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ABSTRACT

In this paper, given a homeomorphism f of a compact metric space X, we show that the
set of all asymptotic average shadowable points of f is an open and invariant set and f
has the asymptotic average shadowing property if and only if the set of all asymptotic
average shadowable points of f is X if and only if any Borel probability measure p of X
has the asymptotic average shadowing property.
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1. Introduction

The asymptotic average shadowing property was introduced by Gu [2]. Gu proved in
[2] that if a homomorphism f of a compact metric space X has the asymptotic average
shadowing property, then it is chain transitive. Honary and Bahabadi [3] proved that if a
diffeomorphism f of a compact smooth manifold M has the asymptotic average shadowing
property and M is not finite and dimM = 2, then the C' interior of the set of all C*
diffeomorphisms with the asymptotic average shadowing property is characterized by the
set of () stable diffeomorphisms, and Lee [7] proved that if dimM > 2 then the C' interior
of the set of all C! diffeomorphisms with the asymptotic average shadowing property is
characterized by the set of weak hyperbolic (dominated splitting) diffeomorphisms.
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Also Lee |8] proved that for C'! generic diffeomorphism f of a compact smooth manifold
M with dimM > 2 then f is weakly hyperbolic. Thus, the asymptotic mean shadowing
property is an interesting topic to study dynamical systems (topological and smooth
dynamical systems). Regarding the various shadowing points, Morales [9] was the first to
introduce the shadowable points. After his research, many valuable results are published
in |1, 5, 6, 4] using the various shadowable points. The asymptotic average shadowable
point was introduced by Rego and Arbieto [10]. As the notion of [10], we will study in
the paper. More specifically, given a homeomorphism f of a compact metric space X,
we prove that the set of all asymptotic average shadowable points of f is an open and
invariant set and f has the asymptotic average shadowing property if and only if the set
of all asymptotic average shadowable points of f is X if and only if any Borel probability
measure i of X has the asymptotic average shadowing property.

2. Basic notions and proof of theorem

Let (X,d) be a compact metric space with metric d and let f: X — X be a homeomor-
phism. For any § > 0, An infinite sequence {z; : i € Z} is said to be J-pseudo-orbit of f
if d(f(z;),zi41) < 0 for all i € Z. We say that f has the shadowing property if for every
€ > 0 there exists § > 0 such that every ¢ pseudo-orbit {z; : i € Z} can be € shadowed by
some point in X, i.e. there exists y € X such that d(f*(y),z;) < € for all i € Z. Then the
point y € X is called the shadowable point of f. Let Sh(f) be the set of all shadowable
points of f. Morales [9] proved that Sh(f) is an invariant set and f has the shadowing
property if and only if Sh(f) = X.

Now we are concerned with a kind of shadowing property and a kind of shadowable
points of f. It is a different notion of the shadowing property.

An infinite sequence {z; : i € Z} is said to be asymptotic pseudo-orbit of f if

n—1 -1
1 1
lim — d ), Tiv1) = d lim — d i), Tiy1) = 0.
e ; (f(xi),zi41) =0, an S iz_:n (f(zi); 1) =0

A homeomorphism f of X has the asymptotic average shadowing property if any asymp-
totic average pseudo-orbit {x; : ¢ € Z} can be asymptotic average shadowed by some point
in X, i.e. there exists y € X such that

1 i 1 ¢ i
Ji%ﬁiz_;d(f (y).2:) = 0, and r}ggogi;ld(f (), 2;) = 0.

Then the point y € X is called asymptotic average shadowable point of f. Denote by
AEV Sh(f) the set of all asymptotic average shadowable points of f.

We say that f is chain transitive if, for any 6 > 0, there exists a sequence {x; : i =
0,1,...,n} such that d(f(x;),z;41) < 0 for all i« = 0,1,...,n. Gu [2] proved that if f
has the asymptotic average shadowing property, then it is chain transitive. Thus, the
asymptotic average shadowing property is not equivalent to the shadowing property (see,

[2] Section 5.1).
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Lemma 2.1. Let f be a homeomorphism of X. Then AEV Sh(f) is an open set.

