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Abstract

This paper presents a new construction of the m-fold metaplectic cover
of GL,, over an algebraic number field k, where k£ contains a primitive
m-th root of unity. A 2-cocycle on GL, (A) representing this extension
is given and the splitting of the cocycle on GL,, (k) is found explicitly.
The cocycle is smooth at almost all places of k. As a consequence, a
formula for the Kubota symbol on SL,, is obtained. The construction
of the paper requires neither class field theory nor algebraic K-theory,
but relies instead on naive techniques from the geometry of numbers
introduced by W. Habicht and T. Kubota. The power reciprocity law
for a number field is obtained as a corollary.

Preface

Recall that according to the GauB-Schering Lemma, one can express the
quadratic residue symbol in terms of the number of lattice points in a trian-
gle. This paper is an attempt to generalize this formula, together with the
associated proof of quadratic reciprocity. To make things more precise, let
a and [ be integers with # a prime not dividing 2«, and let S be the subset
{1,2,...,(8 —1)/2} of Z/B. Define a function f : Z/3 — Z by f(z) = 1 for
x € S, and f(x) =0 otherwise. The Gaul Lemma states that

(%)2:(_1>2, 2= 3 flaw)f(-a).

z€(Z/B8)—{0}



In fact we may replace f by any function Z/3 — Z satisfying for all non-zero
x the relation

flz) + f(=z) = L
It was noted by Schering [27] that the formula remains true when [ is any
integer coprime to 2a. This was done by showing that the right hand side
of the formula is multiplicative in 5. Going in a slightly different direction,
Zolotareff [32] showed that the lemma may also be expressed in the form

(%), - s

where o is the permutation of (Z/3) — {0} which is defined by o(z) = auz.
It was already known to Gaufl [7] that the lemma can be generalized
to number fields. For this, suppose that k is a number field containing a
primitive m-th root of unity, and let u,, be the group of all m-th roots of
unity in k. We shall write o for the ring of algebraic integers in k. Choose
elements «, 3 € o0 such that ma and § are coprime. Then the m-th power
residue symbol («/3),, is defined, and we have the following formula:

(g) ST s0= Y fenfco. ()

CEpm z€(o/B)—{0}

In this formula, f : 0/8 — Z is a function satisfying for all non-zero z in
0/p:
> f¢r)=1. 2)
CEpm
This more general version of the GauB-Schering lemma has been used to

give proofs of the m-th power reciprocity law in the field k& (see for example
(7,9, 13, 19, 20]).

In this paper, we study the right hand side of (1) when the following gener-
alizations are made: «a and [ become invertible n x n-matrices over o rather
than scalars, and x runs through vectors in 0™ /o™ — {0}. We also require
that 3 is invertible modulo m.

The first problem one encounters with this generalization is that the right
hand side of (1) now depends on the function f chosen. In order to deal with
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this, we would like to fix a function f : k" — {0} — Z satisfying (2). However
this is also problematic, since the function f is required to be periodic modulo
Bo™ for all possible values of (3, and there is no such function. To get around
this problem, we use the following trick. We shall call a sublattice L of k"
admissible if L is invariant under multiplication by ., and there is a number
0 € o coprime to m, such that

do" C L C 5 ton.

We may choose a function f : k" — {0} — Z satisfying (2), satisfying the
following additional regularity condition:

For all admissible lattices L; C Lo there is an admissible lattice
L, such that for every v € Ly — Ly, the function f is constant
on the coset v + Ls.

Using such an f, we define our main object of study:

Dec(o, ) = [[ ¢*9)  =(Q= >  flav)f(Cv).

CELm veo™/L—LBo" /L

In this formula, L is an admissible lattice, and is small enough so that the
functions f and f o « are both well-defined on the set 0" /L — fo"/L. The
choice of admissible lattice will not alter the sum (¢) modulo m.

When one attempts to generalize Schering’s proof that the right hand
side of (1) is multiplicative in 3, one instead obtains (as an easy exercise)
the following 2-cocycle relation:

Dec(a, 57v)Dec(8,7) = Dec(a, f)Dec(af3, 7).

The dependence of Dec(a, 3) on the function f can now be better understood:
if one changes f, then the 2-cocycle Dec is only multiplied by a coboundary,
and so its cohomology class is independent of f.

The language of admissible lattices is quite cumbersome, and there is a
more natural way of defining the function Dec(a, 3) as follows. Let S be the
set of prime ideals of k£ which divide m, together with the infinite places of
k. Let A(S) be the ring of S-adeles, i.e. the restricted topological product
of the local fields k, for primes v not dividing m. The field k is dense in the
topological ring A(.S), and our previous regularity condition is equivalent to
saying that f is the restriction of a continuous function f : A(S)" —{0} — Z.
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Contained in A(S) we have a compact open subring 6 = [[,4q 0, (this is
simply the closure of 0). We shall normalize the additive Haar measure on
A(S)™ so that 0™ has measure 1. With this new notation, our definition
becomes

pectan§) = [T 9. w0 ={[ - [ }sansicons

Ceﬂm

Although the numbers 3({) are now rational, their denominators are coprime
to m, and so the powers of ( are well-defined. Using this new definition,
one sees that the matrices o and # may be taken from the larger group
GL,(A(S)), and that Dec is a continuous 2-cocycle on this group.

The body of the paper is concerned with proving the reciprocity law for
Dec(a, 3), which we now describe. We shall write ko, for the product of the
archimedean completions of k; k,, for the product of the non-archimedean
completions at primes dividing m, and A for the adele ring of &k, so we have
A =A(S) X ks X kpp.

We recall that a 2-cocycle on GL,,(A), which restricts to a coboundary on
the subgroup GL, (k) is called a metaplectic cocycle. Our main result is that
Dec is the restriction to GL,(A(S)) of a metaplectic cocycle. The result-
ing metaplectic 2-cocycle corresponds to the m-fold metaplectic extension of
GL,. The paper gives a new and independent proof of the existence of this
extension, without the need for class field theory or algebraic K-theory.

In more elementary terms, there is an analogous construction of a measur-
able cocycle Decy, on the group GL, (k). There is also a continuous cocycle
Dec,, on GL,(k,,), and we let Decy be the product of the three cocycles,
which is therefore a cocycle on GL,,(A). We write down an explicit function
7 : GL, (k) — pim, such that for o, 3 € GL, (k) we have

T()7(5)
T(af)

To see how this is related to more familiar reciprocity laws, note that if «
and # commute, then we immediately have

Decy(a, B) =

Decy (v, 3) = Decy (8, a).
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In particular, in the case of GL; where all elements commute, we recover the

reciprocity law for the field k.

The function 7 is defined in terms of numbers of lattice points in certain
polyhedra, and the proof of the main result is a generalization of Gauf’ proof
of quadratic reciprocity. The arguments throughout are naive but rather

long, and at times complicated.

I'm very grateful to the anonymous referee for taking the time to go through
this long and technical paper, and also to the editor Sinai Robins for his

interest in my work.
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1 Introduction.

1.1 Metaplectic Groups

Let k be a global field with adele ring A and let GG be a linear algebraic group
over k. We shall regard G(A) as a locally compact topological group with the



topology induced by that of A. For a finite abelian group A, a metaplectic
extension of G' by A is a topological central extension:

1—A—-GA) - GA) -1,

which splits over the discrete subgroup G(k) of G(A). Such extensions are of
use in the theory of automorphic forms since certain automorphic forms (for
example the classical theta-functions, see [31]) may be regarded as functions
on G(A), which are invariant under translation by the lift of G(k) to G(A).
The groups G(A) are topological groups but they are not in general groups
of adele valued points of an algebraic group.

If k& contains a primitive m-th root of unity, then the group SL, has a
canonical metaplectic extension with kernel the group pu,, of all m-th roots
of unity in k. This extension is always non-trivial; in fact if m is the total
number of roots of unity in k and if n > 3, then the canonical extension is
universal amongst metaplectic extensions.

As the groups GL, (A) and GL,, (k) are not perfect, GL,, has no universal
metaplectic extension. However the canonical extension of SL, may be con-
tinued in various ways to give a metaplectic extension of GL,, by p,,. This
has been done by embedding GL,, in SL, for r > n (see [14]); we shall call the
metaplectic extensions on GL, obtained in this way the standard twists. In
this paper we shall give an elementary construction of a metaplectic extension
GL,(A) of GL,,, which in fact is not one of the standard twists, but which
nevertheless restricts to the canonical metaplectic extension of SL,. The
method used gives an independent construction of the canonical metaplectic
extension of SL,,. .

There are other ways of constructing the group GL,(A). The advantages
of the method of construction employed in this paper are as follows:

e Other methods of construction require class field theory and algebraic
K-theory. In contrast the method here is very elementary. In fact one
can deduce certain theorems of class field theory as corollaries of the
results here.

e The method described here is very explicit in the sense that a 2-
cocycle Decy is given which represents the group extension. This means
GL,(A) may be realized as a set of pairs («,x) € GL,(A) X u,, with
multiplication given by

(o, x)(8,€) = (af, x¢Decy (e, 3)).
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Thus the cohomology class of Decy is an element of H?(GL,(A), i)
which splits on the subgroup GL,(k). An expression for Decy as a
coboundary on GL, (k) is also obtained. In contrast the usual method
of construction gives only a cocycle on the standard Borel subgroup.
An expression for the whole cocycle has been obtained (after various
incorrect formulae obtained by other authors) in [3], but the cocycle
obtained there is more complicated than ours. In partiular the formula
of [3] involves first decomposing «,  and af in the Bruhat decomposi-
tion, and then decomposing each of the three Weyl group elements as
a minimal product of simple reflections.

e The cocycle Decy is smooth on the non-archimedean part of GL,(A);
in fact if £ has no real places then we obtain a cocycle which is smooth
everywhere. The cocycle may therefore be used to study the smooth
representations of the metaplectic group. More precisely suppose m
is an irreducible representation of GL,(A) on a space V' of smooth

functions on GL,(A), on which GL,(A) acts by right translation:

(7(9)¢)(h) == ¢(hg), g,h € GL,(A). (3)

Let € : pu, — C* be the restriction of the central character to the
subgroup fi,,,. Then V is isomorphic to a space V' of smooth functions
on GL,(A) with the twisted action:

(m(c, X)¢")(B) = e(xDeca (B, o)) ¢'(Bar). (4)
The isomorphism V' — V' is given by ¢ — ¢', where ¢’ is defined by

¢'(a) = ¢(a, 1).

Although the action (4) looks more complicated than (3), it is perhaps
easier to use in calculations as one is dealing with elements of GL,,.
One cannot do this with the cocycle of [3] as it is not smooth (in fact
on GL,(A) with n > 2 it is nowhere continuous).

There are two disadvantages to the method of construction described in this
paper. First, the construction is long and quite difficult. Second, the part
of the cocycle on the subgroup GL,(k,) for v|m is not very explicit. In a
sense one has the same problem with the cocycle of [3], since it is expressed
in terms of ramified Hilbert symbols.



The method of construction. The case that k is a function field is de-
scribed in [10], [11]; in this paper we shall deal with the more difficult case
that k is an algebraic number field. Let S be the set of places v of k for
which |m|, # 1, and let A(S) denote the restricted topological product of
the fields k, for v ¢ S. Let ky be the sum of the archimedean completions
of k and let k,, be the sum of the fields £, for non-archimedean places v € S.
We then have
A =A(S) ® ke @ ki,

and hence:
GL,(A) = GL,(A(Y)) ® GL, (k) ® GL, (ky)-

We shall write down explicit 2-cocycles Decy sy on GL,, (A(S)) and Decy on
GL, (k). Then, for a certain compact, open subgroup U, of GL, (k,,), we
find a function 7 : GL, (k) N U,, — p,, such that

T(a)7(F)
T(af)
It follows fairly easily from this that we can extend 7 to SL,(k) in such a

way that there is a unique continuous cocycle Dec,, on SL,(k,,) defined by
the formula

Deca(s) (v, 3)Decos (v, f) = a, € GL, (k) N U,,. (5)

Decy(s) (e, f)Decos (o, B)Decy, (v, B) = M, a, € SL,(k).
T(af)
Finally we show that there is a cocycle Decy on GL,,(A) which is metaplectic
and which extends all our cocycles.

Note that this definition of Dec,, is global; it is defined on the dense sub-
group SL, (k) and then extended by continuity to SL, (k). It would be of
some interest to find a local construction of the cocycle Dec,,, as the ramified
Hilbert symbols may be expressed in terms of this cocycle via the isomor-
phism (6) below. However I do not know how to make such a construction.

If m is even then the cocycle Decy has the surprising property that it
is not, even up to a coboundary, a product of cocycles Dec, on the groups
GL,(k,) (in contrast the standard twists are products of local cocycles). In

fact if we write GL,,(k,) for the preimage of GL,(k,) in GL,(A), then the

various subgroups GL,(k,) do not even commute with each other. This
means that irreducible representations 7 of GL,(A) cannot be expressed
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as_restricted tensor products of irreducible representations of the groups
GL,(k,). Thus the usual local-to-global approach to studying automorphic

representations must be modified to deal with GL,,(A).

Matsumoto’s Construction. We now review the usual construction of
the canonical metaplectic extension of SL,. Let F' be any field. Recall (or
see [23] or [12]) that for n > 3 there is a universal central extension

1 — Ky(F) — St,(F) — SL,(F) — 1,

where St,, denotes the Steinberg group. Hence, for any abelian group A we
have

H*(SL,(F), A) = Hom(Ky(F), A). (6)

Matsumoto (see [22] or [23]) proved that for any field F' the group Ky(F) is
the quotient of F'* ®7 F* by the subgroup generated by {¢ ® (1 —«a) : a €
F\ {0,1}}. The isomorphism (6) may be described as follows. If ¢ is a 2-
cocycle representing a cohomology class in H?(SL,,(F), A) then for diagonal
matrices «, § € SL, (F') we have

o8 o sy ael ("
ooy ~ LL#enf), o= U R T

=1 Qo Bn

where ¢ : K5(F) — A is the image of 0. Here we are writing the group law
in A multiplicatively.

Suppose that k is a global field containing a primitive m-th root of unity.
For any place v of k the m-th power Hilbert symbol gives a map Ky (k,) — fim.
Corresponding to this map there is a cocycle o, € H*(SL,(k,), ftrm). For any
place v of k£ we shall write o0, for the ring of integers in k,. For almost all
places v the cocycle o, splits on SL,(0,). One may therefore define a cocycle
op on SL,(A) by on = [],0,. This corresponds to a topological central
extension:

1 — py — éin(A) — SL,(A) — 1. (7)
Now recall the following.

Theorem 1 (Power Reciprocity Law) For any place v of k let (—, —)um
denote the m-th power Hilbert symbol on k,. For o, € k* we have

H(a7 B)v,m - 17

v

10



where the product is taken over all places of k.

(For a proof, see Chapter 12, Verse 4, Theorem 12 of [1].)

If one restricts o, to SL,(k), this restriction corresponds under (6) to the
map Ks3(k) — p, induced by the m-th power Hilbert symbol on k,. Hence
the restriction of o, to SL, (k) corresponds to the map Ks(k) — p,,, induced
by the product of all the m-th power Hilbert symbols. By the reciprocity
law this map is trivial. Therefore o, splits on SL,(k), so the extension (7)
is metaplectic.

1.2 The Kubota symbol

One of the results of this paper is a formula (see §6.2) for the Kubota symbol
on SL,. We recall here the definition of the Kubota symbol.

Let k be an algebraic number field and let o denote the ring of algebraic
integers in k. Given an ideal a of o, we define SL, (0, a) to be the subgroup
of matrices in SL, (o) which are congruent to the identity matrix modulo
a. A subgroup of SL, (k) is said to be an arithmetic subgroup if it is com-
mensurable with SL, (o). An arithmetic subgroup is said to be a congruence
subgroup if it contains SL, (0, a) for some non-zero ideal a. The congruence
subgroup problem is the question: “is every arithmetic subgroup a congruence
subgroup?” This question has been answered by Bass—Milnor—Serre [4] for
n > 3 and by Serre [28] in the more difficult case n = 2 (see for example [26]
for generalizations). To rule out some pathological cases, assume either that
k has at least two archimedean places or that n > 3. If k£ has a real place
then the answer to the congruence subgroup problem is “yes” whereas if k is
totally complex the answer is “no”. We shall describe what happens when
k is totally complex. To make statements clearer suppose p,, is the group
of all roots of unity in k. In this case there is an ideal §f and a surjective
homomorphism &, : I'(f) — p., with the following properties:

e ker(k,,) is a non-congruence subgroup.

e For any arithmetic subgroup I' of SL,,(k) there is an ideal a such that
I' D SL, (0, a) Nker(ky,).

The map &, is called the Kubota symbol. In the case of SLy it is given by
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the following formula (see [18]):

) (a b)_ (5) itero

c d 1 if ¢ = 0.

Here <E> denotes the m-th power residue symbol, which we recall is defined

by
(2) :H<c>d>v,m:{%j)/l€}

m
v|d

The symbol on the right is the global Artin symbol; the Galois group Gal(k( {/c)/k)
may be identified with p,,.

Connection between the congruence subgroup problem and meta-
plectic groups. As before suppose the number field & is totally complex.
We shall introduce two topologies on SL,, (k). For the first topology we take
the congruence subgroups as a basis of neighbourhoods of the identity. The
completion of SL, (k) with respect to this topology is the group SL,(Af),
where Ay denotes the ring of finite adeles of k. For our second topology we
take the arithmetic subgroups of SL, (k) as a basis of neighbourhoods of the
identity. This is a finer topology, and the completion of SL,, (k) with respect
to this topology is a group extension éEn(Af) of SL,,(Af). The homomor-
phism k,, identifies the kernel of the extension with pu,,. We therefore have
a short exact sequence:

1 — fy, — é\fln(Af) — SL,(Af) — 1. (8)

This must be a central extension as SL,,(Af) is perfect. On the other hand
SL,(k) is contained in both completions, so the extension splits on SL, (k).
Adding the group SL, (k) to both SL,(Af) and §I:n(Af) we obtain the
canonical metaplectic extension of SL,,.

