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ABSTRACT

Total dominator total coloring of a graph is a total coloring of the graph such that each object of the
graph is adjacent or incident to every object of some color class. The minimum namber of the color
classes of a total dominator total coloring of a graph is called the total dominator total chromatic
number of the graph. Here, we will find the total dominator chromatic numbers of wheels, complete
bipartite graphs and complete graphs.
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1. Introduction

Here, in a simple graph G = (V, E), while degs(v), Ng(v) and Ng[v] denote respectively the de-
gree, open and closed neighborhoods of a vertex v € V, the minimum degree, mazimum degree and
independence number of G are denoted by § = §(G), A = A(G) and a = a(G), respectively. A
mazimum independent set is an independent set of cardinality a(G). Also a mized independent set
of G is a subset of V U E, no two objects of which are adjacent or incident, and a mazimum mized
independent set is a mixed independent set of the largest cardinality in G. This cardinality is called
the mized independence number of G, and is denoted by ,;-(G). Two isomorphic graphs G and H
are shown by G = H. We write K,, , C,, and P, for a complete graph, a cycle and a path of order
n, respectively, while W,,, K,,, and G[S] denote a wheel of order n + 1, a complete bipartite graph
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of order m 4+ n and the induced subgraph of G by a vertex set S, respectively. Also for any positive
integer k, we use [k] to denote the set {1,2,--- k}.

The Cartesian product GOH of two graphs G and H is a graph with V(G) x V(H) and two vertices
(91, h1) and (go, he) are adjacent if and only if either g; = go and (hy, he) € E(H), or hy = hy and
(91, 92) € E(G).

While the line graph L(G) of G = (V, E) is a graph with the vertex set E in which two vertices are
adjacent when they are incident in G, the total graph T(G) of a graph G is the graph whose vertex
set is V' U E and two vertices are adjacent whenever they are either adjacent or incident in G. It is
obvious that if G has order n and size m, then T'(G) has order n + m and size 3m + |E(L(G))|, and
also T'(G) contains both G and L(G) as two induced subgraphs and it is the largest graph formed
by adjacent and incidence relation between graph elements.

In this paper, by assumption V' = {vy,vs,- -+, v,}, we use the notations V(T(G)) = V U E where
E ={eij | viv; € E}, and E(T(Q)) = {vieij, vje5 | viv; € E}UEUE(L(G)). Obviousely degp)(vi) =
2degq(v;) and degrc)(ei;) = dega(vi) + dega(vj). So if G is k-regular, then T'(G) is 2k-regular. Also
miz(G) = a(T(G)). For an example, a graph G and its total graph are shown in Figure 1.

€12 €23 €34

Vi V2 V3 Vg

V1 V2 V3 Vg

G T(G)
Fig. 1. The illustration of G (left) and T(G) (right)

1.1. Total mixed dominating set

Total domination in graphs is now well studied in graph theory and the literature on this subject
has been surveyed and detailed in the book [2]. A vertex subset of a graph with this property that
every vertex of the graph is adjacent to some vertex of the set is called a total dominating set, briefly
TD-set, of the graph, and the minimum cardinality of a TD-set of a graph G is called the total
domination number v,(G) of G. In [8] the authors has defined total mixed dominating set of a graph
as follows.

Definition 1.1. [8] A subset S C VUE of a graph G is called a total mixed dominating set, briefly
TMD-set, of G if each object of VU E is either adjacent or incident to an object of S, and the total
mixed domination number 7, (G) of G is the minimum cardinality of a TMD-set.

A min-TD-set/min-TMD-set of G denotes a TD-set/TMD-set of G with minimum cardinality.
Also we agree that a verter v dominates an edge e or an edge e dominates a vertexr v mean v € e.
Similarly, we agree that an edge dominates another edge means they have a common vertex.

1.2. TD-coloring and TDT-coloring of a graph

Graph coloring is used as a model for a vast number of practical problems involving allocation of
scarce resources (e.g., scheduling problems), and has played a key role in the development of graph
theory and, more generally, discrete mathematics and combinatorial optimization. Graph colorability
is NP-complete in the general case, although the problem is solvable in polynomial time for many
classes.
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If a function f : V — [k] from the vertex of a graph G to a k-set [k] of colors such that any
two adjacent vertices have different colors, then f is called a proper k-coloring of G. The minimum
number k of colors needed in a proper coloring of a graph G is called the chromatic number of G
and denoted by x(G). In a proper coloring of a graph, a set consisting of all those vertices assigned
the same color is called a color class. Trivially every color class contains at most a(G) vertices. For
simply, we denote a proper coloring f of a graph with ¢ color classes Vi, - -+, Vo by f = (Vi, Vo, -+, V}).

In a simlar way, a total coloring of G assigns a color to each vertex and to each edge so that colored
objects have different colors when they are adjacent or incident, and the minimum number of colors
needed in a total coloring of a graph is called the total chromatic number xr(G) of G.

Motivated by the relation between coloring and total dominating, the concept of total dominator
coloring in graphs introduced in [5] by Kazemi, and extended in [1, 3, 4, 5, 6, 10, 7, 9, 11].

