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ABSTRACT. In this paper, we prove the Tiling implies Spectral part
of Fuglede’s cojecture for the three interval case. Then we prove the
converse Spectral implies Tiling in the case of three equal intervals
and also in the case where the intervals have lengths 1/2, 1/4, 1/4.
Next, we consider a set 2 C R, which is a union of n intervals. If
() is a spectral set, we prove a structure theorem for the spectrum
provided the spectrum is assumed to be contained in some lattice.
The method of this proof has some implications on the Spectral
implies Tiling part of Fuglede’s conjecture for three intervals. In
the final step in the proof, we need a symbolic computation us-
ing Mathematica. Finally with one additional assumption we can
conclude that the Spectral implies Tiling holds in this case.

1. Introduction

Let 2 be a Lebesgue measurable subset of R with finite positive
measure. For A € R, let

1 TIAT
— ’le/zeQ Aya(r), = eR.

ex(x)

Q) is said to be a spectral set if there exists a subset A C R, such
that the set Ey = {e) : A € A} is an orthonormal basis for the Hilbert
space L*(Q), and then the pair (Q,A) is called a spectral pair.

We say that () as above tiles R by translations if there exists a subset
7 C R, such that the set {Q2+1¢:t € T}, consisting of the translates of
Q by 7, forms a partition a.e. of R. The pair (2,7) is called a tiling
pair. These definitions clearly extend to R?, d > 1.

The study of the relationship between tiling and spectral properties
of measurable sets started with a conjecture proposed by Bent Fuglede
in 1974.
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Fuglede’s Conjecture. Let 2 be a measurable set in R? with
finite positive measure. Then € is spectral if and only if Q tiles R? by
translations.

Fuglede proved this conjecture in R? under the additional assumption
that the spectrum, or the tiling set, is a d-dimensional lattice [F]. In
recent years there has been a lot of activity on this problem. It is now
known that, in this generality, the conjecture is false in both directions
if the dimension d > 3 ([T], [M], [KM2]) and ([KM1], [FR], [FMM)]).
However, the conjecture is still open in all dimensions d > 3 under the
additional hypothesis that the set {2 is a convex set. For convex sets, the
conjecture is trivial for d = 1, and for d = 2, it was proved in [IKT1],
[IKT2] and [K]. In dimension 1, the problem has been shown to be
related to some number-theoretic questions, which are of independent
interest and many partial results supporting the conjecture are known
(see, for example [LW2], [L2], [K2], [PW]).

In this paper, we restrict ourselves to one dimension and to the case
when the set 2 is a union of three intervals. This work was inspired
by the paper [L1] by I. Laba, where Fuglede’s conjecture is proved for
the case that {2 is a union of two intervals. We state Laba’s Theorem
here in order to put the main result of this paper in perspective.

Theorem [L1]. Let Q = [0, r)U[a, a+1—7), with0 <r < 1/2, a >
r. Then the following are equivalent;
(1) Q is spectral.
(2) Either (i) a —r € Z, or (ii) r = 1/2, a = n/2 for some n € Z.
(3) Q tiles R.
Further, when (2 is spectral, then A = Z if 2(i) holds, and A = 2Z U
(2Z 4 p/n) for some odd integer p, if 2(ii) holds.

In section 2, we prove that if €2 is a union of three intervals, then
"Tiling implies Spectral”. This proof, though somewhat long, uses
elementary arguments and some known results. We observe that the
occurrence of certain patterns in the tiling imposes restrictions on the
lengths of the intervals. This allows us to identify the different cases
to be considered, and we prove that €2 is spectral in each case.

In section 3, we consider two particular cases where Q = AU BUC
with A, B, C intervals, and either |A| = |B| = |C| = 1/3, or |A| =
1/2, |B| = |C| = 1/4, and prove ”Spectral implies Tiling” in these
cases. Here, orthogonality conditions impose restrictions on the end-
points of the intervals, and we use a powerful theorem on tiling of
integers due to Newman [N] to conclude that 2 tiles R. (Newman uses
the word tesselation for tiling of integers in his paper).
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In Section 4 we briefly digress to the case of n-intervals, and obtain
information about the spectrum for such spectral sets. We assume
that Q = U} [a;,a; +r;), with 377 r; = 1 and a; +1; < ajy, is
spectral with a spectrum A. Note that if A is a spectrum for €2, then
any translate of A is again a spectrum for 2. In this paper we always
assume that

0eACA-A
Further, by the orthogonality of the set E,, we have

0eACA-ACZq

where Zq stands for the zero set of of the Fourier transform of the
indicator function ygq, along with the point 0, i.e.

Zo={£€R:xa(§) =0} U{0}.

In our investigation, the geometry of the zero set Zg will play an im-
portant role, as also a deep theorem due to Landau [L] regarding the
density of sets of interpolation and sets of sampling. If (€2, A) is a spec-
tral pair, then Landau’s theorem applies and says that the asymptotic
density p(A) of A equals 1/|€2|, where the asymptotic density is given
by p(A) := lim, W.

In the literature, it is generally assumed that A is contained in some
lattice £. Since A has positive asymptotic density, by Szemeredi’s the-
orem [S], A will contain arbitrarily long arithmetic progressions (APs).
In Theorem 4.3, we prove that if €2 is a union of n intervals and A
contains an AP of length 2n, then A must contain the complete AP.
As a consequence, we show that €2 d—tiles R, where d is the common
difference of the AP. So we need to search for APs of length 2n in A.
In Lemma 4.4, we show that even if A — A is just J-separated (instead
of being contained in a lattice), then A will contain APs of arbitrary
length.