Conversely we may reconstruct the Kubota symbol from the metaplectic
group as follows. Let SL,,(As) be the preimage of SL,,(Ay) in the canonical
metaplectic extension of SL,. By restriction we have an exact sequence (8).
Since k is totally complex, the group SL, (k) is both connected and simply
connected. This implies that the restriction map gives an isomorphism

H?(SLy(A), pin) — HQ(SLn(Af)a fhm)-
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Hence, if we regard SL, (k) as a subgroup of SL,(Ay), then this subgroup
lifts to a subgroup of ﬁn(Af).

There are two subgroups of SL,,(Af) on which the extension (8) splits.
First, since (8) is a topological central extension, there are neighbourhoods
U of the identity in é\in(Af) and U of the identity in SL,(Af) such that the
projection map restricts to a homeomorphism U — U. As SL,,(Ay) is totally
disconnected we may take U, and hence U, to be a compact open subgroup.
The inverse map U — U is a continuous splitting of the extension. Secondly
we have a splitting of the extension on SL,, (k). By the Strong Approximation
Theorem (Theorem 3.3.1 of [5]), SL,(k) is dense in SL,(As). Hence the
splitting on SL,, (k) cannot be continuous, since otherwise it would extend by
continuity to a splitting of the whole extension.

Let I' = UNSL, (k). The group I is a congruence subgroup of SL,,(k), and
we have two different splittings of the extension on I'. Dividing one splitting
by the other we obtain a homomorphism «,, : [' — p,,,. This homomorphism
is not continuous with respect to the induced topology from SL,,(Ay), so its
kernel is a non-congruence subgroup. The map &, is the Kubota symbol.

In the construction of this paper the splittings of the extension are de-
scribed explicitely. As a consequence we obtain a formula for the Kubota
symbol on SL,.

1.3 Organization of the paper

The paper is organized into the following sections:

62 We fix some standard notation from group cohomology and singular
homology. To avoid confusions of signs later, the normalizations of
various maps are fixed. Some known results are stated for later refer-
ence.

63 The cocycles Decy () and Decy on the groups GL, (A(S)) and GL,, (k)
are defined. The cocycle Decy(s) has been studied in [10]; some of the
results from there are recalled. Analogous results are obtained for the
cocycle Decy. On their own the results of this section concerning
Dec, are of little interest since they describe group extensions which
are already well understood. It is the relation (5) between Decs, and
Decy(s) that is interesting. This relation is stated in §4 and proved in

§6.
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84 The function 7 is defined, and the formalism used in the proof of the
relation (5) between Decy(s), Deco, and 7 is introduced.

§5 This is a technical section on the existence of certain limits.
6 The relation (5) between Decy sy, Decs and 7 is proved.

§7 The cocycles are extended to GL,(A).

Sections 3 and 4 are easy, although section 4 has a lot of notation. Section 7
is quite formal. In contrast, sections 5 and 6 are difficult.

2 Notation

2.1 Acyclic (Z/m)[un]-modules.

Throughout the paper, u,, will denote a cyclic group of order m. As p,, will
often be taken to be a group of roots of unity, we shall write the group law in
L multiplicatively. We shall deal with various modules over the group-ring
(Z/m)|pm]. We shall write [p,,,] for the sum of the elements of f,,,. We also
fix once and for all a generator ¢ of j,,. There is an exact sequence (see §7
of [2]):

(Z/m) (i) "= (2 ) 0] (20 ) 2 (2 0) (1]

Applying the function Homz /)., ](—, M) we obtain the chain complex:

M a2 g ) g 9)
The cohomology of this complex is the Tate cohomology H *(fm, M) (see
[30]). We shall call M an acyclic module if (9) is exact, i.e. if its Tate
cohomology is trivial.

Free modules are clearly acyclic. Injective modules are acyclic, since for
these the functor Hom(—, M) is exact. More generally, by Shapiro’s Lemma
(see [30]), any (Z/m)[pm|-module which is induced from a Z/m-module is

acyclic.

Lemma 1 Let M be an acyclic (Z/m)|um,)-module and suppose we have a
(Z/m)[pem]-module homomorphism

b M — Z/m.
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Then, there is a (Z/m)|fim]-homomorphism ® : (1 — [(])M — pu, defined by

b((1 - [¢))a) = ¢*@.
The lifted map d is independent of the choice of generator . Here Z/m and
W are regarded as (Z/m)|pm|-modules with the trivial action of fiy,.

The definition of ® looks more natural if we identify s, with a/a?, where
a denotes the augmentation ideal of (Z/m)[pm].

Proof. We need only show that $ is well-defined. Suppose (1 —[(])a =
(1—1[¢])b. By the exact sequence (9), there is a ¢ € M such that b—a = [u,]c.
Therefore ®(b) — ®(a) = [pm]P(c). Since the action of [w,,] on Z/m is zero,
we have ®(b) = ®(a). O

2.2 Central extensions.

Let G be an abstract group. We shall regard u,, as a G-module with the
trivial action. Given an inhomogeneous 2-cocycle ¢ on G with values in p,,,
one defines a central extension of G by u,, normalized as follows:

G =G X i, (9,6)(h,0) := (gh,EPo(g, h)).
Conversely, given a central extension
1— pm— G— G —1,

we may recover a 2-cocycle o by choosing, for every g € G, a preimage § € G
and defining
-
o(g,h) = ghgh .
If G is a locally compact topological group then by a topological central

extension of G by pu,, we shall mean a short exact sequence of topological
groups and continuous homomorphisms:

1—>um—>é—>G—>1,

such that the map G — @G is locally a homeomorphism. The isomorphism
classes of topological central extensions of G by u,, correspond to elements
of H2.. (G, um), where H? ... denotes the group cohomology theory based
on Borel-measurable cochains (see [24]). As all our cochains will be Borel-
measurable we shall write H*® instead of H?

meas*
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2.3 Commutators and symmetric cocycles

Proofs of the following facts may be found in [16], where they were used to
determine the metaplectic extensions of D>, where D is a quaternion algebra
over k.

Let G be a group and suppose GG; and G5 are two subgroups of GG, such
that every element of (G; commutes with every element of G5. Given a 2-
cocycle 0 € Z%(G, i), we define for a € G; and b € G5 the commutator:

o(a,b)
o(b,a)’

la, b, =

The commutator map is bimultiplicative and skew symmetric, and depends
only on the cohomology class of 0. If G is a locally compact topological
group and o is Borel-measurable, then the commutator map is a continuous
function on G x Gs.

If G is an abelian group, then we shall call a 2-cocycle o on G symmetric
if [, -], is trivial on G x G. This amounts to saying that the corresponding
central extension G is abelian. We shall write H fym(G, fm,) for the subgroup
of symmetric classes. If G and H are two abelian groups, then the restriction
maps give an isomorphism:

HSQym(G © H, i) = H? (G, pm) @ Hszym<H7 Fom)-

sym

The restriction map gives an isomorphism:

H (G piom) = H (G, ),

sym

where G[m] denotes the subgroup of m-torsion elements of G. Furthermore
there is a canonical isomorphism (independent of ():

o — b, where HO‘(C,Ci) = b
i=1

2.4 Singular homology groups.

We will need some notation from singular homology, which we now introduce.
In order to avoid sign errors we must be clear about the precise definition of
our chain complex, which is rather non-standard.
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For r > 0 we define the r-simplez A" by
A" = {gER”l:xo,...,xT > (0 and inzl}.

By an r-prism we shall mean a product of finitely many simplices, i.e. an
expression of the form [[;_, A%® where >~ a(i) = r. Let Y be a topological
space. By a singular r-cell in Y we shall mean a continuous map from an
r-prism to Y. The cell T: [[;_, A — Y will be said to be degenerate if
T(z,,...,2,) is independent of one of the variables z; € A*® (a(i) > 0). We
shall write C,.(Y') for the Z/mZ-module generated by the set of all singular
r-cells in Y, with the following relations:

e Suppose A is an a-prism and B is a b-prism with a +b = r. If T :
A x B — Y is a singular r-cell then we define another singular r-cell
T :BxA—Y by T(ba) =T(a,b). For every such T,7’ we impose a
relation:

T = (=1)*T,
e T =0 for every degenerate r-prism 7.

For any simplex A" we define the j-th face map (j = 0,...,7) to be the map
i AT AT (0, el) o (Toy e 21, 0,200, ).
The boundary of a singular cell T: [[/_; A*® — Y is defined to be the sum

a(z)
0T = et alim i o

1]0

74
where §; (2, ...,2,) = (T1,--, 2 1,8(%;), Ziq,s -, Ty).

This boundary map extends by linearity to a map 0 : C,.(Y) — C,_1(Y).

For any subspace Z C Y there is an inclusion C,.(Z) C C,.(Y), and we
define Co(Y,Z) = Co(Y)/Co(Z). The homology groups of the complexes
Co(Y) and C,(Y, Z) are the usual singular homology groups with coefficients
in Z/mZ (see for example [21]). We have taken a non-standard definition of
the chain complex because we will write down singular cells explicitly and
these will be as described above.

The base set |T]| of a singular r-cell T is defined to be the image of T if T
is non-degenerate, and the empty set if T is degenerate. The base set of an
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element of C,.(Y') is defined to be the union of all base-sets of singular r-cells
in its support.

If Y is a vector space over R then for vectors vg,...,v, € Y we shall
denote by [vg, ..., v,] the r-cell A" — Y given by

[vo, ..., v,](z) == va

The image of this map is the convex hull of the set {vy, ..., v.}. To simplify
our formulae we shall sometimes substitute the closed interval I = [0, 1] for
A, by identifying 0 with (1,0) and 1 with (0,1).

Orientations. Let Y be a d-dimensional manifold. If y € Y then Hy(Y, Y\
{y}) is non-canonically isomorphic to Z/mZ. The manifold Y is said to be
Z/mZ-orientable if one can associate to each point y € Y an isomorphism

ord, : Hy(Y, Y \ {y}) — Z/mZ,

with the property that for every y € Y there is a neighbourhood U of y, such
that for every z € U the following diagram commutes.

Hq(Y, Y\ U)

Z]mZ

Such a collection of isomorphisms will be called an orientation.

Suppose Y is Z/mZ-orientable and fix an orientation {ord,} on Y. Let
T € Cy(Y). Suppose that y € Y does not lie in the base set of 9T. Then T
represents a homology class in Hy(Y,Y \ {y}). From our condition on ord,
the map y — ord,(7) is a locally constant function Y \ |0T| — Z/mZ. For
a discrete subset M C Y we shall use the notation

{T|M} =" ord,T.

yeM
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3 The arithmetic and geometric cocycles.

3.1 The arithmetic cocycle

Let u,, be a cyclic group of order m. Let V., be a totally disconnected
locally compact abelian group and suppose that multiplication by m induces
a measure-preserving automorphism of V. Suppose i, acts on Vi in
such a way that every non-zero element of V,;, has trivial stabilizer in p,,.
Given this data we shall construct a 2-cocycle Dec,in on the group Gain =
Aut,, (Varitn) with values in p,,. This cocycle Decyyign was first studied in
[10] and we shall keep to the notation of that paper. Those results, which
are stated here without proof, are proved in [10].

The Cocycle. We choose a compact, open, f,,-invariant neighbourhood L
of 0 in Vn and we normalize the Haar measure dv on V. so that L has
measure 1. By our condition on Vi, it follows that for any compact open
subset U of Vi, the measure of U is a rational number and is integral at
every prime dividing m. Thus for any locally constant function ¢ : Vi —
Z/m of compact support, we may define its integral to be an element of Z/m.
This “modulo m integration” is independent of the neighbourhood L used
to normalize the measure.

Finally, we choose an open and closed fundamental domain F' for the
action of p,, on Ve \ {0}; we write f for the characteristic function of F'.
The cocycle is given by the formula:

Dec/ 'k (a, ) = H f{fL B fﬁL} f(av)f(gv)dv’ o, € Gaign.  (10)

arith
£€,um

Up to a coboundary, this is independent of the choices of f and L. If we
regard Gain as a topological group with the compact-open topology then
the cocycle Dec,n is a locally constant function. This may be deduced
using the cocycle relation from the following fact.

Lemma 2 If o, (3 € Gaitn and L = L then we have Decg{i’f}l) (o, B) = 1.

Proof. This follows immediately from the definition of Decgsp. O
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A Pairing. Before proceeding, we shall reformulate the definition of Decytn,
in a more useful notation. We shall call a function ¢ : Vyien — Z/m sym-
metric if o(&v) = p(v) for all € € p,,. We define C to be the space of locally
constant symmetric functions of compact support on V. On the other
hand a function ¢ : Vyim \ {0} — Z/m will be called cosymmetric if the sum

> g(éw)

E€um

is a constant, independent of v. The value of the constant will be called the
degree of g. We define F to be the space of locally constant, cosymmetric
functions Vi \ {0} — Z/m. A cosymmetric function f € F of degree 1
will be called a fundamental function. For example the function f described
above is a fundamental function. Thus fundamental functions generalize the
notion of a fundamental domain. The group G, acts on C and F on the
right by composition. Let C° be the submodule of functions M € C satisfying
M (0) = 0 and let F° be the submodule of functions in F of degree 0. There
is a pairing F° x C° — pu,, given by

(glM) = T ¢ 9 (€)M (v)dv

£€,U«m

where f is a fundamental function. The pairing is independent of f, and is
Gaitn-invariant in the sense that for a € Gy, we always have:
(ha|Ma) = (h|M). (11)
With this notation we can express Dec,,i1, as follows:
Decgi (o, ) = (f = falBL — L), (12)

Here we are writing L and BL for the characteristic functions of these sets.
It is now clear that Dec,n is a 2-cocycle, since it is the cup-product of the
1-cocycles f — faand BL — L.

Another expression for the pairing. To aid calculation we shall de-
scribe the pairing in a different way. Let M€ be the space of locally constant
functions of compact support ¢ : Vaien \ {0} — Z/m. Let M be the space
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of locally constant functions ¢ : Vit \ {0} — Z/m. There is a right action
of Garitn by composition on the spaces M¢ and M:

(pa)(v) == ¢(av),  a € Garith-

We shall also regard M and M¢€ as left (Z/m)[p,)-modules with the action
given by
(£0)(v) = B(E'v), € € tim.

The two actions commute.

As (Z/m)[pim]-modules, both M and M€ are acyclic, since they are in-
duced from spaces of functions on the fundamental domain F'. Hence, by
Lemma 1, the integration map [ : M — Z/m lifts to a map

—

[ra-me =

defined by

o~ —

/ (¢ — o) (0)dv = / (1 — [¢])pdv = ¢-J PV,

The modules F° and C° introduced above may be expressed as follows:

€2 = ker (1= [C]) : M — MC) = [} M,
F° = ker ([,um] M — ./\/l) =(1-[¢])M.

Proposition 1 Given g € F° and M € C°, the product g - M is in (1 —
[C])ME. The pairing F° x C° — p, is given by

—

@MzﬂaM@w (13)

Proof. Since [p,]g = 0, we have g = (1 — [¢])h for some h € M. As M is
symmetric we have g - M = (1 — [(])(h- M). Since M has compact support,
so does h - M. Therefore g - M € (1 — [¢]) M and we have

—

/g M = Cf h(“)M@)dU.
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We now calculate the pairing:
ity — T &f FE000) = he )M ),
EE€Um
Replacing & by ¢~1€ in the second term we obtain:
(g| M) = H £ff Ev)h(v)M(v) dv (¢le)™ [ f(¢ v)h )M(v)dv_
E€pm

Replacing v by (v in the second term and using the symmetry of M we
obtain:

(glmy = T & JEMM)dv(-1g)= [ F(E)h(w)M(v)dv

EE€EHm

This cancels to give:

(g|M) = Hgffﬁv M(v)dv.

Since f is fundamental we have:

(M) = ¢J Pw)M(v)dv,

3.2 Reduction to a discrete space.

The arithmetic cocycle Dec,itn depends on a choice of an open and closed
fundamental domain F' for g, in Vi \ {0}. In practice it is unnecessary to
describe such an F' completely. We shall show that a large part of the cocycle
depends only on a fundamental domain in a discrete quotient of V.

We shall fix once and for all a pu,,-invariant, compact, open subgroup
L C Viign. We shall write X for the (discrete) quotient group Viin/L. The
idea is that it is easier to find a fundamental domain in X \ {0} than in
Varith \ {0}

We introduce modules of functions on X analogous to F° and C° above.
We let M x denote the space of all functions X \ {0} — Z/m and we let M5
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denote the space of all such functions with finite support. As the action of
tm on X\ {0} has no fixed points, these are acyclic (Z/m)[p,,] modules. We
define

% = ker ([um] My — MX), C% = ker (1 —[¢]: M — ./\/lx)-
There is a pairing F% x C§ — iy, given by
(1 = [DglM)x = (Rexyor SN (), (14)
We have canonical inclusions ¢ : Mx — M and ¢ : M5 — M and we have

(gIM)x = ((g)|e(M)). (15)

We shall write G;rrith for the semi-group of elements a € G,y such that
aL D L. Let Fx be a fundamental domain for the action of p,,, on X \ {0}.
We shall suppose our fundamental domain F' is chosen so that for v ¢ L we
have v € F if and only if v + L € Fx. As before we shall write f for the
characteristic function of F'.

Lemma 3 For «, 8 € G, we have:

o The restriction of fa™t to Vaim \aL is L-periodic, and therefore induces
a function on X \ aL.

e The set afL — oL is L-periodic. Its characteristic function therefore
induces a function on X which is zero on alL.

o We have
Dng{i’tLh)(O(’ﬁ) = <f01_1 - flOéﬁL — OéL)X.

