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Abstract: By combining the telescoping method with Cassini—like formulae, we evaluate, in closed
forms, four classes of sums about products of two arctangent functions with their argument involving
Pell and Pell-Lucas polynomials. Several infinite series identities for Fibonacci and Lucas numbers
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1. Introduction

Pell and Pell-Lucas polynomials are defined (Horadam and Mahon [1] and Mahon and Horadam
[2]) by the recurrence relations

P, (x) = 2xP,_1 (%) + P2 (%),
Qn(x) = 2xQp-1(x) + Qu2(x);

with different initial conditions

Po(x) =0 and Pi(x) =1,
Qo(x) =2 and Q(x) =2x.

The Binet forms for these polynomials read as

P = 2 F

and Q,(x)=a"+p"

where

a:=a(x)=x+ Vx2+1 and B:=Bx)=x— Vx2+1.

They are polynomial extensions of Fibonacci and Lucas numbers

Pn(%) =F, and Qn(%) =L,
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as well as Pell and Pell-Lucas numbers

P,()=P, and  Qu(1) = Q.

Like the well-known Fibonacci and Lucas numbers, the Pell and Pell-Lucas polynomials have
many amazing properties and important applications in combinatorics and number theory as well as
physical sciences (cf. Koshy [3,4]). There exist numerous identities about Fibonacci and Lucas num-
bers (cf. [5-8]). Some of them are extended by Mahon and Horadam [2] and Melham and Shanno [9]
to the summation formulae containing a single arctangent function with its argument being Pell and
Pell-Lucas polynomials. In view of their importance, it is natural to examine the product sums of
two arctangent functions with their arguments involving Pell and Pell-Lucas polynomials. That is the
primary motivation for the present work.

Recall the Cassini formula for Fibonacci numbers

Fn+1Fn—l = (_1)n + Fs

There are two analogous ones for Pell and Pell-Lucas polynomials. They will be employed in this
paper to evaluate, in closed forms, four classes of sums about products of two arctangent functions.
The main techniques to realize this purpose consist of the telescopic approach (cf. [10]) and the
following two trigonometric relations

xX+y
arctan x + arctan y = arctan ] , (y<1); (1)
Xy

X
arctan x — arctan y = arctan Y ,  (xy>-—-1). )
1+ xy

Throughout the paper, we assume that x is real with x > 0, since otherwise, x < 0 will result
essentially in exchanging a(x) and B(x). Consequently the following zero limits

0 = lim a™(x) = lim arctan a™"(x)

n—0o0 n—0o0

= lim 8"(x) = lim arctan 8" (x)
will be utilized frequently to deduce limiting relations without specific explanations.
2. The First Class of Summation Formulae

By making use of the following formulae (cf. Koshy [4]§14.7) for Pell polynomials

Pi_1(%) + Py (%) = Qi(x),
P ()P (x) = Pr(x) + (=1

it is not difficult to deduce from (1) and (2)

1
arctan — Q) = arctan + arctan ———, 3)
P.(x)+(=1)f-1 Pi_1(x) Ppi1(x)
2xP 1 1
arctan — 2Pi() = arctan — arctan . 4
Pi(x) + (=DF +1 Pro1(x) Pri1(x)

They were directly utilized by Mahon and Horadam [2] and Melham and Shannon [9] to establish

Z:(—l)k_1 arctan ij(x) = g — (=1)" arctan 5
k=1 P35 (%) 2n+1(X)
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and

& 2x T 1
Z arctan = — - .
— Py-1(x) 2 Pou(x)

Instead, we shall utilize both (3) and (4) to derive further summation formulae concerning products
of two arctangent functions.

2.1.
Replacing k by 2k, we can rewrite (3) and (4) as

I Qui(x)
arctan + arctan = arctan 5 R
Poy—1(x) Pogr1(x) P2 (x)
2xPo(x)
arctan — arctan = arctan = A
Po—1(x) Poyr1(x) P (x) +2

Their multiplication gives rise to

n

2xP a
Z arctan QZk(X) arctan M = Z (arctan2

=1 P%k(x) P%k(x) +2 o

1
— arctan’ )
Poi_1(x) Poii1(x)

Then summing this equation for £ from 1 to n by telescoping, we find the following formula.