We return to three intervals in Section 5, with the assumption that
A—A is §-separated. It then turns out that either (i) Q/Z ~ [0, 1], or (ii)
Q)27 ~ [0,1/2]U[n/2,(n+1)/2], for some n, or (iii) the case is that of
equal intervals (not necessarily 3 equal intervals!). In the first two cases
”Spectral implies Tiling” follows from [F] and [L1], respectively. The
third case is rather complex, and assuming that A C £, we are lead to
questions about vanishing sums of roots of unity. Then we use symbolic
computation using Mathematica in an attempt to resolve Fuglede’s
conjecture for three intervals. With one additional assumption on the
spectrum, we show ”Spectral implies Tiling”. The analysis for this
computation is given in Section 6.
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2. Tiling implies Spectral

Let A, B, C be three disjoint intervals in R. In this section we prove
the following theorem:

Theorem 2.1. Let Q = AUBUC, |A|+ |B|+|C| = 1. IfQ tiles R
by translations, then € is a spectral set.

For the proof, we adopt the following notation for convenience:
Whenever we need to keep track of the intervals A, B, C' as being part
of a translate of Q by t, we will write 2, = Q +t= A, U B, U (.

We begin with a simple lemma.

Lemma 2.2. Suppose §Q tiles R. Suppose that in some tiling by 2, AA

occurs, then either |A| = 1 or |A| = |B| = |C] = 3.

Proof. Suppose not all three intervals are of equal length, and there
exists a set 7 such that (Q,7) is a tiling pair. If for some s,t € 7,
A Ay, occurs, then |A| > |B|, |C].

Suppose BB also occurs, then |B| > |A|, so |A] = |B| < 1/2, since
|C| > 0. Now C'C cannot also occur (for then |A| = |B| = |C]). Hence
there is a gap between Cy and C; which equals 0 < |A|—|C| < |A|, |B],
so it cannot be filled at all.

Hence if AA occurs, neither BB nor C'C' can also occur in that tiling.
Now the gap between B, and B; is of length |A| — |B| < |A|, and no
B can lie in this gap, so it can be filled only by a C'. It follows that
|A] — |B] = |C] and so |A] = 1. O

This leads us to consider the following cases:
Case 1: |A|,|B|,|C| # 3 and not all are equal:
(1a): No two of |A],|B|,|C| are equal.
(1b): [A[ = [B| # |C|.

Case 2: |A| = i

(2a): |B| # |C|.
(2b): |B| = |C] =

1
1
Case 3: |A| = |B| =|C| = 3.
Proof of Theorem: We will prove that Tiling implies Spectral, in

each of the above cases.

Case(1a) : |A|,|B|,|C] are all distinct and none equals 1/2.
We claim that in this case the tiling pattern has to be of the form

— — —ABC|ABC|ABC — ——
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or

— — —ACB|ACB|ACB — ——

Then © tiles R by Z, hence is spectral [F]. Since we already know that
X X cannot appear, our claim will be proved if we show that no three
consecutive intervals appear as XY X.

Suppose A;BA, occurs. No C can appear between C; and Cy, and
the gap between the C} and Cj is of length |A|+|B|—|C| < |A|+|B| and
so cannot be filled by AB, (nor by AA, nor by BB), hence equals either
|A| or |B|. But then, either |B| = |C| or |A| = |C|, a contradiction.

Case(1b): |A| = |B| # |C|, |C| # 1/2.

We already know that none of AA, BB, C'C' can occur in the tiling.
We show below that ABA and BAB cannot occur: Suppose A;BA;
occurs, then C and C} are consecutive C’s and the gap between them
has length |A| + |B| — |C| = 2|A| — |C| = 4]|A| — 1. This gap has to
be filled by A’s and B’s. Let 4|A| — 1 = m|A|. Clearly m < 4, and
we check easily that this leads to a contradiction (m =0 = |C| = 1/2;
m=1=|A =|B| =|C|=1/3, m =2 = |A| = |B| = 1/2 and
m =3 = |A| =1). Hence A;BA; cannot occur.

This means that in any tiling, the gap between two consecutive C'’s
is filled by at most two of A and B. In other words, C'is translated by
at most 1; hence also A and B. But if none of the translates is greater
than 1, then CAC, CBC, BCB, and AC A are excluded (for an A;C'A;
occurs iff B,C B; occurs, and also A,C' A; occurs iff either C'; AC; occurs
or CyBC; occurs; but an occurrence of A;C'A; would imply that B is
translated by |B| 4 2|A| 4 |C| > 1, which is not possible). Hence, the
tiling pattern must be either

— ——ABCABCABC — ——
or

———ACBACBACB — ——
i.e. Q tiles R by Z, and hence is spectral by [F].

Case (2a) : |A| =1/2, |B| # |C|.

By Lemma 2.2, BB and C'C' cannot occur in the tiling. Next we
show that none of BAB, ABA, CAC, AC'A can occur.

First note that BAB occurs iff ABA occurs: for, if BAB occurs as,
say BsA, By, where s,r,t € T, then clearly t — s = |A| 4+ | B|]. Consider
the corresponding tile translates,

QSZASUBSUCS, and Qt:AtUBtUCt.

Then the gap between A; and A, is of length |B|. This gap cannot be
filled by A, since |A| > |B|, nor can it be filled by C, since |C| # |B|,
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and two consecutive C’s are ruled out anyway. So this gap can be filled
up by a single B, resulting in A;BA;, an ABA pattern. The proof of
the converse is similar.

Now, suppose A;BA; occurs. The gap between C and C; is of length
|A|+|B| —|C| < |A|+|B|. This gap has to be filled by a single A or a
single B; and this would imply |B| = |C] or |A| = |C| = 1/2. Similarly
CAC and ACA cannot occur.

Next, suppose that there is a string B;AA...AAB, in the tiling with
n consecutive A’s between B, and B;. The gap between Cy and C; is
then of length n/2+|B| —|C| and has to be filled by A’s and B’s. But
B’s can occur just after the C and just before the C}, otherwise ABA

will occur. If no B occurs, then |B| = |C] and if a single B occurs then
|C| = 0 or 1/2. Hence there exists a string
— — —CsBAA — — — ABC; — —

with m consecutive A’s with a B on either side, lying between C and
Cy. Then § 4 |B| — |C| = 2|B| + %, for some integer m, which means
m =mn — 1. We can repeat the argument n times to to get that BAB
must occur somewhere, which is not possible. Similarly CAA——— AC
does not occur.