Proof. The first two statements are easy to check; the third follows from

(11), (12) and (15). 0

3.3 Examples of arithmetic cocycles

Let k£ be a global field containing a primitive m-th root of unity, and let p,,
be the group of m-th roots of unity in k. Consider the vector space V = k™.
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Local examples. Let v be a place of k such that |m|, = 1, where |- |, is
the absolute value on k,, normalized so that d(mx) = |m|,dx for any Haar
measure dx on k,. We shall write V,, for the vector space V ®; k, = k;'. The
action of u,, by scalar multiplication on V,, satisfies the conditions of Vi
of §3.1. We therefore obtain a 2-cocycle on GL,(k,) with values in p,,. We
shall refer to this cocycle as Dec,.

The commutator of Dec, on the maximal torus has been calculated in
Theorems 3 and 5 of [10]. It is given by

(Jdet ot —1)( |detﬂ|v 1) (Jailo—1)(|8ilv—1)

[, B]pec, = (—1) H Dm0, B)mes (16)

where

an B
A ﬂn
and (-, -)m. denotes the m-th power Hilbert symbol on k,. Our restriction
on v amounts to requiring that (-, -),,, is the tame symbol.

Semi-global examples. Let S be the set of all places v of k, such that
|m|, # 1. We shall write A(S) for the ring of S-adeles of k, i.e. the restricted
topological product of the fields k, for v € S. Let Vj(s) = V®@,A(S) = A(S)".
The action of y,, on Vj(s) by scalar multiplication satisfies the conditions of
Viaritn of §3.1. We therefore obtain a 2-cocycle on GL, (A(S)) with values in
. We shall refer to this cocycle as Decy(s). The cocycle Decys) is not quite
the product of the local cocycles Dec, for v ¢ S. In fact we have (Theorem
3 of [10]) up to a coboundary:

(| det aly—1)(| det Blw—1)
Decy(s) HDeCU a, 3) H( 1) m?

véS v<w

Here we have chosen an ordering on the set of places v ¢ S; up to a cobound-
ary the right hand side of the above formula is independent of the choice of
ordering. As a consequence of this and (16), we have on the maximal torus

in GL,(A(9)):

(| det a|p(gy— 1) |detﬁ|A(S) 1) |a2|v 1)( |,81\1, 1)

[a7ﬁ]DecA(s) = (_1) H H - (aiaﬁi)v,m

vgS i=1
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The positive characteristic case. Suppose for a moment that k£ has
positive characteristic. In this case the set .S is empty, so in fact we have a
cocycle Decy on the whole group GL,(A), where A is the full adele ring of
k. The proof that Decy splits on GL,, (k) is easy to understand.

We may also take Vi = A"/E™. This is acted on by GL,(k), so we
obtain a corresponding cocycle Decy, on GL,, (k) with values in p,,. One easily
shows that, up to a coboundary, Decy, is the restriction of Decy. In this case
however, Vi, 18 compact, so we may take L = Vi, in the definition (10) of
the cocycle. With this choice of L one sees immediately that the cocycle is
trivial. This shows that the restriction of Decy to GL, (k) is a coboundary.

3.4 The Gauss—Schering Lemma

We next indicate the connection between the cocycle Decy gy and the Gauss-
Schering Lemma. Let k, ji,, and S be as in §3.3. We shall write 0 for the
ring of S-integers in k. Recall that for non-zero, coprime a, 3 € 0°, the m-th
power Legendre symbol is defined by

<%)3,m: T (@ B8)me

vgS, v|B

The Gauss-Schering Lemma is a formula for the Legendre symbol, commonly
used to prove the quadratic reciprocity law in undergraduate courses. Choose
a set R of representatives of the non-zero p,,,-orbits in 0°/(3). Such sets are
called m-th sets modulo . For any & € u,, define

r(§) = |{z € Rz : ax € ERg}|.

The Gauss-Schering Lemma is the statement

a _ r(€)
(ﬁ) Sm H 5 .

fe,um

Consider the cocycle Decy(s) on GL1(A(S)) of §3.3. Let L = [] 450;
we shall also write L for the characteristic function of this set. The subset
L C A(S) satisfies the conditions of §3.2. The semi-group G, of §3.2
contains 3! for all non-zero 3 € 0°. Choose a fundamental domain F for
the action of p,, on (A(S)/L)\ {0} and let f be its characteristic function.
We shall write fag) for an extension of f to A(S)\ {0}. The Gauss-Schering
Lemma may be reformulated as follows.
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Proposition 2 For non-zero, coprime o, 3 € 0g we have:

<%) — Dec&g))’L(a, 671)*1.
S,m

Proof. As in §3.2 we let X = A(S)/L and we let F' be a set of represen-
tatives for p,,-orbits in X. Let X[5] = {x € X : Bz = 0}. We shall identify
X[B] with 0%/(83). Let Fs = F N X[3]. The set Fj is an m-th set modulo
[ in the sense described above. Therefore the Gauss-Schering Lemma states
that (a/f)g,, = [T1€7®, where r(&) may be rewritten as:

= [ o).

J?EFB

This is equivalent to

r@= Y f@)f¢ ax)

zeX[B\{0}

As we have normalized the Haar measure to give L measure 1, the sum can
be rewritten as an integral:

0=~ s

The proposition follows from the definition (10) of Decayip. a

It is common in proofs of reciprocity laws using the Gauss—Schering
Lemma to change from a summation over 3-division points to a summation
over af-division points when calculating (/). (see [9, 8]). The reason why
this technique is useful, is because whereas the sum over (-division points
is Decys)(a, f71), the sum over af-division points is, as we can see from
Lemma 3, related to Decys)(a, 3).

3.5 The geometric cocycle

In this section we let V, be a vector space over R with an action of the cyclic
group [, such that every non-zero vector in V., has trivial stabilizer in pu,,
(such representations are called linear space forms). We shall write d for the
dimension of V., as a vector space over R. Let G be the group Aut,,, (V)

26



and let g be its Lie algebra End,,, (V). We shall construct a 2-cocycle Decq,
on G, with values in p,,. The construction is analogous to the construction
of Dec,in of §3.1.

If m = 2 then the group s acts on V,, with the non-trivial element acting
by multiplication by —1. In this case Go, = GL4(R). In contrast if m > 3
then V, is a direct sum of irreducible two-dimensional representations of ji,,.
The group G is then a direct sum of groups isomorphic to GL,;)(C), with
d=2%.r().

For any singular r-cell T: A — gin g and any singular s-cell U : B — V
we define a singular r 4+ s-cell T-U: A x B — V, by

(T-U(z,y) = T(z)  Uy)-

This operation extends to a bilinear map C(g) X Cs(Vy) — Cris(Vao).
We fix an orientation ord on V.. The following lemma will often be used
in what follows.

Lemma 4 (i) For any a € Goo, v € Vo and any T € Zy(Vio, Voo \ {v}) we
have in Z./m:
ordy, (aT) = ord, (7).

(ii) For every T € Cy(Vio, Voo \ {0}) we have in Z/m:
ordo((1 = [¢])T) = ordo([pm]T) = 0.

Proof. (i) Since Z/27Z has no non-trivial automorphisms, there is nothing
to prove in the case m = 2. Assume now m > 2. The group G, is a direct
sum of groups isomorphic to GL,(C), and is therefore connected. Hence the
action of GG, on the set of orientations of V, is trivial.

(ii) By (i) we have ordy((1—[¢])T) = 0. On the other hand, the following
holds in (Z/m)[tim]:

m] = (6] 213 + ..+ (m = D™ ) (1= (4]

Hence ordg([pm]T) = 0. O

Let d be the dimension of V,, as a vector space over R. We may choose
a finite d — 1-dimensional cell complex & in V, \ {0} with the following
properties:

e The inclusion & — V,, \ {0} is a homotopy equivalence;
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e The group p,, permutes the cells in &G and each cell has trivial stabilizer
in f,.

One could for example take & to be a triangulation of the unit sphere in
V. We shall write &, for the corresponding chain complex with coefficients
in Z/m. It follows from the second condition above that each &, is a free
(Z/m)|pm]-module. A basis consists of a set of representatives of fi,,,-orbits
of r-cells. Thus each &, satisfies the exact sequence (9).

Choose a cycle w € &,_1; whose homology class is mapped to 1 by the
isomorphisms:

Hy1(S) = Hy (Vo \ {0}) & Ha(Vio, Ve \ {0}) ¥ Z/m.

By Lemma 4 we know that (1 — [(])[w] = 0 in Hy—1(&). As &, = 0, this
implies that (1 — [(])w = 0 in &4_1. Thus by the exact sequence (9) there
isa D € 6,1 such that w = [u,,]D. We may think of D as a fundamental
domain for pu,, in 6. As w is a cycle we have:

[1trm]OD = Olpm|D = 0w = 0.
Thus, by the exact sequence (9), there is an € € &,4_5 such that
0D = (1-[())€E.

Definition 1 We may define the geometric cocycle Decc()?) for generic o, B €
G as follows:

Dec®)(a, §) = g—ordg([l,a,aﬁ] &)

Remark 1 In fact we have Dec'?) (o, §) = o/r\do(—[l, a,af3]-0D), where ordy
is a lifted map in the sense of Lemma 1. The (Z/m)[tm)|-module Zg(Veo, Voo \
{0}) is free. However we shall not use this interpretation.

If the choice of D is clear or irrelevant, then we shall omit it from the
notation. In order to define Dec.,(a, 3) on all pairs («, 3) rather than just
generically, we must define ordy([1, a, af3] - €) when 0 is on the boundary. To
do this we slightly modify our definition. We define [1, o, a3] to be the map
g — Cy(g) defined by

(€1,€2,€3) — [1 + €1, a(l + &), aB(1 + €3)].
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Then [1, o, af] - € becomes a map g* — Cy(V,). We fix a basis {by,...,b.}
for g over R. For € = > x;b; we shall use the notation:

“lim” = lim --- lim .
e—0t 1 —0t z,—0t

With this notation we define
ordg([1,,af]-€) = lim lim lim ord, ([1 + e, a(l+€),afB(1+€3)] - 8).

€1—0t1 e0—0T e3—01

We will prove in §5 that, for a suitable choice of G, the above limit exists for
all a, B € G. It is worth mentioning that the above limits do not necessarily
commute.

Theorem 2 Dec,, is a 2-cocycle.
Proof. Let a, 3,7 € G and consider the 3-cell in g:
A=[1+e,a(l+e),ab(l+e),aby(l+e).
We have straight from the definition:

D — lim lim lim lim ¢—°"do((OA)- &)
? CCos (Oé7 ﬁ’ ’Y) ell—I})l7L 621_1})1+ 631—r>{)l+ 541—1})1+ C

The boundary of A - € is given by
IA-E)=0A)-E+A-0E.

(Since coefficients are in Z/m, the sign is only important for m > 3, and in
these cases d is even). Taking the order of this at 0 and then taking limits
we obtain:

ODec (047 57 7) 611—1}/)1Jr EQE{)I+ eggf)l+ E4er)1+ C
We must show that the right hand side here is 1. We know that (1 —[¢])€ =
OD. Therefore (1 — [(])OE = 0, so by the exact sequence (9), there is a
B € &,_3 such that

9€ = [un|B,

This implies
A€ = [p](A - B).

The result now follows from Lemma 4. O

We next verify that our definition is independent of the various choices
made.
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Proposition 3 (i) The cocycle Decg) 1s itndependent of the choice of €, the
orientation ord and the generator ¢ of fipy,.
(ii) The cohomology class of Decg?) is independent of the choice of D.

Proof. (i) We first fix D and choose another &’ such that
(1 [)E = (1 - [())e’ = .
By the exact sequence (9) there is an A € &, such that
& — & = [umlA.
This implies by Lemma 4:

Dect (0, B) = Dect (o, 3)¢ O do([m][L, @ aff] - A)
Decg,(a, 3).

Now suppose we choose a different orientation ord’. We have ord’ = u-ord
for some u € (Z/m)*. We may therefore choose w’ = u™'w, D' = u~'D and
& = u~'&. With these choices we have

ordg([1, a, 8] - &) = ordo([1, o, ] - €).
Finally suppose (" = ( for some u € (Z/m)*. We then have in (Z/m)[):
(1-Q=01-¢) A+ +...+¢" .
We may therefore take
E=0++.. .+ hHe.
This implies by Lemma 4
ordo([1, o, 8] - &) = w - ordy([1, v, 3] - €).

Therefore
C/—ordo([l,a,aﬁ] &) _ C—ordo([l,a,aﬁ] &)

(ii) We now allow D to vary. We choose D’ to satisfy
[bn]) D" = [ptm]D.
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By the exact sequence (9) there is a B € &, such that
D'=D+ (1-[(])B.

Thus
oD = 9D + (1 — [¢])9B.

We may therefore choose & = € + 0B. Note that we have

[1,a, 8] - B) = O([1,,af]) - B+ [1,, 3] - OB
= [L,a]-B—[1,a8] - B+ |o,af]- B+ [1,a,af] - 0B.

This implies using Lemma 4:

ordo([1,a, 8] - 0B) = ordg([l,a8]-B —[1,a] - B — [a,af] - B)
= ordy([1,af] - B) — ordo([1, o] - B) — ordo([1, 5] - B).

Putting things back together we obtain:
DeclT) (e, B) = Dec(a, mw

where

3.6 Example: GLy(R)

If V is 1-dimensional then the fundamental domain D is zero-dimensional,
and so we have & = 0 and Dec, is always 1. The smallest non-trivial example
is the case m = 2 and V,, = R? with the group s, acting on R? by scalar
multiplication. We shall consider this example now. We have G, = GL(R).

As m = 2 there is no need to worry about a choice of orientation. We
may take our fundamental domain D to be the half-circle:

D:{(;):xQ—i—yz:l,yZO}.
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The boundary of this consists of the two points ((1)) and (_01> We

may therefore take & = [v], where v = The cocycle is then given

1
0
(generically) by:

1 if 0 ¢ [v,av, afv],

(D) _
Dec” (e, 8) = { -1 if 0 € [v, av, afBv].

By choosing a different D we may replace v by any other non-zero vector to
obtain a cohomologous cocycle.
For later use we calculate the commutator of Dec,, on the standard torus

n GLQ (R)
Proposition 4 The commutator of Decy, on the subgroup of diagonal ma-

trices in GLo(R) is given by:

{(al o ) ; (ﬁl i )] = (aq, f1)r2(02, f2)r2(det o, det B)r 2.
2 2 Decoo

The right hand side here consists of quadratic Hilbert symbols on R.

Proof. Commutators are is continuous, bimultiplicative and alternating.
The right hand side of the above formula is also continuous, bimultiplicative
and alternating in «, 8. It is therefore sufficient to check the formula in the

case a = (1 1 ), 6= <_1 1 ) To calculate the commutator there we

choose v = (1

1 ) With this choice we have

(14 @)v, a1 + @), aB(1 + esh] = [(1 ) (}) (14 (_11) (1+e) (j)] ,
(14 e)v, B(1 + e2)v, fa(l + &)0] = [(1 +a) (}) (14 )’ (‘11) (1t ) (j)} .

We therefore have in Z/2:

lim ordo([(1 + €1)v, (1 + €2)v, aB(1 + €3)v]) _1
a—0+,e—0+,e—0+ \ —ordo([(1 + €1)v, a(1 + e2)v, aB(1 + €3)v]) '
Decoo (a,8)

Decw (B.a) — —1, which verifies the result. O

This implies

32



3.7 Stability of the cocycles

Suppose V., is the direct sum of the representations V; and V5 of u,,. The
group G, contains the direct sum of Gy = Aut,,,, (V1) and Gy = Aut,,, (V).
We have defined cocycles Dec,, on G, Decg)) on (G; and Decg) on GGo. The
next result describes how these are related.

Proposition 5 Let « = (ay, ) and B = (61, F2) denote elements of G1 &
Go. We have up to a coboundary:

Decoo (v, B) = Decg? (o, Bl)Decg)) (B1, B2)(det(aq), det(f2) )r 2-

Here (-, )r2 denotes the quadratic Hilbert symbol on R and det is the deter-
minant over the base field R.

Note that for m > 3, a; and 3; have positive determinant, so in this case
the final term above vanishes.

Proof. We shall first consider the case m = 2. Thus we have G; =
GL4(R), G5 = GLy(R) and G, = GL445(R). There is an isomorphism:

HQ(Gl S G2>M2> = H2<G17,u2) S H1<G17H1<G27N2)) D HZ(G2,M2)

The middle component of the isomorphism is given by the commutator
a1, Ba] (an € Gi, B € Gs); the other two components are given by re-
striction. We must show that the image of Dec,, is that described in the
proposition.

We first examine the restriction of Decy, to G;. We may assume without
loss of generality that V5 = R. We shall assume for the moment that V; = R"
with n > 2; The case n = 1 will be dealt with separately.

For any r-cell A : A — R"™ we define we define two r + 1-cells A1, A~ :
A x I — R by:

(AN)(z, 1) = (1 = t)A(z) + teny,

(A7)(z,t) = (1 —t)A(z) — tenta,

and we shall write A* = AT — A~. Here e, is the n + 1-st standard basis
element in R"*!. The above construction has the following properties which
are easily checked:

1. For r > 1, we have modulo degenerate cells: 9(A%) = (0A)*.
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2. For a € G; = GL,(R) we have a(A*) = (aA)*. Furthermore ([—1] -
A)E = [—1] - (A*) (here [—1] is acting by scalar multiplication on V,
rather than on the coefficients of chains).

3. If A is an n-cell in R™ then ordggn(A) = ordggn+1(A*). (The choice
of orientation here is unnecessary as m = 2). One should understand
this formula as meaning that if one side is defined then so is the other
and they are equal.

Let wy be the generator of H,_1(V; \ {0}) as in §3.5. By the first and third
properties above, we may take w = wi- as our generator for H,(Vy \{0}). By
the second property, we may choose D = DF. Since n > 2, the first property
implies that we may take & = &7,

Let aq, 51 € G1. By the second property we have:

[17011,04151] €= ([L 01,04151] ) 81)i-

Hence by the third property, it follows that:
Dngl)(ah ﬁl) = Dect()oD)(ab 61)7

so the restriction of Deco, to Gy is DeclV.
We may check by hand that this still holds in the case n = 1, where

Decll) is trivial (simply take & = [(O and draw a picture). By the same

1
reasoning we also know that the restriction of Dec,, to G5 is cohomologous
to Decg).

