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ABSTRACT

This paper is concerned with the pullback attractors for the Kirchhoff type BBM equations
defined on unbounded domains. Sobolev embeddings are invalid on unbounded domains.
We obtain the pullback asymptotic compactness of such non-autonomous BBM equations
by using the method of uniform tail-estimates.
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1. Introduction
Consider the following Kirchhoff type BBM equation in unbounded domains:
e — Ay — vAu+ Y - F (1) — M(||Vul]?)Au = g(z, 1), (1)
with the initial value conditions
u(z, 7) = u(x),u(z, t) = 0. (2)
Assume M(-) € CHR), M'(s) >0
0< M(s) <C, (3)

where x € O, and v is positive constant, Oy is a bounded open subset in R2, O = Oy x R

2

2 (R, L*(0)) is a deterministic time-dependent external

is a unbounded channel, g € L
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forcing term, ? is a nonlinear vector function give by
?(3) = (Fi(s), Fa(s), F3(s)) , s € R. (4)

Benjamin, Bona and Mahony proposed the BBM equation in [3], which describes the
mathematical model of long waves propagation through nonlinear dispersion and dissipa-
tion effects. Then many scholars have studied the asymptotic behavior of BBM equations
in [2, 14, 15, 16] on bounded domains and in [6, 13, 17] on unbounded domains. The exis-
tence and uniqueness of solutions to the BBM equation have been studied in |1, 5, 9, 10].
In recent years, Chen studied the existence and uniqueness of pullback random attractors
of BBM equations driven by additive noise, white noise or colored noise, see |7, 6, 17, 12].
Other equations with Kirchhoff terms have been studied by many scholars. In [18], the
authors showed the asymptotic behavior for kirchhoff type stochastic plate equations on
unbounded domains. In [19], the authors showed the random attractors of Kirchhoff-type
reaction-diffusion equations without uniqueness driven by nonlinear colored noise. With
the help of reference |14, 4, 11]. We studied the pullback attractors for the Kirchhoff type
BBM equations defined on unbounded channels. Due to the Sobolev embedding theorem
is noncompact on unbounded domain, to conquer this difficulty we use the uniform tail
estimation of the solution.

The structure of our article is as follows. In Section 2, we review some results of the
pullback attractor. In Section 3, we discuss the uniform tail-estimates of solutions. In
Section 4, we prove the existence of the pullback attractor of the Kirchhoff BBM equation.

In this paper, we use ||-|| and (-, -) to denote the norm and the inner product of L?(0),
respectively. If u € Hy(O), we define |[ul|g10)= [[Vull and [Jul| g1 0)= (HUHQ—i—HVuHQ)%
For easy of writing, each C' used in this article represents a different positive constant.

2. Preliminaries and some results
In this paper, we will use the following Poincaré inequality :
IVul*> Aull?,  Yu € Hy(O), (5)
where,
_ 1
7 = min {V, ZLV/\}' (6)
We define that G; (i = 1,2,3), F; (i = 1,2, 3) meet the following conditions:

GZ(U) = /u E(t)dt, a(u) = (Gl(u), GQ(U), G3(U)), u € R, (7)

0

|5 (w)| < Jul+Clul?, |Fl(w)|< 1+ Clul, |Gi(u)|[< Clu*+C|u?, uweR (8)

where t,u e R, 0 < p < 1.
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By [14], we get that for 3> 0 and 0 < a < T such that

lg(@)IP< Be (9)
and
/ 7 |g(r)|Pdr < oo for all T € R, (10)
T T 2
/ (/ 678/2]\9(5)H2ds) dr < 0o forall 7 € R. (11)
Furthermore

lim / / e’ |g(z,7)|*dedr =0 for all 7 € R. (12)

k—o0 —0 |x3\>k

Let P =R and define ® : RT x P x H}(O) — H}(O) by
O(t, 1, ur;) = ult + 7,7, ur), (13)
and
O(t+s,7,u,) =d(t,s+7,0(s,7,u,)), t,s=071€R u, € HO). (14)
Set R, = {r: R — (0,00) : limy_, o €7r%*(s) = 0} and
B, = {B = {B(s)}sr|B(s) C D(0,7(s)) for some r € R, (15)

where D(0,7(s)) denotes the closed ball in H(O).
Set P be a non-empty set and X a metric space with distance d(-,-).