Definition 1.2. [/ A total dominator coloring, briefly T'D-coloring, of a graph G with a possitive
manimum degree is a proper coloring of G in which each vertex of the graph is adjacent to every vertex
of some color class. The total dominator chromatic number x%(G) of G is the minimum number of
color classes in a TD-coloring of G.

In [9], the authors initiated studying of a new concept called total dominator total coloring in
graphs which is obtained from the concept of total dominator coloring of a graph by replacing total
coloring of a graph instead of coloring of it.

Definition 1.3. [9/ A total dominator total coloring, briefly TDT-coloring, of a graph G with a
possitive minimum degree is a total coloring of G in which each object of the graph is adjacent or
incident to every object of some color class. The total dominator total chromatic number x%(G) of
G is the munimum number of color classes in a TDT-coloring of G.

For any TD-coloring (TDT-coloring) f = (V4,Va,---,V;) of a graph G, a vertex (an object) v is
called a common neighbor of V; or we say V; totally dominates v, and we write v =; V;, if vertex
(object) v is adjacent (adjacent or incident) to every vertex (object) in V;. Otherwise we write
v #, Vi. Also v is called a private neighbor of V; with respect to f if v =, V; and v 3, V; for all j # i.
The set of all common neighbors of V; with respect to f is called the common neighborhood of V; in
G and denoted by CNg (V;) or simply by CN(V;). Also every TD-coloring or TDT-coloring of G
with x%(G) or x}(G) colors is called respectively a min-TD-coloring or a min-TDT-coloring.

Also for any TD-coloring (V1, V5, -+, V;) and any TDT-coloring (Wy, Wy, -+, W) of a graph G =
(V, E), we have

U CN(V;) =V and U CN(W;) =V UE. (1)

1.3. Goal of the paper

In [9], the authors initiated to study the TDT-coloring of a graph and found some useful results,
and presented some problems such as finding the total dominator total chromatic numbers of wheels,
complete bipartite graphs and complete graphs, that we consider them here. For that we use the
following two theorems that state the total mixed domination and total dominator total chromatic
numbers of a graph are respectively the total domination and total dominator chromatic numbers of
the total of the graph.
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Theorem 1.4. 8] For any graph G without isolate vertez, v, (G) = v(T'(G)).

Theorem 1.5. [9] For any graph G without isolate vertex, X'}(G) = x4(T(G)).

2. Wheels

Here, we calculate the total dominator total chromatic number of a wheel. First we calculate the
mixed indepence number of a wheel, and state some facts on the structure of a minimal TD-coloring
of the total of a wheel. But before that, we recall the following propositions which are needed in its
proof.

Proposition 2.1. |5] For any connected graph G with §(G) > 1,
Xa(G) < %(G) + minx(G[V(G) = 5)),

where S C V(Q) is a min-TD-set of G. And so x}}(G) < 1(G) + x(G).

Proposition 2.2. [8] For any wheel W, of order n+1 >4, v, (W,) = [5] + L.

Proposition 2.3. [7| For any integer n > 3, if G is a cycle or a path of order n, cumi,(G) = | 3] +e€
in which e =1 when G is the path P, of order n =1 (mod 3), and € = 0 otherwise.

Lemma 2.4. For any wheel W,, of order n+1 > 4, qie(W,,) = (%”1

Proof. Let W,, = (V, E) be a wheel of order n +1 > 4 where V = {v; | 0 < i < n} and E =
{vovi,vivipr | 1 <0 <} Then V(T'(W,)) = VUE when € = {ep, €iy1) | 1 <@ < n}. Let S be
an independent set of T'(W,,). Since the subgraph induced by {ey; | 1 <i < n}U{vy} is a complete
graph, we have |S N ({eg; | 1 < i < npU{ve)|< 1. TSN ({eos | 1 < i < n}U{ve})|= 0, then
S C {vs, €ii41) | 1 < i < n}, and since the subgraph induced by {v;, €;i41) | 1 <4 < n} is isomorphic
to T(C,), Proposition 2.3 implies |S|< [3]. If also vy € S, then S C {e;11) | 1 <@ < n}, and since
the subgraph induced by {e;i11) | 1 < i < n} is isomorphic to C,, we have [S|< o(C,)+1 = |5]+1.
Finally if eq; € S for some 1 < i < n, then S C VUE — Npw,)(en:), and since the subgraph induced
by V' UE& — Nrw,)(eoi) is isomorphic to T(P,-1), Proposition 2.3 implies |S|< [#%]. Therefore

Amiac(Wa) = a(T(Wn)) = max{[ ], [5] + 1, [F1} = [F]. -

Fact 2.5. Let f = (Vi, Vo, -+, V}) be a minimal TD-coloring of T(W,,) where n > 3 and |Vi|> -+ >
\Vil, and let B; = {Vi | €iis1) ¢ Vi and |Vi|=1i for some €;i41) € E1} and b; = |B;| for 1 < i < [3].
Then the following facts are hold.

(1) i |Vil=38n+ 1, by [V]= 0 |Vi| and 3n+1 < (]22].

(2) For anyv € EgU &, if v = Vi for some 1 < k < {, then |Vi|< 2.

