INTEGRAL ORTHOGONAL BASES OF SMALL HEIGHT FOR
REAL POLYNOMIAL SPACES

LENNY FUKSHANSKY

ABSTRACT. Let Pn(R) be the space of all real polynomials in N variables
with the usual inner product {, ) on it, given by integrating over the unit
sphere. We start by deriving an explicit combinatorial formula for the bilinear
form representing this inner product on the space of coefficient vectors of
all polynomials in Py (R) of degree < M. We exhibit two applications of
this formula. First, given a finite dimensional subspace V' of P (R) defined
over QQ, we prove the existence of an orthogonal basis for (V,(, )), consisting
of polynomials of small height with integer coefficients, providing an explicit
bound on the height; this can be viewed as a version of Siegel’s lemma for real
polynomial inner product spaces. Secondly, we derive a criterion for a finite
set of points on the unit sphere in RV to be a spherical M-design.

1. INTRODUCTION AND NOTATION

Siegel’s lemma originated as an important combinatorial principle that a system
of homogeneous linear equations with integer coefficients should have a nontrivial
integral solution vector whose entries are comparable in size to the coefficients of the
system. Although this observation was already made by Thue [15] in 1909, the first
formal proof of such a result by an application of the pigeonhole principle appeared
in the paper [12] of Siegel in 1929. In its modern formulation, Siegel’s lemma is a
statement about the existence of a ”short” basis for a vector space over a global
field, where the size of the vectors is measured with respect to a height function, a
standard tool of Diophantine geometry which generalizes the naive sup-norm over
integers. A general result like this was first proved over number fields by Bombieri
and Vaaler [2] in 1983 with further extensions by a variety of authors following in
the consequent years. In particular, given a symmetric bilinear space one may ask
for a short orthogonal basis over a fixed field or ring. Results of this nature were
recently obtained in [5] and [6], where the height of basis vectors in question were
bounded in terms of the heights of the vector space and the coefficient vector of the
bilinear form. One goal of the present note is to produce a similar result for real
polynomial spaces. We start by setting up some notation.

Let N > 2 be an integer, and let us consider the algebra of all polynomials in NV
variables with real coefficients

Pn(R) := R[X1, ..., Xn]
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as an infinite-dimensional real vector space with the standard inner product on it
(see, for instance Chapter IV of [13]), given by

1
1) .G~ [ F@)G)e,
AN Jsn_y
for each F,G € Py(R), where Xy_; is the unit sphere in R, we integrate with
respect to the usual Lebesgue measure on RV, and ay is the generalized surface
area of Yn_1:

(2m)N/?
(2) ay = 2X4X X (N—2)

2(2m)(N-D/2 :
1><(3><)7><(]V72) if N is odd.

if N is even

Let M > 1 be an integer, and write

N
(3) M(M,N):{meZgO:w(m) ::ZmigM}

for a set of multi-indexes, arranged in lexicographic order; we call w(m) the weight
of the index vector m. Define P4/ (R) to be the space of all polynomials in Py (R)
of degree < M, then each polynomial F(Xy, ..., Xy) € PM (R) can be written as

(4) FX)= S eptm)x™,
meM(M,N)

where X™ = X" .. XV, cr(m) € R for each m € M(M, N); here and for the
rest of the paper we adopt the convention that X = 1, even when X; = 0. We also

write cp = (cr(M))memm,N) € REALN) for the vector of coefficients of F, where
M
N+E-1
B LN = e = dime P @) =3 (YY),
k=0

An important tool we need is an explicit combinatorial formula for (F, G) in terms
of the coefficients of polynomials F'(X) and G(X).

Let us fix M > 1, and let L = L(M, N) as given by (5). Let us also define the
double factorial m!! for any integer m > —1 to be
m(m—2)(m—4)...5x3x1 ifm>1isodd
(6) m!=< mim—2)(m—4)...6x4x2 ifm>1iseven
1 it m=—-1,0,1.

