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ABSTRACT

Let m = mymy - - -, be any permutation of length n, we say a descent m;m; 1 is a lower,
middle, upper if there exists j > 7 + 1 such that m; < mp, M < m < m, m < 75,
respectively. Similarly, we say a rise m;m;1 is a lower, middle, upper if there exists
Jj >4+ 1such that 7; < m;, mj < m; < 41, iy < 7j, respectively. In this paper
we give an explicit formula for the generating function for the number of permutations
of length n according to number of upper, middle, lower rises, and upper, middle,
lower descents. This allows us to recover several known results in the combinatorics
of permutation patterns as well as many new results. For example, we give an explicit
formula for the generating function for the number of permutations of length n having
exactly m middle descents.

Keywords: Statistics; Kernel method; Generating functions; Descents; Rises.

1. INTRODUCTION

Almost a hundred years ago, MacMahon [6] started the theory of permutation statistics
by studying the number descents in a permutation. This statistic still play an important
role in the theory. The descent set (respectively, rise set) of a permutation m =
T Ty - - - Ty, is the set of indices ¢ for which m; > ;41 (respectively, m; < m;41), and the
number of descents (respectively, rises) in a permutation 7 is the cardinality of the
descent set (respectively, rise set). The distribution of the number of descents (rises)
in the set of permutations of length n is given by the Eulerian numbers A(n, k). More
precisely, the number of permutations of length n with exactly k descents (rises) is
given by the Eulerian number A(n, k), see [3].

By the definition, m;m; 41 is a descent (respectively, rise) in a permutation mmy - - - 7, if
and only if m; > ;41 (respectively, m; < m;41). In this paper we consider the refinement
of the notion of a descent (rise) by fixing an element ; of the right side of 7,41, namely
Jj > i+ 1, such that either 7; < m = min{m;, m 1}, 7, > M = max{m;, mj11}, or
m < m; < M. We provide exact formulas for the distribution generating functions of
our new statistics.

Let S,, denote the set of permutations of length n (permutations of [n] = {1,2,...,n}).

For any m = mymy - - - m, € 5, we say a descent m;m;11 is a lower, middle, upper if there

exists j > ¢ + 1 such that m; < mqq, My < 7 < 7, m < 7;, respectively. Similarly,
1



2 STATISTICS ON PERMUTATIONS

we say that a rise m;m; 1 is a lower, middle, upper if there exists 7 > ¢ + 1 such that
T < m, m < T < Wiy, Tip1 < T, respectively. We define the following six statistics:

o Desp(m) = {i|mmi1 is a lower descent}, desp(m) = #Desr(n),
o Desy(m) = {i|mmi1 is a middle descent},  despy(m) = #Desy (),
e Desy(m) = {i|mmi1 is a upper descent}, desy(m) = #Desy(m),
o Risp(m) ={i|mmi is a lower rise}, risp(m) = #Risg(nm),
o Risy(m) ={i|mm1 is a middle rise}, risy(m) = #Risp (),
e Risy(m) = {i|mmi1 is a upper rise}, risy(m) = #Risy(m)

For example, if m = 316425 € Sg, then Desp(m) = {3}, Desy(m) = {1,3}, Desy(n) =
{1,4}, Risp(n) =0, Risy(m) = {2}, and Risy(m) = 0. Then desy(7) =1, desp () =
desy(m) = 2, risp(m) = risy(m) = 0 and risy () = 1.

Clearly, desx(m) = risx(m¢) for each permutation 7 of length n and X € {L, M, U},
where 7¢ = (n+1—m)(n+1—m)---(n+1—m,) denote the complement of .

Our main goal is to find an explicit formula for the generating function

@(Q?) _ Z " Z H (dgi(esx(w)r;;sx(ﬂ)> ’

n>0 €S Xe{L,M,U}

see the next section. In Section 3 we present several application for our main goal,
Theorem 2.8. In particular, we show that the generating function for the number of
permutations of length n with exactly one middle descent is given by

1—+2y1 -4z -1 1

o2 V1—dzx’

and the generating function for number of permutations of length n with exactly two
middle descent is given by