(3) If €iix1) ¢ Vi for some €1y € & and some 1 < k < € and |Vi|= 2, then CN (Vi) N & =

{ei(i-i-l)}-

(4) If eiix1) =+ Vi for some 1 <k <€ and |Vi|= 1, then |CN (V) N & |= 2.

(5) n<2by+by </ (by 3 and 4).

(6) For 1 <i<m, ifv; >y Vi for some 1 <k </, then |V;|< 3.
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(7) For 1 <i<m, ifv; = Vi for some 1 <k </ and |Vi|= 3, then CN(V}) = {vo}.
(8) If vy =4 Vi for some 1 < k <L, then |Vi|< [5] + 1.

Proposition 2.6. For any wheel W,, of order n +1 > 4,

” [ n+2 if3<n<T,
Xd(W)_{n—i—l if n > 8.

Proof. Let W, = (V,E) be a wheel of order n +1 > 4 where V. = {v; | 0 < i < n} and £ =
{vovi,viviz1 | 1 < i < n}. Then V(T(W,)) = VU&EUE when & = {eg; | 1 < i < n} and
&1 ={eiy | 1 <i<n}. Let f=(Vi,---,V;) be a minimal TD-coloring of T'(W,,) where n > 3 and
Vi|> - > |Vi], and let B; = {Vi | €ir1) =+ Vi and |Vi|= i for some e;;41) € £} and b; = |B;] for
1 <i < [2]. we continue our proof in the following cases.
e n = 3. Then |V;|< a = 2 for each i, and so ¢ > 5, by Fact 2.5 (1). Now since the coloring
function ({eis, €03}, {v1, €23}, {vo, €13}, {va, €01}, {vs, €02}) is a TD-coloring of T'(W3), we have

Xa (Ws) = 5.
e n =4. Then |V;|< a = 3foreach i, and so ¢ > 5, Fact 2.5 (1). If ¢ = 5, then (|V4, |Va,- -+, |V5]) =
(3,3,3,3,1) which contradicts the Fact 2.5 (2,4), or (|Vi],|Val,---,|V5]) = (3,3,3,2,2) which

contradicts the Fact 2.5 (2,3). So ¢ > 6, and since (V3, - -, Vg) is a TD-coloring of T'(W,) where
Vi = {eoi,vip1} for 1 < i <3, Vi = {eps,v1}, Vs = {e12,e34} U{vg} and Vi = {eas, €45}, we have
XH(W,) = 6.

e n = 5. By the contrary, let £ = 6. Then 2b; + by > 5 (by Fact 2.5 (5)) and (Vq,---,V5) =
(4,4,4,2,1,1) (by Fact 2.5 (1)). But by considering the proof of Lemma 2.4, we know that all
of the maximum independent sets in T'(1W5) are the sets {egi, Vi1, €(it2)(i43); Vigs } for 1 < i <5,
which only two of them are disjoint. Thus V; NV, # 0 for some 1 < i < j < 3, a contradiction.
So ¢ > 7, and since (Vq,---, V%) is a TD-coloring of T'(W5) where Vi = {vy, v, €p2, €45}, Vo =
{02,6347605}, V3= {603,?14}, Vy= {6017623}, Vs = {604,?15}, Ve = {U0,€15}, Vi = {612}, we have
XFH(Ws) = 1.

e n = 6. By the contrary, let £ = 7. Then 6 < 2b; + by < 7 by Fact 2.5 (5). Since obviousely
by > 4 implies |Vi|> a = 4, we assume b; < 3, and so (b1, bs) = ( 0), (3,1), (3,2), (3,3),
(374)7 (272)7 (273>7 (274)7 (275)7 (174>7 (175)7 (176)7 (07 7) Since (b17b2) ( ) ( ) (176)7
(0,7) imply 37, |Vi|# 3n + 1, and (b1, ba) = (3,1), (3,2), (3,3), (2,2), (2,3), (2,4), (1,4),
(1,5) imply |V1|> a = 4, which contradict Fact 2.5 (1), we may assume (by,be) = (3,0). But
this implies (|Vi|,---,|Vz7|) = (4,4,4,4,1,1,1) (by Fact 2.5 (1)) which is not possible. Because,
by considering the proof of Lemma 2.4, the number of disjoint maximum independent sets in
T (Ws) is at most three. So ¢ > 8, and since the coloring function (Vi,---, V) is a TD-coloring
of T(Ws) where Vi = {e12, €34, 56,00}, Vo = {ess, es5,€16}, V3 = {601,02} Vi = {eo2, v3},
Vs = {eos, va}, Vi = {eos, vs}, Vi = {eos, v6}, Vs = {eos, v1}, we have X [(Ws) = 8.

e n = 7. By the contrary, let £ = 8. Then 7 < 2b;+by < 8 by Fact 2.5 (5). Since |[V;|> a = 5 when
by > 5, we have by < 4, and so (b1, b)) = (4,0), (4,1), (4,2), (4,3), (4,4), (3,1), (3,2), (3,3),
(3,4), (3,5), (2,3), (2,4), (2,5), (2,6), (1,5), (1,6), (1,7), (0,8). Since (by, b2) = (4,4), (3,5),

2,6), (1,7), (0,8) imply S5 ,|Vi# 3n + 1 and (by,by) = (4,1), (4,2), (4,3), (3,3), (3,4),