Theorem 1 (x > 0).

arctan = — —arctan’ .
P2,(x) P (0 +2 16 P2u41(x)

C Qax(x) 20Py(x) 7
Z arctan —— =
k=1
Its limiting case as n — oo yields a remarkable series whose sum is independent of x.

Corollary 1 (Independent of x).

[Se]

Z Qo (x) 2xPy(x)
arctan - arctan e
e P5,.(x) P5.(x) +2 16

By specifying particular values of x, we can derive, from the above corollary, a number of infinite
series identities. Eight of them are highlighted as follows.

1 L
[ ] = - = —
Y727
- L F 2
Z arctan—zzk arctan — * = ﬂ—. )
— o F;, +2 16
V5 \/§F
o X =—=— :
2 2 ¢
- 9L 15F 2
Z arctan zk arctan 2—4k = ﬂ—. (6)
— SF, S5F, +18 16
L;
=2 =—1
® | X 2
= 4L, 8F 2
Z arctan —26k arctan — ok — ﬂ—. @)
— Fg, Fg +8 16
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_3V5 A5

— = —F,
Ty T
- 49L. 105F. 2
Z arctan fk arctan Z—Sk = ﬂ—. 8
— SF, 5Fg +98 16
0,
= 1 = — |
® | X 2
- 2P 2
Z arctan Q—zzk arctan — * — ﬂ—. ©))
k=1 2% Py +2 16
e | x=2V2=12P,|
- 9 24P 2
Z arctan Q;‘k arctan 2—4k = ﬂ—. (10)
— 2P, 2P, +18 16
0s
= 7 = —
® X 2
- 25 70P 2
Z arctan g6k arctan 2—6]( = ﬂ—. (11)
— P, P, +50 16
o |x=12V2= V2P,
- 289 408P 2
Z arctan # arctan 2—8k - (12)
— 2P, Py +289 16
2.2.

Alternatively, (3) and (4) can be restated under the replacement k by 2k — 1 as

_ Qa1 (%)
arctan + arctan = arctan - A
PZk—Z(x) P2k(x) P2k—1 (X) -2
t t t 2x
arctan — arctan = arctan .
P2 (x) Poi(x) Poi_1(x)

First summing their product for £ from 2 to n by telescoping and then adding the initial term
— arctan® 2x corresponding to k = —1 to the resultant equation, we get the theorem below.

Theorem 2 (x > /2= ~ 0.321797).

n

Z Qa-1(x) 2x _ n? ,» 1
arctan —————— arctan = — — marctan 2x — arctan .
k=1 PZk—l(x) -2 PZk—l(x) 4 PZH(X)
Now letting n — oo in this theorem, we deduce the infinite series identity.
Corollary 2.
i Qa-1(x) 2x
arctan —————— arctan = — — marctan 2x.
=1 P2k_1(X) -2 PZk—l(x) 4
We record eight interesting formulae by choosing particular values of x in this identity.
| R
e | XxX=—=—|
2 2
- Lo 1
Z arctan 22# arctan =0. (13)
k=1 -1~ 2 2k-1
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5 _ 5