It remains only to prove the formula for the commutator [ay, Bs]pec..,
where a1 € G1, B2 € Gy. As commutators are bimultiplicative, this only
depends on det(a;) and det(3y) (as SL,(R) is the commutator subgroup of
GL,(R)). Furthermore, by what we have already proved, we may assume
without loss of generality that V; = V5, = R. We are reduced to calculating

|:< ) ( >:| )eCoo
O ’ 0 - c

The result now follows from Proposition 4.

Finally suppose m > 3. In this case G; and G5 are connected, so the
middle commutator term is trivial. We need only verify that the restriction
of Dec, to (G is Decg)). By induction it is sufficient to prove this in the case
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that V5 is a simple p,,-module. Since V5 is a linear space form of p,,, this
implies that V5 is 2-dimensional. The result follows as in the case m = 2
but replacing the construction A* by a construction which increases the
dimensions of cells by 2. This is left to the reader. a

Corollary 1 Let m = 2 and let Decs, be the cocycle on GL,(R) constructed
from the action of ps on R™. Then, on the standard torus in GL,(R), the
commutator of Decy, is given by

[, Blpee,. = (det a, det B)g H(Oéi, Bi)r,2,

i=1
where
aq B
a = o ) 6 = .
an Bn
Proof. This follows by induction from Proposition 5. a

3.8 Example: GL;(C)

We now calculate a specific example which we shall need in the next section.
We choose an embedding of ¢ : p,,, < C* and we let V,, = C with the action
of fi,, given by ¢. Thus Decy, defines an element of H*(C*, y,,) and we shall
now calculate this element. As C* is abelian, 2-cocycles on this group may
be studied by studying their commutators. However since C* is connected,
the commutator of every 2-cocycle is trivial. We therefore have

HQ((Cxaﬂm) = H; (C*, pm)-

sym

By Klose’s isomorphism (see §2.3), it follows that

HYC* ) = Z/m,

o — a, where ("= 1__[ a(1(¢),1(0)).

i=1

Proposition 6 The image under the above isomorphism of Decy, is 1.
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Proof. We choose the generator ¢ so that +({) = e**/™. The group
H,(C,C*) is generated by the following element:

A = [1,0(0), ()] + [1,6(0)?, ()] + o+ [1, ()™ Q)™

We shall fix our orientation on C such that ordg(A) = 1. We may therefore
take

w=0A = [L(Q)] + [¢(¢): ()] + ..+ [(O)™ 7, 1).
We may then choose D to be the line segment [1, e2™/™]. Thus

0D = [e*/™] — (1] = (1 = (O (~[1]).

We may therefore choose € = —[1]. With this choice of € we have as required:

ﬁ Deco (1(€)',1(€)) = ¢l — ¢.

O

The corresponding central extension (normalized as described in §2.2) is

as follows:
1 — pm — C° — C* — 1,

a — o™

3.9 The totally complex case.

In this section we suppose k is a totally complex number field containing a
primitive m-th root of unity and let u,, be the group of all m-th roots of
unity in k. We let Vo, = k2, where ko, = k®gR. The action of ju,, by scalar
multiplication on V,, satisfies the conditions of §3.5. The group GG, contains
GL,(kx). We therefore obtain by restriction a cocycle Decy, on GL,, (koo).
In this section we shall study this cocycle.

3.9.1 The cocycle up to a coboundary.

The determinant map gives as isomorphism:

de
GLo (ko) /SLn (ko) = K2,
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This gives us an inflation map:
H* (k% ftm) — H*(GLn (Koo), fim)-

As SL,, (ks ) is both connected and simply connected, the groups H(SLy, (koo ), ftm)
and H?(SL,,(kuo), ftm) are both trivial. Hence by from the Hochschild-Serre
spectral sequence, it follows that the above map is an isomorphism.

As k7 is abelian we may speak of the commutators of cocycles; however
as k2 is connected, these commutators are all trivial. Thus we have

H?*(GLy (koo pm) = HZ 0 (K2, fm),

sym
Let S, be the set of archimedean places of k. We have a decomposition:
kL= P kS
VESeo

By the results described in §2.3, we have

H2(GLn(kOO)a /'Lm) = @ Hsym(ki’um)

VESso
Klose’s isomorphism (§2.3) now gives:
H*(GLy(kso), ) = €D Z/m.
’UESOO

By the results of the previous two sections 3.7 and 3.8, we know that the
image of Decy, under the above isomorphism is (1,...,1).
3.9.2 The group extension.

We now describe the central extension of GL,(k), corresponding to Dec,,.
Fix v € S, so k, is non-canonically isomorphic to C. Define a subgroup
GL,(k,) of GL,41(k,) as follows:

N _[(a 0\ aeGL,(k)B€k,
GLn(kv){(O g) deta =" }
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The group extension of GL,(k,) defined by the restriction of Dec,,, is con-
cretely realized as follows:

1 - py — C/}\I/Jn(kv) — GL,(k,) — 1,
CL ()
0 ()’
a 0 -, o
0 g ’
Here ¢, : k — k, denotes the embedding corresponding to the place v. Let

tim (ko) be the m-torsion subgroup of kX . Define a subgroup K of fi,, (ko)
to be the kernel of the homomorphism A : pi,,, (ko) — pin defined by

né) = 11 ')

VESoo
The full group extension @n(kw) is the quotient

(@ é‘in(kv)> /K.

’UGSOC

3.9.3 How the cocycle splits.

We will need to calculate precisely how the cocycle Dec,, splits. This is
essential in order to find a formula for the Kubota symbol. Consider the set

U = {a € GL, (k) : @ has no negative real eigenvalue}.

The set U is contractible, as it is a star body from 1. It is also a dense open
subset of GL,(kx), as may be seen from the Jordan canonical form.

Lemma 5 If a € U then the function Decy, is locally constant at the point
(1,a).

Proof. By definition we have:
Decoo(La) — COI‘do([l, 1,0&] . 8)

If we suppose that Dec, is discontinuous at (1, ) then this implies that 0 is
on the base set of [1,1, a]- €. Thus there is a v in the base set of € such that

t+(1—t)a)-v=0, te(0,1).

38



This implies that v is a (non-zero) eigenvector of v with eigenvalue =% < 0.
O

Let 1 = kX /K. Using the map h, we may identify p,, with the subgroup
tm (ko) /K of Ti, and hence we may regard Dec,, as taking values in f; as
such it is a coboundary. We define a function w : GL, (ks ) — @ which splits
Decy.. First suppose @ € U and consider the path in g:

o = [1,al.

As « has no negative real eigenvalues, this path is contained in GL, (ko).
There is a unique continuous path ¢, : I — kZ defined by:

7(0) =1, qa(t)™ = det pq(t).
We define w(a) = go(1). More generally for v € GL,, (ko) we define

w(a) = lim w(a(l +¢€)).

e—0t

Clearly w(a)™ = det . Hence, for o € SL,, (ko) we have w(a) € pip (koo ).

Theorem 3 For «, 3 € GL,, (ko) we have wfjx)w(ﬂ) € pim(kso). Furthermore

in Uy, we have: ()
Deca(a, 8) = h (%) |
For a, 8 € SLy (k) we have
_ hw(a)hw(p)
Dec (v, B) = (el

The theorem gives an explicit splitting of the image of Decy, in Z2(GL,, (koo ),
and also a splitting of the restriction of Decy, to SLy, (ks ).

Proof. The first statement is trivial and the third statement follows im-
mediately from the second. We shall prove the second statement. By the
limiting definition of both sides of the formula, it is sufficient to prove this in
the case a, 8,8 € U. As U is simply connected there is a unique continuous
section 7 : U — GL, (ks ) such that 7(1) = 1. This section is given by

o= (5 )
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Now consider the realization of éin(koo) as GLj(koo) X ptn with multipli-
cation given by (o, &)(8, x) = (af, {xDecs (v, 3)). To prove the theorem it
is sufficient to show that the map U — @n(koo) given by a — (a,1) is
continuous, and hence coincides with 7.

There is a neighbourhood Uy of 1 in GL,, (ks ) such that for a, 8 € Uy we
have Dec(a, ) = 1. Therefore the map 3 — (3, 1) is a local homomorphism
on Uy, and is therefore continuous. On the other hand by the previous lemma,
for a € U there is a neighbourhood U, of 1 in Uy, such that for g € U, we
have:

(@f,1) = (o, 1)(3, 1).

Thus the left hand side is a continuous function of 3 € U,, so the theorem
is proved. O

Remark 2 The above theorem shows that in the complex case the cocycle
Dec(()?) does not depend on the fundamental domain D. The cocycle does
depend on the basis of g used to define the limits, but this dependence is only
for a, B oraf in GL,(ks) \ U.

3.10 The real case.

If k£ is a number field, which is not totally complex, then k contains only two
roots of unity. We describe the result analogous to Theorem 3 in this case.

Suppose that p,,, = {1, —1}. We shall identify V,, with R? for purposes of
notation. With this identification, G is the group GL4(R). We may choose
S to be a triangulation of the unit sphere S?! in R? Our fundamental
domain D may be taken to be the cell:

X1
D= clesSttie >0
Xd

Thus € can be taken to be the cell

T
& = : eS8 x =0, 29>0
Td
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0

The cell € is contained in the following subspace W = x:Q . Define

Lq
U =1{aéeGL,(R): « has no e‘igenvecto.r in W
with a negative real eigenvalue

The set U’ is a dense, open, contractible subset of GL,(R). One may prove
analogously to the totally complex case:

Theorem 4 If o, 8 and af are all in U’ then Decg) 15 locally constant at

(@, 3).

This shows that Decg) is the cocycle obtained from a section G, — éoo,
which takes the identity to the identity and is continuous on U’.

4 Construction of fundamental functions.

Let k be an algebraic number field containing a primitive m-th root of unity
and consider the vector space V' = k™. As before, we let S be the set of
places v of k such that |m|, # 1. We define Vj(s) = A(S)" and Vo = kL,
where £k = k ®g R. From the previous section we have an arithmetic
cocycle Decf{(’g on GL,(A(S)) and a geometric cocycle Dec'”) on GL, (ko).
We shall relate the two. However the arithmetic cocycle is dependent on a
choice of fundamental function f on A(S)" \ {0} and the geometric cocycle
is dependent (in the real case at least) on a fundamental domain D. In
order to describe the relation between Decy sy and Decy,, we must first fix
our choices of f and D. In this section we choose a fundamental function f
(at least generically) and a related fundamental domain D and describe the
mechanism by which the two cocycles will be related. In section 5 we deal
with the problem of defining f everywhere, In section 6 we prove the relation
between the cocycles, based on the methods of this section.

From now on we shall assume that m is a power of a prime p. There is
no loss of generality here, but we will save on notation by doing this. We
shall write p for a primitive p-th root of unity in k.
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4.1 The space X.

We fix once and for all a lattice L C V' which is free as a Z[u,,)-module. For
any finite place v we shall write L, for the closure of L in V,,. We shall also
write Ly(s) for the closure of L in Vj(s). Hence Lysy = vas L,.
Let
Vi =V ()L,
vlm

and consider the group X = V,,,/L. There are two ways of thinking about
X. First, the diagonal embedding of k£ in A(S) induces an isomorphism

X = Vis)/Las). (17)

Secondly, we can regard X as a dense subgroup of the group X, = V. /L.
The two ways of thinking about X give the connection between the arithmetic
and geometric cocycles defined in §3.

The semi-group Y. Consider the following semigroup in GL, (k):
T ={ae€GL,(k):aL D L}.

Let f be a fundamental function on X \ {0}, and define a fundamental
function fA(S) on VA(S) \ {0} by

s ={ oy ) VEDe

where f, is any fixed fundamental function. By abuse of notation we shall
write L and Lyg) for the characteristic functions of these sets.

Lemma 6 With the above notation we have for a, 3 € Y:

facs)sL _
Dec /49 (a, 8) = (fa™' = flaBL — aL)x.

Proof. This follows immediately from Lemma 3. a

4.2 The complex X.

Our method of calculating Decys)(c, §) on T involves constructing funda-
mental functions on X quite explicitly by embedding X in X, := V., /L and
finding a fundamental domain & for the action of p,, on X. In this section
we will find the fundamental domain J.
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4.2.1 Parallelotopes and <-products.

Let T be a singular r-cube and U a singular s-cube in V... We can define an
(r 4+ s)-cube TOU by:

(TOU) (21, ooy Ty Y1y -y Us) = T(1, ooy ) + Wy, ooy Ys)-

Note that for any v € V., the cell [v]OT is simply a translation of T by v.
Let v,aq,...,a, € Vy. By the parallelotope Par(v,ay,...,a,) in V, we shall
mean the following cell I" — X:

(ﬁv)ar(v, ap,. .. ,ar)> () =v+ i ;0.
i=1

Hence this is just a O-product of line-segments. We shall more often deal
with the projections Par of Par in X,,. We do not assume that the vectors
a; are linearly independent or even non-zero.

4.2.2 Construction of X.

We shall require a cell decomposition X of X, in which the cells are paral-
lelotopes. To describe this cell decomposition it is sufficient to describe the
highest dimensional cells.
We begin with a cell decomposition of Q(p)s/Z[p]. The highest dimen-
sional cells are of the form
AR P) T

p
P=" 0
ar(71_p71_p7 71_p

)

Lemma 7 The cells P above form the highest dimensional cells of a cell
decomposition of Q(p)s/Z|p).

Proof. This is Theorem 1.1 of [19]. O

We shall refer to the corresponding cell decomposition of Q(p)/Z[p] as
X(p)-
We next introduce a cell decomposition of Q(¢)w/Z[¢]. We have a de-

composition
m/p

(Q)oo/Z[(] @c Zlp).
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We may therefore define a cell decomposition X(p®) of Q(()e/Z[C] by

m/p

X(p") = HC - X(p).

Thus the cells of X(p?) are of the form ™ ¢iP; with P; a cell of X(p).
As we are assuming that L is free over Z[(], there is a basis {b1,...,b,}
for V' over Q(() such that L = Y"" | Z[¢]b;. Again we have a decomposition

Lemma 8 The cell decomposition X of X, has the following properties:
(i) The group p., permutes the cells of X.
(i1) Every positive dimensional cell has trivial stabilizer in ji,,.
(iii) Every r-cell P in X is of the form
P=prP, P= i’ar(vgp, api,...,ap,),

with vy € l%pL and ap; € ﬁ)L \ L. For any P the set {apy,...,ap,}
1s linearly independent over R.

(iv) We have |P|N L C {0} and vy = 0 if and only if 0 € |P|.

Much of this result is contained in Theorem 1.3 of [19], although it is
stated there in a rather different notation. A sketch of the proof is included
for completeness.

Proof. (i) and (iii) are clear from the construction. It is sufficient to verify
(iv) for X(p) and this is not difficult. It remains to show that no positive
dimensional cell is fixed by a non-trivial subgroup of pu,,. Let P be a positive
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dimensional cell and suppose (P = P for some £ € pu,, \ {1}. We have an
expression for P as a parallelotope:

P =Par(vp,apy,...,ap,).

The set {ap1,...,ap,} is permuted by . This implies that the elements
£iag>71 are all in this set. However, the sum of these elements is zero. This
contradicts the fact (iii), that the ap; are linearly independent. O

We shall write X, for the corresponding chain complex with coefficients
in Z/m. Thus X, is the free Z/m-module on the r-cells of the decomposition.
By part (i) of the lemma, we have an action of j,, on X,.

Lemma 9 Forr =1,2,...,d the (Z/m)|un]|-module X, is free.

Proof. A basis consists of a set of representatives for the pu,,-orbits of
r-cells in X. To show that this is a basis we use the fact that such cells have
trivial stabilizer. a

4.2.3 The fundamental function f.

We shall fix an orientation ordy on V.. Using this, we define a corresponding
orientation ordx on X, by the formula

ordx . (pr(7)) = Z ordy,, (7).

vEVo:pr(v)=a

Let wx € X, be the generator of Hy(X), for which ordy,(wx) = 1 holds
for every x € Xo. By Lemma 4, (1 — [(])wx = 0 holds in Hy(X). Since
X1 = 0, we have (1 — [(])wx = 0 in X,;. Hence by the exact sequence (9)
there is an element F € X, such that [u,,]F = wx. We fix such an F once
and for all. We may regard F as a fundamental domain for the action of y,,
on X.

Define a function f: X \ |0F| — Z/m by

f(z) = ord,(F).

Lemma 10 The function f is fundamental on the set of x € X, whose
[ -0rbit does not meet the boundary of P.
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Proof. For such an x, we have by Lemma 4:

Y flEx) =) ordeF =) ord, (£7-F).

EE€Hm €M IS

By linearity of ord, we have:

> f(&x) = ord, ([pn]F) = ord, (wx) = 1.

E€pm

O

We shall worry about how to extend the definition of f to |[0F| in §5.3.
The solution will be to take a limit over fundamental domains tending to F.

4.3 The complex G.

Now that we have a fundamental function f at least generically, we shall
describe the fundamental domain D and the cell complex & C V, \ {0} used
in the definition of Dec?) in §3.5.
We have a cell decomposition X of X,. Each r-cell in this decomposition
is of the form
P =Par(vp,apy,...,ap,).

Corresponding to each such cell, we define an r — 1-chain s(P) € C,_1 (Vi \
{0}) as follows. If vp # 0 then we simply define sP = 0. If vp = 0 then we
define sP : A™' — V \ {0} by 6P = [apy,...,as,]. Roughly speaking sP
is the set of unit tangent vectors to P at 0.

The cells sP form a cell complex, which we shall denote &. It follows
easily that G satisfies the conditions of §3.5. We extend s by linearity to a
map s : X, — G,_1.