), (2,5), (1,5), (1,6) imply |Vi|> o = 5 which contradict Fact 2.5 (1), we may assume

bi,be) = (4,0), (3,1), (3,2) or (2,3). But then we have 4 < |V5|< |V,|< |V1]|< 5, which is not

=

(
(2,
(



96 L. VusuQi, A. P. KAZEMI AND F. KAZEMNEJAD

possible. Because, by considering the proof of Lemma 2.4, the number of disjoint independent
sets of cardinalities four or five in T'(Ws) is at most two. So ¢ > 9, and since the coloring function
(Vi,---,Vg) is a TD-coloring of T'(W7) where Vi = {eq1, €4, €56, U2, 07}, Va3 = {e12, €5, €67, €03 },
Vs = {eas, €05, V1,04, U6}, Vr = {e17,vs, 05}, Voi = {egan } (for 1 <i < 3), Vs = {wo}, Vo = {eor},
we have x4 (W7) = 9.

e n > 8. Since the subgraph of T'(W,,) induced by & U{vy} is isomorphic to a complete graph of
order n + 1, we have x4(T(W,)) > n + 1. Since the sets S. = {egy) | 1 <@ < |[5]} U {vo} for
even n, and S, = {eg2i | 1 <7 < [§]} U {wo, eon} for odd n, are two min-TD-sets of T'(W,,) of
cardinality [%] 4 1 by Proposition 2.2, we have

X (W) < [5]+ 14+ X(GIV(T(W,) = S)),

by Proposition 2.1 in which S = S, for even n and S = 5, for odd n. So it is sufficient to
prove X (G[V(T(W,)) — S]) = |5]. Since the subgraph induced by {eg@i—1) | 1 <@ < 5]} is
a complete graph, we have x(G[V(T'(W,)) — S]) > [5]. On the other hand, since, for even n
the coloring function f, with the criterion

i (mod L%J) if w= €0(2i+1),
f (w) _ 1+1 (mod L%J) if w= €(2i+1)(2i+2) O V243,
T ) i4+2 (mod [2]) i w = vy,
1+ 3 (IIlOd L%J) ifw= €(2i+2)(2i+3)>
f

when 0 < i < |5] — 1 is a proper coloring of G[V (T'(W,)) — Se, and for odd n the coloring
function f, with the criterion

/

i (mod |3]) if w = egrit1),
141 (mod L%J) if w= €(2i+1)(2i+2) O V2i+3,
£(w) = i+2 (mod [§]) if w = vao,
° o 143 (mod \_%J) if w= €(2i42)(2i+3)>
2 if w= €(n—1)n;
L 3 if w=uv,,

when 0 <i < | ] —11is a proper coloring of G[V (T'(W,,)) —S,, we have x(G[V(T'(W,)) - S]) =
151
O]

Proposition 2.6 shows that the upper bound given in Proposition 2.1 is tight for wheels of order
more than 8. Figure 2 shows a min-TDT-coloring of W5 (left) and its corresponding min-TD-coloring
of T(W5) (right) as an example.

3. Complete Bipartite Graphs

Here, we calculate the total dominator total chromatic number of a complete bipartite graph K, ,, =
(VUU, E) in which VUU is the partition of its vertex set to the independent sets V' = {v; : 1 <i < m},
U={uj:1<j<n}and E={e; |1 <i<m, 1<j<n}isits edge set.

Proposition 3.1. For any complete bipartite graph K., ,, in which n > m > 1,

m+n ifm=1,2 and (m,n) # (1,1),

o Kmn =
Xd( ,) {m+n+1 Z’fmZSOT(m,n):(l,l).
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Fig. 2. A min-TDT-coloring (V1,---,V7) of W5 (left) and its corresponding min-TD-coloring of T'(W5) (right) where
Vi = {v1,v3,e02, €45}, Vo = {va,e34,e05}, V3 = {vo,e15}, Vi = {va,e03}, V5 = {vs,e04}, Vo = {eo1, €23} and V3 =

{e12})

Proof. Let K, ,, be the complete bipartite graph (V UU, E) of order n+m > 2. Hence VUU UE is
a partition of the vertex set T'(K,,,) where £ ={e;; | 1 <i<m, 1 <j <n}. Since T(K; ;) = K3
implies x/ (K1) = 3, we assume n > m = 1. Let f = (V,Va,--+,V;) be a minimal TD-coloring of
T(Kpn). Since the subgraph of T'(K,,,) induced by {vi,ej1,---,e1,} is a complete graph of order
n + 1, we have x4(T(K,,,) > n+ 1. Since (V4,Va,--+,V,11) is a TD-coloring of T'(K7,) where
Vi = A{ew,un}, Vi = {en,ui—1} for 2 < i < n, V11 = {v1}, which implies x4 (K1,) = n + 1, we
continue our proof in the following two cases.