Proof. Assume that AEVSh(f) # (). Let y € AEVSh(f) and any asymptotic average
pseudo orbit through y can be asymptotic average shadowed by some point in X. Take
€ > 0. Let x € B(y,e) and & = {x; : i € Z} be an asymptotic average pseudo orbit
through . We make an infinite sequence ( = {y; : ¢ € Z} as follows:

y; = x; for i # 0 and y; = y for ¢« = 0. Then we see that

n—1

YA (a)s i) = d(f (), yr) +d(fyn)y2) + -+ df (gn1); )

1=0

=d(f(y),z1) +d(f(z1), 22) + - + d(f(Tn-1), Tn)

n—1

< diamX + Z d(f(x:), ziy1),

1=0

and

_Z d(f (i), yir1) = d(f(Y=n), Y=ns1) + +d(f(Y-ns1), Yns2) + -+ d(f(y-1),y)

i=—n

=d(f(z_n),v_p1) +d(f(2-ns1), Tonyo) + - +d(f(z_1),y)

< i d(f(x;), xip1) + diamX.

i=—n

Since £ is an asymptotic average pseudo orbit of f, we have that

n—1 n—1
1 .1/
nh_{go " ; d(f(yi), yir1) < nh_{{.lo o (dlamX + Z d(f (@), flfi+1)>

1=0
. diamX , 12
=, Tl 50 (e ) = O

and

—-1 -1
Tim % S A peen) < Jim (37 d(f(w), i) + diamX)

i=—n i=—n

=0.

—1 )
. diamX
= lim — g d(f(x;), xiz1) + lim
n—oo N n—oo n
l——n

Thus ¢ is an asymptotic pseudo obit of f through y. Since y € AEV Sh(f), there is a
point z € X such that

,}Eﬁ.znzdf ) =0 fin &3 A C)) =0

Since y; = x; for i # 0 and yy = y, we also see that

n—oo 1
i=—n

n—1
nh_{l;@%;d(f’( ,x;) =0, and hm—del z;) = 0.
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Thus the asymptotic pseudo orbit £ can be asymptotic average shadowed by z €
X. This means that x € AEVSh(f) and so B(y,e) C ASEVSh(f). It implies that
ASEV Sh(f) is an open set.

m

A set A C X is an invariant if f(A) C A.
Lemma 2.2. Let f be a homeomorphism of X. Then AEV Sh(f) is an invariant set.

Proof. For any © € AEVSh(f), let £ = {x; : i € Z} be an asymptotic average pseudo
orbit of f through f(z). Since £ is an asymptotic average pseudo orbit of f, we have

nll_{& % Z d(f(x;),zi41) = 0.

i=—n

Since f~! is uniformly continuous, take ¢ > 0 such that d(a,b) < €/4(a,b € X) implies
d(f~a), f71(b)) < e Let j =#{i € NT : d(f(x;), zi11) > €/4}. Then we have

—

n—

J n—1

d(f (i), 2i41) = Zd(f(a:»,x,-m + 'Z d(f (), 2i01)

<
I
(en)
~
I
(en)
-~
Il
+
—

Consider the sequence n = {f~!(z;) : i € Z}. Since

n—1 n—1
d xz+1 Zd xz x1+1 iy
i=0 i=j+1
we have
n—1 7 n—1
S (@), f @) = AT @) f @) + > AT (@), £ (i)
=0 =0 i=7+1
J n—1 "
< ZdimX + Z €
i=0 i=j+1
Since
1 n—1
nhjolo - ; d(f(x;),i41) =0,
we see that

lim — Zd f (i) = 0.

n—oo M

Similarly, we can see that

T LS a7 (). ) = 0

i=—n
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Then ( is an asymptotic average pseudo orbit of f through z. Since x € AEV Sh(f),
there is z € X such that

&&n§id ) %D—Oamhgagiidf @) =0,

1=—"N

By uniform continuity of f, take » > 0 such that d(f(a), f(b)) < r whenever d(a,b) <
r/4(a,b € X). Let | = #{i € N* : d(f(2), f~(x;)) > r/4}. Then we see that

l

d(fl( ) f T @) = Y d(f (), f 7 () + i d(f'(2), £~ (x:))-

=0 1=0 i=l+1

3
,_.

= l+1

Thus we have that

d(f(f Zd (fi(z Zd (fi(z

[ary

n—

= farye
< Zd (fi(z Z r
farme
< ZdlamX + Z r.
farme
Since f(f1(2)) = f{(f(2)) for all i € Z, and
,mmzd (@) =0,
we have .
lim ~ ;d(fi(f(Z))ﬁrz) =0

Similarly, we can see that

I LS d(r() a0 =0

i=—n

It implies that £ is an asymptotic average shadowed by f(z). Hence f(x) € AEV Sh(f),
and so AEV Sh(f) is an invariant set. O
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Lemma 2.3. Let f be a homeomorphism of X. If AEVSh(f) = X, then f has the
asymptotic average shadowing property.