Lemma 11 The map s : X4 — Gq4_1 commutes with the action of p,, and
anticommutes with 0. That is, for any cell P of X, we have

0sP = —s0P.
(Here the minus sign is acting on the coefficients, rather than on V).

Proof. The first statement is clear. For the second we need to examine
some separate cases. Let P be an r-cell in X. First suppose vp # 0. In this
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case, we know by part (iv) of Lemma 8, that 0 is not in the base set of P.
It follows that 0 is not in the base set of any face Q of P. Hence vg # 0 for
every face Q of P. We therefore have sP = 0 and sQ = 0 for every face Q.
As 0P is a sum of faces, the result follows in this case.

Now suppose vp = 0. Let Q be a face of P. If Q is a front face then we
have vg = 0 and if Q is a back face we have vg # 0. Thus, when calculating
s0P, we need only take into account the front faces of P. It follows that we

i=1

By the definition of s, this gives

r

0P = Z(—l)"[am, e AP, APty - Gy
i=1
= —a[a(p’l, .. ,a(pyr] = —0sP.

O

We define D = sF, where F is the fundamental domain in X, chosen in
§4.2.

Lemma 12 The element D satisfies the conditions of §3.5.
Proof. By Lemma 11 we have:
Opem]D = 08| F = Oswx = —s0wx = 0.

Hence [p,,]D is a cycle. It remains to check that the image of [u,,]D under
the maps

Haa (Vi \{0}) & Ha(Vae, Vi \ {0}) ™ 2/,
is 1. For any cell P of X centred at 0 we shall use the notation

ﬂP = [0, ag>,1, . ,CL(P,T].

We extend t by linearity to a map X, — C,(Vy). With this notation we
have:

I(tP) = sP — t(5P).
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Applying this relation to [u,,]F, we obtain by Lemma 11:

([pn]tF) = [pm]D.

We are therefore reduced to showing that ordyo([pum|tF) = ordx o([m]F).
This is a little messy, but it can be proved by induction on the dimension d
of V. O

4.4 Modified Parallelotopes.

In this section we shall discuss a method for constructing more general fun-
damental functions on X ..
We have a cell decomposition X of X, in which the r-cells are of the form

P =Par(vp,apy,...,ap,).

Recall that g = End,,,, (V). We shall write 1 for the identity matrix in g.
Suppose p is a path from 0 to 1 in g and P is an r-cell in the complex X. We
define an r-cell p>x P : I" — X, as follows:

(o> P)(x1,...,2,) =pr (Uga + Z EDE aT,i) :

We extend the operator “p <" by linearity to a map (p ) : X, — C,.(X).
Following Kubota, [19] we shall refer to p < P as a modified parallelotope.

Lemma 13 The maps (p =) : X, — C.(Xs) commute with the boundary
maps and with the action of fiy,.

Proof. This is a routine verification. a

Suppose o1 and g, are two paths from 0 to 1 in g and H is a homotopy
from @; to g,. By this, we shall mean H : I? — g is a continuous map,
satisfying for all t,z € I:

J‘C(O,l’) = pl(x)7 %(17'17) = KJ?(‘I% :H:(tv()) - Oa j{(ta 1) =L
Let P be an r-cell in the complex X:

P ="Par(vp,apy,...,ap,).
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We define an r + 1-cell (H < P) : "™t — V, by

(H =< P)(t,x1,...,2,) =pr (vfp + Zﬂf(t,xi) : ag>7,1> :
i=1

We extend the operators “H <" to linear maps (H ) : X, — Cr1(X o).

Lemma 14 The maps H 1 commute with the action of p,,. Let H be a
homotopy from @1 to @s. Then H > is a chain homotopy from gy < to
©9o . In other words, for any P € X, we have in C.(Xy):

O(H>=P)+H 0P = o P — gy > P.

Proof. This is proved by calculating O(H < P) directly for a cell P of X.
O

Lemma 15 For any path g, the following holds in Hy(Xw):

(] >0 F = (1] T
(This lemma is implicit in [19]).
Proof. This follows immediately from the previous two lemmata. a

We define a function [ : X \ |p < 0F| — Z/m by
f(z) = ord,(p < F).

It follows from the previous lemma, that f% is fundamental at all x, whose
im-orbit avoids the base set of o >x1 0F. However f# need not be the char-
acteristic function of a fundamental domain, since it may take other values
apart from 0 and 1.

Equivalence of paths. Suppose p and ¢’ are two paths from 0 to 1 in g.
We shall say that p and @' are equivalent if there is an increasing continuous
bijection ¢ : I — I, such that for all x € I we have:

p(o(z)) = ¢'(x).

Lemma 16 If p and @' are equivalent paths then the corresponding functions
19 and ¢ have the same domains of definition and are equal.
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Proof. To prove that f¢ and f¥ have the same domains of definition, we
need only show that [0(p > F)| = |0(p’ > F)|. This follows by breaking the
boundary into faces and using the fact that ¢ is bijective.

The map ¢ is homotopic to the identity map. In other words there is a
map ¢ : [ x I — I such that ¥(1,z) = ¢(x), ¥(0,2) = z, ¥(t,0) = 0 and
¥(t,1) = 1 for all z,¢t € I. Using the function ¢ we define a homotopy H
from p to ' by H(t,z) = p(¢(t,x)). As H < is a chain homotopy we have

P F—pxF =0(HTF)+ Hw0F.

Note that for any cell P of X we have |H pa P| = |p > P| = [p' > P
Therefore for x ¢ |p > 0F| we have:

ord,(p' <t F) — ord,(p < F) = 0.
In other words f#(z) = f9 (x). O

In view of the above lemma, we may specify piecewise linear paths simply
as sequences of line segments:

P = [0,@1] + [Cll,a2] + -+ [CLS) 1]7

without worrying about the precise parametrization.

4.5 Statement of the results in the generic case.

The d — 1-chain §. For the moment we shall assume that d > 2. Thus we
are ruling out the case k = Q, n = 1. By the definition of F, we have

O([pn]F) = 0.

Thus [p,](0F) = 0. It follows from the exact sequence (9), that there is an
element § € X,_; satisfying

0F = (1 -[])S.

We shall fix such a §. Note that by Lemma 11, the d — 2-chain € used in the
definition of Dec,, may be taken to be —s3.

The semigroup Y. For an ideal § of the ring of integers in k, let G be the
subgroup of GL, (k) consisting of matrices which are integral at every prime
dividing f and are congruent to the identity matrix modulo §f. We shall fix
f=(1—p)m?if m is odd and § = 4m? if m is even. Next let T; =T N Gs.
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The results. For a € Ty, we define a path
pla) =[0,a] + [a, 1],
and a homotopy H., from (1) to p(a):
Hi(t,z) = (1 —t)x +tpa)(z).

Finally we define
_ A3, = SlaL)

(@)

(One may interpret this definition as a lifted map in the sense of Lemma 1)

We shall prove that Decgo@) and Decgé)) are related on Yy by the following
formula:

DeCXﬁ’ﬁ))(a,ﬁ)Decg) (o, B) = M a,B €Ty

T(af)

As a consequence, we will deduce that for totally complex k, the Kubota
symbol on SL, (o, f) is given by

)
wla) = hw(a)

Here hw is the splitting of Dec, of §3.9, Theorem 3.

4.6 A generic formula for the pairing.

Given paths ! and ©? from 0 to 1 in g, we have constructed fundamental
functions f! and f? in Fx. We now describe a geometric method for calcu-
lating the pairing (f! — f?|M — L)x, where M D L is a lattice contained in
Vin.

Proposition 7 Suppose M \ L does not intersect the base set of O(H > G).
Then we have:

(f7 = FM = Ly = (Ve SIM =L},

The right hand side is a lifted map in the sense of Lemma 1.
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Proof. As H > is a chain homotopy from p; > to @y <, the following
holds in Cy(X):

P F — o F=0(HTF) + H = 0F.
This implies for x € M \ L:
2 () — o1 (x) = ord,(p2 0 F — o1 < F) = ord,(H < 9F).
By the definition of § and Lemma 4, we have:
22 (z) — " (x) = ord, (H > (1 — [¢])G) = ord,(H > G) — orde-1,(FH > G).
The proposition now follows from the definition (14) in §3.2 of the pairing

(=l=)x. O

4.7 The order of H > G at 0.

The statement of the results in §4.5 involves numbers of the form ordy(H
9). However, this is not as yet defined, since 0 is always in the base set of
J(H > G). To avoid this problem, for any r-cell P in X containing 0 we cut
H < P into a singular part H < P° and a non-singular part H a P+,

Let U be a small neighbourhood of 0 in 77!, We define 3 1 P° to be
the restriction of H <t P to I x U and we define H 1 PT to be the restriction
of H P to I x (I971\ U). We define the order of H > P at 0 to be the
limit as U gets smaller of the order of H 1 P* at 0.

To make things a little more precise we define for € > 0 an r-cell P¢ in
Xo. If vp = 0 then we define P€ to be the restriction of P : I" — X, to the

set
{(xl,...,xr) el Zx, < e}.
If v = 0 then we define P€ = 0.
Lemma 17 For e > 0 sufficiently small we have
A(P) — (0P)° = pr(e - sP).

Proof. We shall suppose that P has 0 as its origin, since otherwise both
sides of the formula are zero. Under this assumption, we have:

P= 2[07 aﬂ:’,iL P = [07 €ap 1, €AP2; - . - 7€a?,'r]-
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Therefore

I(P) = [eapy,...,eap,] + Z(—l)i[o, €AP1, ... €EQP;_1,€EAPit] ..., EQP,
= [6@3371, ce Eafp,r] + (a?)e

The result follows. O

4.8 Dependence of ordy(H > G) on H.

Let o, and ps be two paths from 0 to 1 in g, Suppose we have two homotopies
H and J from @; to go. In this section, we investigate the relation between
ordg x(H > G) and ordy x(I < G).

We begin by choosing a homotopy U from H to J. Thus, U : I? — g
satisfies the following conditions:

U0, t,x) = H(t,z), Wl t,x)=17I(t ),
U(u,0,2) = p1(x), WU(u,1,2) = po(x),
U(u,t,0) =0, U(u,t,1)=1.
We shall also suppose that there is some € > 0 such that for x < 1 we have
WU(u, t, ex) = 2U(u, t, €).
We shall define, under this assumption, maps (sU) : I? — g, (sH) : [ — g
and (sJ): I — g by

(sW)(u,t) = e "Uu, t,€) = %U(u,t,x),
(sH)(t) = e *H(t,€), (sT)(t) =€ (¢, e).

We define maps (U ) : X, — Cr12(Xoo) by

(UN T)(U,t,l’l, s )x’l‘) = pr (Uj)“"ZU(U,t,CCZ)) :
i=1

The next lemma says that U < is in some sense a chain homotopy between
H > and J i (although these are themselves chain homotopies, not chain
maps).
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Lemma 18 The map ‘U <7 commutes with the action of . For every
P € X, the following holds in Cyi1(Xs):

I P—HxP=0UrxaP) — U< OP.
Proof. By definition of the boundary map we have
O(UraP) = (TP — H > P) — degenerate cells + U > (9P).

O

The crucial point in relating the two cocycles is the following formula.

Proposition 8 Suppose that for every d—1-cell P in X, ordg x (H < P*) and
ordo x (I > PT) are defined and for every d — 2-cell P in X, ordg x (U 1 PT)
is defined. Then so is ordy,(sU - sG) and we have:

ordx o(I 1 §F) — ordx o(H =1 G) = ordy,o(sU - 59).
Proof. Applying lemma 18 to § we obtain
IG—H=xG=0(UxG) — UG

Recall that G is chosen to satisfy the relation (1 — [¢])§ = 0F. This implies
(1 —[¢])0G = 0. By the exact sequence (9), there is a d — 2-chain Q in X
such that

95 = [pn]Q.

We therefore have
J=H)=G=0(UG) — [pnm] (U Q).

We cannot define the order at 0 of either side of the above equation. We
therefore break § and Q into their singular and non-singular parts. This
gives:

(T—H)xaGT =0(UxG) — [ U 1 QF — [ ]U 1 QF — (T — H) a1 G-

Note that ordo(U > QT) is defined, so we have by Lemma 4 ordg (1)U >
Q%) = 0. Hence the following holds in Z/m:

01"d07x((j — J'C) > 9+) = —Ord07x((u > 89)6 + (J — j‘f) > 96)
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As every cell on the right hand side is contained in a small neighbourhood
of 0, we may replace ordy x by ordgy.
Now choose an r-cell P in X. We have for z; < e:

(u > {‘P) (U, t7 X1y -- wrr) = Z u(ua t’ xi)a?,i - 5u(u7 t) Z TiQp ;-
=1 =1

Thus
(U P)e =sU- (P,

and similarly,
(HxP)=sH-(P), (IxP)=sT-(P°).
We therefore have
ordo x((J — H) =1 G') = —ordg v (sU - (9G) + (5T — sH) - §°).
On the other hand, modulo degenerate cells, we have :
OsU = sJ — sH.

This implies

ordg x((J — H) > §F) = —ordg 1 (sU - (9G)° + (9sU) - (§)).
Adding 0(sU - (§¢)) we obtain:

ordg x((J — H) > GF) = —ordg v (sU - (9G)° — sU - I(G°)).
Now by Lemma 17 we have:

ordg x((J — H) > §1) = ordg v (esU - §G).

The right hand side is however independent of € so the result follows. a

Corollary 2 Suppose there is an € > 0 such that for all 0 < x < € we have
H(t,x) =I(t,xz). Then ordg(H < G) = ordo(I < G). (By this we understand
that if both sides are defined then they are equal).

Proof. in this case we can choose U so that sU is degenerate. a
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5 Deformation of fundamental functions.

Given a path p, we have constructed a function f¢ on X \ [9(p < P)|,
which is fundamental on all j,,-orbits which do not intersect |0(p > P)|. In
this chapter we describe a method for extending f# to all but a finite number
of points of X.,. Recall that we have fixed an ordered basis {b,...,b,} for
g as a vector space over R. The general idea is that if a point z € X, is on
the boundary of g <1 P, then we move the path @ a little in the direction of
by; if x is still on the boundary then we move the path in the direction by
and so on. Thus, we define f¥ as a limit of the form lim._ o+ in the notation
of §3.5.

We begin with some general results on the existence of such limits, and
then prove the specific results which we need.

5.1 Existence of certain limits.

We shall call a subset Z C R® a small subset of R?, if there is a b > 0
and a Zariski-closed subset Z’ C R of codimension > b + 1, such that
Z is contained in the archimedean closure of the projection of Z’ in R*. If
Z1, ..., 2. are small subsets of R* then Z; U...U Z,. is a small subset of R“.
Note that if Z is small then it has codimension at least 1 in R®.

Lemma 19 Let Z be a small subset of R*. Then for any locally constant
function ¢ : R*\ Z — Z the following (ordered) limit exists:

lim lim ... lim 9¥(e,...,€).
€1—01 eo—0T €a—0T

Proof. We shall prove this by induction on a. When a = 1 the set
Z' ¢ R has codimension > b+ 1, and is therefore finite. It follows that
Z is finite, and it is clear that the limit exists in this case. Now suppose
a > 1. We shall decompose the Zariski-closed set Z’ C R** into irreducible
components:
Z'=Z1U...uZ.

We shall write Z; for the archimedean closure of the projection of Z/ in
R®. Let {b,...,bs1s} be the standard basis of R***. Write H' for the
hyperplane in R*™ spanned by {b1,...,bs_1, bas1,---,bars} and let H =
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span{by,...,b,—1} be the projection of H in R®. For each component Z! of
Z', we define a subset W/ C H' by

W [ ZinH 2 ¢ 1
L0 it 7/ C H'.

%

Thus W’ := W]U...UW]/ is Zariski-closed in H' and has codimension > b+1
in H'. Let W be the archimedean closure of the projection of W’ in H. Thus
W is a small subset of H. By the inductive hypothesis, it is sufficient to
show that the limit

U(v) = lim (v + €.b,)

€q—0T

exists and is locally constant for v € H \ W.

Let v € H \ W. Choose a compact, connected, archimedean neighbour-
hood U of v in H such that U N W = (). We shall prove that the limit ¥
exists on U and is constant there. Let w € U. For any ¢ we either have
Z! C Horw ¢ Z;. In either case there is a d(w,i) > 0 sufficiently small
so that we have w + €,b, ¢ Z! whenever 0 < ¢, < 6(w,7). The §(w,?) may
be chosen to be continuous in w. As U is compact the §(w,7) are bounded
below by some positive §. This means that the subset U = U x (0, )b, of
R does not intersect Z. The function ¢ is therefore defined on U and since
U is connected, ¢ is equal to a constant ¢ on U. It follows that U(w) = ¢ for
all we U. O

Note that if the order of the limits is changed in the above Lemma, then
the value of the limit may change.

5.2 Deformations of cells.

Given a d-chain T € Cy(V,,) we will describe a method for defining ord, (7)
for v € |0T]. The general idea is to replace T by a map T : R® — Cy(Vs,) so
that our original T is T(0). We then have a function ¢, defined on part of
R® by

(e) = ord, T (e).

If the function 7 is sufficiently nice then we may use Lemma 19 to define

ord,(T) = lim lim ... lim ¢(e,...,€).

614>0+ 62*>0+ 6{,*>0+

In this section, we investigate the conditions, which we must impose on T,
in order for Lemma 19 to be applicable.
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5.2.1 Deformable d — 1-cells.

Let T : R® x Rt — V_ be an algebraic function satisfying the following
conditions:

(A) For every z € R?! the map R® — V. defined by € — T (e, x) is affine.
We shall write rk(z) for the rank of the linear part of this map.

(B) For any i = 1,...,d, the set of z € R%! such that rk(z) = i has
dimension <17 — 1.

We shall call such a T a deformable d — 1-cell. If T(e,z) is constant for a
certain x then the value of the constant will be called a vertexr of TJ. For any
¢ € R® we shall consider the d — 1-cell T(¢) : 9t — V., defined by:

(7)) (@) = Te.2).