Case 1. n > m = 2. Let x}/(Kn,) =n+1,and let & = {e;; | 1 < j < n}fori=1,2. Since
T(Kmn)&] = T(Kpn)lé] = K, we have to color the vertices in & (and also in &) by n different
colors. On the other hand, since T'(K,,,)[E1 U &) = K,O0K, we conclude that e;; and ey; are not
in a same color class when 1 < 57 < n. Without loss of generality, we may assume e;; € V; for
1 <j<mnand v € Vouy. If f(&) = {1,2,---,n}, then v; ¥, V} for each 1 < k < n, because
Ny (v1) NE =0 and |Vi|> 2 for each 1 <k <n. Son+1 € f(&), and a color, say 1, is not in
f(&). This implies f(ve) = 1 and so vy ¥, Vi foreach 1 <k <n+1. So £ >n+2=n+m, and
since, by assumptions Vi = {ei1,e2,}, V; = {en, eai-1)} for 2 <i <n, Vopy =V and V4o = U, the
coloring function (Vi, Vs, -+, V,40) is a TD-coloring of T'(K,, ), we have x4 (K,,,) = n + 2.

Case 2. n>m > 3. Forl1 <i<mleté& ={e;|1<j<n}, and for 1 < j < n let
E = ey | 1 < i < m}. Tt can be easily verified that T(K,,,)[&] & K, T(Kpnn)lE] = Kn,
T(Kmn)E1UEU---UE, T (K, UEU---UE ] = K,OK,, and T(K,,,)[EU{vi}] = Ko,
T(Kmn)€; U{u;}] = Ky By proving £ > n +m + 1 in the following two subcases, and by
considering this fact that the coloring function g with the criterion

gleij)=j—i+1 (modn) ifl<i<mandl<j<n,
gv)) =n+i if 1 <i<m, and
glu))=n+m+1 if1<i<n,

is a TD-coloring of T'(K,, ) with m +n + 1 color classes, we have x¥(K,,,) =m +n+ 1.
e 2.1. f(EEU&U---UE,) = {1,2,...,n}. Since for each 1 < i < m, v; »=; V, implies
f(Vi,) N {1,2,...,n} = 0 (because every color 1 < i < n appears m > 2 times) and V;, C U,
we have £ > n + 1. On the other hand, we see that for each 1 < i < mand 1 < j < n,
eij =t Vi, implies Vi, C {v;, u;}. Then, by the minimality of f, n > m implies V4, = {v;} for
each 1 <4 < m. Now since f(V)N f(U) =0, we have £ > n+ m + 1.

e 22 {1,2,--- n+1} C f(E1UEU---UE,,). We assume the minimal TD-coloring f of T'( K, )
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is best in this meaning that for every minimal TD-coloring g of T'(K,, ), | f(E1U&EU---UE,,)|<
lg(ExU&E U---UE,)|. Then for each 1 < i < m, v; =, Vj, implies Vi, C U U &; and specially
if also e;; € Vi, for some 1 < i < n, then u; ¢ Vi, and f(e;;) ¢ f(EsUE U---UE,) — f(&),
that is, the color of e;; does not appear in the other vertices in £, U& U---UE, —&;. If every
colorin f(&U&U---UE,) is appear at least two times, then similar to Case 1, we can prove
that at least m + 1 new color are needed for coloring of V U U, which implies £ > n 4+ m + 1.
Therefore, we assume there exists at least one color which is used for coloring of only one vertex
in& U&EU---UE,. For 1 <i < mlet r; be the number of colors which are used only for
coloring of one vertex from & — (& U---U&;_1). Without loss of generality, we may assume
ry > 1y > - > 1. We know |f(&)|= n for each 7. Since |f(&) N f(&€1)|< n — ry, we have
1£(&) — f(&)|> 1. In a similar way, we have |f(E) — UL F(E)|> S for 3 < k < m.

By summing this inequalities, we obtain

|f(E1U&EU---U&E)|IEn+(m—Dr+(m—2)rg+ -+ 4+ 1pq. (2)

Since (2) implies £ > n+ m + 1 when r; > 2, we may assume 1 = 1. If 1y = ry = r3 = 1,
then m > 4 and again (2) implies £ > n + m + 1. Otherwise, there exists at least a vertex
eij € & for some 3 < i < m such that if e;; = Vj,,, then Vj, N f&tU&U---UE,) =0,
that is, at least a new color is needed, and V. C {v;,u;}. Since f(V) N f(U) =0, Vi,, = {vi}
implies at least one new color is used to color some vertex in U, and similarly Vi, = {u;}
implies that at least one new color is used to color some vertex in V. Therefore (2) implies
(>n+m—-1)+14+1>n+m+1.

O

Since x¥(G) = n when G is a wheel of order n > 9 (by Proposition 2.6) or G is K;, or K, of
order n > 3 (by Proposition 3.1), we have the following theorem.

Theorem 3.2. For any n > 3, there exists a graph G of order n with x%¥(G) = n.

4. Complete Graphs

From [9], we know that for any complete graph K, of order n > 2,

5%0)

X?(Kn> < |_ 3

]. (3)
Here, we show that the upper bound in (3) is tight when 11 # n > 9. Here, we assume the vertex
set of the complete graph K, is the set V = {v; | 1 <i < n}, and the vertex set of the total of it is
V(T(K,)) =V UE where £ ={e;; | 1 <i < j <n}. First we clarify more details on the total of a
complete graph in the next observation. To more underestanding the observation, T'(K5) is shown
in Figure 3 as an example.