—=—F
T T
N 9 V5F4_ 3vV5 2
Z arctan M arctan Vs T marctan V5. (14)
— Ly ,—18 Ly, 4
L;
=2 =—1
® X 2
= 4Lgi_ 8 2
Z arctan # arctan T marctan 4. (15)
k=1 6k-3 k-3 4
3v5 V5 F
e |l X = — = — :
2 2 !
- 49 V5Fg;_ 21 V5 2
Z arctan M arctan V5 - marctan3 V5. (16)
— Ly, —98 Lgi—4 4
0,
= 1 = —
® | X 2
Z arctan ZQZ# arctan T marctan 2. 17)
k=1 2k—1 - 2 2k—1 4
o |x=2 ‘/5 = \/EP 2
= T2N2Py_ 242 n?
Z arctan # arctan V2 T marctan 4 V2. (18)
k=1 Ounr =72 Qu—2 4
0
= 7 = — |
® | X 2
- 25061 70 2
Z arctan # arctan T marctan 14. (19)
k=1 ok3 — 0 Pors 4
o | x=12V2= V2P,
- 2312 V2Pg;_ 816 V2 2
Z arctan # arctan V2 T marctan 24 V2. (20)
=1 skq — 2312 Osk-4 4
3. The Second Class of Summation Formulae
Analogously, there are also two formulae (cf. Koshy [4]§14.7) for Pell-Lucas polynomials
Qe-1(3) + Qusr (¥) = 4(x” + DP(),
Qi1 (0)Qr1(x) = Qi (x) + 4(=D'(x* + ).
In view of (1) and (2), we have the addition and difference formulae
4x*> + 1P
arctan + arctan = arctan — &+ DR , 2D
Qp-1(x) Qp+1(x) Qi) —4(-DFx*>+ 1) -1
2
arctan — arctan = arctan — Qi) . (22)
Qe-1(x) Qp1(x) QX(x) —4(-DF2+ 1) +1

The last relation can directly be employed, by telescoping, to evaluate simple sums of a single arc-
tangent function that we shall not reproduce. Instead, we shall concentrate on the sums containing
products of two arctangent functions.
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3.1

Replacing k by 2k, we can rewrite (21) and (22) as

4(x* + 1)sz(x) 1 1
arctan = arctan + arctan s
5. (x) — 4x? — Qa-1(x) Qox+1(x)
arctan 2xQu() = arctan — arctan
(X)) —4x? -3 Qa-1(x) Quis1(x)”

Then summing their product for k£ from 1 to n leads us to the following theorem.

Theorem 3 (x > | Y1323 ~ 0.275125).

an 4(x* + 1)P2k(x) 2xQ2(x)
arctan tan
— 2. (0) — 4x2 — 2. (0) — 4x2 —
= arctan’ 1 arctan’ !

2x Q2n+l (X) ‘

When n — oo, the above theorem gives rise to the infinite series evaluation below.

Corollary 3.
N 4(x* + DPy(x) 2xQ0(x) 1
Z arctan — > arctan — > = arctan’ —
k=1 sz(x) —4x* =5 Q2k(x) —4x2 -3 2X
As applications, we collect six infinite series identities.
1 L
o | X =—=—1
2 2
- 5F L 2
Z arctan — 2 arctan > L ﬂ—. 23)
k=1 Ly —6 Ly —4 16
V5 V5 -
X =—= —
2~ 2?
- 3V5F 5L 5
Z arctan 2\/_ * arctan \2/_ = arctan? i (24)
— Ly —10 Ly -8 5
L;
=2=—=
® | X 2
- 10Lg; 4L 1
Z arctan arctan — % _ = arctan® - (25)
— Li -21 Ly, —19 4
0,
=1==1
® | X 2
- 8P 2 1
Z arctan — 2 arctan 2Q2k = arctan® —. (26)
k=1 %9 Q5 —7 2
o |x=2V2= V2P,
- 12V2P 4 2
Zarctan 2\/_ i ;/_ Qui = arctan’ i 27
k=1 =37 Q=35 8
05
=7 ==
® | X 2
- 40P, 14 1
Z arctan 2—6]( arctan 2& = arctan® —. (28)
0, — 201 O, —199 14
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3.2.
Under the replacement k by 2k — 1, the two equalities in (21) and (22) become
4(x* + Py (x)
arctan + arctan = arctan — Y
Qo2(x) Qai(x) e (0 +4x2 + 3
_ 2xQox-1(x)
arctan — arctan = arctan — -
Qar-2(x) Qa(x) 2 () +4x2+5
Multiplying them and summing for k from 1 to n by telescoping, we obtain the formula below.
Theorem 4.
ZH: 4(x* + 1Py (x) 2xQo-1(x)
arctan — > arctan — >
e S (X) +4x* +3 S (X) +4x* + 5
= arctan’ 1 arctan’ !
2 Q2n(x) .
Its limiting case as n — oo yields the infinite series evaluation.
Corollary 4 (Independent of x).
i 4(x* + DPy1(x) 20Qp-1(x) ) 1
arctan — > arctan — > = arctan” —
= S (0 +4x2+3 S (0 +4x2+5 2
In particular, two infinite series identities are given as follows:
N 5F Loy 1
Z arctan — 21 arctan # = arctan® —. (29)
=1 Ly Ly +6 2
e X = 1
- 8Py 20— 1
Z arctan ————_ arctan & = arctan’® —. (30)
el 2., +9 2
k=1 2%k-1 2%k-1
4. The Third Class of Summation Formulae
By combining the Cassini-like formula (cf. Koshy [4]§14.10)
P(x) = Prpa(0)Pea(x) = (=DM*'P3(x) 3D
with (1) and (2), we get the following two identities
2P (x) — (=1)'P3(x)
arctan , A even;
P(x) Pi_a(x) Pa(x)Pi(x)
arctan + arctan = 32)
Pria(x) P(x) 2P2(x) + (=1)P3(x)
arctan > , A odd;
Q)P (x)
(—=1)'Pi(x)
arctan —————, A even;
Pi(x) Pi_a(x) Qa(0)P;(x)
arctan — arctan = (33)
Pra(x) P(x) (=1DF1P,(x)
arctan———, A1 odd.
P (x)

