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Abstract

We study the generating functions for pattern-restricted k-ary words of length n
corresponding to the longest alternating subsequence statistic in which the pattern is
any one of the six permutations of length three.
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1 Introduction

Permutations. Let S,, be the symmetric group of permutations of 1,2,...,n and let 7 =
Ty ... T, be any permutation of length n, that is, # € S,. An increasing subsequence in 7
of length ¢ is a subsequence m;, m;, ... m;, satisfying m;;, < m;, < --- < m;,. Several authors have
studied properties of the length of the longest increasing subsequence is,(7) of a permutation 7.
Logan-Shepp [4] and Vershik-Kerov [9] showed the asymptotic expectation E(n) of is,(m) satisfies
E(n)=5Y s, i8n(m) ~ 2y/n when n — oo. Deutsch, Hildebrand and Wilf [3] generalized the
above results to study the limiting distribution of the longest increasing subsequences in pattern-
restricted permutations for which the pattern is any one of the six patterns of length three.
Recently, Stanley [8] developed an analogous theory for alternating subsequences, i.e., subse-
quences m;, T, . . . m;, of 7w satisfying m;; > m;, < m, > m;, < ---m,. He proved that the mean of the
longest alternating subsequence al,,(7) in a permutation 7 € S, is dntl for p > 2, and the variance

6
of al,(m) is £n — & for n > 4. Also, Widom [10] showed the limiting distribution

lim %y{w € Sy | aly(r) < 20/3 + ty/n}]

n—~o0

to be Gaussian with variance 4—85. Firro and Mansour [7] generalized the above results to study the

limiting distribution of the longest alternating subsequences in pattern-restricted permutations for
which the pattern is any one of the six patterns of length three.

Words. Let [k] = {1,2,...,k} be a (totally ordered) alphabet on k letters. We call the
elements of [k]™ words of length n (more generally, we call the elements of A™ words of length n on
the alphabet A). Consider two words, m € [k]"™ and 7 € [¢]™. That is, 7 is a k-ary word of length
n and 7 is an f-ary word of length m. Assume additionally that 7 contains all letters 1 through ¢.
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We say 7 contains an occurrence of T, or simply that © contains 7, if m has a subsequence order-
isomorphic to 7, i.e., if there exist 1 < iy < -+ < iy, < n such that, for any relation ¢ € {<,=,>}
and indices 1 < a,b < m, m;, ¢m;, if and only if 7,¢7,. In this situation, the word 7 is called a
pattern. If m contains no occurrences of 7, we say that = avoids 7 (or is T-avoiding).

In this paper we develop an analogous theory for alternating subsequences in 7-avoiding k-ary
words (see [6]), i.e., subsequences 7;, m;, ... m;, of w satisfying m;, > m;, < m; > m;, < ---m;,. Denote
the longest alternating subsequence of 7 by al,, (7). To achieve our main results we define al/, , ()
to be the longest subsequence m; m;, ... m;, of m satisfying m;, < m;, > m, < Wy, > ---mt,.’ Let
a(n, k) (resp. a(n,k)) be the number of 7-avoiding k-ary words 7 of length n having al, j(7) =
m (resp. al,’%k(w) =m), and let a,(n, k;q) and a/(n, k;q) be the polynomials Z?:o al(n, k)¢’ and

Z;L:O a? (n,k)q?, respectively. The corresponding generating functions are given by

Ar(z,y,q) = X Ap(z,q)y" = Y o <Z aT(n,k;Q)w"> :

k>0 k>0 n>0

A’T(a:,y,q) = E A/;c—(x7Q)yk = Z yk (Z afr(n7 k; Q)xn> )

k>0 k>0 n>0

respectively.

The main result of this paper (in the next section) is an explicit formula for the generating
function A, (z,y, ¢) for the number of k-ary words 7 of length n that avoid 7 satisfying al,, ;(7) = m,
where 7 is any pattern in S3.