Definition 2.1. A family of mappings {6;},. from P to itself is called a family of shift
operators on P, if {6}, satisfies the following group properties:

(i) Oo(p) = p for all p € P,

(ii) Opir(p) = 04(0-(p)) for all p € P and ¢, 7 € R.

Definition 2.2. Let {6}, be a family of shift operators on P. Then a continuous
f-cocycle ® on X is a mapping ® : RT x P x X — X satisfying, for all p € P and
t, 7 eR,

(i) ®(0,q,-) is the identity on X;

(i) ®(t + 7,p,-) = O(t, 6-(p), B(7,p,));

(iii) @(¢,p,-) : X — X is continuous.

Suppose B is a nonempty class of parameterized sets B = {B(p)},ep, B(P) C X for
every p € P.

Definition 2.3. It is said D = {D(p)},ep € B is pullback B-absorbing for ¢ in B if for
every p € P and B € B, there exists T'(p, B) > 0 such that

®(t,0_4(p), B(0—:(p))) C D(p), Vt=T(p,B). (16)
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Definition 2.4. The cocycle ® is said to be pullback B-asymptotically compact in X, if
for every p € P, ®(t,,0_4,(p) , ) has a convergent subsequence in X whenever t,, — +00
and z,, € B(6_,(p)) with {B(p)},ep € B.

Definition 2.5. A family C' = {C(p)},ep € B is said to be pullback B-attracting if
tlim dist(®(t,0_4(p), B(0_+(p)),C(p)) =0 forallp € P,B € B, (17)
—00

where dist(X,Y) = sup,cy infyey d(z,y) is the Hausdorff semi-distance between X and
Y.

Definition 2.6. It is said that A = {A(p)},ep € B is a pullback B-attractor if it satisfies
(1) A(p) is compact in X for any p € P;
(2) A is pullback B-attracting;
(3) A is invariant, that is, ®(¢, p, A(p)) = A(6;(p)) for all (¢,p) € RT x P.

Theorem 2.7. Let ® be a continuous 0-cocycle on X and there exists a family of pullback
B-absorbing sets {D(p)}pep € B. If ® is a pullback B-asymptotically compact in X, then
® has a unique pullback B-attractor {A(p)},cp € B defined by

Awp) = U2t 0-p), DO-p))). (18)

720t>T

3. Uniform estimates of solutions

Lemma 3.1. For every 7 € R, B = {B(s)}ser € B, and uo(1—t) € B(1 —1), there exists
T =T(r,B) > 0 such that, for allt > T

Jutr,m = tuo(r = ) + [ MATuP Tl or

T—t
2 T
<o [ gt P (19)
T 2 T
7 —¢ — )2l < —— " 2dr, 20
| et =t = )y e < = [ latlFan (20)

and

Juls, ™ = tuo(r = )0y + [ OV |Vl oy
T—t

2 S
- / g Pdr s € [r—t 7). (21)
1%

—0o0

Proof. Suppose 7 € R,t > 0,B = {B(s)}ser € By,uo(r —t) € B(T —t), and define
u(r) = u(r,7 — t,ug(r —t)) for r > 7 — t. Then by (1) u(r) in L*(O), we get



DYNAMICAL OF KIRCHHOFF TYPE BBM EQUATIONS 137

1 d
Z(lulP+1 V| )+V\IVUH2+M(I\WH2)HVUH+/ (V- F(w)ude = (g,u).  (22)

We have

/O(v P () ude — — /O F(u)  Vudz = — /O V. C (u)dz = 0. (23)