By means of (33), Melham—Shannon [9] obtained directly

n

(D! P,(x)
Z arctan = arctan .
— Pi(x) P (%)

Now we are going to examine sums for the products of two arctangent functions.

Utilitas Mathematica
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4.1.
When A = 1, rewriting (32) and (33) as
Pr(x) Pea(0) _ (=1
arctan — arctan ——— = arctan ,
Pry1(x) Pi(x) Py (x)
Pr1(x) 2P (x) + (1)
arctan + arctan = arctan ———————
Ppi1(x) Pi(x) 2xP(x)
and then summing their product for k£ from 1 to n by telescoping, we get the summation formula.
Theorem 5.
Z": 2PX(x) + (1) (Dt 2 Pu(x)
arctan ——————— arctan = arctan .
k=1 ZXPk(X) P2k(x) Pn+1(x)
Its limiting case as n — oo results in the infinite series identity.
Corollary 5.
= 2P2(x) + (= 1) —1)k+l
Z arctan # arctan D = arctan®( Va2 + 1 — x).
=1 2XPk(X) PZk(-x)
Two formulae about Fibonacci numbers and Pell numbers are contained as special cases.
0 2F2 + (=1)F —1)k+!
Z arctan k—() arctan ) = — arctan® 2. (34)
F2 F2k 4
k=1 k
e (X = 1
= 2P% + (—1)* —1)k+l 2
Z arctan k—() arctan D - (35)
— 2P; Py 64
4.2.
Analogously for A = 2, both (32) and (33) become
Pr(x) Pra(x) 2(=D?
arctan — arctan = arctan Y o
Pria(x) Pr(x) (2x* + DP(x)
arctan Pr(0) + arctan Proa®) _ arctan Peo) — 21
Pria(x) Pi(x) xPo(x)

Keeping in mind that P_;(x) = 1 and then summing their product for k from 1 to n, we find by

telescoping another formula as in the following theorem.

Theorem 6.
L P2(x) — 2(=1)kx? 2(=1)*x?
Z arctan arctan ———————
e xP(x) (222 + 1P2(x)
Py (%) » Puv) 7
= arctan’” ———— + arctan - —.
Pp1(x) Pua(x) 16
The limiting case as n — oo is given by the following corollary.
Corollary 6.
© P2(x) — 2(—1)kx? 2(- a2 ’
Z arctan k( ) 1) arctan # = 2 arctan’ ,82 - ﬂ—.
— xPo(x) (2x* + DP3(x) 16

Utilitas Mathematica Volume 118, 3-13
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In particular, we record two identities about Fibonacci and Pell numbers.
= 2F2 — (-1} —1) 2 2
Z arctan k—() arctan ( z = —arctan’ — — ﬂ—. (36)
P Foy 3F2 2 V5 16
o | x=1
S P; = 2(=1)" 2(-1F 1 2
Z arctan kP—() arctan (3>P2) = 5 arctan % - 71r_6 37

=1 2k

5. The Fourth Class of Summation Formulae

In this section, the counterpart formulae for Q(x) will be worked out by employing another
Cassini—like formula (cf. Koshy [4]§14.10)

Qera(N)Qua(x) = QE(x) = 4(=1)"(1 + ¥)P3(x)

as well as two reformulated ones by (1) and (2):

arctan Qi) + arctan Qi)
Qrra(x) Qk(x)
arctan Q) — arctan Qa0
Qrra(x) Qk(x)

5.1.