For each m = (my,...,mn) € M(M, N), define

Y, (2m; — 1)

" O e -2y

where an empty product ngl is interpreted as equal to 1. For each a € R”, we
write @ = (a(m))mem(m,n)- Let

2M(M,N)={2m :m e M(M,N)},
and let
E(M,N) ={(m1,ms) € M(M,N) x M(M,N) : my +mg € 2M(M,N)}.
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Define a bilinear form Ly n REXRE —R by

®  tuxat= X P amm),
(m1,m2)EE(M,N)

for each (a,b) € RE x RL, and let £y v(a) := L n(a,a) be the corresponding

quadratic form. Notice in particular that if (mq, mg) € M(M,N)\ E(M, N), then

the coefficient of L n(a,b) corresponding to the monomial a(m,)b(ms) is equal

to zero. Then we have the following result.

Theorem 1.1. For each F(X),G(X) € PM(R),
(9) (F,G) = Lun(cr,ca),
where cp, cg are coefficient vectors of F' and G, respectively.

Remark 1.1. An immediate implication of (9) is that the quadratic form L/ n(a)
must be positive definite, since it is a norm form.

We prove Theorem 1.1 in section 2. Next, let V be a n-dimensional subspace of
Pn(R) defined over Q, n > 1, and define degree of V' to be

d=deg(V):=min{M €Z:V CPN(R)}.

Then (V,(, )) is a finite-dimensional Q-inner product space, so there must exist an
orthogonal basis for V' consisting of polynomials with integer coefficients. We will
prove the existence of a basis like this with each polynomial having relatively small
height, which is a version of Siegel’s lemma for polynomial spaces with additional
orthogonality conditions.
For each polynomial F(x) € Py (R), define the height of F' by

(10) H(F) = lex| = _max fep(m)

where M = deg(F). Let L = |[M(d, N)|, and define an injective linear map ¢ :
V — RE by o(F) = cp. Let fi,..., fr be a basis for V, and let C = (cy, ...cy,)
be the corresponding L x k basis matrix for ¢(V). Then define the height of V' by

H(V) = D"!/|det(CtO)|,

where D is the greatest common divisor of the determinants of all k¥ X k minors
of C; H(V) is well-defined, i.e. this definition does not depend on the choice of a
basis for V. With this notation, we can now state our main result.

Theorem 1.2. Let V be as above. Then there exists an orthogonal basis g1, ..., gn
for (V,{,)) consisting of polynomials with integer coefficients so that
(11) [T () < L5 HE)"

i=1

We prove Theorem 1.2 in section 3. Our main tools are Theorem 1.1 and a
version of Siegel’s lemma due to Bombieri and Vaaler [2]. In fact, we prove a more
general statement than Theorem 1.2, Theorem 3.6, where ( , ) is replaced by an
arbitrary bilinear form defined on V. Finally, in section 4 we derive an application
of Theorem 1.1 to spherical designs, presenting a necessary and sufficient criterion
for a finite set of points on the unit sphere in RY to be a spherical M-design (see
Theorem 4.1).
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2. PROOF OF THEOREM 1.1

Let us write M for M(M,N), E for E(M,N), and £ for £y n. First notice
that

(12) (F,G) = E E cr(my)eg(ms)S(my, my),
mi1EM moEM
where

N
1 1
(13) S(my,my) = —/ ™My = —/ Hmfidm,
AN Jon_ 1 AN JEn-y i=1
where the weight w(my + mg) = ZZJ\LI g, < 2M, & € Z>p for all 1 <4 < N.
Consider a change to spherical coordinates (see, for instance, page 181 of [4]) 0 <
O; <mforalll <i< N —2,0<60n_1<2m, given by
i—1
(14) x; = cos b; H sin 6,
j=1
forall1 <¢ < N -1, and ay = H;V;ll sin 0;. The Jacobian of this coordinate
change is