By Young’s inequality, we obtain

1 d
Z(lulP+IVull?) + v VulP+ M Vul P Vell < —H P+5 AH gll®

—||W|| +53 Hgll2 (24)

Set s € [T —t,7]. By Gronwall lemma and integrating it over (7 — ¢, s), we get

[u(s, 7 — &, uo(T — t))!lfqg(oﬁ/ t (M Vul ) Vullf o) dr

-|-~y/ 6WHU(T7T—t,UO(T_t))”f'{é(O)dT
T—t

T— 1 T
< uolr = gty [l P (25)

o0

Note that ug(r —t) € B(r —t) and B={B(s)}ser € B,, T =T(s,B) >0,

s

T— 1 T
Il t)Huo(T—t)H?{é(o)gﬁ/ e’ lg(r)||Pdr, t>T. (26)

—00

By (25), we get
s, 7=t ualr = )y, + | VUl Tl oy
2 S
<o [ el (27)

—00

By (27), we know that

HU(S,T—t,uo(T—t))\liol(@+/ tGVT(M(HVW)HVUH?{&(@dT

2 S
< el / g |2dr, s € r—tr.  (28)
v —0o0
This completes the proof of Lemma 3.1. O

Lemma 3.2. For every 7 € R, B = {B(s)}ser € B, and uo(T—1t) € B(1 —1), there exists
T =T(r,B) > 0 such that, for allt > T

T T T T 2
[ ety <c [ g [ ([ oPlgeipas) a o)
T—1 —00 —00 —00
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Proof. Taking the inner product of (1) with u,(r) in L*(O) and using Young’s inequality,
we get

[l P+ V|2 = = (Vu, Vu,) = M(|[Vul*) (Vu, Vi) — / (V- F (u)u,da + (g, u,)
@]
1 1
< 7 IVulP 2 1Vl [V P4M (V) [Vl

1 1
~ [ Bhude+ 3o+ 5l (30)
@
Using (&), we obtain

— / (V- ?(u))qux = / ?(u) - Vu,dx
o 0
<C/]u||VuT|dx+C/|u|2|Vur|dx
o o

1

< SIVulP+C P +uly)
1

< 5||Vur||2+C(||u||§101(0)+||u||§101(0)). (31)

Therefore, we have
e[+ Ver 1< Cllull3a o) Hla P +Hlull7 o)) (32)

Multiplying this by €7", integrating it over (7 — ¢, 7), we have

T

(/eWMWHmewéO/
T—1

—0o0

gl P+ € [ )y opdr (33)
T—1

By (21), we get

o T r 2
/ evTHu(r)Hzé(O)dréC/ T (e—vr/2/ 675/2||g(5)||2d3> dr
T—t T—t —00

</

T 2
C (/ 675/2||g(s)||2d3) dr. (34)
[
Lemma 3.3. For every ¢ > 0,7 € R and B = {B(s)}ser € Bs, there exist T =
T(1,B,e) >0 and K = K(1,€) > 1 such that for allt > T and k > K,
/ (|u(x, 7,7 — t,uo(r — )P+ Vu(z, 7,7 — t,up(T — t))]*)dz < ¢, (35)
‘:Eg‘}k‘

where uo(T —t) € B(T —t).

Proof. Let k£ > 1 and take a smooth function ¢ such that 0 < ¢ < 1 for all s € RT and
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0, 0<s<1,
wo={0 U3, (36)

Let | ¢'(s)|< C for all s € RT. Taking the inner product of (1) by ¢ (—%)u, we observe
that

dii K (x3)(|u| +|Vul )d:)s+2u/oap (i—z‘) \Vul|2dx
+2M(\|Vu||2)/ ( )]Vu|2dac
o (e ( ot [ (7 ()50
— OM(||Vul]?) ( i—%) >udx

2 5(72
—2/(V < g>ud:1:+2 <—g’>uda:
o k
= J1+J2+J3+J4+J5. (37)