2 Pattern-restricted k-ary words

Our aim is to find an explicit formula for the generating functions Af(z,q) and A} (z,¢). The main
technique used here is obtaining a functional equation for these generating functions and then
applying the kernel method. In order to do this we must introduce the following definitions and
notations. Let a™(n,k;j1,...,js) (resp. a7 (n,k;j1,...,7s)) be the number of 7-avoiding k-ary
words 7 of length n such that al,, ,(7) = m (resp. al%’k(w) =m)and m...mg =j1...Js. Forn>s
define

aT(nak;jla"'ajs;Q): ag—(nak;jla"'7js)qi7

-

=0
n . .
a;—(nvk;jlv s a]saq) = ‘Z:(]ag(nvk;jlv v ajs)qz7
1=
and for k > 1,
A}g—(‘r7q;j17"'7j8) = z a‘l‘(nuk;jlw" 7j8;q)xn7
n>0
A;QT(x7Q;jl7’ .. 7js) = Z CL{[.(TL, k7]17 .. 7]87Q)xn
n>0

Also we define

T k T - j— T k T - j—
Bi(x,q,v) =1+ Y5 Ap(z, ;)07 7Y, By (z,q,0) =1+ 35 A (z, q;5)v7 .

Our plan is to study the generating functions A, (z,y, ¢) and A’ (z,y, q) for each pattern 7 € Ss.
We first show how to reduce the number of cases by using some standard involutions.
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Lemma 2.1 Let 7 =1i75...7¢ € Sy be any pattern. Define
’=U+1-1)l+1—7)...(0+1—1p).

Then B (x,q,v) =1+ vk_l(B,’g/ (x,q,1/v) = 1) and A-(z,y,q) = AL (z,v,q).

Proof. A straightforward application of the complement map

mme...mp = (k+1—m)(k+1—m)...(k+1—m,).
O
Proposition 2.2 We have

(i) The number of 231-avoiding k-ary words 7 of length n having aly, i (7) = m is the same as
the number of 132-avoiding k-ary words m of length n having al,, j,(7) = m. In other words,

A231 (33‘, Y, q) = A132 (:Ev Y, q)

(it) The number of 213-avoiding k-ary words 7 of length n having al, (7) = m is the same as
the number of 312-avoiding k-ary words m of length n having al,, (7) = m. In other words,

Aoiz(z,y,q) = Asi2(z,y, q).

Proof. In each case we exhibit a bijection from [£]"(7) to [k]™(7") which does not change the value
of aly, ;. We use the following notation. For an integer r and word o € [k]", we let o + r be the
word obtained by replacing each letter o; by o; +7,t1=1,2,...,n.

(i) We first use a standard block decomposition. Let 7 be any k-ary word that avoids 231 and

contains the letter k exactly s > 1 times. Then, 7 can be written as 7 =70 k 7t k ... 7% k 75+!
such that

. ngwg foralli,7, 0<p<qg<s+1,

e 7P avoids 231 for all p=0,1,...,s+ 1,

o ', p=0,1,...,5+1, is a word on the alphabet {ap,a, +1,...,ap41} such that 7P contains

at least one letter apyq1, where 1 <ag <a; < - <asgp2 < k-1

We now define the map « recursively as follows. Define a(7) be the k ary word
alc® +ro) k afot +71) ..k alo® + 1) k alc®T + ),

where 7; = k + Zgzl(ai_l —a;) — aj41 = k+ap — aj — aji1. In other words, we recursively ensure
that the pattern 231 is avoided by the blocks, and then increase all elements in ¢/ and decrease
all elements in ¢/*! so that the pattern 132 does not straddle the divider k between blocks. Of
course, we interpret each word o/ as a k-ary word on the letters occurring in it. For example,
a(1153355455) = 4452255155, Since 7 avoids 231, every alternating subsequence that leaves o7,
0 < j < s, must fall at that step, so by replacing the next element in the subsequence by k, we
obtain an alternating subsequence of the same length that includes k. Every such sequence maps
to an alternating subsequence via o. Thus al,, ;(a(7)) < al, (7). Since the inverse has a similar
property, o preserves the al,, j.

(ii) This is similar to (i). Let m be any k-ary word that avoids 312 and contains the letter 1
exactly s > 1 times. Then, 7 can be written as 7 =7° 1 7% 1 ... 7° 1 75! such that
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o ) <7jforalli,j,0<p<qg<s+]l,
e 7P avoids 312 for all p=0,1,...,s+ 1,

o ', p=0,1,...,5+1, is a word on the alphabet {ap,a, +1,...,ap41} such that 7P contains
at least one letter a1, where 2 <ag < a1 < -+ < asp2 < k.

We now define the map [ recursively as follows. Define 3(m) be the k ary word

B(a® +70) 1 Blot +71) ...1 8(6° +75) 1 Bl +7441),

where r; =k + ZZ (ai—1 —a;) —aj11 = k+ag —aj —ajq1. Since m avoids 312, every alternating
subsequence that leaves 07, 0 < j < s, must rise at that step, so by replacing the next element
in the subsequence by 1, we obtain an alternating subsequence of the same length that includes 1
Every such sequence maps to an alternating subsequence via «. Thus al,, (o(m)) < aly, (7). Since
the inverse has a similar property, a preserves aly, . O

Thus we need to consider in detail only the cases 7 = 123, 7 = 321, 7 = 132, and 7 = 312,
which we now proceed to do.