N-—-2 )
(15) J =[] sin™"""0,.
i=1
Then
1 (N=2
S(ml,mg) = E (H -/0 cos®? 92 Sil’lﬂi 92 d91> X
=1
27
(16) X / cos®N-1 91\],1 sinﬁN‘l 9]\],1 dON,l,
0

where 3; = N—1—1 +Z§V:¢+1 gi, for all 1 <i < N —1; in particular, By_1 = en.
Foreach 1 <i < N — 2,

m /2
(17) / cos® 0; sin® 0; db; = (1 + (—1)5")/ sin® 6; cos® 6; df; =0,
0 0
unless €; is even. Similarly,
2
/ cos®N -1 9]\],1 sin®¥ 0]\],1 d@Nfl
0

T
= (—1)EN*1+5N/ cos*N-1fn_1 sin®N On_1 dONn_1

—T

= (—1)51\7—1(1 + (—I)EN)/ cos®N-1fOn_1 sin®N On_1 dON_1
0

w/2
= (=1)Fv1FeN(1 + (—1)€N)/ sin®N=10n_1 cos®™ On_1 dfn_1
—m/2

= (L4 (=)™t 4 (D)7 4 (1)1Fen) x

/2
(18) ></ Sin*N-1fOn_1 cos™N On_1 dOn_1 =0,
0
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unless exy_1 and ey are both even. So assume that for each 1 < i < N, ¢; = 2t;
for some t; € Z; notice that in this case the weight w(mq + mq) = 2 va:l t;, we
will just call it w until further notice. Then 3; = N —1—17+ 2 Z;V:Hl tj, and so
(=1)% = (=1)N~1=% Putting things together, we see that S(m;,my) = 0 unless
(my1,m2) € E, in which case combining (16), (17), (18) and using the standard
integral formulas, as for instance (5-41) and (5-42) on page 182 of [4], produces

N-1 x/2

anyS(mi,my) = 2 H (2/0 sin?t 0; cos™ 0, d9i>
1=1

AT (T (57

- 1;[1 P (258 41)

N-1\/7(2t; — DIT (%)

12T (24 1)

(19) -

2t; i i
where %ﬁ“ +1= %, and so

Br_1+1 _
s ) F(i’vzl ) ) ¥]h1 (2t; — D!
anS(my, meo = —— 27 _
NEETE N R D
o 2nE [TV (2t — D!

w/2 N+4w
2w/T (85)
2 T[T, (2t —1)!!

2:;/2(%)!
272 [T, (2t —1)!!

Qw/QF( N;—w)

an [T, (s = D!
W2 (N — 2+ 2k)

The result of Theorem 1.1 now follows by combining (12) and (20).

if N is even

if N is odd

(20)

Remark 2.1. Let K be a number field, and let M (K) be its set of places. For each
v € M(K), write K, for the completion of K at v; in particular, if v is archimedean,
then K, = R or C. Write ¥%,_, for the unit sphere centered at 0 in K¥. A standard
norm on the space of homogeneous polynomials of degree M in N variables over
K, is usually defined by

1/2 o .
(21) I1F | = { (IE%_l |F(m)|gdw) if v is archimedean
sup {|F(x)|, : x € %_,} if v is non-archimedean,

where the measure dx in the archimedean case is normalized so that fzv dr =1
N-1

(see, for instance, [1] and [9] for details). In case K, = C, a well-known identity
(see [11], pp. 16-17) provides

(22) = (VM) S () e

meM(M,N)
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where (M) = W,LJHN, If, on the other hand, v { co then we have (see [1]) an
identity
(23) [Fllo = —max |cp(m),.

meM(M,N)

Our Theorem 1.1 can be viewed as a counterpart of these formulas when K, = R.

3. PROOF OF THEOREM 1.2

Unless stated otherwise, the notation in this section is as in the statement of
Theorem 1.2. Our argument is similar to the proof of Theorem 2.4 of [5]. First we
recall a version of Siegel’s lemma, which is essentially Theorem 2 of [2].