Then, we will handle each term in (37) we have

/|2 (k) 2|x3|\VurHu!d:c

2
|J;3|]VurHu\dx
k<|z3|<V2k k
C
< - |Vu,||u|dx
k k<|z3|<v2k
C
< UV lP+lal). (38)
Similarly,
C
o < Z(IVullP+[ul). (39)
C
Jy < Z(IVullP+[ul). (40)
We get

Ty = 2/@(?@) V) (“Z-i) dz + 2/@ (?(u) LV @—%)) udz. (41)
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By Green formula and 8(u) = ﬁ, we obtain

2/@(?@).%)@2 (g) dx—2/(V G (u)e? <z—§2’> dz
—2/ @ (u) (;) dz. (42)
Using (42) and (7), (8), we get

2 [ [l (5 )| o [ Pl (5 )\ 75} s

< 9 @ (w)lda + & P uldz
2
k<|zs|<V2k

k<|z3|<V2k

C
—/ [ul*+lul’)de < —(lull*+[ull3)
C
k,(||U|| Hlullzg o) < 7@+ lulP+lluliyo)- (43)
Using Young’s inequality, we have
2
Js =2 / g¢° (x—§> udz
|273|>k k
22
( g’) 2dx+— g02( 2)|g| dx
|Ig|>k |:p3|>k k
©? (%) u?dx + — lg|*da. (44)
k jasl >k
By (38)-(11) , we get
d 2 (73 2 2 2 (73 2
o ng (ﬁ) (Ju]*+|Vul )dx+2y/og0 5 |Vu|*dx
C
< E(l + ||U||%15(o)+||vur||2+||U||§1{3(0))
) o (T3 4 5
— dr + — dzx. 45
T (kg) TE N mgklgl x (45)
By [11],
3 3 22 3 C
21// ©* (k2> \Vul*dz > 1// ©* <E> |Vul*dz + 5> 0> (ﬁ) udr — —||uH2
0 @) 0
(46)
Similarly,

-2 [ a9y (5 ) I9u(0Pas < -3Vl so( ) vupds

72
o3
k2
|VUH % 2 C 2
%) JuPdr +
C

< Zlul?, (47)
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we get
d 2 ZL’% 2 2 2 QZ’% 2 VA 9 l’% )
4 C
Son o0 O lelligo) HIVar Pl o)) (48)

Finally, Using Gronwall lemma, integrating it over (7 — ¢,7) and Lemma 3.1, Lemma
3.2 and (17), we have

evf/ogﬂ @’z) (ula, 7.7 — t,uo(T — )+ Vule, 7.7 — t,uo(r — t))|?)d

2 4 T
<o [ 2 () Qul+Vulidr+ o [ o [ jgwr)Pdedr
o \k VA Jret Jiaglzk

c [ .,
Sl o IV () )

2 4 T
<o [ 2 () Qul+Vulidr+ o [ o [ Jgwr)Pdeds
o \k VA Jret Jiaglzk

T T T 2
25 et Ser—oen O[T ([ eomigoiras) i

(49)
and
(|u(z, 7,7 — t,up(T — t))|2+|Vu(x, T, 7 —t,up(T — t))|2)dx
lz3|>/2k
< e D) g (7 — )||H1(O / / g(z,7)|*dxdr
\x3\>k
c C T C r 2

+E —i—ze_w/ e lg(r )H d?“—{—ze 77/ (/ 675/2\|g(s)\|2ds> dr. (50)

Since ug(T —t) € B(T —t) € Bs, for given € > 0, there exists T'(1, B, €) > 0 such that

e T ug(r = )71 0 < t>T. (51)

§

_W/ / g(z,t)|Pdzdr < = (52)
T— |1‘3|>k 3

. r oo 2
Caler [ etgra s $ [ ([ oo ars

This completes the proof of Lemma 3.3.