2.1 The cases 123 and 321

First we study the generating functions B[ (z, ¢,v) and B} (x,q,v) for the pattern 7 = 123. From
the definitions we have for all j =1,2,...,k,

-1 k
AP (@, q35) =xq+ > AP, q;5,9) + A2 (@, q:5,0) + > AP (w,q55.10)

7,—1 i=j+1 (1)
k
= 2q + 2q Z ARB(z, ;1) + 2 AP (0,5 0) Y AP (z,q50)
i=1 i=7+1

and k
A2, q:5) =xq+ Z A (2, q;4,0) + AP (2, q55,5) + > ARB(,q55,9)

k
=zq+uw E A’123(:17 q;1) + xA’123(x q;7)+zq > A}zg(:n,q;i).
i=1 =1

Hence, for all j =1,2,...,k—1,

A11€23(x’ Q7]) - A]1<;23]_ z,q )

ik) +
AgQg(x q; 7 ) A1123(x q; 7 )
= L AP (g k) + 155 20 (AP (x, ¢1) — AR (2, 4310)).

Also, Equations (1)-(2) for j = k and the facts Bf(x,q,1) =1 —i-zj 1AL (z,q;7) and B (x,¢,1) =
1+ Zj:l A?J(w, qvj) give

2 _
A123(:17, q; k) = :EqB'l23(x,q, 1) — %ﬂjl) and A;j%(x,q; k)= xB'123(x,q, 1) +z(qg—1).
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Hence, multiplying (3) by v/~! and summing over j = 1,2,...,k — 1 we find that
8123(1' q,v )—B,ﬁ%l(x q,v )
= =i (BE(@a.0) - B 0.0) - o2y (B @) - B @a ) )
+15 (v < i 1+xﬁ) B (z,q,1) — %ﬁ_;’;l)
and
B2 (2, q,v) — BA2 (2, q,v)
= gt (B2 00 ~ Bl av) - sy (B0 ) - B @)
(B + Ut )) B3 (0, q,1) - DEEDA=LT) | sttt

T

The second functional equation in the above system may be solved systematically using the kernel
method, as described in [1]. Assume that v = 1 — x, then

—1
81123(%% 1) = x(lq_x) + 1_w(1_q2)_$q2(1 o= k+1512121(x 2. 1).

Using this recurrence relation k times with the initial condition B} 123(3:, q,1) =1 we arrive at

BB (g, 1) = 24— 1) Lt D ST (10— (1 — ¢%) — w?(1 — )7+ ©)
o 11—z Hj:l(l_x(l_q2) —2¢*(1 —z)~it) '
Equations (4)-(5) give
(B (@,0,0) = B (2,0,0)) = a(B{®(@.0,0) ~ BiH (@ q.0) B
_ 22q(1—¢®)(1—vF 1) z°q(1—¢)*(1+¢g)(1—v""1) zq(q—1)v"~
= iy B P (@0 1) + FR ey — ==
Therefore, for all j =1,2,...,k,
(Bj*(z,q,1) = Bj*{(2,4,1)) = (5'123(17,%21) B%(z,q,1))
+Uelod) ’5’3123(:5,(;, R
Adding these relations for all j = 1,2,...,k and using the initial conditions
By (w,q,1) = By (z,q,1)
we obtain that
Bi#(x,q,1) = (1 - q)(1 + 124
503 —1)2 xT k 7
lalt e DD | g, g,1) + 2D S ()8 B g

7=1
Thus, Lemma 2.1, (6) and (7) give the following result.

Theorem 2.3 Let k > 0. The generating function for the number of 321-avoiding k-ary words m
of length n with aly, (1) = m is given by

B3 (z,q,1) = YD) s E Jl_ll (1-(1-¢?)—g?(1—a)=3+1)
k T, q, = 1=z + ’
_Hl(l—w(l—tﬁ)—mq2(1—x)fj+1)
=
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and the generating function for the number of 123-avoiding k-ary words m of length n with al,, j(7) =
m is given by

Bi¥(z,¢,1) = (1 - q)(1+ £2)

23q(qg—1)2 1 x2 k
_|_(k2) ((Il((ix)g (at1) —|—qB;€123(:E,q, 1)+ q (1= q 2_:( 1)63‘123(5177‘17 1).