Theorem 3.1. Let V be as in Theorem 1.2. Then there exists a basis f1,..., f
for V' consisting of polynomials with integer coefficients so that

k
(24) [TE) < HW).

i=1

We will also need a few height-comparison lemmas. The first one is an immediate
corollary of Theorem 1 of [14].

Lemma 3.2. Let Uy and Us be finite-dimensional subspaces of Pn(R). Then
H(U, NUy) < H(Up)H(Uy).

Next let M = M(d,N), E = E(d,N), and L = L(d,N) = |M|. Let us also write
L for the bilinear form L4 x and let £ = (l;;)1<i j<1. be the coefficient matrix of £,
SO

for each x,y € RL. Then diagonal entries of £ are equal to the corresponding
coefficients of £ while the off-diagonal entries are the corresponding coefficients
of £ multiplied by 1/2. Let height of £, denoted by H(L), be the maximum of
absolute values of entries of £, and let H(L) be defined in the same way as height
of a polynomial is defined in (10). Then we have the following simple bound.

Lemma 3.3. Let the notation be as above, then

(25)  H(S) < H(L)= max P (W) < max P(m) < 1.
(m1,m2)€E 2 meM

Proof. Notice that

< max P(m)

meM

H(S) < H(L) =  max P(ml‘;mz>

2m,; — !
( (2m ) < max P(w(m),0,...,0)
meM [0 (N — 24 2k)  meM
2 -1l
ax (( U)J(m) Moo

which proves the lemma. [
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Let us write || || for the usual Euclidean norm on vectors. Let us also write
H(A) = maxi<; j<r |a;j| for every L x L matrix A = (a;;)1<i,j<r with real coeffi-
cients.

Lemma 3.4. Let f € P4L(R), and let A = (aij)1<ij<i be an L x L real matrix.
Then

s All < L H(f)H(A).
In particular,
(26) ezl < LPH(f)H (L) < L H(f),
where the second inequality follows by (25).

Proof. Recall that our indexing set M = {mg,...,my} is lexicographically or-
dered, and hence

L L
thA = (Z cf(mi)ail, ceey Z cf(mi)a,-L> .
i=1 i=1

Then, by Cauchy-Schwarz inequality
> cr(mi)ay

L

s AP = >
=1 lli=1
L

< > (i ||aij||2> <i|cf(mi)||2>

j=1 \i=1 i=1

= [JAIPlles|? < LOH(A)H(f)?,
where [|A]|2 = Y27, Y7 Jagg|?, and so (26) follows. 0

L

The next lemma is a simple version of the well known Brill-Gordan duality
principle [7] (also see Theorem 1 on p. 294 of [8]).

Lemma 3.5. Let f € PL(R) be a polynomial with integer coefficients, and let
U={tePi(R):cAc, =0},

where A is as in Lemma 3.4 above. Let v(f) be the greatest common divisor of the
coordinates of the vector C}A. Then

(27) H(U) =~(f)" [ 5A].-
We will now state and prove a generalization of Theorem 1.2.

Theorem 3.6. Let V be as in Theorem 1.2, and let B be a symmetric bilinear
form on P%(R) with L x L coefficient matriz B, meaning that

B(f.9) = ciBey, ¥ f,g € PH(R).

Then there exists an orthogonal basis g1, . .., gn for (V, B) consisting of polynomials
with relatively prime integer coefficients so that

n(n+1)

(28) [[H) < (L2H®B) = HV)™
1=1
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Proof. We argue by induction on n. First suppose that n = 1, then pick any
nonzero polynomial g; € V with relatively prime integer coefficients, and observe
that

H(g1) = leg| < lleg, |l = H(V),

where || || is Euclidean norm. Next assume that n > 1 and the theorem is true for
all 1 <j < n. Let 0 # fi1 € V be a vector guaranteed by Theorem 3.1 so that

(29) H(f) < HV)Y™.
First assume that f; is a non-singular point in (V, B). Then
Vi={teV:B(t fi)=0t={A} NV
has dimension n — 1; here
{AYr ={t e PR(R): B(t, fr) = 0} = {t € PR(R) : ¢}, Ber = 0}
By Lemma 3.5, Lemma 3.4, and (29)

(30) H({fi}") < LPHB)H(V)'".
Then by Lemma 3.2 and (30) we obtain
(31) HW) < H ({A}Y) HV) < LPH(B)H(V)* .