Observation 4.1. Let T(K,,) be the total of a complete graph K, of order n > 2 with the vertex set
V =A{v; | 1 <i<n}. Then the following states are hold.
(1) T(K,) is 2(n — 1)-regular and T(K,) = K U K U---U K!™ is the partition of T(K,) to
n + 1 edge-disjoint copies of K, where K'° = K,, and V(K") = {v;} U{e;; | 1 < j#1i<n}
for1 <1< n.
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Fig. 3. T(K5) and its six edge-disjoint copies of Kjx

(2) L(K,) =T(K,) — K, = (K" —{v1})U---U (K —{v,}) is the partition of the line graph of
K, ton edge-disjoint copies of K,_1.

(3) V(KX)NV(Ky) ={eij} for each 1 <i < j<n.

(4) V(KY¥)NV(KY) = {v;} for each 1 <i<n.

(5) For every x € V(T(K,)), N(z) = V(K') UV (K, ) — {z} for some 0 <i < j<n.

(6) For each 1 < i <mn, the function ¢; on V(T(K,)) with the criterion

v; if x = v,

o ifr=ey

¢i(r) = Lo
eij if v =y,

xr  otherwise,

is an authomorsim of T(K,) which replaces K,, with K%. And so ¢;0 ¢; ' is an authomorsim
of T(K,) which replaces K¥ with Ky’ .

We recall a needed proposition from |8].

Proposition 4.2. 8] For any complete graph K,, of order n > 2,
(1) Yo (Kn) = W(T(Kn)) = [F] —n,
(2) amzx<Kn) = a(T(Kn)) = f%W

Some facts on a minimal TD-coloring of T'(K,) are listed here.

Fact 4.3. Let f = (V1,Va, -, Vi) be a minimal TD-coloring of T(K,) in which [V}|> |Va|> -+ >
Vi, and let A; = {Vi | v = Vi and |Vi|= i for somev € V UE} be a set of cardinality a; for
1 <i<a=][%]. Then the following facts are hold.
(1) Zf:1|Vi|: @ and Zf:1|C’N(V;)|Z @ by |V]= Zf:1|Vi| and (1), respectively. Also
\Vel< [5] for each 1 <k < (.

(2) For anyv € VUE, if v = Vi for some 1 < k < {, then |Vi|< 2. Because N(v) = V(K")U
V(Ky') —{v}, for some 0 <i < j < n (by Observation /.1 (5)), implies |V NV (K")|< 1 and
Vi NV (K7 < 1.

(3) If Vi, = {wi, ey} for different indices i, p, q, then CN (Vi) = {vp, vy, €ip, €ig}, and if Vi, =
{ers, €pq} for different indices p, q, r, s, then CN (Vi) = {€rp, €rq, €sp, €sq}-
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(4) If Vi, = {v;} for some i, then CN (V) =V U{e;; | 1 <j#i<n}—{v}, and if Vi, = {ep}
for some p # g, then CN(Vi) = {ey; | {p, ¢} N {i, 5= 1} U {vp, v}

(5) (2n —2)ay + 4ay > ”(";1). Because

n(n2+1) |v U gl

S <2l CN (Vi) (by (2))
Y =1|ON (Vi) [+2)v;, =2 | ON (Vi) |
(2n — 2)ay + 4as.

IA A

(6) [2]—n < artas < L. Because the set S with this property that |SNV;|=1 for each V; € AjUA,
is a TD-set of T(K,) (by (2) and Proposition /.2 (2) for left), and a1+ - -+ ao = £ (for right).

(7) {n(n+1)/22—n4_((65n/3l—n)1 <a; < L%J Because the lower bound can be obtained by (5,6),

and the upper bound can be obtained by

M) gy = [V(T(K))| =AY
= Z>2|Vil
< (0 —ay)a.

(8) |'(2n72)((5n/1ﬂfn)fn(nJrl)/Z" <ay < [ — a (by (5,6,7))

2n—6

(9) For any V; = {e;s}, V; = {ep} € Ay,

1 if {r.s} N {p,q} =0,

[OCN(Vi) NCN(Vj)|= { n—1 if {r,s} 0 {p,q} #0.

Notice e;; 18 the same v;.

Theorem 4.4. For any complete graph K, of order n > 2,

[%1-2 ifn=34,5,
Xg(Kn) =14 [3]-1 ifn=2,6,7,8,11
(2] ifn>9andn # 11.

Proof. Since the result holds for 2 < n < 4 by Proposition 2.6 and some results in [8], we may assume
n > 5. We recall from Proposition 4.2 that api,(K,) = a(T(Ky)) = [§]. Let f = (Vi,Va,---,V})
be a minimal TD-coloring of T'(K,) in which |[V}|> [V4|> --- > |Vj|, and let A; = {V} | v =
Vi and |Vi|= i for some v € VUE} be a set of cardinality a; for 1 <4 < [$]. We continue our proof
in the following cases.

Case 1. 5<n<8orn=11.