Thus the only possibilities are tiling patterns of the form :

(1) —— —AA— — — A|BC|BC — ——| BC| AA— — — ABC — ——
(2) —— —AA——— A|BC|BC — ——|BC|BA— — — ACB — ——

’ ’ ’

and (1) ,(2) with B and C interchanged. We show that (2) and (2)
cannot happen. Suppose (2) occurs; consider the part consisting of a
sequence of n BS’s followed by a B between A, and A;, i.e. A,BC —
— — BCBA; and the Cy, C; corresponding to these A’s. The gap is of
length 2 + 1 4 |B] — |C|] and has to be filled by A’s and B’s. But this
leads to a contradiction as shoyvn above. So finally the tiling pattern
has to be of the form (1) or (1).

We write Q = [0,1/2) U [b,b+ 1)U [c,c+1/2 —r). It is easy to see
that the above tiling pattern (namely (1) or (1)’) for €2, say by a tiling
set 7 implies that both ©; = [0,1/2) U [b,b+ 1/2) and o = [0,1/2) U
[c —r,c—r+1/2) tile R by the same tiling set 7. (Alternatively we
may have to work with the sets Q) = [0,1/2)U[b+r—1/2,b+7), Q) =
[0,1/2)U][e, c+1/2)). Using the result for two intervals [L1], this implies
that b = 2, c—r = % with n,k € Z . Thenc—1r —b = ’“’T" Hence
Qy =10,1/2)U[n/2,n/2+41/2). Clearly n is a period for the tiling set
7T, but n/2 is not. So if kq is the period of the tiling then ky|n, but
ko [%. Hence if j is the largest integer such that 27|n, the same is true
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for ko. Therefore, ;+ € 2Z + 1. Also kol|k, and % € 27 + 1 and so koll,
wherel:c—r—b:k_T”, and [ € Z.

We show finally that the set A = 2Z U (2Z + %) is a spectrum for (2
(we have taken p = > in Laba’s theorem as stated in the Introduction).

k
To check orthogonaliqcy, note that if A € A — A, X\ # 0, then

. 1/2 b+r c+1/2—r '
/627r2)\£d§ — / +/ +/ €2Tm)\£d£
Q 0 b c
1/2

| br bH/2H
— / 627rz>\§d§ + / 627rz)\§d§ + / 627m>\§d§
0 b b

+r+l

1/2 ' b+r ) ] b+1/2 '
— / 627m)\§d£ 4 / 627r1)\§d§ + €2m/\l / e27r1)\§d€
0 b b

+7r
— / e27ri)\§d€ =0
1951

since ko|l and since A is a spectrum for ;. As in [L1], it is easy to see
that A is complete. Alternatively, this follows from [P1] and [LW].

Case 2b is a special case of 4 equal intervals, and Case 3 is 3 equal
intervals. In each of these cases tiling implies spectral follows by more
general results [L2]. However, these cases can be handled by using a
theorem due to Newman [N], and we do this in the next section.

3. The Equal Interval Cases

In this section, we will use the fact that spectral and tiling properties
of sets are invariant under translations and dilations. For convenience,
we scale the set () suitably and prove both implications of Fuglede’s
conjecture for the two sets Q3 = [0,1] U [a,a + 1] U [b,b+ 1] and y =
0,2] U [a,a+ 1] U[b,b+ 1].

An essential ingredient of our proofs will be the following theorem
on tiling of integers.

Theorem 3.1. (Newman) Let A = {aq,as, ..., a;} be distinct integers
with k = p®, p a prime and « a positive integer. For each pair a;, a;,
i # j, let e;; denote the largest integer so that p®i|(a; — a;), and let
S =Aej 4,5 =1,2,...k i # j}. Then the set A tiles the set of
integers 7. iff the set S has at most « distinct elements.
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3.1. Tiling implies Spectral. Without loss of generality we may as-
sume that 0 € 7, where 7 is the tiling set. Then in the cases under
consideration, the end-points of the intervals will be integers and we
are in the context of tiling of Z.

Case 3: We apply Newman’s Theorem to the set A = {0, a, b},
p =3, a = 1, hence S must be a singleton. If @ = 3'n and b = 3*m
with n, m not divisible by 3, we see that {j, k} C S. It follows that
j = k and m — n is not divisible by 3. We may write a = 3/(3r + 1)
and b = 37(3s + 2); r,s € Z. But then, we can check easily that the
set A =7ZU(Z+ 5) U (Z+ 557) is a spectrum for Q3.

To check completeness, suppose that f € L?(Q) satisfies < f, 62”)"> =

0, VA € A. Withw = €2"/3_ define 1—periodic functions by f¥*, f, f#
by

() 11 1 f(x)
(1) ) | =11 w || flz+a)
1 (2) 1 w? w f(z+0b)

where z € [0, 1].
Then check that (f,e2™) = 0, VA € A < < fj#,ezmk~> _
0, VkeZ, j=12,3 < fj#zo, j=1,2,3 < f=0.

Case 2b: This time we use Newman’s theorem for the set A =
{0,1,a,b}, p = 2, « = 2, hence S can have at most 2 elements. Let
a=2(2n+1), b =2%(2m + 1). Then the following cases arise:

1. If 5 40,k #0, {0,5,k} C S. Hence j = k, but then a — b =
27.2(n —m), so j+1 € S, and the set S still has cardinality > 3,
therefore A cannot tile Z.

2. Suppose that j = 0,k # 0. Then A = {0,1,a = 2n+ 1,b =
28(2m + 1)}, If n = 271y with [ > 1 and 7 an odd integer, then
S ={0,k,l}. Since S has at most 2 elements, we get k& = [ in this case.
3. Let j, k = 0. We see then that S has at least three distinct e; ;’s, so
A cannot tile Z.

We conclude that if Q4 tiles, then a = 2'r + 1, b = 2!s, where
r,s € 2Z + 1 and then it is easy to see that the set A =ZUZ + 21% is
a spectrum. This completes the proof of the ”Tiling implies Spectral”
part of Fuglede’s conjecture for 3 intervals.