Since dimg(V7) = n — 1, the induction hypothesis implies that there exists a basis
fo,. .., fn for V1 of polynomials with relatively prime integer coefficients such that
B(fi, f;) =0forall2<i# j <n,and

[[aG) < @aB)™“" 1y

1=2

1

(LPHEB) T B

(32)

IN

where the last inequality follows by (31). Combining (29) and (32), we see that
f1,..., fn is a basis for V satisfying (28) so that B(f;, f;) =0forall1 <i#j <n.
Now assume that f; is a singular point in (V| B). Since f1 # 0,, it must be true
that cy, (m;) # 0 for some m; € M = {m,,...mp}. Let
Tj = {t € ,PJ%T(R) : ct(mj) = O},
and define V; =V NTj, then f; ¢ Vi, B(fi,t) =0 for every t € Vi, and
(33) HW)<H(V)H(T;)=H(V),

by Lemma 3.2, since H(T;) = 1 by Lemma 3.5. Since dimg(V7) = n — 1, we can
apply induction hypothesis to V7, and proceed the same way as in the non-singular
case above. Since the upper bound of (33) is smaller than that of (31), the result
follows. O

Proof of Theorem 1.2. Apply Theorem 3.6 with B = £ and use Lemma 3.3. O
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4. SPHERICAL DESIGNS

In this section we apply Theorem 1.1 to obtain a criterion for spherical designs.
Let M, N, M(M,N), and P (R) be as in section 1. A finite subset S of the unit
sphere Xy _1 is called a spherical M-design if for every F(X) € PM(R),

(34) x F(x) de = % > Fy).
aN Jon_ | | yes

Spherical designs have been extensively studied, in particular in the recent years in
connection with lattices, the sphere packing problem, and minimization of Epstein
zeta function (see [10] and [3] for details). For instance, recent results of B. Venkov
on criteria for spherical designs and their applications are summarized in Chapter 16
of [10]. We use our Theorem 1.1 to give another criterion for a set to be a spherical
design in the general spirit of Proposition 16.1.2 and Theorem 16.1.4 of [10].

Theorem 4.1. Let S C Xy_1 be a finite set, write S = {x1,...,xx}, where
|S| = k. Let

M*(M,N) = M(M,N) N 2M(M, N).
Then S is a spherical M -design if and only if for every m € M(M,N),

(35) Zk:f”m _ [ kP() ifme M (M,N)
— J 0 if me M(M,N)\ M*(M,N).
=
Proof. Let us write 1 € P¥ (R) for the constant polynomial equal to 1, i.e.
c1(0) =1, c1(m) =0V 0 # m € M(M,N).
Then for each

F(X)= Y  cp(m)X™ePV(R),
meM(M,N)
we have
1
60 = [ F@de=(F1)=Lustere)= 3 P(%)ertm)
aN Jey_ 2
N-1 meEM*(M,N)

On the other hand, (34) implies that S is a spherical M-design if and only if

L F(x)de = %Z Z crp(m)x]”

j=1meM(M,N)

k
Z %ngn cr(m).
meM(M,N

) Jj=1

k

(37)

Hence we must have

k
(38) Z P (%) cr(m) = Z %Zw;" cr(m),

meM*(M,N) meM(M,N)

for all F(X) € PM(R), which means that the linear forms in the variables ¢ on
the right and left hand sides of (38) must be equal identically, i.e. their respective
coefficients must be equal. Then (35) follows. O
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