1—\/2\/2\/71—4:0—1—1+ . 1
2z (1 —da)V1 -4z /T—de/2/1 —dz —1

2. DERIVATION AN EXPLICIT FORMULA FOR &(x)

Denote the generating function for the number of permutations 7 of length n with
Ty T = i1 iy according to the statistics desy and risx, X € {L,M,U}, by
f(n|21 cee Zm) = f(n, dL, dM, dU7 rL,"wm, TUlil tee Zm), that iS,

foliv i)=Y [T (@)

T=1112im 7T €ESn, XE{L,M,U}

At first, let us present a recurrence relation for the polynomials f(n|q).
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Proposition 2.1. Letn >3 and 3 <1 <n—2. Then

fll)  =ruftn—11) +TU7’MT§2f(n— 1)+ racf(n — 1fn — 1),
fn2) = dufn— 1)) B
+ryrpf(n —112) + rorurr gf(n — 1) +ruref(n —1n — 1),

n—2
+ryrof(n —100) +ryryr > f(n—1|7) +rurpf(n —1jn — 1),
j=i+1

f(nln=1) = dydy f(n—1[1) + dUdeLrif(n — 1) +dvdpf(n—1n —2)

+rpf(n—1n—1),

— dyrf(n— 1]1) + deL’if(n 1) + duf(n— 1l — 1),

J

f(nln)

Proof. By the definitions we have that

i—1 n
faliy =" fnlij) + Y f(nlij),
j=1 j=it+1
for all n > 3. Now let us find the equation of f(n|l). It is not hard to see that
f(n|12) =ryf(n—1,1), f(n|lj) =rgruf(n—1|j —1) for all j =3,4,...,n— 1, and
f(n|in) = ryrf(n — 1|n — 1). Therefore,

n—2
Fll) =ruf(n—11) +rygra > f(n—115) + rarf(n = 1n = 1).
=2
All the other equations can be obtained by using similar arguments as above. ([l

The above proposition generates quickly the polynomials f(n|i), see Table 1.

rurmTr + T’MdL+
T’MdM + TUT‘MdU

T’LTUdU —+ TUT’%‘F
TMTLdM + T’MTLdL

d%]d[, + dUdLT’L+
TLdM + dUdMTM

[n | f(n1) | f(n]2) | f(n[3) | f(n]4)

1)1

211 1

3 Ty + M dU+TL dM+dL

4 7’(2J+TU7”M+ dyry + dyry+ dydyry +rpdp+ | dyry + dyra+

dydady, + dpydp+
TLdeL + d%

TABLE 1. The polynomials f(nl|i) for all 1 <i <n <4.
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Define f(n) = f(n;dr,dy, dy,rn, 70, 7v) to be the generating function for the number
of permutations of length n according to the statistics desy and risy, that is,

= T (),
m€Sn Xe{L,M,U}

Clearly, for all n > 1, f(n) = > | f(n|i). For example, Table 1 gives
f(1

) =
f2) =
f(3) ZXG{UL ay(rx +dx),
f(4) = (rv+ru)(dudy +dy +dy +rv) + (rar +dp) (ryrr + 1 +rar +dp)

(dU + TL)<7’U7”L +ryry + ddy + deM)

Now, we introduce the multivariate generating function
F(z,v,w) = F(x,v,w;dp,dy, dy, 70, T, T0)

for the number of permutations m = w7y - - - m, of length n according to the statistics
desx and risx, X € {L, M,U}, and m; (the leftmost element of 7) as

F(z,v,w) ZF v, w)x" = Zx (Z f(n|i)v”_iwi_1> :

n>0 n>0

Clearly,
(2.1)  f(n|n) = F,(0,1), f(n|l) = F,(1,0) and f(n) = F,(1,1), foralln>1.

In this section we interest to find an explicit formula for the generating function
F(z,v,w). In order to do that let us write a recurrence relation for the polynomi-
als F,, (v, w). Proposition 2.1 gives

n—2

fll) =rof(n—11)+rory »  f(n—105)+raf(n—1n—1),
S~—— —— — N ~~ o
(0) (1) N _ )
(6)
f(n|2) =duf(n—1[1)
S~—— ——
(0) ) B
+7“U7”Lf(n —1|2) +ryrure Zf n — 1[j) ‘I’TMTLf(” —1n—1),
®) = y ®
(9
i—2
f(nli) = dUde(n — 1) +duddy Y | f(n—1]j) +dudpf(n —1]i = 1)
N——
(0) @) g . (10)
(11)
n—2