Proof. Suppose that for each k& € N there is an asymptotic average pseudo orbit &¥ =
{x¥ : i € Z} which can not be asymptotic average shadowed by a point in X. Since X is
compact, we assume that x5 — p € X as k — oo. Since p € AEV Sh(f) = X, there is an
asymptotic average pseudo orbit through p can be asymptotic average shadowed by a point
in X. For any small € > 0, there is [ € N such that d(z},p) < € and d(f(z}), f(p)) < e.
We construct a sequence ¢ = {y; : i € Z} as follows: y; = z if i # 0 and yo = p if i = 0.
Then we have that

i
L

d(f (i), yirr) = d(f(p),y1) +d(f(v1),92) + -+ d(f(Yn-1), Yn)

1=0
= d(f(p), =) +d(f(2}), 25) + - + d(f(x},_1), x},)
< d(f(p), f(x0)) + d(f(wp), 27) + +d(f(2h), 25) + - + d(f(x],_,), 7,)
<e+d1amX—|—nz:d ) i+1)
=0
and

Z d yz yH—l = d(f( n) n+1) + +d(f(y—n+1)7 y—n+2) oot d(f(y—l)a y(: p))

(f(ﬁfl—n)a Il—n+1) + d(f<x1—n+1)7 Il—n+2) +ooet d(f(xl_l),p)
(f(fvin) el ) Hd(f (el ) 2l o) + -+ d(f(2ly), 20) + d(xg, p)

<Zd zl), 2t ) + diamX + e.

Thus we see that

n—1 n—1
.1 o1
Jim ;:0 d(f (yi), yir1) < ggog(e+dlamX+ ;0 d(f (x3), ﬁ+1)> =0,
and
7}1_}1{.105 _E d(f(yi),yiz1) < hm —< _E d(f(z;), 'H—l ) + diam X —i—e) = 0.

This means that ¢ = {y; : ¢ € Z} is an asymptotic average pseudo orbit of f through
p. Since p € AEV Sh(f), there is z € X such that

n—1 -1
. 1 i 1 _
nh_)rxolo - ZE:O d(f'(#),y:) =0, and nh_}lgo El_g_nd f'(2),y:;) = 0.
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Since y; = ! for i # 0 and yo = p, we also see that

n—1 -1
.1 ; I , 1 i I _
Y}L}r{.lo - ;:O d(f'(z),z;) =0, andl@mnﬁoog E d(f'(z),z;) =0.

1=—N

This is a contradiction.

Theorem 2.4. Let f be a homeomorphism of X. AEVSh(f) = X if and only if f has
the asymptotic average shadowing property.

Proof. It is clear that if f has the asymptotic average shadowing property then AEV Sh(f)
X. Thus we will prove the converse part. As Lemma 2.3, we have that if a homeomor-
phism f has the asymptotic average shadowing property then AEV Sh(f) = X. This
completes the proof. O

Kawaguchi [4] proved that for any ergodic probability measure p of X, if u(Sh(f)) =1
then f has the shadowing property, where p of X is ergodic if either p(A) = 0 or u(A) =1
for any Borel set A C X. For any Borel probability measure pu of X, we say that p is
invariant for f if p(A) = u(f~1(A)) = p(f(A)) for any Borel set A C X. Let M(X) be
the set of all invariant Borel probability measures of X.

About the result, we introduced the following notion. We say that y € M;(X) has
the asymptotic average shadowing property if there is a Borel set A C X such that
p(A) = 1 and any asymptotic average pseudo orbit {z; : i € Z} through A(xg € A) can
be asymptotic shadowed by a point in X. It is observed that p has the asymptotic average
shadowing property for f, then u(AEV Sh(f)) = 1.

Lemma 2.5. For any pn € Ms(X), if p has the asymptotic average shadowing property
then AEV Sh(f) = X.

Proof. For any x € X, there is an invariant measure pu of X such that p(w(z)) = 1,
where w(z) is the omega limit set of x. Since p has the asymptotic average shadowing
property, u(AEV Sh(f)) = 1. Then we can choose y € w(z) N AEVSh(f). By Lemma
2.1, there is r > 0 such that B(y,r) C AEVSh(f). Since y € w(f), there is j > 0 such
that f/(z) € B(y,r) C AEVSh(f). By Lemma 2.2, AEV Sh(f) is invariant. We have
x € AEVSh(f), and so AEVSh(f) = X. ]

Theorem 2.6. Let f be a homeomorphism of X. Any Borel probability measure u of X
has the asymptotic average shadowing property if and only if f has the asymptotic average
shadowing property.

Proof. Suppose that any Borel probability measure p of X has the asymptotic average
shadowing property. By Lemma 2.5, we see that AEV Sh(f) = X. By Theorem 2.4, f
has the asymptotic average shadowing property.
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Conversely, , we assume that f has the asymptotic average shadowing property. By
the definition of the asymptotic average shadowing property, it is clear that every Borel
probability measure p of X has the asymptotic average shadowing property. O]
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