3.2. Spectral implies Tiling: We now proceed to prove the converse
for the two cases Q23 and €.
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In the first case, the proof is long, but we are able to construct
the spectrum as a subset of the zero set of Yq, using only the fact
p(A) = |€2|. In the process we get information on the end-points of the
three intervals, so that Newman’s theorem can be applied to conclude
tiling.

Case 3: Let Q3 = [0,1] U [a,a + 1] U [b,b + 1]. Without loss of
generality, let 0 € A C A — A C Zg, then

ﬁ(}\) _ 6271’1'/\ — 1+ eQﬂi)\(a+1) . e27ri)\a + e27ri)\(b+1) . 6271'1')\1;

— (62m‘)\ o 1)(1 + 627ri>\a + 627rz‘>\b)
Hence, if A € Zgq, then either A\ € Z or 1 + 2™ 4 2™ — (),
Let
ZL = [\ e =y 2miN0 — 2
72 = )\ eFiha = 2 2miNb — 1
We collect some easy facts in the following lemma:

Lemma. Let \; € Z§, Ay € Z3, then the following hold:

(1) —>\1, 2)\1 € ZSZI and —)\2, 2)\2 € Z%Z

(2) Al — Xy € Z?Z and — A\ + X\ € Z%Z

(3) Let v € Z{, UZE, then Ay + 3aZ C Z{, Aa+ 3aZ C 7.

(4) If «, is the smallest positive real number in Z$, U Z3, say a, €
Z}Z, then Zgl) = @, + 30,7 and Z% = 20, + 30 Z.

Proof. 1t is easy to verify (1), (2) and (3). We need to prove (4):
First note that since xo(0) = 3, so xXq > 0 in a neighbourhood of
0, and there exists a smallest positive real number, say a, € Z{ U
Z%. We assume that a, € Z§. By (3), we only need to prove that
74, C o + 3a.Z. Suppose not, then there exists 8 € Zg, such that
B ¢ a, + 3a.Z. Now by (3), 8+ 3a, € Z{,, so we may assume that
B € (o, 3a,]. But 2a,,3a, ¢ Z& and, hence the only possibility is
B € (ao,205) U (200, 30rs). Now in case [ € (o, 2a,), we use (1) and
(2) to get 2a, — B € Z§. But 0 < 2a, — 8 < a,, which contradicts
the minimality of «,. In the other case, that § € (2as,3as), by (1)
and (3) we get 3a, — 3 € Z%. But then 0 < 3a, — 8 < a., again a
contradiction. Hence Z§, = o, + 3a,Z. By similar arguments, we get
73 = 20, + 3a,7Z. O

Therefore,
Zo=7TUZHUZE =7 U (o + 307Z) U (200 + 30, 7).

Note that if A;, Ao € Z then e,,, e\, are mutually orthogonal. But A

must have upper asymptotic density 3, by Landau’s density theorem,
hence p(A \ Z) = 2. In other words p(A N (ZH, UZ3)) > 2.
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Our next step is to actually find all of A as a subset of Zg,.

Suppose first ANZ, # 0 and that A is the smallest positive element
of this set. Now if \] € ANZ, then \; — N} € A — A C Zg, and by
the definition of Z{, and Z32, we see that

e27ri()\1—)\’1)a — 1= e27ri()\1—)\’1)b

This means that A\; — \| € Z. Therefore ANZ§ C A\ +Z. A similar
argument shows that A NZ% C Ay + Z, where Ay € A. Therefore,

p(ANZy) <1, p(ANZy) <1

With this bound on the density, not only A NZ§ # 0 and ANZE # 0,
but each of these sets must contribute a density 1 to A. Therefore, from
the set \; + Z, two consecutive elements, say A\; +n and A\; + (n + 1)
must lie in A N Z4,, so their difference, namely 1, satisfies

2mia 2mib

e =1l=e

and so a, b € Z, and

M+7Z C ZH= .+ 3a.7Z

M +7Z C 73 =20, +3a.Z
Finally we see that o, € Q, since e*™*% = o, and a € Z. Putting
ao =p/q and A = a, + 3acky, ki € Z, we see easily that Z C £(3Z),
which means p =1 and ¢ = 3¢, for some ¢; € Z. But then

a=Bn+1)q, b=Bm+2)q.

We conclude that €3 tiles, by applying Newman’s Theorem to the set

Case 2b: In the case {4, we use a theorem of [JP], to conclude that
if )4 is spectral, then the end-points of the intervals lie on Z. For €3,
we deduced this without invoking this theorem.

The spectrum A will have density = 4, by Landau’s Theorem. It
follows from Corollary 2.4.1 of [JP] that a,b € Z, so that Q, = [0,2] U
(M, M + 1)U [N,N + 1] with M, N € Z, and so

ﬁ()\) — (627”’)\ o 1)(1 + €2m’>\ + 62m‘)\M + eQWi’\N).

Hence

Zo=7ZUZHUZH UL,
where A _ _
Z}z — {)\ 14+ 6271'2)\ — O, 627rz)\N + 627rz)\M — 0}’
Z2 — {)\ -1 + e27ri)\N — 07 e27ri)\M + 627m')\ — O},
Z% — {)\ 14+ 627T’i>\M — 0’ 627ri>\N + 627ri>\ — O}

We collect some facts, which are easy to verify:
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(1) If X € Z,, then A\ + Z C Zi,, i = 1,2,3. Further if A € A, then
A+7Z C A, ie. Ais 1-periodic.

(2) If X € Zi,, then —\ C Z, i =1,2,3.

(3) If Z§, # 0, then M — N is an odd integer, and Z§, = Z + 1/2.
Without loss of generality, we assume that N = 2n + 1 and
M = 2m. Thus, in this case Z{, C Z3.

(4) If X\, N € Z% are such that A — X € Zgq, then A — X € Z.

(5) If A\, X € Z are such that A — X € Zgq, then A — X € Z U Zj,.

(6) If A € Z% and N € Z2 are such that A\ — X € Zq, then A\ — X €
Z3,. So by (5) X € Zj,.