+ruref(n—1i) +rorars Y f(n—=105) +rarof(n—1n—1),
_/_/ (. ~ J

(5) N J=itl _ 8)

g

(9)
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n—3
J(nln—1) = dydy f(n—1]1) + dUdeLZf(n —1j) +dudrf(n—1|n —2)
2 i . = ) (10)
(11)
+ rLf(n — 1|77, — 12,
(14)
n—2
f(nln) =dyf(n— 1\1)+deLZf(n —1]j)+drf(n—1n—-1).
N—— —— — ~~ o
(0 @) N _ (13)

g

(12)
Multiplying the equation of f(n|i) in the above system by v"~“w'~! and summing over
all possibly values ¢ = 1,2,...,n, we obtain that the contribution of all the terms
assigned in the above system by (a), a = 0,1,...14, in the polynomial F,(v,w) is
given by

e Case a=0: Y f(nli)v" "w'™t = F,(v,w),
i=1

e Case a =1: r_(]v”_lf(n —1J1) = rgv™'F,_1(1,0),
e Case a=2: dyv" *wf(n — 1|]1) = dyv"*wF,_1(1,0),
e Case a = 3:

n—1 n-1 ]
dydy Y- 0" f(n = 1[1) = dydyo 0P, (1,0) Y (2)
i=3 i
2(,m—3 _ ,,,n—3
_ dydy Py (1,020 =)
v —w

o Case a =4: dpyv®w™ L f(n —1]1) = dyw™F,_1(1,0),
e Case a = o:

n—2
rory Y. f(n — 1)) fw !
i=2

=ryrpv (F_1(v,w) — w"2F, 1(0,1) — v"2F,_1(1,0)),

e Case a = 6:

n—2

rurat™ Y f(n = 105) = rprae™ ™ (Fasi(1,1) = Fog (0, 1) — Fimi(1,0))

Jj=2

o Casea=T: ryv" 1 f(n—1n—1) =ryov"1F, 1(0,1),
e Case a = 8:

n—2
ryrp Y v w T f(n = 1n — 1) = ryrp Fn (0, 1)“2“’(”
i=2

n737wn73)

v—w )
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e Case a = 09:

n—3 o n—2
rorarn Y, v w30 f(n— 1)

i=2 j=it+1
n—=2 /j—=3 )
= ryrpyrpo”Tiw Yy (Z w’/vz> f(n—11j)
=3 \i=0
n—2
= TUTMTLUZ:;U) > (11— wj_2/vj_2)f(n —1[5)
j=2
= 1yt e (Fy (1, 1) — Foi(1,0) — F,_1(0,1)))
—rUervaw(Fn_l(v, w) —v"2F,_1(1,0) — w"2F,_1(0,1)),
e Case a = 10:

n—1
dydp > v f(n —1]i — 1)
=3

‘ n—2
=dydrw > f(n — 1[i)v" 1 iw?
i=2
= dydpw(F,_1(v,w) —v"2F, 1(1,0) —w"2F,_1(0,1)),

e Case a = 11: Similarly as in the case a = 9 we have that

n—3
dUdeL Z ,Un—Q—zwz—l-l
1=2

f(n—113)
j=2
= dydardy 2 (Fyi(v,0) — 0" 2F,1(1,0) — w2 F,_1(0,1)))

—dydydy "= (Fuo1(1,1) — Foei(1,0) — F,_1(0, 1)),
e Case a = 12:
n—2
dydpw™? Z f(n —1}i) = dydpw™ Y (F,_1(1,1) — F,_1(1,0) — F,_1(0, 1)),
1=2

e Case a =13: dpw" ' f(n—1n—1) = dpw" ' F,_1(0,1),
e Case a = 14: rpow" 2f(n — 1n — 1) = rpow™ 2F, (0, 1).

Therefore, adding the above contributions, Cases a = 1,2, ..., 14, we obtain a recur-
rence relation for the polynomials F, (v, w):

F,(v,w) = (T’UTLU + dydpw — ’FUTMTL% + dUdeL%> Foq(v,w)

+ <TUTMUn_1 + deL’LUn_l + TruTrmMTr vZ:;w — dUdeL_wU”:;v> Fn_l(l, 1)
—37wn—3

+ <ruv"_1 + dypwo™ 2 4+ dUdM—Uwz(”nvfw ) 1 dyuw !