2Q;(0) + (=DXQ3(x) - 4)

arctan 12 DR, P A even;
- 20N _ (_1Vk(O2
arctaank(x) (-1 (QA(X)+4)’ 1 odd:
Qu(x)Q;(x)
(-4 - Qi(») .
arctan 5 , A even;
_ QWQ()
R 2
arctan @+ QW) , A odd;
4(x? + 1P (x)Poy(x)

Letting 4 = 1 in (39) and (40), we have

X
arctan Q) + arctan
Qk+1(x)
Qk(x)
arctan — arctan
Q+1(x)

Qr-1(x)
Qx(x)
Qr-1(x)
Qx(x)

Qi(x) = 2(-D*(x* + 1)
= n ,
xQ(x)
(-1
= arctan .
Py (x)

(38)

(39)

(40)

Multiplying them and then summing the resultant expression for k from 1 to n, we find by telescoping

the formula below.

Theorem 7.
- (=1 Ql(x) = 2(-Df(* + 1) » Qu(x) , 1
Z arctan arctan 5 = arctan” ——— — arctan” —.
— Po(x) xQ; (x) Qur1(x) x

As n — oo, the limiting result evaluates the following infinite series.

Corollary 7.
- —1) 2(x) = 2(=DF(x* + 1 1
Z arctan St) arctan A (2 A ) = arctan’( Vx2 + 1 — x) — arctan® —.
=1 P (x) xQ; (%) X

Utilitas Mathematica
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Two special cases are produced below as examples
a: —1)k 212 - 5(-1) 3
Z arctan ) arctan 2h >t 3 arctan’ 2. 41)
— 2% L2 4
k=1 k
o x=1
© —1) 2 _4(=1)F 372
Z arctan ) arctan M = —i. 42)
= P 2%k Qk 64
5.2.
Analogously for 4 = 2, we have from (39) and (40)
Qi(x) Qx—2(x) Qi (x) + 8(=DF(x* + x%)
arctan + arctan = arctan 3
Qrs2(x) Qx(x) 4(x° + x)Py(x)
Qx(x) Qr2(x) 8(-DM!(x* + x?)
arctan — arctan = arctan > .
Qrr2(x) Qx(x) (2x? + DQ(x)
Summing their product for k from 1 to n and taking into account Q_;(x) = —2x, we get, after some

simplifications, the following formula.
Theorem 8.

n

8(=1Y*1(x* + x2) Qi (x) + 8(=DF(x* + x%)
Z arctan arctan

- 22+ D@ 400 1 )Po(x)
_ » Q) 2Qu®» o, 2«
= arctan 0ria(0) + arctan 01 () arctan ) 6

Letting n — oo in this theorem, we get the infinite series evaluation.

Corollary 8.

(o)

(-1 (x* + x?) Qi (x) + 8(—=DF(x* + x%)
Z arctan 3 arctan 3
— (2x% + 1)Qk(x) 4(x3 + x)Py(x)
1 n?
= 2 arctan’ 8° — arctan’ - —.
arctan” 8- — arctan 21 16

This formula further implies the two infinite series identities.

(o)

5(=1)k1 202 +5(-1)% 1 2 2
Z arctan D arctan k—() = — arctan’ — — arctan® = — ﬂ—. 43)
— 3Li SFy 2 \5 3 16
o x=1
N 16(—1)<+! F+16(-DF 1 2 1 7
Z arctan % arctan u = — arctan’ i — arctan® — — ﬂ—. 44)
— 30; 8Py 2 4 3 16

Utilitas Mathematica Volume 118, 3-13
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