From these facts we deduce that the density contribution from each
of the sets Z, Z% to A can be at most 1, and from Z3,, at most 2. But
since p(A) = 4, we must have p(A N Z3) = 1, and p(ANZ}) = 2.
From (6), it follows that A NZ = A N Z,, and then by (1), we get
ANZL, =75 =7+ 1/2. Hence

A=ZUZ+1/2U(ANZY).
Next, as Zy # 0, A € ANZE iff 2An, 2Am € Z + 1/2. Let

2\n = Qk;—l, 2 m = M

so if j is the largest integer such that 27|n, this is also true for m.

Finally we see that if € is spectral, then N = 2/t 41, b = 2/+1s,
with r,s € 2Z 4+ 1. Newman’s theorem, applied to the set S =
{0,1,27Fr + 1,27t s} p =2, a = 2, ensures tiling of R by Q4. This
completes the proof.

4. Structure of the Spectrum for n intervals

Let Q = U} [aj,a; +7;), > 5_;r; = 1. In this section we assume
that 2 is a spectral set with spectrum A. Recall that we may assume
0eACA—-ACZq.

We will prove below that if, we assume that A is a subset of some
discrete lattice £, then A is rational. In one dimension, all known
examples of spectra are rational and periodic, though it is not known
whether it has to be so. Given A has positive asymptotic density,
if A C L, then A contains arbitrarily long arithmetic progressions by
(Szemeredi’s theorem[S]). We now prove that in the n-interval case, as
soon as A contains an AP of length 2n, then the complete AP is also
in A. We first prove this for the set Zg:

Proposition 4.1. If Zq contains an arithmetic progression of length
2n containing 0, say 0,d,2d,--- ,(2n — 1)d then
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(1) the complete arithmetic progression dZ C Zg,
(2) d e Z, and
(3) Q d-tiles R.

Proof. Note that if t € Zq, then
Z;L:1[627rit(aj+rj) _ e27ritaj] - 0.
The hypothesis says that yo(ld) =0; [ =1,2,...,2n — 1, hence
ZTL [627rild(a]'+’r‘j) . 627rilda]'] — 07 | = O7 1’ 27 . m—1

i=1
We write (o; = €™ | (o ) = e¥datm): 5 = 12 .. n, then the
above system of equations can be rewritten as

Equivalently,
1 1 1 1 1 0
G G o Cm1 Con —1 0
@ 2E 2 2E 2 - 2E 2 2: 2 : -
S N = N T B 8
1 2 -1 Gon

Since (1,—1,...,1,—1)" # 0, we have

2n
(3) I]G—¢)=0
1=i<j
Next, we need a lemma.

Lemma 4.2. If (3) holds, then there exist indices i, j with i # j and
i+7 odd, such that (; —(; = 0. We call such a pair (¢;,(;) a good pair.
(If G — (=0, with i+ j even, we say ((;,¢;) is a bad pair.)

Proof. Suppose not, then all solutions of (3) are bad. Since the solution
set of (3) is non-empty, without loss of generality let (; = (3. Then the
system reduces to

1 1 1 1 —(5 0

G2 Gz o Cone1 o Gon 2(3 0

(4) : P : : =1
A A = R B 0

2 3 2n—1 2n _CQn 0

Hence
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2n
(5) [T G-¢=0
2=i<j
Note that any solution(good) of (5) is a solution(good) of (3). Thus
if (5) has a good solution that would lead to a contradiction. So (5)
does not have any good solution. Repeating this 2n —2 times we would
be left with a 2 x 2 Vandermonde matrix which is singular as

©) (e e)(5e)-(0)

where 7 is odd and j is even. This implies that ¢; = ¢; with 7 4 j odd.
This is a contradiction to our assumption. 0

Now we can complete the Proof of Proposition 4.1. Observe that
whenever we get a good solution of (3), the system of equations in (2)
reduces to one involving a (2n — 2) x (2n — 2) Vandermonde matrix.
Now by the same arguments the reduced matrix would again have a
good solution. Repeating this process n — 1 times, we get a partition
of {¢;} into n distinct pairs ((;, ;) such that each ((;,(;) is a good
solution of (3). But then (f = ¢, Vk € Z. We can relabel the (y;’s,
Jj=1,2,--- ,nsothat (3;_1 = (2;. Then we get,

n

(7) Xa(kd) = (1 — &) = 0; Vk € Z\ {0}
Thus dZ C Zgq.
Now consider
(8) F(z) =) xalz+k/d), z€[0,1/d)
kEZ

Thus F'is é periodic and integer valued thus

(9) F(ld) = dz /0 ! xa(z + k/d)e™ ™= g

keZ
= dxq(ld) = dd
Thus F(t) = d a.e. So d € Z and € d-tiles the real line. O

Using Proposition 4.1, we now prove the corresponding result for the
spectrum.

Theorem 4.3. Suppose §2 is spectral and A a spectrum with 0 € A. If
for some a,d € R, a,a+d,....a+ (2n — 1)d € A, then a + dZ C A.
Further d € Z and ) d-tiles R.
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Proof. Since
a,a+d,..,a+ (2n—1)d e A

Shifting A by a we get Ay = A — a is a spectrum for ) and

O,d, e (2n — 1>d e N C A — A CZqg.
Thus surely dZ C Zgq by Proposition 4.1. Now let A € A;. Then by
orthogonality,

—ANd—=XN2d—= X, ...,(2n—1)d — X € Zq.
Let ‘ '

§2j _ 6—27rz)\aj,§2j_1 _ 6—271"7»)\(&]""7‘]');]' =1,...n
CQ]' _ eQm‘daj, <2j71 _ 627rid(aj+rj);j _ 1, n

Since Yo(kd —\) =0, k=0,...,2n — 1, we have
(10) &i¢F — Elh 4 oo+ EonaCh | — EuCh =0 for k=0,....2n — 1.

Since the ¢;’s can be partitioned into n disjoint pairs ({;, (;) such that
G = ¢ and ¢ + j odd, without loss of generality, we relabel the (y;’s
and the corresponding &»;’s so that (5j_1 = (35, 7 = 1,2,...,n. Thus
(10) can be written as

1 1 cee 1 & —& 0
(11) GG G I B
ot e i Eon—1 — Eon 0

Now if [§1 — &,& — &4, .., Eon1 — &2n)" i the trivial solution i.e.