1.1. n = 5. Let £ = 6. Then (ay,az) = (0,5), (0,6), (1,5). Because 0 < a; <1l and 5 < ay <6
by Fact 4.3 (7,8). Since (a1,as) = (0,6), (1,5) imply S0 |Vil# "2 and (a1, a2) = (0,5)
implies [V1|> [§] = 3, which contradict Fact 4.3 (1), we have ¢ > 7. Now since (Vi,---,V7)
is a TD-coloring of T(K5) where Vi = {vs,e10,e45}, Vo = {vg, €03, €15}, V3 = {vs, €13, €04},
Vi = {ess; esa}, Vs = {ess, era}, Vo = {v1}, Vo = {va}, we have x}j(K5) =7 =[] — 2.

1.2. n=6. Let £ = 8. Then (ay,a2) = (1,4), (1,5), (1,6), (1,7). Because a; = 1 and 4 < ay < 7 by
Fact 1.3 (7,8). Since (a1, az) = (1,7) implies 35 |Vi|# "% "and (a1, a0) = (1,4), (1,5), (1,6)
imply [V1|> [§] = 3, which contradict Fact 4.3 (1), we have £ > 9. Now since (Vi,---,Vp)
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1.3.

1.4.

1.5.

is a TD-coloring of T'(Kg) where Vi = {vs,e19,€45}, Vo = {vg,e13,e26}, V3 = {vs, €16, €23},

Vi = {U67€147625} Vs = {63676157624}7 Ve = {6347656}7 Vi = {6357646}> Vs = {Ul}, Vo = {U2}>
we have x§(Kg) =9 = [2] — 1.

n="7. Let £ =10. Then (a1, a2) = (1,4), (1,5), (1,6), (1,7), (1,8), (1,9), (2,4), (2,5), (2,6),
(2,7), (2,8), (3,4), (3,5), (3,6), (3,7), (4,4), (4,5), (4,6). Because 1 < a; <4 and 4 < ay <
10—ay by Fact 4.3 (7,8). Since (a1, a2) = (1,9), (2,8), (3,7), (4,6) imply 1%, [Vi[# " and
(a1,a2) = (1,5), (1,6), (1,7), (1,8), (2,4), (2,5), (2,6), (2,7), (3,4), (3,5), (3,6), (4,4), (4,5)

imply |V1|> [§] = 4, which contradict Fact 4.3 (1), we have (a1,a2) = (1,4). By Observation
4.1(6), we may assume Vjg = {v;} for some 1 < i <n. Then v; =, Vj, for some k # 10 implies
Vi = {vp, €;4} for some three different indices 4, p, g. Since

[CN(Vi) UCN(Vio)| = |ON(Vi)[+[CN(Vig)|=|CN (Vi) N CN (Vo)
= 4+12-4
12

by Fact 1.3 (3,4), we reach to the contradiction

2106!CN(W)|

%) 2ics| CN (Vi) [+ Ziz 10| CN (Vi)
3x4+12 (by Fact 4.3 (3))
24.

Thus ¢ > 11, and since (Vi,---,Vi1) is a TD-coloring of T'(K7) where Vi = {vy, €4, €25, €37},
Vo = {U5:€677€137624}7 Vs = {U6,€15,€23,€47}, Vi = {U7, 63576267614}; Vs = {U3>€467€57}>
Ve = {U17€277€36}> Vi = {7127634}, Vs = {612}, Vo = {645}7 Vip = {656}7 Vii = {617}, we have
Xq(Kq7) =11=[3] - 1.
n = 8. Let £ = 12. Then (ay,a2) = (2,5), (2,6), (2,7), (2,8), (2,9), (2,10), (3,5), (3,6), (3,7),
(3,8), (3,9), (4,5), (4,6), (4,7), (4,8). Because 2 < a1 <4 and 5 < ay <12 —a; by Fact 4.3
(7,8). Since (a1,as) = (2,10), (3,9), (4,8) imply 12 Vil ™ ""H , and (a1, a2) = (2,5),(2,6),
(2,7), (2,8), (2,9), (3,5), (3,6), (3,7), (3,8), (4,5), (4,6), (4, 7) imply |[V;]> [g} = 4, which
contradict Fact 4.3 (1), we have £ > 13. Now since (V1, - -+, Vi3) is a TD-coloring of T'(Kg) where
Vi = {7)8761376247656}7 Vo = {U77€25a€367€48}7 Vs = {U676187€277€34}; Vi = {715761676287637},
Vs = {U47€17,€26,€35} Ve = {02761576477638} Vi = {6577668} W= {6467658} Vo = {6457667},
Vip = {6147678} Vi = {U?,, 612} Vig = {623} Viz = {01} we have X (Ks) =13 = f5n1 - L
n=11. Let £ = (%ﬂ —2 =17. Then (a1,a2) = (3,6), (3,7), (3,8), (3,9), (3,10), (3,11), (3, 12),
9)

| VANR VAN VAN

(3,13), (3,14), (4,6), (4,7), (4,8), (4,9), (4,10), (4,11), (4,12), (4,13), (5,6), (5,7), (5,8
(5,9), (5,10), (5,11), (5,12), (6,6), (6,7), (6,8), (6,9), (6,10), (6,11), (7,6), (7,7), (7,8), (7,
(7,10). Because 3 < a; < 7 and 6 < ay < 17— a; by Fact 1.3 (7,8). Since Z;:1|Vl|7é ”(”2+1)
when (ay,az) = (3,14), (4,13), (5,12),(6,11), (7,10) and [Vi|> [§] = 6 in the other cases,
which contradict Fact 4.3 (1), we have ¢ > 18. Now since (Vi,---,Vig) is a TD-coloring

of T(K11) where Vi = {vi1,e1010); €26, €37, €as, €50}, Va2 = {v10, €19, €28, €35, €46, €7(11) }5 V3 =
{Uga €1(11), €27, €34, €8(10), 656}7 Vi = {Us, €14, €2(11), €39, €6(10), 657}, Vs = {07, €18, €29, €36, €4(10), 65(11)},
Ve = {1)4,615,62(10),63(11)76687679}, Vi = {"U5,€16,€24,€3(10),69(11)}, Vs = {067617762576387649}7