—rprpo™ Tt — g0+ vt — dydpwe™ 2

_apyn—3

—dydygdy R e deLw”_l) F,_1(1,0)

v—w

Qw(vn—Biwn—B)

v—w

+ (ernl —ryrpow™ 2 — rpry o™t 4 e

2

v2w(v? 3 —wn—3)

—TryTmMTL — dUden_l + dUdeLwn—l

v—w

—dydpw™ - dpwn !t + erw”_Q) F,1(0,1),
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with the initial conditions Fy(v,w) = Fi(v,w) = 1 and Fy(v,w) = v + w. Multiplying
(2.2) by 2™ and summing over all possibly values n > 3 we obtain the following result.

Proposition 2.2. Define

v—w

2
K(x,v,w) =1—-z <TUTLU M + dydpw + w dUdeL>;

8
<
g

= —ryryx (1 + 2L,
e (1 ),

( )

( )

(@, 0,0) = =2 (ru (L= rar) (1 = 7o) + 22 (14 2) (1 - dy)),
Bio(z,v,w) = —dya(1 —dp) (1 — ),

( )

( )

8
<
S

Apr (T, v,w —ryz(l —ry) (1 + :}”_’“fu),

Boi(z,v,w) = — (d (1 = dy)(1 = dar) + 5= (1= 325) (1 = rv)),
and

H(xz,v,w)

=1l+z+ (w+w)z?—z(1l+x) (rUer + dydpw — rururs 4 widydydy

v—w v—w

—z(1+ 2v) (rU(l —rar)(1—rp) 4+ rar(1+ 2L) 4 2o (] — dp)(1 + wdu)

—z(1 4 zw) (dL(l—dM)(l—dU)-l—dM( ﬁ%)"‘ CE( = ry)( gm\{[u))

Then the generating function F(x,v,w) satisfies the

K(z,v,w)F(x,v,w)
+ A (z,v,w)F(zv,1,1) + By (z,v,w)F(zw, 1,1
+Avo(z,v,w)F(zv,1,0) + Bio(x, v, w)F(zw, 1,0
+Ap1 (x, v, w)F(2v,0,1) + By (z, v, w)F(zw, 0,1

(2.3)

S— N

= H(z,v,w).
Now, let us express the generating functions F(z,1,0) and F(z,0,1) in terms of
F(z,1,1).
Lemma 2.3. Define
7’(.17) =1 + (1 — Ty —dL+deL)ZE+ (1 —dL —dM(TM —dL))(l —TU)(L'2
‘I’(’I“M — dL>(1 — dM)(l — ’I“U)ZL‘B,
r'(x) = axry(ry — zdp(ry — du)),

s(z) =14+ 1 —ry—dp+rorm)z+ (1 —ry —ru(dy — 1)) (1 —dp)a?
+(dM — TU)(l — dL)<1 — T‘M)ZES,

s'(x) = xdy(dp — xry(dp —ru)),
t(x) = (1 — LE’I’U<1 — T’M))<1 — SL’dL(l — dM)) — SL’QdMTM<1 — TU>(1 — dL)

(24)  F(z,1,0) = % + Z/(E)F(x, 1,1) and F(z,0,1) = j%) + j((;))F(a:, 1,1).
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Proof. Applying (2.2) for v = 1 and w = 0 we obtain that
Fn<17 O) = TU(l — TM)anl(la 0) + TUTManl(la 1) -+ T'M(l — TU)anl(O, 1)

with the initial conditions Fy(v,w) = Fi(v,w) = 1 and Fy(v,w) = v + w. Rewriting
the above recurrence relation in terms of generating functions we arrive at
(2.5) (1 —arg(l —rp))F(2,1,0) — xrpy (1 — rp) F(2,0,1)

' =1+xz(1+2)(1—ry)(l—ry)+azrgryF(e,1,1).