Lemma 20 Let T be a deformable d — 1-cell. Then, for any v € V,, which
is not a vertex of T, the set {¢ € R® : v € |T(e)|} is a small subset of RP.

Proof. The above set is contained in the projection to R® of the following

set:
7' ={(e,x) e R® x R : T(e,z) = v}.

As 7' is algebraic, it remains only to show that Z’ has codimension at least
d in R® x R4!, To show this we shall write Z’ as a finite union of subsets
and bound the dimension of each of the subsets. Define

7l ={(e,2) e R* x R : T(e,2) = w,1k(z) =i} (i =0,1,2,...,d).

The set Z’ is the union of the subsets Z.

As we are assuming that v is not a vertex of T, it follows that Z| is empty.
For i > 0, our assumption (B) on T implies that the projection of Z/ in R4~1
has dimension < i — 1. However each fibre of this projection is an affine
subspace with codimension 7 in R®. Therefore the dimension of Z! is < b— 1.
This proves the lemma. a
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5.2.2 Deformable d-cells

Now suppose we have a continuous map T : R® x I? — V.. Thus, for each
¢ € R® we have a d-cell T(¢). We shall call T a deformable d-cell if the faces
of T are deformable d — 1-cells. By a vertex of T, we shall mean a vertex of
a face of 7.

Lemma 21 Let T be a deformable d-cell. Then for any v € Vo which is not
a vertex of T, the following limit exists:

lim ... lim ord,(7(e)).

-0t -0t
If v ¢ |0T(0)| then the limit is equal to ord,(T(0)).
Proof. We first prove the existence of the limit. Consider the set
Z ={ecR:ve|0T(e)|}.

Since T(€) tends uniformly to T(0), the set Z is archimedeanly closed in R’
On R®\ Z we have a function

(e) = ord,(T(e)).

To prove the existence of the limit, it is sufficient, by Lemma 19, to show
that Z is small and ¢ is locally constant on R®\ Z.

It follows from the previous lemma that Z is small. We shall show that
1 is locally constant on R”\ Z. Choose € ¢ Z. As Z is closed there is a path
connected neighbourhood U of € in R® which does not intersect Z. We shall
show that v is constant on U. Let ¢ € U and choose a path p from € to € in
U. Now consider the (d + 1)-chain

V(t,z) = T(p(t), z).
The boundary of V is

OV =T (e Z Vu,

where Vy(t,2) = U(p(t),z) and U runs over the faces of T. As p(t) ¢ Z we

have U(p(t),z) # v. Therefore v ¢ |Vy| so in Hy(Vao, Voo \ {v}) we have:
T(e) = T(€).
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This implies ¢(€) = ¥ (€’), so ¥ is locally constant and we have proved the
existence of the limit.

Now suppose that v ¢ |0T(0)|. This means that 0 ¢ Z. As Z is archi-
medianly closed, there is a neighbourhood of 0 on which ) is constant. We
therefore have as required:

lim ... lim ¢(e) = ¢(0).

e1—0t e—0t

5.2.3 Deformations with respect to g.

We shall now specialize the above result to the case which we require. Recall
that g = End,,, (V). Thus we have g = M,(Q(¢) ®g R). We shall write
Seo(Q(()) for the set of archimedean places of Q(¢). There is a decomposi-

tion:
g= @ Ms(@(C)v)

QIS IN(0[(9))
As a g-module, V., decomposes as a sum of simple modules:

V€S0 (Q(C))

For any subset T' C S, (Q(¢)) we shall write Vi for the sum of the Q(()? for
v € T. Every g-submodule of V, is one of the submodules V7.

We consider real-algebraic functions T : g* x I97¢ — V.., which satisfy
the following conditions:

(C) The map T is of the form:
‘I(Ela €2,... >€a7£> = 7(07£) + Z aieigbi(&)a
i=1

where the functions ¢; : R%! — V. are algebraic and aq,...,q, €
GL, (kso)-
(D) For every non-empty subset 7' C So(Q(()), the set
{zeR": ¢1(z),...,0a(x) € Vr},

has dimension < max{dimg(V7) — €, 0}.
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Such a function T will be called a g-deformable d — e-cell.

Lemma 22 Let T be a g-deformable d — 1-cell. Then T is a deformable
d — 1-cell when regarded as a function R x 1971 — V.. The vertices of T
are the points T(x), where x is a solution to ¢1(x) = ... = ¢;i(z) = 0.

Proof. The statement on the vertices is clear and condition (A) follows
immediately from condition (C) It remains to verify condition (B). Let Z; =
{x € R¥! : 1k(x) = i}. We must show that for i = 1,...,d, the set Z; has
dimension < ¢ — 1.

For any x € R%7!, the image of T(z) is a translation of a g-submodule of
Vioo. The g-submodules of V,, are of the form Vi for subsets T of So(Q(()).
If Vi is the submodule corresponding to z, then we clearly have rk(z) =

Given T C S(Q((C)), let Zr denote the set of z, for which the corre-
sponding submodule is V. With this notation we have:

7 = U Zr.
T : dim Vp=i

As this is a finite union, it is sufficient to show that for any non-empty T,
the set Z7 has dimension < dim(Vp) — 1.

For a particular z, the corresponding submodule V7 is the g-span of the
vectors ¢1(x), ..., ¢.(z). Hence

Zr C {2 c Rd_l : qb,(&) c VT}

The result now follows from condition (D). O

We have fixed an ordered basis {by,...,b.} for g as a vector space over
R. Let € = €101 + ... + €0, € g. Recall the abbreviation:

“lim” := lim lim ... lim .
e—0t €1 —0t eo—0T er—0t

Consider a real-algebraic map T : g* x I¢ — V... If the faces of T satisfy (C)
and (D) above then T is a deformable d-cell. Hence by Lemma 21, the limit

lim lim ... lim ordgJ(ey,...,€,)
e1—01 eo—0T €q—0T

exists for all v apart from the vertices of 7.
Condition (D) above is rather technical. To be able to verify it in practice
we shall use the following lemmata.
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Lemma 23 Let W be a d — 1-dimensional Q-subspace of V and let W, be
the closure of W in V. Then for any non-empty setT' of archimedean places

of Q(¢), we have
dimR(Woo N VT) = dlmR(VT) —1.

Proof. As W, is a hyperplane in V, it is sufficient to show that Vi is
not contained in Wy,. It is sufficient to prove this in the case that T' consists
of a single place v.

We have a non-degenerate Q-bilinear form on V' given by:

<vw>=) Trg(viw);
=1

here we are identifying V' with Q(¢)®. Extending the form to V., the various
subspaces V,, are orthogonal. The subspace W, is the orthogonal complement
of some w € V '\ {0}. As the coordinate of w in V,, is non-zero, it follows
that w is not orthogonal to V,. Therefore V, is not a subspace of W, and
the result follows. O

Lemma 24 Let P be a d—2-dimensional cell in X and let Wy be the R-span
of the vectors ap;. Then for any non-empty set T' of archimedean places of

Q(¢) we have
dimR(ng N VT) = max{dimR(VT) — 2, 0}

More general statements than the above seem to be false.

Proof. As with the previous lemma, it is sufficient to prove this in the
case T' = {v}. If m = 2 then V,, = V. and there is nothing to prove. We
therefore assume m > 2, so Q((,,) is totally complex.

The subspace Wy is the orthogonal complement of {v,w} some v, w €
V' \ {0}. If we show that the coordinates of v and w in V,, are linearly
independent over R, then the result follows.

Our strategy for finding the vectors v and w is as follows. The cell P
is a d — 2-dimensional face of some d-dimensional cell Q in X. There are
two d — 1-dimensional faces of Q containing P, each of which is obtained by
removing one of the basis elements {ag;}. For each i = 1,...,d we shall
find a non-zero vector v(i), which is orthogonal to the vectors {aq; : j # i}.
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The vectors v, w may be taken to be v(i),v(j), where ag; and aq; are the
removed basis vectors.

We recall the construction of the basis {aq,;}. We begin with a basis
{di,...,ds} for the lattice L over Z[(]. For each i = 1,... s, we choose a
set of representatives (21 ... ¢2&m/P) for i -cosets in p,,,. Then the basis
{aq,} is as follows:

1-p

{ka i, i=1,...,8 j=1,....,m/p, k;zl,...,p—l}.
To ease notation we shall use the index set:

IT=Al,j,k):i=1,...,s,7=1,....m/p, k=1,...,p—1}.

For (i, j, k) € T we define a; j; = p*¢**)a;. Then the basis {ag;} is simply
{fpai ie I}
We shall use the following Hermitean form on V.:

<Z vid;, Z widi> Z TrQ(C (vwy),

where w; denotes the complex conjugate of w; in Q(()... We shall write A for
the Z x Z matrix (a;, a;). One can show that the entries of A are as follows:

0 (i,5) # (', 5"),
(i, ")

(@i g apjpw) =13 —1 (1,7) =

Now consider a vector v = (1 —7) >_ v;a; and let [v] be the column vector
of coefficients v;. The vector v is orthogonal to ; 50 if and only if the i-th
row of A[v] is zero. Fix an i and suppose v is orthogonal to paJ for all j # i.
This means that all but the i-th row of Afv] is zero, so M is a multiple of
the i-th column of A~!. We shall write v(i) for the element of V., for which
[v(i)] is the i-th column of A=, To prove the theorem we need to show show
that for i # j the coordinates of v(i) and v(j) in V,, are linearly independent
over R.

By finding A~! one obtains:

U<i’j7 k) = (1 - ﬁ)(pk - 1)Ca(i7j)di-
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Let the place v correspond to the embedding ¢ : Q(¢) — C. We must show
that for (i,j,k) # (¢,4', k") the vectors v(v(i,7,k)), t(v(, ', k")) € C* are
linearly independent over R. If ¢ # ¢ then this is clearly the case as they are
independent over C. We therefore assume ¢ = i’. We are reduced to showing

that the complex number
(p* —1)¢e0)
z2=1 - — ] .
(p¥ — 1)¢alid)

is not real. We let z; = ¢ (5:—_11) and zp = ¢(¢)*()=@3") " The argument of

2 18 of the form

rk—K)-, re{l,2,...p—1.
p

Therefore 2 € R. If j # j' then 25 ¢ R so we are done. Finally, if j = j/
then zo = 1 but k # £/, so z; ¢ R and again we are done. O

Up until now, we have examined deformable cells in V... However, we
need to define the order of a cell in X, at points on its boundary. We call a
map T : R? x I? — X a deformable cell in X, if one, or equivalently all,
of its lifts to V,, are deformable cells. We define the vertices of such a T to
be the projections in X, of the vertices of a lift of T.

Lemma 25 Let T: R x I? — X be a deformable d-cell in Xoy. If x € X0
is not a vertex of T then the following limit exists:

lim ... lim ord,(T(e)).

€e1—0t e—01

Proof. This follows from the previous results using the relation

ord,(T(e)) = Z Ordy<§(6))7

y—a
where T is a lift of T and the sum is over the preimages of z in V.. As |‘j’|
is compact, the sum is in fact finite and hence commutes with the limits. O

It will be more convenient to speak of piecewise deformable cells. We
shall call a map R® x I¢ — X, a piecewise deformable cell, if there is a
subdivision of I?, such that the restriction of T to any of the pieces in the
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subdivision is deformable. The reason for this is that our functions will be
piecewise algebraic rather that algebraic. By a piecewise deformable chain
we shall simply mean a formal sum of piecewise deformable cells. Thus a
piecewise deformable chain will be a map R® — C,. If x is not a vertex of a
piecewise deformable d-chain T then we define

ord,(T) := lim ... lim ord,(T(e)).

e1—0t e—0t
It follows from the above results that this limit exists. If T is deformable

then we shall call T a deformation of T(0).

5.3 Deforming paths.

The function f. We now apply Lemma 21 to the function f. Define a
path p(e) for € € g by

p(e)=[0,5+¢|+[5+e1].

Proposition 9 For any d — 1 or d — 2-dimensional cell P in X The map
e — p(€) < P is piecewise g-deformable. Its vertices are in %pL.

Proof. Let P be any d — 1-cell in X. We first cut p(e) 0 P into its 247!
algebraic pieces and then prove that each piece is deformable. Thus for any
subset A C {1,2,...,d — 1} we define

AA(E) = [U(p]<> 13[0, (% + 6)&:])7i]<> <>z¢A[(% + E)agaﬂ*, ag>7z~].

We shall show that each A4 is deformable by verifying conditions (C) and
(D) above. We have

Ale, z) = vp + Z(% + €)ziap; + Z((% +€) + (3 — €)x;)ap;.
i€A i¢A

This implies

Ale,z) = A(0,2) + ¢ <Z Tiap,; + Z(l — xi)ay’i> )

i€A i¢A
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Therefore A verifies condition (C) with

P(x) = inaf]’,i =+ Z(l — Z;)ap,.

i€A i¢A

To verify (D) we let Wy be the R-span of the vectors ap;. Thus ¢ maps R4
bijectively to Wy. We must show that for any non-empty set of archimedean
places T" we have dimg(Wo N Vy) < dimg(Vy) — 1. This follows from Lemma
23. It follows from the formula for ¢ that the only vertex of A is vp +
Zi¢A ap;. By Lemma 8 we know that this is in %pL. The case of a d — 2-
cell in X is similar except that one must use Lemma 24 instead of Lemma
23. O

We may now define

f(z) == lim ord,(p(e) > F).

e—0F

This limit exists for all  not in 1%/)[/.

Proposition 10 If f(z) is defined then so is f(x) and they are equal. How-

ever f(x) is defined for all x ¢ Vert(P). Furthermore if the fi,-orbit of x
does not intersect Vert(P) then we have

> o) - 1.

Ceum

In particular the restriction of f to X \ {0} is a fundamental function.

Proof. 'The first two assertions follow from Lemma 25. To prove the
formula, we use the fact that finite sums commute with limits as follows:

Y o)y = ) Tim fEO(Cr) = lim H | [ ((r) = lim 1 = 1.

e—0t
CEpm CElm CEpm

O

The function f®. Recall that for any o € GL,(ks) we have a path p°
from 0 to 1 in g, defined by

% =[0,a] + [, 1].
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More precisely, let

o(e) = a+ 2z —1)(1 —«) x

vV
N= D=

{ 2x for z <

By a vertex of p® we shall mean one of the following points of I:

1 m*+1 m?2+42
Vert(pa):{o,—m+ met ,...,1}.

27 2m?2  2m?
By a vertex of p® >x1 F we shall mean a point v € V, of the form
v=(p"paP)(z), =z € Vert(p*)*,

where P is a d — 1-cell in X.

We shall write Vert(p® > F) for the set of all vertices of p* >t F. The
path p* gives rise to a fundamental function f¢ away from the boundary of
% 1 P. We shall extend the definition of f* to all points of X, apart from
the vertices of p® > F.

Given €, v € g we define a new path p®(e, ) by

X - ap(e, 21) for z <
pevx) = a+ 2z —1)(1 — a) + ¢(2mx)v x>

NI N

Here ¢ : R/Z — R is the Z-periodic function defined on the interval I by

cb(x):{f_x .

The path p®(€, v) reduces to p® when € and v are both zero. We extend our
definition of f¢ as follows:

)

IV A
N= D=

fz) = 6lirori Vlir0n+ ord, (p“(e,v) < F).
Proposition 11 Let P be a d — 1- or d — 2-cell in X. The map (e,v)
0% (e,v) > P is piecewise g-deformable. It is a deformation of p* <1 P. Its
vertices are in Vert(p® v P). Consequently the limit f*(z) exists for all
x ¢ Vert(p® > F). The function f is fundamental on all p,,-orbits which
do not intersect Vert(p® < F).
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Proof. Let P be any d — 1-cell in X. As before we must show that the
map
T(e,v,z) = (p*(€,v) paP)(z)

is piecewise deformable.
We cut T into its algebraic pieces. These pieces are translations by ele-
ments of Vert(p® 1 P) of the pieces

A = (alk+a <§[o 1)

(
o (att -0 Qo)
(¢

a1+ 1., a%]>

ieC
( 2m2 -

where the sets A, B, C, D form a partition of {1,2,...,d — 1}. The piece A
satisfies condition (C) above with

(Z Z) ziap,  da(z (Z Z) Tip,.

€A 1€B ieC i€D

&

) - <>[0 am]) 5

€D

NI

To prove condition (D) we apply lemma 23 to the subspace Wy spanned by
{ap;}. The case of a d — 2-cell P is similar but one must use Lemma 24
instead of Lemma 23.

As the ap; are linearly independent it follows that the only vertex of A
is 0, so the vertices of T are the translations, which are in Vert(p® < P). O

The function f*%¢, Finally for o, 3 € GL, (ko) We define a path @
by
paﬁ,a = [O’ aﬂ] + [O‘Bu O‘] + [047 1]'

More precisely let

draf T < %’
P (z) =< af+ (dz—1)(a—apf)) t<a<i
a+ 2z —1)(1 - a) xZ%.
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We define

Vert(p(af, o)) = {07 1Az

Vert(P) = {P27%(2) : x € Vert(p(a3, o)) 1}
We shall extend the definition of f*#* to X, \ Vert(P%*). To do this we

define a deformation of > as follows:

ap?(e, v, 2x)

<1
a 1
£ (O,g,ﬂf) 4 2

IV IA

paﬁia(E’ V?é-? x) = {

Again, for any x € X, which is not a vertex of P**® we may define

Fo0(z) = lim lim lim ord, (e, v, £) 0 F).

e—0t v—0t+ €01
Proposition 12 Let P be a d — 1- or d — 2-cell in X. The map
(67 V? é-) = paﬁ7a<€7 1/7 f) I>q ‘:P

is piecewise a g-deformation of e ba P, Its vertices are in Vert(p®®
F). Consequently the limit f*5%(x) ewists for all x ¢ Vert(p®>* > F) and is
fundamental there.

This is proved in a similar way to Proposition 11.

5.4 Deformation of homotopies.

Again to take account of points on the boundary of H <1 G we must construct
a deformation of H >t G.