A number of results follow from Theorem 2.3. The first is an explicit expression for the generating
function of the number of 321-avoiding (123-avoiding) k-ary words 7 of length n. Theorem 2.3 for

q =1, gives B}?3(z,1,1) = By*!'(2,1,1) = = 1 (see [2]).
Hj:1(1—m)

Another result is explicit expressions for the generating function Cj,,(z) for the number of
T-avoiding k-ary words 7 of length n having al,, ;(7) = m, where 7 = 123,321. So by Theorem 2.3,
when m is fixed Cgm(:n) is the coeflicient of ¢ in B (z,¢,1). For instance, if 7 = 321 we can state
the following result.

Corollary 2.4 For all k: >1,

321 321 321 kr—1 1 321 _ 1 (2k—1)x 1
C 1 C — ( 1 C — (1_:;)k+1 + 1—x’ Ck.73 — (1—$)2k - (1—I)k+1 - 1—x’ and
C321 —2+m(k+3)—m2(k+1) _|_2+4m(k 1)422(2—3k—k?) +

k A4 (1_x)2k+2 2(1—:C)k+2 1—2°

2.2 The cases 132 and 312

Our aim is to find an explicit formula for the generating functions Ay32(z,y,q) and Asia(z,y, q).
In order to do that we need the following lemma, which follows immediately from the definitions
(see [5, Proposition 2.1]).

Lemma 2.5 Leto be any 132-avoiding k-ary word of length n. Then one of the following assertions
holds:

(a) o is a 132-avoiding (k — 1)-ary word of length n,
(b) o =kk...k,
(c) o =0o"kk & k with 1 < j <mn —1 such that ¢’ is a nonempty 132-avoiding (k — 1)-ary word
j
of lengthn — j,
(d) o0 =kk...ko" with1 < j <n—1 such that " is a nonempty 132-avoiding k-ary word of
J
length n — j and o # k,

(e) o0 = d'kk...ko" such that o' is a nonempty 132-avoiding word with letters from the set

J
{k—pk—p+1,....k—1} and 0" is a nonempty 132- avoz’ding word with letters from the
set {1,2,...,k —p, k} where o’ contains the letter k — p and o # k.

Rewriting the rules in the statement of Lemma 2.5 in terms of generating functions requires
some new notation.
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Notation 2.6 For all k > 0 define the even and odd parts of the generating function A.(x,y,q)
to be

Al (z, Al (z,—q
Er(z,y,q) = ELDOEM$Q) Eﬂ>ﬂﬁ<—LﬁE—L—J>,

Al (z, T,—
Or(z,y,q) = E:kzo k( ) §:k>oll <__£_:Q____L__El>’

respectively. Similarly, for all k > 0 we define the even and odd parts of the generating function
Al (z,y,q) to be

E(x = E — AT (z, —i—A’T z,—

7,-( 'Y, Q) k>0 Egr(ﬂj‘,q)yk = E E>0 yk < 7 (x,q)+AT( ‘1)) ,
= T A x, T,—

O;'(:Ev Y, Q) E k>0 O;f (:E, q)yk = E E>0 yk < ( Q) 5 w( Q)> ,

respectively.

By Lemma 2.5, we have exactly five possibilities for the block decomposition of an arbitrary

132-avoiding k-ary word. Now let us write an equation for the generating function A,lf’z(:z:, q) (resp.
AP (@, q)).

e The contribution of Lemma 2.5(a) equals A} (z,q) (resp. A}l32(z,q)),

e the contribution of Lemma 2.5(b) equals =%,

e the contribution of Lemma 2.5(c) equals
T (B2 = 1) + 2507 (vesp. {25 (B = 1) + ££.01%Y),

e the contribution of Lemma 2.5(d) equals {“.Cy(z,q) (resp. 12=Ck(z,q)),

e the contribution of Lemma 2.5(e) equals

k=1 k—1
L Zl(E§32(w,q) — B} (2,9) Frrip(2,9) + 1255 21(05,32(9:&) — 0, (2,9)) Frr1-p(7,q)
p= p=

<resp §<E'132< 0) ~ B3 (2.)) Fryr—p(,0) + 1—‘1;(0'132(9: ?) ~ Op3 (x,4)) Fr1p (. q>>

where Fi(z,q) = (1 — 2)A%(2,q) + 2(1 — q¢) — 1 is the generating function for the number of
nonempty k-ary words 7 of length n such that 7 avoids 132, al,’% p(m) =m, and m; # k. Therefore,
the generating functions A}%*(z,¢) and A}%2(z, q) satisfy the following recurrence relations