Now applying (2.2) for v = 0 and w = 1 we obtain that
F(0,1) = dp(1 — dar)Fp1(0,1) + dardr Fp1(1,1) + dar(1 — dp ) Fy_1(1,0)

with the initial conditions Fy(v,w) = Fi(v,w) = 1 and Fy(v,w) = v + w. Rewriting
the above recurrence relation in terms of generating functions we arrive at

1-— l’dL(l - dM))F(ZE, O, 1) - ZEdM(l - dL)F((L’, 1, O)

Solving the system equations (2.5) and (2.6) we get the desired result. O

26

Using the expressions of the generating functions F'(x,1,0) and F(z,0,1) as described
in (2.4) together with Proposition 2.2, we obtain that the generating function F'(x, v, w)
satisfies

K(z,v,w)F(x,v,w)

+ (A1 (2, v,w) + Aoz, v, w)5 ((m) + A1 (z, v, w) t((tf:v))> F(zv,1,1)
+ 11($ U,U)) + 10(1’,1],11]) (mw) + 01(1’ (% w) t(zw) (a:w, s )

Aqo(zv,w)r(zv)+ Aol (z,v,w)s(zv Bio(z,v,w)r(zw)+Boi (z,v,w)s(zw
:H(wi)— 10( )r( t)(;rv)()l( )s(zv)  Bio( )r( tg;rw)m( )s( )’

where the rational functions K (z,v,w), A;;(z,v,w) and B;j(x,v,w) are given in the
statement of Proposition 2.2, and the polynomials r(z), 7'(x), s(x), s'(z) and t(z) are
given in the statement of Lemma 2.3.
Define #'(z,w) to be the generating function F'(z,1,w), that is,

F(z,w) = F(x,w;ry, 77,70, du, du, dr) = F(z, L, wiry, ra, 7, du, dar, i)
Then (2.7) for v = 1 gives

Theorem 2.4. Let
K(z,w) = K(z,1,w),

Az, w) = An(z,1,w)+ Az, 1, w)z( 5+ Api(z, 1, w) t(( )),

= B (z,1,w) + By(z, 1, w)r((m)) + Boi(z,1,w)2 (f;”)),
Ajo(z,1,w)r(x)+Ap1(z,1,w)s(x Bio(z,1,w)r(zw)+Bo1 (z,1,w)s(zw
= H(z,1,w) — 10( ) (2(4:;) o1( )s(x) _ Bio )r( t();-w)m( )s( )7

)
)
where the rational functions K(x,v,w), A;;j(z,v,w) and Byj(x,v,w) are given in the

statement of Proposition 2.2, and the polynomials r(x), r'(z), s(z), s'(x) and t(z) are
given in the statement of Lemma 2.3. Then the generating function H(x,w) satisfies

(2.8) K(z,w)F(x,w) + Alx,w)F(z,1) + B(z,w)F (zw,1) = H(x,w).
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The above functional equation, namely (2.8), can be solved systematically using the
kernel method (see [1, 5]). In this case, if we assume that there is a small branch
w = u(x) such that K(z,u(x)) = 0 then we obtain

Az, u(x))@ () + B(z,u(z))@ (zu(x)) = H(z,u(x)),
where @ (x) = @ (x;ry,rar, o, dy,dy,dp) = B (x, 1 ry, ry, rr, dy, dy, dp). Define,
1—aryrp(1—ry) C <dedL(1 —dy) (1 —zrgrp (1 — TM)))
1 —a(ryry — dydyp))? ’

and C(t) = =% is the generating function for the Catalan numbers #1(?) Note

that u(z) is the zero of the following quadric equation
K(z,u) = (1 —arpry(1 —ry)) — (1 — 2(rpry — dydp))u + xdydp (1 — dy)u® = 0.
Hence, Theorem 2.4 gives a functional equation that @ (z) satisfies.

Theorem 2.5. Let H(z,w), A(x,w), B(z,w) defined as in the statement of Theo-
rem 2.4. Then, the generating function

@)= fa" =" [a"Y J[ @)

n>0 n>0 T€Sn Xe{L,M,U}

<29) U<l’) - 1-— [E(T‘UTL — dUdL)

satisfies
Az, u(x))@ () + B(z,u(z))@ (zu(x)) = H(z,u(x)).

Note that the functional equation in Theorem 2.5 can be solved easily if hold either
A(z,u(z)) = 0 or B(z,u(x)) = 0. In general, to obtain an explicit formula for the
generating function @ (z) we need the following lemmas.

Lemma 2.6. Let Q(x) be any generating function satisfies f(x) = p(x)+q(z) f(zu(zx)).
Then

@) = 3y ) T awa(e))
where wo(x) = x and wj(x) = wj,l(_xu(x)) forj > 1.