Proposition 13 Suppose that for e,... e, 1q,...,vs € g we have paths
o1(e1, ..., €) and po(v1, ..., vs). Suppose further that for any d—1- or d—2-
cell P in X, the maps p1 > P and @9 4 P are piecewise g-deformable. Define
a homotopy H(ey, ... €, v1,...,vs) from @i(€1, ... €.) to pa(vy,...,vs) by

H(t,x) = (1= t)pi(x) + tpa(z).

Then O(H 1 G) is piecewise g-deformable.
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Proof. Recall that § € X;_1. We must therefore show that for any d — 1-
cell ? in X, the d — 1-chain O(H 1 Q) is piecewise g-deformable. We have

O H 1 P) = (2 — 1) > P+ H < OP.

As we already know that @; b P is piecewise g-deformable, it is sufficient to
show that for any d — 2-cell Q the cell H 1 Q is piecewise g-deformable. We
have
(H e Q)(t, ) = (1 —t)(p1 > Q)(z) + t(g2 > Q)(2).
This implies
rkﬂ{bﬂ9<t7£) > min{rkmNQ(@)? rkmNQ(l)}'

The result now follows as gp; > Q is piecewise g-deformable. a

5.5 The limit defining Dec...
Recall that we have defined Dec,(cv, 3) in terms of the limit

lim lim lLim ordoy([l+€1,Oz(1+€2),046(1+63)]'8>-

e1—0F ea—0F e3—0+
To show that this limit exists we must prove:
Proposition 14 The map
(€1,€9,€3) = [1+ e, a(l 4+ €),ab(l +e€3)]- €
is a g-deformation of [1, «, af] - € with no vertices.

Proof. We have & = sG, where G is an element of X;_;. We therefore fix
ad— 1-cell P in X and define

A=[14e,a(l+e),al(l+e3)] - sP.

We must show that the boundary of A is deformable. As s anticommutes
with 0 we have:

OA =0([14+ €1, a(l+e),af(l+€3)]) - sP—[1+e€, a(l+e), af(1+€3)] - s0P.

We must show that both the summands above are deformable. We shall
show that all the cells in the above expression satisfy conditions (C) and (D)
above and have no vertices.
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We begin with the first summand. This is made up of cells of the form
[(1+e),a(l+e)]-5P: A x A2 - V.
Condition (C) is satisfied with
di(z,y) = v5P(y), (z,y) € Al x A2,

As 0 ¢ |sP| and the x; are not all zero it follows that there are no vertices.
Let H be the hyperplane in Wy containing |[sP|. To verify condition (D) we
must show that H NV has dimension < dimg (V) — 2. This follows from
Lemma 23 since H does not contain 0.

The second summand contains cells of the form:

[(1 + 61)’ Oé(l + 62)7 Oéﬁ(]_ + 63)] 10 AQ X Ad_3 — Vooa
with Q a d — 2-cell of X. Again condition (C) is satisfied with

¢i(z,y) = 250(y), (z,y) € A? x AT

As the z; are never all zero and 0 ¢ |sQ|, it follows that the functions ¢; are
never simultaneously all 0. This shows that there are no vertices.

The base set of §Q lies in a hyperplane H in Wq. To verify condition (D)
we must show that for any set 7" of archimedean places of Q(¢) the dimension
of HNVy is < dimg(Vr) — 3. As H does not go through 0 this reduces to
proving that dimg(We N Vy) < dimg(Vy) — 2. However this follows from
Lemma 24. a

6 The relation between the arithmetic and
geometric cocycles.

6.1 Main Results.

We now state our main results. Recall that we have a homotopy f}% from

©(1) to p(B) defined by

ﬂ{é(:p,t) =tp(0)(z) + (1 —t)z.
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From this we have constructed a homotopy 354, from p(a) to p(af, a) as

follows:
ad{(2x, 1)

r <
ol :{ o)) x>

Finally we have a homotopy }ng’a from @' (af, @) to p(af) satisfying

Y

N[—= N

HOG (2,t) = 200, © <

N —

and constructed by splitting the triangle [a3, a, 1] into m? smaller triangles.
Recall that our geometric cocycle is given by the formula:

Dec® (a, §) = CordO’V (1, a,af] - sG)
By Proposition 8 we have

d KL+ He,  + HP KL )
Dece (o, ) = ¢ (106 +960 +9G3 =90, 5) (18)

One may check that this remains true even if the quantities are defined as
limits in the sense of §5. Looked at from this point of view, it seems natural
to divide out a certain coboundary from this cocycle. For a € T define

_ A3t glaL)

(@)
We shall prove the following.
Theorem 5 For o, 3 € Tj we have
T()7(9)
T(af)

We shall show that there is a continuous cocycle Dec,, on SL,(k,,) and
an extension of 7 to SL, (k) such that for a, 8 € SL, (k) we have

T(2)7(B)
D o0 1) D m 9 D 9 = 1
€Coo (v, B)Decy, (v, B)Decys)(a, 3) (aB) (19)
The proof of Theorem 5 will be broken down into the following three
lemmata.

Decoo(ar, B)Decy(s) (o, B) =
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Lemma 26 Let o € Y. Then for any p,-invariant lattice M C V,, con-
taining L, we have
(fa™t — f*laM — aL)x = 1.

Lemma 27 Let a € Gj and 3 € GL,(kx). Then for any pn,-invariant
lattice M C Vj,, containing both L and o~ 'L, the following holds in Z/m:

{HE > GIM} = {Hy > GlaM } .

af,a

Lemma 28 Let o, 3 € Gy. For any pu,-invariant lattice M C V,, containing
L, aL and aBL, the following holds in Z/m:

o

af,a

l>49|M} =0.

The proofs of these lemmata in §6.4-6.6 are essentially exercises in the
geometry of numbers. In each case one is reduced to showing that the number
of lattice points in a certain set is a multiple of m. One achieves this by
cutting the set into m pieces which are translations of one another by elements
of the lattice.

6.2 A formula for the Kubota symbol.

Assume in this section that k is totally complex. We shall describe the
Kubota symbol on the group

I''={a€SL,(k):aL =L, o =1, mod f} = TN SL, (o).
Corollary 3 For a € I'; the Kubota symbol k,,(cv) is given by the formula:
COTdo,X (3 G)
) = R )

Proof. We shall regard SL,, (k) as a dense subgroup of SL,,(Af), where A/
denotes the ring of finite adeles of k. Let U be the closure of I'; in SL,,(Af).
This is a compact open subgroup of SL,(Ay). Consider the extension

1 — fy, — é\I/Jn(Af) — SL,(Af) — 1,
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corresponding to the cocycle Decyg)Decy,. The cocycle Decy(syDec,, is 1 on
U x U. Therefore on U the map a — («, 1) is a splitting of the extension.
On SL, (k) we have by (19) and Theorem 3:

Decy(s)Decp, (o, B)0hw(a, 3) = 07 (e, B).

This implies that on SL, (k) the map a — («a, 7(a)/hw(a)) splits the exten-
sion. As the Kubota symbol is the ratio of these two splittings, the result
follows. O

Remark 3 Some authors speak of the “Kubota symbol on GL,”. By this
they are in effect choosing an embedding of GL, in SL, ., and pulling back
the Kubota symbol. As the above formula is valid for n arbitrarily large there
1s no need to have a separate formula for GL,. It is worth mentioning that
the formula of the above corollary gives a homomorphism

CordO’X (i}C}X g 9)

GLn(Ov f) - ﬁ» Q= U)(Od) )

which is a rather more canonical extension of the Kubota symbol on GL,.
Here GL, (0, ) represents the principal congruence subgroup modulo f.

6.3 Proof of Theorem 5.

We shall deduce the theorem from lemmata 26, 27 and 28.
Let o, 3 € T5. We begin with the definition of Decysy:

Decas)(a, 3) = (f — falBL — L) = (fa™" = flagL — aL).
By Lemma 26 we have:
Decas)(a, 3) = (f* — flaBL — alL).
By Proposition 7 we have:
Decy(sy(e, ) = g{}c(ll > GlafL —aL}
This implies

DecA(S)(a,ﬁ) = T(a)g{g—c? > 9|O‘5L}

7(a) A+ 3C) s SlapL}
7(af)
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On the other hand we have by Lemma 27:
( ) C{}C1N9|/6L} C{J—Caﬂamg‘aﬁ[’}.

Taking the last two formulae together we obtain:

DecA(S)(a,ﬁ) = T<(Tﬂ)<{ j{a + 9‘(: j—cgga) > S‘OéﬂL}

By Lemma 28 we have

r()r(8) { (3 + 3¢y + Koo + 3G7) w SlapL )
| |

DeCA(S)(aaﬂ) = 7'(0(5

This implies by (18):

7(a)7(8) {(?C? + Hhg + HCG , + HEP) a1 GlaBL — L}
7(af) '
On the other hand by Proposition 7 the final term in the above is equal to:

(F2 = f o f = 04 o0 = fo g 00— foafL — 1) =1

Decas) (@, f)Decoo (e, §) =

6.4 Proof of Lemma 26.
We have by definition,
<f fa l‘aM_aL H CZrGTf ( ) (ga—lx.),
CEpm

where the sums are over all x in the finite subset 7" of X given by:

T'=((aM)/L)\ ((@L)/L).

The functions f and f® are defined as limits of the functions () and f®(¥).
As T is finite we may choose ¢, v small enough so that for every x € T we
have f(a~'z) = fO(a~'z) and fo(x) = f*)(x). Fix ¢ # 1. It is sufficient
to show that in Z/m we have

Zfa(“’) Ca lz) =0.

zeT
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By definition we have
o (@) = ordu(p(a, (,v)) pa F)

It is therefore sufficient to show that for any d-cell P in X we have:

> ordy(p(a, (e,v)) 5 P) 9o z) = 0.

Fix such a P. We cut p(a, (¢,v)) > P into 2¢ smaller pieces. Define for each
subset A C {1,2,...,d}

Aa(zy, ... xq) = Z ap(e, x;) - ap; + Z(oz + (1 — a)z; + d(m’z;)v)asp,.
igA icA

Here ¢ is as in §5.3. Then for x € T" we have

ord, (p(a, (e,v)) xt P) = Z ord,(Ax).

It is therefore sufficient to prove that for any A we have in Z/m:

Z ord,(A4) f9(Calz) = 0.

zeT

There are two cases which we must consider. In the case that A is empty,
we have

a tAL = p(e) x P

Therefore if z is in the base set of A4, then o'z (which is well defined as
a € T) is in the base set of p(e) > P. If this is the case then as ¢ # 1, we
have f(9(a~'¢Cz) = 0.

Next suppose that there is an index 7 € A. Without loss of generality
assume 1 € A. Then we have a decomposition Ay = BOC, where B : [ —
X is the 1-cell given by

B(z) = (1 — @)z + ¢(m*x)v) - a1,

and C is a d — 1-cell. As the function ¢ is periodic, we may write B as a sum
of m? translations of

11—«

Bi(z) = ( — x+¢(x)u> agp,
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where the translations are by multiples of 1 —ap;. It follows from our con-
gruence condition of « that these translatlons are in aL/L.
Our expression for B implies a similar expression for A 4:

where each §(1) is a translation of §(1) by an element of /L. As both the
set T and the function f (e)(C a~lx) are invariant under such translations, we
have

Zordx(AA)f(Caflx) = ZZord f(Catx)

zeT =1 z€T

= m? Zordx(S(l))f(Coz_lx) = 0 mod m.

zeT

6.5 Proof of Lemma 27.

Choose a lattice M C V,, containing L and o~ 'L. It is sufficient to show
that for every d — 1-cell P in X we have in Z/m:

(H 0 50 PlalM} = {H) 0a P|M}.

To prove this, we cut Hg; , > P into 241 pieces. One of the pieces will be
precisely « - 9—(1 > P; for the other pieces A we will show that {A|M} = 0.
The various pieces of Hg; , > P will be indexed by the subsets A C

{1,2,. — 1}. Recall that }C > P is defined by

af,a

d—1
(g{g,@a > T)(t7 Ty, 7Id—1) = vp + Z :}Cgﬁ,a(t? l’z) AP
i=1

For any subset A C {1,2,...,d — 1} we define

Aat,wr, .o man) = vty Hag (6 3:/2)-api+ Y Hop ot (2i+1)/2)-az,.
i€A igA
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As no element of aM lies in any set |0A 4|, we have:
af,a

{Hp0 2 PlaM} = {AslaM}.

We now examine the pieces A,4. First consider Ay o
we have

a-1}- Fort,w el

a e, L (E1)2) = H(t, ).
This implies
ot “Ape,d-1y = 3{% > P.
Therefore
{-A{LQ ,,,,, d,1}|O[M} = {:}Cé > {P|M}

The lemma will now follow when we show that for any proper subset A C
{1,2,...,d — 1} we have {A4|laM} = 0.

Fix a proper subset A C {1,2,...,d — 1}. Without loss of generality we
have 1 ¢ A. Note that for t,z € I we have

g_COL

af,«a

(t,(x+1)/2) = M(x), where M(z) = p(a, (x +1)/2).
We therefore have
.AA = (M . CL(})J)QB,

for some d — 1-cell B. We shall now use this fact to cut A4 into m pieces,
which are translations of each other by elements of M. We note that from
the definition of p(a) we have

Mz+L)=M=)+L12, 0<z<1-2L

m

We define for z € I:

With this notation we have

[AslaM} = 21 { {zl ;O‘am} ONOB)@M} .

To prove the lemma it only remains to show that all the terms in the above
sum are equal. We have

{ [il - O‘am} ONOB‘@M} — {NOB‘@M _iis O‘am} ,
m

m
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so we need only show that the translation I_T“agu is an element of the lattice
aM. This follows from the congruence condition on «, the condition on M
and the fact that (1 — p)agp, € L. O

6.6 Proof of Lemma 28.

We must show that {5{327“ <1 G|M} = 0 in Z/m. However by Corollary 2

it is sufficient to prove this formula with the homotopy ﬂ{zg’o‘ replaced by
another homotopy H from p(af, ) to p(«, 3) as long as we have for x close
to 0: H(t,x) = 2afz. We shall choose such a homotopy H for which the
calculation is easier.

The homotopy H. Before beginning we shall fix a parametrization of the
path p(af, a) as follows:

afp(e, 2x) x <3,
p(af,o)(z) =3 ap’(0,v,20—3) L+ <x<3,
pa(O,S,Z'L‘ - 1) x> %

This has the advantage that it agrees with p*?(z) for z < % We fix €, £ and
v sufficiently small for out purposes, and we forget about these variables for
the rest of the proof.

We introduce a sequence of auxiliary paths

p(af,a) = po, ..., pm2 = p(ap).

These are defined as follows. For any i = 0, ..., m? we define

DN | —

pi(r) = 2zaf, =<

The triangle in g with vertices a3, a and 1 is cut into m? similar triangles,
or 4m? if m is even. These similar triangles are numbered as in the following
diagram.
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We define p; to be the path from 0 to 1 in the diagram which passes
below the triangles numbered 1, ..., and above the triangles numbered 7 +
1,...,m?. This means that paths p;_; and g; differ only by the i-th triangle.
We shall parametrize these paths as follows. For any x € [ which is not
mapped into the edge of the i-th triangle we define g, 1(x) = @;(x). Let
la;,b;] C I be the subinterval mapped to the i-th triangle by both @; and
©i—1. The interval [a;, b;] will have length ﬁ One of the two paths will go
around two edges of the triangle and the other will go around the third edge.
We parametrize the path which goes around only one of the edges so that
the path is affine there. The other path will be affine on the two subintervals
la;, a;+ ﬁ] and [ai+ﬁ, b;], and will map a;+ ﬁ to the vertex of the triangle.

We define homotopies Hy, ..., H,,2 as follows:

Hi(z,t) = (1 = t)pi-1(x) + tpi(z).

Thus H; is a homotopy from @; ;1 to @;. Finally we put all these homotopies
together to make the homotopy H:

H(x,t) = Hpnegy (@, {mt}),

where [-] and {-} denote the integer part and fractional part respectively.
This is a homotopy from p(af3, a) to p(af).

Calculation of {H 1 G|M}. Note that we have

{H =2 G|M} = lim lim lim lim {H(e, v, &, n) = G|M}.

e—0t v—0t €0t n—0+
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We fix €, v, &, n so that all our functions are defined on M and equal to their
limits.
It is sufficient to show that for any d — 1 cell P in X we have in Z/m:

{H < PM} =0.

We now fix such a P.

Assume for a moment that m is odd. Recall that to construct the homo-
topy H we used a sequence of paths gy, . . ., 2 and homotopies Hy, ..., IH,,2,
where JH; is a homotopy from @, ; to ;. We therefore have

{H|M} = Z{:Hi o1 P|M}.

Each homotopy H; corresponds to one of the m? subtriangles T}, ..., T,,> of
the triangle with vertices a3, o, 1. Fach of these triangles is either a trans-
lation of 77 or a translation of T5. We shall prove that if T} is a translation
of T; then we have

{FH; > PIM} = {H; > P|M} mod m. (20)

m(m+1) (m m(m—1)

As there are triangles of type T} and ™ of type T3, this implies

(HoaPIM} = M{ﬂ{lm?w“

=0 mod m,

(m

mT_l){}c2 > P MY

which proves the result. This is the only place in which we need to assume
that m is odd. In the case that m is even we must cut the large triangle
into 4m? subtriangles instead of just m? so m(2m + 1) of them are of type
Ty and m(2m — 1) are of type T;. This is why we need a slightly different
congruence condition on « and § when m is even.