AP2(z,q) = A2 (2, q) + £L B (2,9) + 15052 (2, q) + mq(A)P2 (2, q) — 1 — 124)
o S B o, g) — B (o, )AL (o) — 1 )

T

o 3,01 (037 (@,q) — O3 (2, ) (A (2,9) — 1 - 25).

and
AP (,q) = AP (2,q) + 52 + 2B (2,0) + £L013 (@, q) + 2( AP (2,q) — 1 - L)
DY 1(E'l?’Q( q) = B2 (2, ) (A (2,0) = 1 = 12%)

+2g A0 %(w,0) — Op @, ) (APR_(0,0) 1 - £2).
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Taking the even and the odd parts of each of the above recurrence relations we arrive at the
following result.

Lemma 2.7 For all k > 1,
2 k—
EP2(z,q) = B} (,q) + 2q0)*(x,q) — £L M1 + 2 Y1 (M, — M, _1)OE3_ (2, q),
2 —
OF2(x,q) = O} (w,q) + 2B (z,q) + 15 Me—1 + 2 Y1 (M, — M, 1) ER33_ (2, q),
and
(1 - :E)E11€132($7 q) = _1T El132(x>q) + %Nk—l +x Zk_l(N - Np I)E]{gl_i)% —p’
(1 20 (2,0) = 25 + O (2.0) ~ £LNey + 2SI, — Ny )ORE,
where Mk = Mk(gjaq) = qE]i32(3§‘,q) + 011632(x>q) and Nk = Nk(ﬂj‘,Q) = E,,€132($,q) + q02:132($’ q)
Lemma 2.7 gives

My (2, q) = Mi_1(2,q) + 2gNi(z, q) + =DM, (2, q)

+zy, i(M( ) My—1(2, q)) Nkt1-p(2, 9), (8)
(1 2)Ni(z,q) = "D 4 Ny (2,q) + ZEDIN 42 SFH N, = Npot) Niy1 g

for all k& > 1. Multiplying by ¥* and summing over all k£ > 1 while using the facts Ny(z,¢) = 1 and
Ni(z,q) =1+ % we find that

qy?

M:q_y2—(a:+y)(1—a;)—x2q2y+x(1—az)(1—y)N

and

y(1 —y+a(g® - 1))
(1-2z)1-y)

where M = M(z,y,q) = > x>0 Mk(, q)y* and N = N(z,y,q) = Y >0 Nk(z,q)y*. Solving the

above two equations we obtain an explicit formula for the generating functions M and N.

x(l_y)(N_1)2_ 1—y+x2(q2—1)
Y 1—x

(N—1)+

=0,

Proposition 2.8 The generating function M(x,y,q) is given by

q+ 2m(1—x)(lgz+x(q2—1)) <1 —y+2%(¢* - 1) - \/((1 —)? +22¢* — y)? — 4a?(1 - x)zqz) )
and the generating function N(x,y,q) is given by
L+ == (1 —y+a2(@® 1) = V(1 —2)2 + 222 —y)? — 42(1 - :6)2612) :

Rewriting the fourth recurrence relation in the statement of Lemma 2.7 in terms of generating
functions we have

0332(33 Y,q) = sl : %y o _:EN(:E’y’q).
e (1-z)(1-y) y+z—azN(z,y,q)

Therefore, by Proposition 2.8 we find the generating function O}s,(,y,q) to be

e L O U (e L e Ik TR (T )

From the definitions we have

Also(,9,9) = Ei50(2,y,9) + Olza(x,9,9) = N(2,9,9) + (1 — ¢)O35(2, 9, 9).
Hence, applying Lemma 2.1 for 7 = 312 and using (9) we obtain the following result.
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Theorem 2.9 The generating function Asia(z,y,q) = Alss(z,y,q) is given by

1—y+z(g—1
1+ zx(l_ﬁgl_ﬁl@y%)(qz_l)) <1 —y+2%(¢* = 1) = /(1 —2)? + 22¢% — y)? — 42?(1 - 33)2q2) -

Rewriting the second recurrence relation in the statement of Lemma 2.5 in terms of generating
functions we find that the generating function Oi32(x,y,q) satisfies

(1—y)O1s2(z,y,q) = qu(gigz(w, y.q) — 1)
LM (2, y,q) + (1= y)M(z,y,9) — ) (Els(w,y,2) — 1 — ).