52]‘,1 - 62]' = 0, VJ = 1, N, then V£ € Z,
Xalkd—X) = & — &G+ + &1l g — (S,
e —&) 4+ G (o1 — &) =0

Thus dZ — X € Zg.

If however [§; — &, &3 — &4, -, Eon_1 — &2,)" is noOt the trivial solution,
then (o1 = (o1 for some [,k € 1,....,n;1 # k.

Removing all the redundant variables and writing the remaining vari-

ables as néj 415 J,1=0,1---k—1, we get a non-singular Vandermonde
matrix satisfying

1 1 ) 0
T M3t k-1 > 0

U,f_l 77§_1 7751:1 ZZkfl 0
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Zk: Z £2j71_€2j-

JiCoj—1="Nk
Then each of the ), =0,i=1,--- , k. But then once again

N _ P p D —
Xolpd =) =nfy +uEy - Aty =0 Vel

Thus dZ — X € Zg. We already have dZ C Zg and now we have seen
if A € Ay, then dZ — X\ € Zq. Thus dZ C Ay, hence a + dZ C A. O

where

4.1. Existence of APs. With the above Proposition it is clear that
we need to explore conditions under which the spectrum, when it exists,
contains arithmetic progressions. In the following lemma, we are able
to relax the condition that A be contaned in a lattice condition to
a local condition. We say that a discrete set A is d— separated, if

inf{A—=XN|: A NEA AN£N}=6>0.

Lemma 4.4. . If A is a spectrum, such that ' = A — A is §-separated,
then A contains a complete arithmetic progression. Further, A is con-
tained in a lattice with a base.

Proof. : The §-separability of I' means that for some § > 0

inf{v; —vl:v, e, vy #wp=0>0

Let 0; = /2 and consider the map from A to the lattice §;Z given
by
b(A) = [A/01]0y,
where [z] denotes the largest integer less than x.
Then the subset ¥(A) has positive density, hence by [S], given any
N, there exists an arithmentic progression of length N, say

w<>‘1)7 77[]()‘2)7 ceey Q/J(AN),

with (Ajt1) = ¢Y(\;j)+dor, d € Z, j=1,2,...N—1. But then ;11 —\;
must lie in the interval (dd; — 01, dd; + 61) for each j =1,2,..., N — 1.
Since this interval has length §, all the above elements must be the
same (in any interval of length §, there can be at most one element
of A — A). But this means that the \;’s are in arithmetic progression.
Now using Proposition 4.3, we get that A contains the complete AP
My7Z, where My = dé,, and My € Z.

Let Ag := { A1 — M| A € A} be the set of successive differences of
spectral sequences, the spectral gaps. We will show that A; is finite.
Ay CTA—ANC Zq. As Q is measurable and of finite measure there
exists a neighbourhood around 0 which does not intersect Zg. Thus
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Ag is bounded below . But Ay is bounded above [see IP]. So by the
compactness of ) we get that A, is finite as Yo can be extended ana-
lytically to the entire complex plane and zeros of an entire function are
isolated.

Let Ay = {r1,rq,...,7x}. The set of solutions for Zle a;r; = My
with a; € NU {0} is finite. Thus A C {0,by,...,b,} + MyZ for some
[. In other words, A is contained in a lattice with a base. So we have
MZ C AN CH{0,by,....0} + MJZ O

We end this section by showing that the hypothesis A — A C L gives
more information on the spectrum.

Theorem 4.5. If Q as above is spectral, with spectrum A such that
0eANCA—ANCL, L alattice, then A is rational.

Proof. : Let L = 07, and suppose A C 0Z. Since A is a spectrum
it has asymptotic density 1. By Szemeredi’s theorem A contains arbi-
trarily long arithmetic progressions, and so in particular, of length 2n.
Without loss of generality, suppose

0,K6,....,(2n — 1)K0 € A C Zq

where K € Z. We already know that if A contains an arithmetic
progression of length 2n then the complete arithmetic progression is in
A and the common difference d € N. Hence K6 € Z, which means that
0eQ. SoACQ. O

5. THREE INTERVALS: SPECTRAL IMPLIES TILING

Consider now the particular case of three intervals. Let = [0,7)U
lag, as + 1r9) Ulag + 13), r1 + ro + 13 = 1. Suppose that € is spectral
and that its spectrum A contains an arithmetic progression of length 6

and common difference d. By translating if necessary we may assume
that dZ C A, d € 7Z, and so by Proposition 4.1, 2 d—tiles R. Thus, if
d=1, Qtiles R by Z. If d # 1, let A € A\ dZ. Put

C2j—1 _ 62m‘d(aj+r]-)7 Qj _ p2mida
Eaj1 = 62“/\(%“;)’5% _ ezm‘,\aj’
for j = 1,2,3. Now since A, 0,d,--- ,5d € A, by orthogonality we get,
E1CF — &+ 1 — EnlE =0

for k=0,1,---,5.

We know that among the (;’s there are good pairs. We can reindex
the (»;’s and simultaneously the corresponding &»;’s such that (3;1 =
G2 Then we have
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1 1 & - & 0
(13) G G G &E—& | =10
G G ¢ & — &6 0

Let A denote the linear transformation represented by the above
matrix. We consider three cases:

Case 1. Rank A=3. In this case, & = &, £ = & and & = &. But
then it follows that A is a group. Further, A € A impliesnA € AV n €
7. This means that Q d—tiles Z, so infact, A € Z, i.e. A = kZ for some
k € N. But A has density 1, we must have A = Z.