Proof. Applying the equation f(x) = p(x) + ¢(x) f(zu(zx)) infinite number of times we
get the desired result. O

Let H(x,w), A(z,w), B(x,w) defined as in the statement of Theorem 2.4. Define

H B
(@) | oy Blru)
Az, u(z)) zA(z, u(z))
Then the following result holds immediately from the definitions (can be checked using
any mathematical programming such as Maple and Mathematica).

P(z) =

Lemma 2.7. The generating functions P(x) and Q(x) are analytical functions at x = 0
with P(0) =1 and lim,_o Q(x) # 0.

Theorem 2.5 together with Lemmas 2.6-2.7 states an explicit formula for the generating
function @/(x).
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Theorem 2.8. The generating function

@)=Y fla" = fa"y ] @)

n>0 n>0 €Sy Xe{L,M,U}

15 given by

@(z) =y 2’ Puy(x)) H Q(w;(x)),

Jj=0

where wo(z) = x and w;(zr) = wj_1(xu(x)) for j > 1.

Note that ©(0) = 1 and w;(0) = O for all j > 0. Thus P(w;(0)) = 1 and lim,_,, Q(w;(x)) #
0 for all j > 0. Hence, the expression of the generating function @ (z) its useful when
we calculate the first terms of the power series @(x).

3. COUNTING PERMUTATIONS ACCORDING TO A STATISTIC IN
{risy,risy,risy, desy,desy, desy }

Let f be any statistic defined on the set of permutations of length n, that is, f is a
function from the set of permutations S,, to the set of nonnegative integer numbers.

Define
Kp(wiq) =Y " > /™ = Kpu(w)g™
n>0 TESY m>0
In this subsection we study the generating function Ky(z;¢q), where either f = risy
or f =desx with X € {U, M, L}. Indeed by using simple symmetric operations, the
reversal (that is, mymg - - 7, +— 7, - - - Moy ) and the complement (that is, mymg - - - 7, —
(n+1-—m)(n+2—m)---(n+1—m,)), we obtain that

KT’iSU(x; Q) = KdesL<x; Q)v Km’sM<x; Q) = KdesM(x;Q); KrisL(x; Q) = KdesU(x;q>~

Now, we are ready to present an explicit formula for the generating function K., (z;q),
where X € {U, M, L}.

3.1. The generating function K, (r;q). Let rp = ry = rp = dy = dy = 1
z(1l—

and d;, = ¢. Then u(x) - m’ A($7u<x>) = 1%(17 B(x,u(x)) = 4= 1_;(13),1)’

and H(z,u(z)) = 1. Then Theorem 2.5 gives that the generating function Ky, (z;q)

satisfies
z(1 —q)
Kes ; =1- Kes
dens (73.4) q+<q+1—x<1—q>) ‘ (

Applying the above functional equation infinity number of times, we get the following
result.

Corollary 3.1. We have

Kiesy (2:0) = (1= q) H (q + M) |
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Corollary 3.1 for ¢ = 0 gives

K@S
dessi0l® ZH 1—Jrc)

which recovers the well known enumeration of permutations of length n with no lower
descent (that is, avoid the pattern 32—1, or equivalently, there no 7, j such that i+1 < j
and m; > w11 > ;) by the n-th Bell number (see [2]).

Now let us find an explicit formula for Ky, .1(z). Differentiating Kges, (2;¢q), see
Corollary 3.1, respect to ¢ we obtain

%KdesL (Z', Q)
/ z(1-q) I 1- =it -go)? —q)
= (1 - Q) Z 1:[1 <q + 1—ia:(1—q)> Z z(1—q) Z H (q + 1— z:c(l q)> )

7>0 i=1 T iei-o j>0i=1

which implies that the generating function for the number of permutations of length n
with exactly one lower descent is given by

0 B zJ g (1—ix)2—x_
=27 —ix)(z (1 — ix) 1)'

K, esp 1\ L) =
’ L’l( ) dq =0 j>0 i:O(l i=1

KdesL (37, Q>

3.2. The generating function K., (z;q). Let ry = ry = rp = dp = dy = 1

1—z(1— z(1—q)?
and dy = q. Then u(x) = m, Az, u(x)) = %, B(z,u(z)) = —%,
and H(z,u(z)) =1 — (1 — q). Then Theorem 2.5 gives that the generating function
Kges,, (73 q) satisfies

Kaesy (139) =1 —q+ <q + %) Kesy <%; q) -

Applying the above functional equation infinity number of times, we get the following
result.