From the definitions we have that

E132(2,Y,q) + qO139(,y,q) = N(x,y,q) and Eizy(x,y,q) + Ol35(2,y,q) = Alze(,9, ),

thus Ej35(2,9,9) = 1= q(N(:E y,q) — qAl39(2,y,q)). Therefore by combining Proposition 2.8 and
Theorem 2.9, the generating function O132(x,y,q) is given by

+ g(z—1+y)(2z(1—z+2¢?)? - (1+22+322 (¢>— 1)) y+(2+22(¢°—1))y> —¢?)
2z(1-z)(1-y)(1-y+a(¢*—1))* (10)

11y)
+2x(1 x()?l yﬁxy(ZQ—l 2 \/ 1— .Z' 2+ x2q2 - y)2 - 41’2(1 - .Z')2q2.

Since

1
Aiz2(z,y,q) = E132(2,y,q) + O132(2,9,q) = 5(M(33>y>Q) + (¢ — 1)O132(z, y,9)),

we may now use Proposition 2.8 to give the following result.

Theorem 2.10 The generating function Ays2(x,y,q) is given by

l—z+4xqy
(I—z)(1-y)

o) (1- v — 20— P4~ 1)2® = (T — 2 + 22 — y)? — 471 - 2°¢) .

A number of corollaries follow from Theorems 2.9 and 2.10. The first is an explicit expression
for the generating function of the number of 132-avoiding (312-avoiding) k-ary words 7 of length
n. Theorem 2.9 and Theorem 2.10 for ¢ = 1, give

2
Aiz2(z,y,1) = Asia(z,y,1) = 1+ m (1 - %)
(see [2, B]).

Another result is explicit expressions for the generating function D] (z,y) for the number of
T-avoiding k-ary words 7 of length n having al,, (m) = m, where 7 = 132,312. So by Theorems 2.9
and 2.10, when m is fixed, D], (z,y) is the coefficient of ¢ in A, (z,y,1). Thus, we can state the
following result.

Corollary 2.11 We have

D132( ) D312(x y) — y7 D132( ) D312(f13 y) %’

DI wy) = gy P @) =

Dy*(r.y) = 1= y><(1—%w%gﬁlﬁfﬁ—%a—y—x)?’ D3 (2,) = (g
DI (@.9) = g @ PP @y) = R

Online Journal of Analytic Combinatorics, Issue 3 (2008), #5 9



References

1]

C. BANDERIER, M. BOUSQUET-MELOU, A. DENISE, P. FLAJOLET, D. GARDY, AND
D. Gouvyou-BEAUCHAMPS, Generating functions for generating trees. Formal Power Series
and Algebraic Combinatorics (Barcelona, 1999). Discrete Math. 246:1-3 (2002) 29-55.

A. BURSTEIN, Enumeration of words with forbidden patterns, Ph.D. thesis, University of
Pennsylvania, 1998.

E. DeuTscH, A.J. HILDEBRAND, AND H.S. WILF, Longest increasing subsequences in
pattern-restricted permutations, Flect. J. Combin. 9:2 (2002) #R12.

B. F. LoGAN AND L. A. SHEPP, A variational problem for random Young tableaux, Adwv.
Math. 26 (1977) 206-222.

T. MANSOUR, Restricted 132-avoiding k-ary words, Chebyshev polynomials, and Continued
fractions, Adv. Appl. Math. 36:2 (2006) 175-193.

T. MANSOUR, Longest alternating subsequences of k-ary words, Discrete Appl. Math. 156:1
(2008) 119-124.

G. FIRRO, T. MANSOUR AND M. WILSON, Longest alternating subsequences in pattern-
restricted permutations, Elect. J. Combin. 14 (2007) #R34.

R. STANLEY, Longest alternating subsequences of permutations, preprint, arXiv/0511419v1.

A. M. VERrSHIK AND K. V. KErOV, Asymptotic behavior of the Plancherel measure of the
symmetric group and the limit form of Young tableaux (Russian), Dokl. Akad. Nauk SSSR
223 (1977) 1024-1027. English translation: Soviet Math. Dokl. 233 (1977) 527-531.

H. WiboM, On the limiting distribution for the longest alternating sequence in a randon
permutation, Elect. J. Combin. 13:1 (2006) #R25.

Online Journal of Analytic Combinatorics, Issue 3 (2008), #5 10