Case 2. Rank A=2. In this case, without loss of generality, assume
that Cl = C5, then

W ()(EET)=0)

Hence
-6+ E -6 =0and & —&6 =0

It follows that in this case
Lo = Zqo(1) UZ(2) UZq(3)

where
Za(1) ={X: &3 =84,&1 = 62,85 = &6}
Za(2) ={X: {3 =61,6 = &, &2 = &5}
Za3) ={N:1 & =81,6 = —&,6 = —&6}
We proceed as in ([L.1]) to conclude that
(1) Either A C ZQ(l) U ZQ(?)) or A C ZQ(2> U ZQ(S),
(2) ACA—ACZa3)U(Zq(1) NZ(2))
(3) Za(1) N Zq(2) = kZ, k € Z, since this set is a subgroup of Z,
and
(4) Let /\1, Aoy € AOZQ<3), then \; — X\g € (Zg(l) ﬂZQ(Q)) \ZQ(3)
It follows that AN Zq(3) C B+ kZ. Then by density considerations,
and Theorem 4.3, we get that A = kZ U (kZ + (3), with k = 2. Then
Spectral implies Tiling follows from [P2], where it is proved that if the
spectrum is a union of two lattices, then (2 tiles R.

Case 3. Rank A=1
In this case, (; = (3 = (5 = (2 = (4 = (5. Then

627rida1 _ 627rid(a1+7"1) _ eQTridag _ 627rid(a2+r2) _ 627rida;>, _ 627rid(a3+7‘3)'
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Taking a; = 0 we get
B 3k ko ks
al—O,G2—E,G3—E>Tl—E =4 d
where lg, 13, kl, kg, kg € Z and kl + kQ + kg =d.
It follows from this that we are in the case of d equal intervals, in
three groups. But then the spectrum is periodic and of the form

A=L+dZ

If d =1 then A = Z, so there is nothing to prove. If d = 2, then
r1,72,73 > 1/2, which is not possible. Hence, we may assume that
d > 3. We beleive that d = 3 in this case, but we are unable to prove
this. However, if we make a further assumption such as A C £, a
lattice, or that A C Q, then we are led to questions of vanishing sums
of roots of unity given below. Let A C Q

2widal 1+ 627ri/\(a2+7“2) . 627ri)\a2 + 627ri)\(a3+7‘3) _ p2midaz _ 0

(& €

and this is a case of six roots of unity summing to 0, say a3 + --- +
ag = 0. Poonen and Rubinstein [PR| ( have classified all minimal
vanishing sums of roots of unity oy + --- + a, = 0 of weight n < 12
(see also[LL]). There are three possible ways in which six roots of unity
(o, (g, ..., ) can sum up to zero. If o denotes an element of Sg, the
group of permutations of 6 objects, the possible cases are:
(T1) (a2sub-sum = 0). Ay1)+0r2) = Q@)+ oa) = Qo)+ e =
0.
(T2) (a3sub-sum = 0). ay)+Qo2)+0o@3) = Qoa)+0oE)+0@) = 0.
(T3) (nosub-sum =0). agmy =p" n=1,"--,4; Qi) = —W, W) =
—w? (after normalizing ) where p is a fifth root of unity and w
is a cube root of unity.

It turns out that there are now many possibilities and we use a
symbolic computation explained in the next section.

6. A SYMBOLIC COMPUTATION USING MATHEMATICA

We begin with the setting of Case 3 in the previous section, where
RankA = 1. Let d be the smallest positive integer in Zg such that
dZ C A, and let A = L+dZ = U?Zl{)\j‘i_dZ}, with A; = 0. We also have
d > 3. Observe that if d’ € Zq is such that e2™d'ai = g2mid'(aj+rj) — |
for all j € {1,2,3}, then d’ € dZ.

We now introduce some notation and explain the analysis behind

the computation carried out. First we map Zq into C5; X — vy =
(627”;)\((11—&-7“1)7 —e2miAal 7 627ri)\(a2+r2)’ _62m’)\a2’ 627Ti/\(a3+r3)7 _627ri)\a3)‘ In par-

ticular vo = (1,—1,1,—-1,1,—1)
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Define a conjugate bilinear form on C® as follows. For v = (z1, s, ..., 7g),
w = (Y1, Y2, ---, Ys), (skew dot product)

SDP(v,w) = &191 — To¥a + T3Y3 — TaYa + T5U5 — Tels
Note that SDP(vy,vg) = 0 VA € Zq. Let
G(v,w) = (2191, —T2Ua, 33, —Ta¥s, T5¥5, —T6Ys)

We will say that a vector vy is of Typel, Type2 or Type3 if it satisfies
(T1), (T2) or (T3) respectively, listed at the end of the last section.

We make some observations

(1) SDP(’U)\,U()) =0, VA € Zg.

(2) G(UAU’U)\Q) = Uxy—Xg-

(3) If A C Q, then all components of vy, A € X are roots of unity.

(4) Since a; = 0, the second coordinate in the image of Zg in C° is
always —1.

(5) The image of A in C°® consists of precisely d elements corre-
sponding to the different cosets of dZ (for, if vy, = v,,, then
G(Un,,Un,) = Vo, SO A\; — Ag € dZ.

The computation is done under the following assumption:

Assumption: For A\, \y € A vy,_,, is of Type 1 if and only
if \y — X\ edZ

Through the symbolic computation we shall investigate the maxi-
mum possible cardinality of a set {1, A2, ..., Ag} such that A\, — \; € Zg
and such that vy,_»; is a vector of either Type 2 or Type 3.

The first case of this investigation is analyzed below.
Case 1. w,,, vy, are both Type 2 vectors. First we make some

observations.
1. if (aq, o, ..., ag) are 6 roots of unity such that their sum is zero

: _ Qo) Uo(2) Yo(3)
1 =
and if a1y + ag2) + a3y = 0 then G G av, Are powers of w

where w? = 1.

2. if (aq, (o, ..., ag) is as above and has no subsum zero i.e. it is a
Type3 vector, then it has to be a permutation of (zp, zp?, zp3, zp*, —zw,
— zw?) where z is some root of unity. So there cannot be two pairs
among these six elements whose ratios are powers of —w.

3. If the vector (+w*, +w*, tw*, +w*, +w*, +w*) where w* is some
power of w, with exactly 3 positive signs and 3 negative signs has sum
zero then it has to be of Typel, because Type2 would imply that it is
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a permutation of (1,w,w? —1, —w, —w?) which is a Typel vector.

