)

y
(N − 1)2 − 1 − y + x2(q2 − 1)

1 − x
(N − 1) +

y(1 − y + x(q2 − 1))

(1 − x)(1 − y)
= 0,

where M = M(x, y, q) =
∑

k≥0 Mk(x, q)yk and N = N(x, y, q) =
∑

k≥0 Nk(x, q)yk. Solving the
above two equations we obtain an explicit formula for the generating functions M and N .

Proposition 2.8 The generating function M(x, y, q) is given by

q + qy
2x(1−x)(1−y+x(q2−1))

(

1 − y + x2(q2 − 1) −
√

((1 − x)2 + x2q2 − y)2 − 4x2(1 − x)2q2
)

,

and the generating function N(x, y, q) is given by

1 + y
2x(1−x)(1−y)

(

1 − y + x2(q2 − 1) −
√

((1 − x)2 + x2q2 − y)2 − 4x2(1 − x)2q2
)

.

Rewriting the fourth recurrence relation in the statement of Lemma 2.7 in terms of generating
functions we have

O′
132(x, y, q) =

xyq

(1 − x)(1 − y)
·

y
1−y

+ x − xN(x, y, q)

y + x − xN(x, y, q)
.

Therefore, by Proposition 2.8 we find the generating function O′
132(x, y, q) to be

yq
2(1−x)(1−y)(1−y+x(q2−1))

(

1 − y + x2(q2 − 1) −
√

((1 − x)2 + x2q2 − y)2 − 4x2(1 − x)2q2
)

. (9)

From the definitions we have

A′
132(x, y, q) = E ′

132(x, y, q) + O′
132(x, y, q) = N(x, y, q) + (1 − q)O′

132(x, y, q).

Hence, applying Lemma 2.1 for τ = 312 and using (9) we obtain the following result.
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Theorem 2.9 The generating function A312(x, y, q) = A′
132(x, y, q) is given by

1 + y(1−y+x(q−1))
2x(1−x)(1−y)(1−y+x(q2−1))

(

1 − y + x2(q2 − 1) −
√

((1 − x)2 + x2q2 − y)2 − 4x2(1 − x)2q2
)

.

Rewriting the second recurrence relation in the statement of Lemma 2.5 in terms of generating
functions we find that the generating function O132(x, y, q) satisfies

(1 − y)O132(x, y, q) = xq(E ′
132(x, y, q) − 1)

+ x2y
1−x

M(x, y, q) + x
y
((1 − y)M(x, y, q) − q)(E ′

132(x, y, z) − 1 − y).

From the definitions we have that

E ′
132(x, y, q) + qO′

132(x, y, q) = N(x, y, q) and E′
132(x, y, q) + O′

132(x, y, q) = A′
132(x, y, q),

thus E ′
132(x, y, q) = 1

1−q
(N(x, y, q) − qA′

132(x, y, q)). Therefore by combining Proposition 2.8 and
Theorem 2.9, the generating function O132(x, y, q) is given by

q + q(x−1+y)(2x(1−x+xq2)2−(1+2x+3x2(q2−1))y+(2+x2(q2−1))y2−y3)
2x(1−x)(1−y)(1−y+x(q2−1))2

+ (x−1+y)yq

2x(1−x)(1−y+x(q2−1))2

√

((1 − x)2 + x2q2 − y)2 − 4x2(1 − x)2q2.
(10)

Since

A132(x, y, q) = E132(x, y, q) + O132(x, y, q) =
1

q
(M(x, y, q) + (q − 1)O132(x, y, q)),

we may now use Proposition 2.8 to give the following result.

Theorem 2.10 The generating function A132(x, y, q) is given by

1−x+xqy
(1−x)(1−y)

+ yq(1−y+x(q−1))
2x(1−x)(1−y+x(q2−1))2

(

1 − y − 2x − 1+y
1−y

(q2 − 1)x2 −
√

((1 − x)2 + x2q2 − y)2 − 4x2(1 − x)2q2
)

.

A number of corollaries follow from Theorems 2.9 and 2.10. The first is an explicit expression
for the generating function of the number of 132-avoiding (312-avoiding) k-ary words π of length
n. Theorem 2.9 and Theorem 2.10 for q = 1, give

A132(x, y, 1) = A312(x, y, 1) = 1 +
y

2x(1 − x)

(

1 −
√

(1 − 2x)2 − y

1 − y

)

(see [2, 5]).
Another result is explicit expressions for the generating function Dτ

m(x, y) for the number of
τ -avoiding k-ary words π of length n having aln,k(π) = m, where τ = 132, 312. So by Theorems 2.9
and 2.10, when m is fixed, Dτ

m(x, y) is the coefficient of qm in Aτ (x, y, 1). Thus, we can state the
following result.

Corollary 2.11 We have
D132

0 (x, y) = D312
0 (x, y) = 1

1−y
, D132

1 (x, y) = D312
1 (x, y) = xy

(1−y)(1−y−x) ,

D132
2 (x, y) = y2x2

(1−y)(1−x)(1−y−x)2
, D312

2 (x, y) = y2x2

(1−y)(1−x−y)((1−x)2−y)
,

D132
3 (x, y) = y2x3(1+y−x)

(1−y)((1−2x)2−y)(1−x)(1−y−x)2
, D312

3 (x, y) = y2x3

(1−y)(1−x−y)2((1−x)2−y)
,

D132
4 (x, y) = y2x4(1+y−x)

(1−y)((1−x)2−y)(1−x)(1−y−x)3
, and D312

4 (x, y) = y2x4((1−x)3−y2)
(1−y)(1−y−x)2((1−x)2−y)3

.
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