Corollary 3.2. We have

Fieay (30) = Kaew, (2:0) = (1= )} H(q+ _el-q) )

3.3. The generating function K, (z;q9). Let ry = ryy = rp = dy = dp = 1

and dy; = q. Then from the definitions we have u(x) = C(z(1 — q)), A(z,u(z)) =
1

m, B(ZL‘ U(QS’)) = —W, and H(ZL’ U( )) = m, where C(t) =

L — 1 4 is the generating function for the Catalan numbers —— ( ") Then Theorem 2.5

n+1
glves that the generating function Kgs,,(z; q) satisfies

Kaesy (39) = (1 = ¢)C(z(1 — q)) + ¢C(x(1 — q)) Kaes,, (2C(x(1 = q)); q).
Applying the above functional equation infinity number of times, we get the following
result.

Corollary 3.3. We have
Kaesy(239) = (1= 0) > ¢'pi(x39),

7>0
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where py(x;q) = C(x(1—q)) and p;(v;q) = pj—1(x;q)C(x(1 —q)pj—1(z;q)) for all j > 1.

Corollary 3.3 for ¢ = 0 gives

1—+v1—-4
Kiesyo0(x) = C(x) = Tx,

which recovers the well known enumeration of permutations of length n that avoid the
pattern 31 — 2 (that is, there no 4, j such that i + 1 < j and m; > 7; > m;41) by the
n-th Catalan number (see [2]).

Now let us find an explicit formula for Kye,,.1(x). Differentiating Ky, (x;q), see
Corollary 3.3, respect to ¢ we obtain
eKaesy (t:9)| = =po(;0) + pr(2; 0) + Zpo(; q)

T = )+ C@)C(C ) ~ i +C(a)
= C(2)C(2C(z)) — -—~—

Vi-dz’

which implies that the generating function for the number of permutations of length n
with exactly one middle descent is given by (see Sequence A122892 in [7])

KdesM;l(x) = C(.CE)C([BC(QZ’)) - \/]_1_% = 1 — 2 211._ 43: - 1 o \/]_1_%

Differentiating Kges,, (7; ¢) exactly twice, we get that the generating function for the
number of permutations of length n with exactly twice middle descent is given by

MS\/Q\/mfl(lf\/Q\/ T—dz— )+2:1: \/2vT—dz—1—2x(1—4x)
22/ T—dz °\/2y/T—dz—1 ’

Kd68M;2 (ZL‘) -

In general, by Faa di Bruno’s formula for the m-th derivative of the composition of
two functions® and Corollary 3.3 we can compute the formula for K, .m(z) by the
following result.

Theorem 3.4. The generating function Kes,,.m(z) is given by
(m—j) (m J) )

mp mp]l

where the d-th derivative of p;(x;q) at ¢ = 0, namely pgd) (x;0), satisfies the following
recurrence relation

k

(d) 0) = d dvp('i D (@;0)ctt kD (zps g (230)) i p(p)l(x 0)—p (p Do)\

pj (-Tv )_ Z Z (m—i)lk1 k! k;! H p'
1=0 k1+2ko+---+ik; =1 p=1

with the initial condition p(()d)(a:; 0) = (—2)C9D(z) for all d,j > 0.

Isee http://mathworld.wolfram.com/FaadiBrunosFormula.html
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4. FURTHER RESULTS AND OPEN QUESTIONS

In this section we describe several applications of Theorem 2.8 which generalize several
known results. In Section 3 showed that (see [2])

e the number of permutations of length n that avoid the generalized pattern either
32 — 1 or 21 — 3 is given by the n-th Bell number, and
e the number of permutations of length n that avoid the generalized pattern 31 —2

is given by the n-th Catalan number n+r1 (2:)

Ones can refine these results by studying the generating function for the number of
permutations without either upper, middle, or lower descent according to the length
of the permutation and the statistic f € {risy,risy,risy,desy,desy,desy}. For
instance, Theorem 2.8 for des; = 0 (that is, the case of permutations avoiding the
generalized pattern 32 — 1) gives the following result.