By (10)-(12), we get

(53)

Wl o

]
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Lemma 3.4. Set B € B, and uo(t —t) € B(t —t). Then, for every e > 0 and k > 1,
there exist T =T (7, B,€) > 0 and an integer N = N(7,€) > 0 such that

(I = P)v(r, 7 — tuo(T — ))llapop< €& forall t = T,n > N. (54)
where v,_; = 5(§)UT_t.

Proof. Set v = P,v+ (I —P,)v := v; + vy. Applying I — P, to (1) and taking the inner
product of the resulting equation with vy in L?(Oq;), by [8] we have

d 1
Zloallin o, VIV ol P+ MVl Vvl + v An oo
< CO+ A (14 1@ P+l ) (55)
If A\, — 00 as n — oo, we know that there exists N € N such that
Ani1 > max{\, 1} forn >N and nango Ay =0. (56)
Thus, by (8) and (55) we know that for n > N,
d _1
el o, leellBn 0,0 < ON2 (1 + 9@+l )- (57)
Using the Gronwall lemma to (57), and integrating over (7 —¢,7) , and t > 0, we have

[v2(7, 7 = £, v t) 700 < €I = Pu)(€tr—o) 71 00
_1 T
roxd | W(Lwammw
T—t

1 7
+ O\ 4 / e |u(r, T —t, uT_t)\|§{1(O)dr. (58)
T—t

By I — P.|I< 1,]|¢]|< 1 and B € B, we obtain that as t — +o0,

eI = Pu)(€ur—o) I3 < CeJur—illip o)< Ce™ Bl 0)< €. (59)

1
Note that A, ?; — 0 as n — oo. By [6], we have
|lva (7,7 — t,’l)277—_t)||%11(02k)< € as n,t— +oo. (60)

This completes the proof of Lemma 3.4. m

4. Existence of pullback attractors

Lemma 4.1. Let 7 € R, B € B,,t,, = 00 and ugm € B(T —t,). If up(r, 7 — ty, Uom) is
the solution of (1) with initial condition ug,, and

2
Um<T, T — tma uOm) = 5 <%> um(ry T — tma uOm)7 (61)

where k > 1. Then the sequence {vy, (T, T — ty,uom)} has a convergent subsequence in

H(0).
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Proof. Use Lemma 3.1, we get that

2 —~T T T e
Julryr = tuo(r = ) B0, o3e ™ [ lgtPar t=T. ()
By (62), we know
2 2 —yT ! yr 2 r
(7, 7 = o, vom) 773 0) < € e llg(r)|"dr,  m =M. (63)
From (61), we have
Jom(r,7 = bt o< e 7" [ T lgldr, m > 3. (64

Now, set € > 0 and k& > 1. By Lemma 3.4, there exist To = T5(7, B, €) and N = N(7,¢€)
such that
(= Pa)olr,7 = touolr = ) o< & ¢ T,

so there is Ml = Ml(T, B, ¢€) such that t,, > T, for m > Ml.

(I = Pn)vm (7,7 — t, UOm)||Hg(02k)§ €, m = M.

Since Uy, (7,7 — tm, Uom) = 0 on O\ Oop, {y (T, T— 1, Ugm)} is precompact in H} (O).
]

Lemma 4.2. Let 7 € R, B € B, t,,, = 00 and ugm € B(T — t,,), then up,(T,T — tp, Uom)
has a convergent subsequence in H}(O).

Proof. See, for example [14]. O

It follow that the existence of a pullback attractor for the #-cocycle P.
Lemma 4.3. The problem (1) has a unique pullback B,-attractor in Hg(O).

Proof. For 7 € R, we get

@ =2 [ elgtlPar

and
Dy(7) = {u € Hy(O) : ||lull g1y < 7(7)}-

Then, D, () € B, is pullback B,-absorbing for ® in Hj(O) by Lemma 3.1. By Lemma
1.2, @ is pullback B,-asymptotically compact in Hj. Thus, ® has a unique pullback Bs-
attractor from Theorem 2.7. O
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