Vo = {U37612764(11)76587€7(10)}; Vip = {66(11)769(10)}7 Vi = {647765(10)}, Vig = {68976(10)(11)}>
Viz = {027613}, Via = {667768(11)}7 Vis = {6697678}; Vie = {U1}7 Vir = {623}, Vig = {645}, we
have X (Ku) 18 = (%n} — 1.

Y

)
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Case 2. n > 9 and n # 11. Let £ = [3*] — 1, and let

n(n+1)/2—4([5n/3]—n al—n(n+1)/2
mlz((+)/2n_(gﬂ )L M, =| a(—Jlr)/J?
Moy = ’-(2n72)([5n/237]1:1g)7n(n+1)/2-|7 M2 — 0 — ay.

Then (ay,as) = (x1 + 4,29 + j) for some 0 < i < M; — my and some 0 < j < My — my. In the
following subcases, we show that ¢ = (%"W — 1 leads us to a contrdiction.
2.1. Either n is even or n is odd and (ai,as) # (my,my). Then, by Fact 4.3 (1), we must have
ay +ay < € —1and [V1|< [5], and so by assumptions a; = my + ¢ and ay = my + j for some
0<i< M; —my and some 0 < 7 < My — mo, we have

YVl

S Vi i e i

(0 —ay —az)[5] + a1+ 2a,

(= my—m)[ 5]+ (ma +2mg) + (1= [51)i+ (2= [51)J

(0 —my —mg)[ 5]+ (m1 + 2my) — (43 + 3j) (because n > 9)
C—my —my —€)[5] + (m1 + 2my + 2¢)

n(n+1)
2

AN VAN VAN | R VAN

which contradicts Fact 1.3 (1) (where € is 0 when n is even and is 1 otherwise).

2.2. n>131is odd and (aq,as) = (mq1, mz). Then a; = VLTHJ > 3 and

Q=

_{ [52] ifn=3 (mod 12),
TV 41 ifn#£3 (mod 12).

Let Ay ={Vi|i€l} where [ ={{—i|[0<i<{l—a1+1} Let z =3, .., ,|CN(Vi)N
CN(V;)| for some t € I. Since |[CN(V;) N CN(V;)|> 4 for each i € I — {t} (by Fact 1.3 (9))
and CN (V) NCN(V;) NCN(V;) = 0 for each 2-subset {i,j} C I — {t}, we conclude

2 ijerlCN(VI)NON(V))| = 245 jer— | CN (Vi) N CN(V;)]
z+4(a; — 1) (4)
1.

v

Since z = 4(3) when a; = 3, by induction on a; > 3 and (1), we will have

Sl ON(V)NCN(V)| > 4(“7) +4(")

4(%)-
Hence

SialCNV)L = YyeaON(VI)H 2y [ON (V)]
das + (2n — 2)a; — 4(”‘21)
n(n+1)

2 Y

ANVANI

which contradicts Fact 4.3 (1).

2.3. n =9 and (a1,a2) = (2,5). Then ¢ = 14, A} = {Vi3,Viu} and Ay = {V; | 8 < i < 12} If
T(Kn)[‘/lg U ‘/14] = KQ, then, by |ON(‘/13) U ON(‘/vl4)|: 3n — 3 = 24 and Fact 1.3 (2,3), we
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have

U CNV)| = Usearon, CN (V)]

|Ui6.A1 CN(V;)|+|U16A2 CN(‘/;M
24 —+ 4&2

= 44

< 45
n(n+1)

5
which contradicts Fact 1.3 (1). So Vi3 U Vi, is an independent set, and by Obsevation 1.1(6),
we may assume Viz = {v1} and Vig = {ea3}, which implies |CN(Vi3) U CN(Viy)|= 28. Then
the assumption vy >; Vo implies V1o = {v,, e1,} for some p # ¢ by Obsevation 4.1(6). If
{p,q} N {2,3} = 0, then each of the six numbers 4, 5, 6, 7, 8 9 must be appeared three times
in the indices of the elements of V3 U --- U Vjy, which is not possible. Because the number
of indices in the elements of each V; € Ay, is at most four. So, we have {p,q} N {2,3} # 0.
Then the number of appearing all of the six numbers 4, 5, 6, 7, 8, 9 (by allowing repeating
numbers) as indices of the elements of Vg U --- U Vi can be reduced to 16. But then we have
the contradiction egg 3, V}. for each k.

Therefore ¢ > [3], and in fact x4 (T(K,)) = [%] by (3). O
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