4. For a Type2 vector all elements in a 3 subsum adding up to zero
have the same sign.

Let ulzr] = (1,w,w?, o, 2w, 2w?) and uly] = (1,w,w? vy, yw, yw?) be
two vectors of Type2 where x and y are roots of unity. Take the
conjugate SDP of these two vectors by permuting and conjugating the
second vector u[y]. The terms in the conjugate SDP, ignoring the signs,
will fall into one of the following four categories upto a permutation of
the first 3 elements and last 3 elements.

1. (" w*, W, zyw*, zyw*, zyw®)
2. (gu*, yw*, gw*, zw*, zw*, Tw*)
3. (w*,w*, gw*, zw*, xyw*, xyw®)
4. (W*, gw*, gu*, zw*, zw*, THw®)

Here w* represents some power of w. The first case arises when we
take conjugate SDP of u[x] and permuted u[y|] which is of the type
(W*, w*, w*, yw*, yw*, yw*). The second case is similar. The third case
arises when we take the conjugate SDP of u[z] and permuted u[y] which
is of the type (w*,w*, yw*, w*, yw*, yw*) upto a permutation of the first
3 elements and last 3 elements. The fourth case is again similar.

In all cases, after putting in the signs, they are not of type 3, as there
are atleast two pairs whose ratios are powers of —w.

Now we need to consider only two cases.

Case 1. (w*,w*, w*, zyw*, ryw*, ryw®)

If there is a 3 subsum being zero, after the signs are put in appro-
priately, which involves w* and zyw* then the ratio (zyw*/w*) = xy is
a power of —w. Hence the set (w*,w*, w*, xyw*, xyw*, ryw*) becomes
(w*, +w*, tw*, +w*, +w*, +w*) with exactly 3 positive signs and 3
negative signs. So the terms in this SDP form a Typel vector. Hence
this possibility is not considered. So if there is a 3 subsum being zero
then it should be w* + w* + w* = 0. and zxyw* + xyw* + xyw* = 0.
The 3 pluses occur with first 3 elements and 3 minuses occur with
the last 3 elements or vice versa. Once ufx] is fixed with these signs
(1,w, w? y, yw, yw?) can be permuted in the first 3 and last 3 elements.
In this case x and y can be any root of unity other than —1, —w, —w?.

Case 3. (w*,w*, yw*, 2w*, xyw*, ryw®)
If there is a 3 subsum being zero after the signs are put in appropri-
ately, then the 3 subsum which involves w* has to involve one of the
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terms yw*, zw*, ryw*. So either x is a power of —w or y is a power
of —w or zy is a power of —w. If xy is a power of —w then both
yw*, zw* will also be involved in a 3 subsum which has w*. So both z
and y are powers of —w. Hence the set (w*,w*, yw*, 2w*, xyw*, ryw®)
becomes (tw*, +w*, +w*, +w*, +w*, +w*) with exactly 3 positive signs
and 3 negative signs. So the terms in this SDP form a Typel vector.
Hence this possibility is not considered. Hence either x is a power of
—w or y is a power of —w but not both.

If x is a power of —w then x is a power of w as u[z] is a Type2
vector and the 3 subsum would be w* + w* + w* = 0. and gw* +
yw* + yw* = 0. The 3 pluses occur with elements which involve  and
3 minuses occur with the other 3 elements or viceversa. So, keeping
uly] = (1, w,w?,y, yw, yw?) fixed, the 3 pluses occur with first 3 ele-
ments and 3 minuses occur with the last three elements or viceversa.
The vector ulzr] = (1,w,w? z, 7w, zw?) with z = w* is itself a permu-
tation of (1,w,w? 1,w,w?). Now u[r] has to be permuted in such a
way that the terms in the SDP which involve y have to be a permu-
tation of +(¥,yw, yw?). Hence permuted u[r| has to be of the form
(0(1),0(omega), o(w?), u(1), u(w), u(w?)) where o and p are permuta-
tions of (1,w,w?). In this case y can be any root of unity other than
-1, —w, —w?.

The analysis when y is a power of —w is identical.

So all the cases where the two Type2 vectors u[z] and u[y] can have
conjugate SDP zero and the terms in the SDP forms a Type2 vector,
reduce to the case where the 3 pluses occur at the first 3 positions and
3 minuses occur at the last 3 positions or viceversa, with u|z] fixed and
uly] permuted among the first 3 positions and last 3 positions or where
all the permuted y terms in u[y] occur in the first 3 positions and other
permuted 3 terms occur at the last 3 positions, as given below

+1 +1 41 -1 -1 —1
(15) 1 w w? T Tw Tw?
o(l) o(w) ow?) yu(l) yuw) yp(w?)

It follows that if the spectrum contains only vectors of Typel and
Type2, then d < 3. This follows from the computation given at the
end of
http://www.imsc.res.in/ ~ rkrishnan/FugledeComputation.html -
Type2withType2.nb
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Now in the case when A contains one vector of Type3, Two cases
can arise:

1. A contains only vectors of Typel and Type3, then from the Math-
ematica symbolic computation, available in the file
http://www.imsc.res.in/~rkrishnan /FugledeComputation.html -
Type3withType3.nb we conclude again the d = 3.

2. Lastly if A contains vectors of Type 3 as well as of Type 2, then
there can be at most one coset coming from each type. The details of
this computation are available at
http://www.imsc.res.in/~rkrishnan/FugledeComputation.html -
Type3withType2.nb and vwithuandvl.nb

We conclude that d = 3 in all the above cases, which reduces to
the case of three equal intervals, for which we have already proved the
conjecture.

We have thus proved the spectral implies tiling part of Fuglede’s
conjecture for three intervals under two assumptions, namely (a) A is
contained in a lattice, and (b) (A — A)N Typel = dZ.

Final Remark. Note that the additional assumptions made on the
spectrum are used to reduce the Rank A = 1 case to the case of three
equal intervals. However, without any additional assumptions on A,
this case still corresponds to an equal interval case grouped together in
three bunches.

Acknowledgement. The first author would like to thank Biswaran-
jan Behera for useful discussions during the initial stages of this work.
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