Corollary 4.1. We have
(1) The generating function g(x) = @ (x;q,1,1,1,1,0) satisfies

A e I (e | PR s <1 —wq> |

(2) The generating function g(x) = @ (x;1,q,1,1,1,0) satisfies
T (1l —z+ xq
glx) =1+ g < ( )) :

1—2z l—=x

(3) The generating function g(x) = @ (x;1,1,q,1,1,0) satisfies

x x
=1 .
g(z) =1+ 1—9 (1 _xq)
(4) The generating function g(x) = @ (x;1,1,1,q,1,0) satisfies

1—=z r(r+q—2x T
_ q+( q Q)g( )

9() = -z (1—x)? l—z

(5) The generating function g(x) = @ (x;1,1,1,1,q,0) satisfies
11—z 1 —2x 4 2q T
g<x>_1—2x+xq+ (1—x)? g(l—x>'

Also, Theorem 2.8 for desy = 0 (that is, the case of permutations avoiding the gener-
alized pattern 21 — 3) gives the following result.

Corollary 4.2. We have
(1) The generating function g(x) = @ (x;q,1,1,0,1,1) satisfies

(1-29)+(¢—Da’(¢—2+ (2¢ — D) 2(1—zq)(1+2°(¢—1)) ( x )

B (
g(x) = (1— 22+ 22(q — 1) (1 —2q)*+2%(q—1)) 1 —xq
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(2) The generating function g(x) = @ (x;1,q,1,0,1,1) satisfies

(2) = 14+ (¢g—2)z(1+ (¢ — 1a) z(1+ (¢ —1)z)? (a:(l +(q— 1)x)>
g 14+ (g—-2)z+(g—1)222 1+ (q—2)x + (g —1)222 l1—x '

(3) The generating function g(x) = @ (x;1,1,4¢,0,1,1) satisfies

(2) 1 N T ( x )
g(x) = g .
¢+1—-qz (A—zq)(q¢+(1—-qx)” \1-2q

(4) The generating function g(x) = @ (x;1,1,1,0,q,1) satisfies
11—z xq T
9() = 1 —2x + xq * 1—2x+xqg(1—x> '
(5) The generating function g(x) = @ (x;1,1,1,0,1,q) satisfies

| (g + = — zq) ( z )

- 1—:c+:cq+(1—:z:)(1—a:+:cq)g -z

9(x)
Finally, Theorem 2.8 for desy; = 0 (that is, the case of permutations avoiding the

generalized pattern 31 — 2) gives the following result.

Corollary 4.3. We have
(1) The generating function @(z;q,1,1,1,0,1) is given by

q—1 1 xq
9(@) q(l—2) q(1—2x+2q) ((1—x+xq)2)
(2) The generating function @ (z;1,q,1,1,0,1) is give by
x %
1 .
* 1—2xc(1—2x>

(3) The generating function @(xz;1,1,q,1,0,1), g(x) = @ (x;1,1,1,4,0,1) and g(z) =
@ (z;1,1,1,1,0,q) are given by

l—2—2¢+xq++/(1+z—2q)?—4z
9(x) = 2(1 —q—2x + xq) '
Applying the above results, Corollaries 4.1-4.3, for ¢ = 0 we get explicit formula for
the generating functions for the number of permutations of length n avoiding two
generalized patterns of length three from the set GP = {12 — 3,13 — 2,21 — 3,23 —
1,31 — 2,32 — 1}, see [4]. More generally, ones can use Theorem 2.8 to obtain the
generating function for the number of permutations avoiding a set of pattern 7' C GP.

We end this section by presenting two open problems:

e Theorem 3.4 gives an explicit formula for the generating function Kges,,.m(2)
for the number of permutations 7 of length n having des);(7) = m. Can ones
give explicit formula for Kyes,.m(x)? We remark that by Corollaries 3.1-3.2 we
have that Kues, (%) = Kaes,.m ().



STATISTICS ON PERMUTATIONS 15

e Corollary 3.1 gives

Kaes, (w39) = (1 q) Zolj<q+1—z1:(_1q—)q))

=1

This formula it is not “nice” when we assume ¢ # 1. For example, the sub-
stitution ¢ = —1 is not legal in this generating function, otherwise we get
2> is0(—1) W which does not converge. In order to restrict this problem,
we need to write the generating function Ky, (2;¢) as ), <, @n(¢)z"™ and then
we can substitute ¢ = —1. But this it is extremely hard! Thus, can ones find

another formula for Ky, (z;q) that is suitable for substitutions ¢ = 0,1, —17
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