It remains only to prove the congruence (20). To do this we shall cut
H; > P and H; o< P into pieces. Some of the pieces of H; > P will be
translates by elements of M of pieces of H; > P, and so will cancel each
other out. Any piece which does not cancel in this way will be the product of
a line segment with length in m - M and a d — 1-chain. Thus its contribution

0 (20) will vanish modulo m.
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Without loss of generality we shall assume that 7T is a translation of 7.
We begin by cutting the interval I onto four pieces. For x in the interval
[0, 3] we have

Hi(t, z) = pi(x) = aBp(e)(2x).
Let [a;, b;] be the subinterval of 3, 1] which is mapped by p; and p;_; to the
triangle T;. The other two pieces of I are [, a;] and [b;, 1]. It is possible that
one of these two will be a single point. For z in the interval [%, a;] we have
H;(z,t) = pi(z). In this region, p; is a sum of line segments whose endpoints
differ by I’Ta, % or % We define

Uy(z) = s <(1 _ x)% + xai) |

The region of p; between b; and 1 is similar and we define
Ui(z) = pi((1 — 2)b; + ).

Suppose {1,...,d — 1} is the disjoint union of the four sets A, B, C' and
D. We shall define A;(A, B,C, D) to be the restriction of H; > P to the
subset
Ix[0,44 % [3,a:]P x [a;,b:] x [b;, 1]P C I

In other words we have

‘A1<A7 Ba O? D)(twrlv s 7xd—1) = vp+ Zaﬁp(e)(%) Cap;
JEA

+ > Wil)) - ap,
jEB

=+ Z j’(z«l — xj)ai + Ijbi, t) . (1,(1373‘
jec

+ Y Uj(x;) - agy.
je€D

We have
A,B,C,D

It is sufficient to prove that for any choice of A, B, C' and D we have

{A,(A, B,C,D)|M} = {A\(A, B,C, D)| M.
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To prove this we shall consider three cases.
Case 1. Suppose that B is non-empty and let j € B. We can then
decompose A;(A, B,C, D) as

A;(A, B,C, D) = VOW,

where V(z) = U;(z) - ay; and W is a d — 1-chain. The cell V is a sum of line
segments whose length is in m - M. It follows that {A;(A, B,C,D)|M} =
0 mod m. Similarly {A,(A, B,C,D)|M} = 0 mod m.

Case 2. Suppose that D is non-empty. We may reason as in case 1 to
show that both {A;(A, B,C,D)|M} and {A;(A, B,C, D)|M} are congruent
to 0 modulo m.

Case 3. Suppose B and D are empty. We shall prove that A;(A, B, C, D)
is a translation of A;(A, B,C, D) by an element of M. We shall assume
without loss of generality that C' = {1,...,r}and A= {r+1,...d—1}. We
may then decompose A;(A, B,C, D) as follows:

Ai(A, B,C, D) = B,OC,

where B, : I"! — X is given by
Bi(t,l‘l,..., Z:H: 1—IJ al‘i‘l']b) ap,;

and C: I9"1 — X is given by:

d—r—1

= Y afple.x)) - a,.
j=1

It is therefore sufficient to prove that B; is a translation of B; by an element
of M. Recall that the triangle T} is a translation of 77 by some vector v € g.
Furthermore v is of the form

af —1 a—1

v=r + s , r,s € 7.
m m

It follows that the restriction of H; to [a;, b;] and the restriction of H; to
la1, by] also differ by the translation v. In other words we have for x € I,

Hi(t, (1 — z)a; + xb;) = H;(t, (1 — x)ag + xby) + v.
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This implies
Bi(t,$1, c. ,.Z'T) = Bl(t,l'l, . ,.Z'r) + UZCL(}DJ.
J=1

It remains to show that the translations v - ap; are in M. This reduces to
showing that ‘%1&% and %QTJ are in M. However this is true by our
congruence conditions on « and 3, the fact that (1 — p)ap,; € L and the
assumption that M contains L, oL and afL. O

7 Extending the cocycle to GL,(A).

7.1 The cocycle on SL, (k).

Let k,, be the sum of the fields k, for all finite places v dividing m. We
therefore have A = A(S) @ koo @ ky. So far, we have a cocycle Decyg) on
GL,(A(S)) and a cocycle Decy, on GL, (ks ). We shall now find a contin-

uous cocycle Decy, on SLy(k,,) so that Decy(g)DecoDecy, is metaplectic on

SL,(A).

Extending 7. Recall that Gj is the subgroup of GL, (k) consisting of ma-
trices which are integral at all places dividing m and congruent to the identity
modulo f. This is the subgroup generated by the semigroup T;. We have a
function 7 : Ty — p,, such that for «, 8 € T; the following holds:

Decy(s)(e, B)Decoo (v, B) = O1(av, ). (21)

For any matrix o € Gj there is a natural number N such that a/N € Tj.
We extend 7 to a function on Gy by defining

(o) = Pea(N, N1a)Deco, (N, N~a)
Decy(s) (NN, N=1)Decoo (N, N71)

T(N’la), a € Gy,

where N € N is chosen so that N~'a € T;. It follows from the cocycle
relation and the fact that 7(N~') = 1 for N € NN Y™, that this does not
depend on our choice of N. Furthermore it is easy to check that on the whole
group Gj the formula (21) still holds.
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We extend 7 to a function on GL, (k). To do this we choose a set Rep of
representatives for cosets GL, (k)/Gy. Thus every element of GL, (k) may be
uniquely expressed in the form ra with » € Rep and a € G5. We define

7(ra)) = Decys)(r, a)Deco (1, o) ().
The cocycle Dec,,. We define the cocycle Dec,, on the dense subgroup
SL, (k) of SL, (k) by

or(a, B)
Decas) (e, 3)Decoo(ev, 3)

We shall prove that Dec,, extends to a continuous cocycle on SL, (k,,). We

then define for «, 5 € SL,,(A)

Decy (o, B) = Decys) (o, f)Decos (v, f)Decy, (o, B).

It follows immediately from the definition (22) that the restriction of Decy
to SL,(k) is 0r. Therefore Decy is metaplectic. It remains to prove the
following.

Dec,, (o, B) =

(22)

Theorem 6 The cocycle Dec,, on SL, (k) extends by continuity to SL, (k).

Proof. Tt follows immediately from the definitions that for a, 3 € SL, (k)
and € € G we have

Dec,, (v, Be) = Dec,, (v, ).

It is therefore sufficient to prove that for any 5 € SL,(k), the function
« — Dec,,(a, 3) is continuous. We fix 3. Note that for e € G; N (8G;571)
we have from the cocycle relation:

Dec,,(ae, ) = Dec,,(«, 5)Dec, (€, ).

In particular the map ¢ : GsNBGB~1 — py, given by ¢(€) = Decy, (e, 3) is a
homomorphism. To prove continuity we need only show that ker(¢)) NSL,, (k)
is open in the induced topology from SL,(k,,). However this fact follows
immediately from Lemma 29 below. O

Remark 4 [t is worth noting that ker(v) is not open in the topology induced
by GL,,(k,,) and Dec,, does not extend by continuity to GL, (k).
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A weak form of the congruence subgroup problem. Let S,, be the
set of finite primes in S and define R = {x € k : Vv € 5, |z|, < 1}. This is
a subring of k whose primes correspond to the elements of S,,. The ring R
is a dense subring of 0,, := @,cs,, 0.

Lemma 29 Fvery subgroup H of finite index in SL,(R) is a congruence
subgroup, ie. H contains all matrices congruent to the identity modulo some
non-zero ideal of R. Equivalently SL,(o,,) is the profinite completion of
SL,(R).

Remark 5 This is a very weak statement, which follows immediately from
[4] (or [28] for n = 2). However since these papers effectively construct the
universal metaplectic cover of SL,, it is worth noting that the limited result
required here can be obtained in an elementary way.

Proof. Let H be a subgroup of SL,(R) of index d. We shall assume
without loss of generality that m divides d and that H is normal in SL,,(R).
We shall show that any matrix congruent to the identity modulo d*R is in H.
First note that the d-th power of any element of SL,,(R) is in H. Therefore
H contains the elementary matrices

In+Mdei;, AER,i+j

Here e; ; denotes the matrix whose (i, j)-entry is 1 and whose other entries
are all zero.

By a d-operation we shall mean an operation of the form “add Ad times
row i to row j7 (i # j, A € R). If a matrix can be reduced by d-operations to
the identity matrix then that matrix must be in H since d-operations have
the effect of multiplying on the left by I,, + Ade; ;.

Now let A = (a; ;) be any matrix congruent to the identity modulo d*R.
We shall show that A may be reduced to the identity matrix by d-operations.
Since m divides d?, the entries a;; on the diagonal of A are units in R (they
are congruent to 1 modulo every prime ideal of R). The entries off the
diagonal are divisible by d?. Therefore we can reduce A by d?-operations to
a diagonal matrix. Furthermore the diagonal matrix which we obtain will
still be congruent to the identity modulo d?.

Now let A be diagonal. It remains to show how A can be reduced to the
identity. We first describe a method for converting a;; to 1. For i < n we
may add dai_ﬂ.l times row ¢ to row ¢ + 1. This gives us a d in the (i + 1,1)
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entry. Next subtracting dai’;; L times row i + 1 from row i we obtain a 1 in

the (i,1) entry. After this we subtract d times row i from row i + 1 to obtain
a zero there. Finally, subtracting a multiple of row i+ 1 from row ¢ we obtain
a diagonal matrix with a 1 in the (7,7) position. In this process we have only
changed the (i,4) and (i + 1,7 + 1)-entries. We may perform this process for

t=1,2,...,n—1 consecutively to obtain a diagonal matrix with a;; = 1 for
1=1,2,...,n— 1. Since the resulting matrix has determinant 1, it follows
that a,,, is also 1. O

A product formula for Decy. For any place v of k, let Dec, be the
restriction of Decy to SL,(k,). It is known (see [10, 11]) that for almost
all places v the cocycle Dec, is trivial on GL,(0,). Therefore the product
[1, Dec, (e, B) converges and we have up to a coboundary®

Decys)(a, 3) = [ [ Deco(, 8), B € SL,(A(S)).
véS

As the groups SL,(k,) (v € S) are perfect, the restriction maps give an
isomorphism:

H(SLy(ks), ptm) = @D H (S (k) ).

veES

(The corresponding statement for GL,, would be false). This implies up to a
coboundary on SL, (A):

Decy = H Dec,.

7.2 Application : The power reciprocity law.

We shall now deduce the power reciprocity law from our results.
Consider the cocycle Decy on SL3(A). For a € A* we define

a 0 0 a 0 0
@)= 0 at 0|, Hla)=10 1 0 :
0 0 1 0 0 ot

LA formula for this coboundary is given in [10].
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One knows (see [10] Lemma 23) that for a, 3 € A* we have
[QO(OZ), Qpl(ﬂ)]DecA(@ = H(a’ ﬁ)v,m-
vgS

On the other hand if a;, 8 € k£*, then since Decy is metaplectic we have

[o(a), @' (B)Ipec, = 1.
This implies for «, § € k*,

T1(c. o [[1#(@). ¢ (B)]pee, = 1.

vgS veS

Fix a place v € S and consider the function ¢ : k) X k) — p,, defined by
@D(Oé, ﬂ) - [(10(05)7 Qpl(ﬁﬂDecm

where Dec, is the restriction of Decy to SLsz(k,). To prove the reciprocity
law it remains to show that 1 is the m-th power Hilbert symbol.

For real v this is a consequence of Corollary 1 (§3.8). For compex v both
1 and the Hilbert symbol are trivial for topological reasons. Assume from
now on that v is a non-archimedean place dividing m. The function % is
bimultiplicative and continuous by the properties of commutators. Further-
more we have ¥(a,1 — a) = 1 for all @ # 1 since this formula holds on the
dense subset £* \ {0}. Therefore v is a continuous Steinberg symbol. As the
Hilbert symbol is the universal continuous Steinberg symbol on k, we have
Y(a, B) = (a, B);,, for some fixed a € Z/mZ. Substituting a = ( € pp,
B € 0 we have (see for example [29] XIV Proposition 6):

1-Ng» ()

(Cu ﬁ)m,v = C m
Taking (5 € o close to 1 in the topology of o, for all w € S\ {v} we have

UG B) = [0, ¢ (Bl
Proposition 2 of [10] implies

— 1-NA(5)
[@(C)? ¥ (ﬁ)]DecA(s) = < m = (C7 6)m,v-
With a suitable choice of (, 3 this shows that a = 1. a

As was mentioned in the introduction, it would be more satisfactory to
have a local definition of Dec, for v € S, and a local proof that 1) is the
Hilbert symbol.
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7.3 Extending the cocycle to GL,.

We now have a metaplectic cocycle Decy on SL,(A), whose restriction to
SL,(A(S) @ ks) extends naturally to GL,(A(S) ® kw). One might ask
whether Decy(syDecy extends to a metaplectic cocycle on GL,(A). The
answer to this depends on precisely how one poses the question. If one asks
whether there is a cocycle Dec,,, on GL,,(k,,), which when multiplied together
with Decy(s) and Decy, gives a metaplectic cocycle then the answer is “no”.
However it is true that Decy(g)Decy is the restriction of a metaplectic cocycle
Decy on GL,(A).

The change of base field property. By embedding the group GL, in
SL,11, one can obtain a perfectly good metaplectic extension of GL,, by
restriction. In fact, this is the metaplectic extension which has been most
studied. However, such extensions are badly behaved under change of base
field (see [25]) compared with Decy(gyDecs. For this reason, I shall extend
Decy(s)Decs to GL,(A) to obtain an extension which is well behaved under
change of base field.

More precisely, if [ is a finite extension of k of degree d then by choosing
a basis for | over k we may regard GL,(4A;) as a subgroup of GL,4(Ay).
With this identification GL,(I) is a subgroup of GL,(k). Thus metaplectic
extensions of GL,4/k restrict to metaplectic extensions of GL,/l. We shall
write R the restriction map from GL,q/k to GL,/l. The classes Decy(sy and
Dec,, have the following “change of base field property”:

k !
R(Decx()s)) = Decxgs), R(Dec®) = Dec.

This is clear since the base field never arises in the definitions of Decy(s) or
Decy. It is known that the class on GL,, obtained by restricting from SL,, 14
does not have the change of base field property (see for example [25]). We
shall extend Decy(g)Decs to GL,(A) in such a way that it does have this
property. To achieve this it is clearly sufficient to treat the case k = Q(py,).
From now on we shall restrict ourselves to this case.

The metaplectic kernel of GL,,. The group GL,, is the semi-direct prod-
uct of SL, and GL;. The normal subgroups SL,(A) and SL,(k) are per-
fect, i.e. they are equal to their own commutator subgroups. Therefore
the Hochschild—Serre spectral sequence shows that the restriction maps give
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isomorphisms:
H*(GL(A), ) = H*(SL(A), i) ® H*(GL1(A), tim),

For an algebraic group G we shall write M(G, u,,) for the kernel of the

restriction map H*(G(A), pt) — H*(G(k), ptrn). The above isomorphisms
imply that we have

M(GLy,, i) = M(SLy, i) & M(GL1, fin)-

We have already constructed a metaplectic extension of SL,,, so to show that
our cocycle extends to a metaplectic cocycle of GL,, we need only show that
its restriction to GL; (A(S) @k« ) extends to a metaplectic cocycle on GL; (A).
However by Theorem 5 and [10], the restriction of Decy(g)Decs to GL; is
simply the cocycle Decy(g)yDecy constructed in the case n = 1.

We describe the group H2(AX, u,,). For 0 € H*(A*, ji,,,) the commutator
of ¢ is a continuous bimultiplicative, skew symmetric function A* xA* — fi,,.
We therefore have a map

H?(A, j1,,) — Hom(A2A™ ).

This map is surjective. We write H, fym(AX, ) for its kernel. There is an
isomorphism given by the restriction maps (see [16]):

Hszym(AXNum) = @ HQ(um(kv>7 Hm)

Each of the groups H?(p,(ky), tm) is canonically isomorphic to Z/m. We
write H2,, (A*, p,,) for the kernel of the restriction map H2(AX, yy,) —

asym
Sy H? (1t (ky), i ). Thus the commutator gives an isomorphism:

H o (A i) = Hom(A2A, i),

asym
and we have a decomposition
H2<AX?/JJWL) = Hszym(AXHum) @ Hgsym(AX ) :um)
There is a similar decomposition of H?(k*, i)
HQ(kX ’ Mm) = [_1521/17’L(k>< ) ,um) EB ]’—I(zsym(k>< ) /,Lm),
H3 (K ) 2 H (i (), i) = Z/mZ,

sym
H? (K™, fim) Hom(A2E™, fim).

asym

1%
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Consider the restriction map H?(A* | j1,,) — H?*(k™, j1,,). Clearly the restric-
tion to k* of a symmetric cocycle on A* is symmetric?. The resulting map
HZ,. (A%, ) — H*(K™, i) corresponds to the map ®,Z/mZ — Z/mZ

given by
(ay) — Z .

v

We now examine the commutator of DecysyDecy. Under our conditions
on k the group Hom(A?kX, p,,) is trivial, so Decy, has trivial commutator.
Therefore the commutator of Dec,Decy gy is the same as the commutator of
Decy(s). This has been calculated in [10] (Theorems 4 and 5) and is given by

(lalagsy = 1)(1Blacs) — 1)

(—1) m? H(a, B)om if m is even,
[, Blacs) = oy

H(Oé, B)vm if m is odd.

véS

Define also a bilinear map 9y : (A*/k*) x (A*/k*) — y, by

(xg () =) (xx (B)—1)

Ur(a, B) = (1) "
The point of this is that for a, 3 € A(S)* we have

(alp(s) =D UBIp(s)—1)

(e, f) = (=1) B

Theorem 7 There is a unique class Decy € M(GL1/Q(pim), fim) with the
following properties:

o the restriction of Decy to A(S)* is Decys);

o the restriction of Decy to kX is Decoo;

2However the restriction of an asymmetric cocycle is not necessarily asymmetric.
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o The commutator of Decy is

[Oé, ﬁ]fDecA = ¢Q(um) (Oé, ﬁ) H(aa ﬁ)m,v'

v

Proof. 1t follows from the above discussion that there is a unique class
with the given commutator and restrictions to A(S)* and k% and any given
symmetric restriction i, (k,,). As m is a power of a prime, k,, is a field, so
there is a unique choice of restriction to g, (k,,) for which the restriction to
k is asymmetric. O
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