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ABSTRACT

In this paper, we present a method for constructing a new sequence, which we call
k—division sequence and denoted by h, (k). Using Fibonacci and Pell sequences, we define
the k—division Fibonacci-Pell sequence obtain its properties, and prove that this sequence
is periodic. Then, as an application of the sequence, we define 1—division Fibonacci-Pell
sequence on finite groups and study it in the groups G,, and H, ) groups.
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1. Introduction

Sequences are important used in mathematics and other sciences (see [2, 7, 18, 16]).
Among the very important sequences that can be used are Fibonacci, Pell, and Balancing
numbers and their generalizations ([14, 15, 13]).

The Fibonacci and Pell sequences are defined as follows.

The Fibonacci sequence {F,,}°° is defined by

Fn: n—1+Fn—27n207 (1)

with initial conditions Fy =0, F; = 1.
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The Pell sequence {P,}°°, defined by
Pn:2Pn71+Pnf27nZO7 (2)

with initial conditions Py =0, P, = 1.

The characteristic polynomials of Fibonacci and Pell sequences are 22

—x —1 and
2% — 22 — 1, respectively.

Number theoretic properties were investigated of the k—step generalized Pell sequence
by Kilic and Tasci [11]. The authors of [10] defined the generalized Fibonacci and Pell
sequence on Hessenberg. [1], Deveci and Karaduman redefined this sequence by group
elements. In their paper Deveci and Karaduman studied in detail in finite groups on
the k—step generalized Pell sequence. In [5], introduced the quaternion-Pell sequence
and studied some properties of it. In [19], the connections between Pell numbers and
Fibonacci p—numbers were studied. A generalized order k—Pell sequence was obtained
for some special types of nilpotency in [8]. In [12], studied the k—Pell sequences of the
2-generator p—groups of nilpotency class 2.

For m,u,l € N, we consider the finitely presented group G, and H(, ;) as follows

Gm =< a,bla™ =b" =1, [a,b]" = [a,b], [a,b]’ = [a,b] >, m > 2.
H(u,l,m) =< a, b,C | a" = bl =c" = 17 [a>b] =G, [a,c] = [b,C} =1>.

Lemma 1.1. Every element of G, can be written uniquely in the form a't’[a, b]*, where 0 <
i,j,k <m—1. (see [6]).

Lemma 1.2. 17| Every element of the Heisen- berg group H, m) can be written uniquely
as a'b’ ck withl1 <1 <u, 1 <j<landl <k<m.

Motivated by the above results, we construct new sequences. Using characteristic poly-
nomials, we introduce a new sequence. Here, we use the Fibonacci and Pell sequences
and give new sequences. Then, we study some results. Also, we use these sequences in
group theory.

The remainder of this paper is organized as follows. In Section 2, we introduce the
k—division Fibonacci-Pell sequences and prove that these are periodic. The k—division
Fibonacci-Pell sequences in a finite group are presented in Section 3 and studied on G,
and H, ) groups.

2. The k—division Fibonacci-Pell sequences

In this section, first, we present a new method for constructing sequences and named the
k—division sequence. Then, we define the k—division Fibonacci-Pell sequences and get
some results.

Definition 2.1. Let f(z) and g(z) be the characteristic polynomials of two arbitrary
sequences and degree u and m where m > wu, respectively. For k € N, the k—division
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sequence, {h,(k)}2, is definded by
ha(k) = 2 (g(2)) + t(z), n >k +m, (3)

z*(g(x))
fl@)
1.

where ¢(z) is the remainder of division and with initial conditions ho(k) =

h1<k) == hm+k72(k) =0, hmyr— 1(k)

Here, we define the 1—division Fibonacci-Pell sequence as follows. We consider Fi-
bonacci and Pell sequences. Suppose that & = 1. We have f(z) = 22 — 2 — 1 and
g(z) = 2* — 2z — 1. By Definition 2.1, we define a new sequence as follows.

Definition 2.2. If k = 1, the 1—division Fibonacci-Pell sequence defined as follows
hn(1) = 2h,_1(1) 4+ 2h,2(1) + hy—3(1), n > 3, (4)
with initial conditions ho(1) = hy(1) =0, ho(1l) =1

The 1—division Fibonacci-Pell sequence modulo «,

{ha ()} = {hg (1), AT (1), - -, A1), - -},
where h$(1) = h;(1) (mod ).

Theorem 2.3. The 1—division Fibonacci-Pell Sequence {hS (1)} is simply periodic.

Proof. Suppose that X3 = {(x1,22,23) | z; € Nand 1 < z; < a}. So that we have
| X3 |= a®. Since there are o® distinct 3—tuples of elements of Z,, at least one of
the 3—tuples appears twice in the sequence {h%(1)}. Then the subsequence follows this
3—tuple. Thus, it is obvious that the sequence {h%(1)} is periodic.

Hence, it is cearly for w > 0, there exist w > v such that

ha(1) = R (1), hgya (1) = hiyi (1), hia(1) = hyps(1).
By definition of 1—division Fibonacci-Pell sequence, we have
hn(1) = 2h,_1(1) + 2h,2(1) + hy—3(1).
Thus, we can easily derive that
(1) = (1), By (1) = BE(1), B o(1) = B3(1),
which indicate that 1—division Fibonacci-Pell sequence is simply periodic. O

We use Khy,(1) to denoted the minimal period of 1—division Fibonacci-Pell sequence
modulo m. In Table 1, we calculate Kh,,(1), for 2 <m < 31.

Lemma 2.4. For integers s, n and m > 2, we have
() ity a(1) = ha(1) (mod m),
(i) Posx (K (1)) 40 (1) = hn(1)  (mod m).
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Table 1. Kh,,(1), for 2 <m <31

Khy(1) | m | Khy(1) | m | Khy,(1)
3 12 78 22 399
13 13 168 23 22
6 14 171 24 156
8 15 104 25 40
39 16 24 26 168
57 17 307 27 741
12 18 39 27 342
39 19 360 29 67
24 20 24 30 312

133 21 741 31 993

— | =
oo~ |o| o es|w| |3

Proof. The result follows by using the definition of the period of the 1—division Fibonacci-
Pell sequence modulo m. (ii) We have

P (K hom (1) 40 (1) ZR(K b (1)) 4+ (5—=1) x (K (1)) 40 (1)
=h(s—1) (K (1)) 40 (1)
=---=h,(1) (mod m).

The result is obtained. O

Lemma 2.5. Let s be an integer and m > 2 is a positive number. If

then Kh,,(1) | s

Proof. There exists 0 < i < Kh,,(1) such that s =¢ x (Kh,,(1)) +i. Also, V0 < j <2
hs+i(1) = hij(1)(mod m), then we have the following equations

hi(1)=0  (mod m),
hiv1(1) =0 (mod m),
hiro(1) =1 (mod m),

So that ¢ is a period of 1—division Fibonacci-Pell sequence modulo m. i.e. Kh,,(1) | i.
Since 0 < i < Kh,,(1), we have i = 0. Therefore, we get the results. O

Now, For k > 2, we generlized k—division Fibonacci-Pell Sequence. By using Definition
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2.1, we have

=2, hn(2) = 2h,_1(2) + hn 2(2) + 2hn_3(2) + hp_u(2), n >4,
» ho(3) = 2hn_1(3) 4 hy—2(3) + 3hn_s(3) + 2h,_5(3), n > 5,
 Tn(4) = 21 (4) + hua(4) + 5l s5(4) + 3hu_o(4), 1> 6,
s hn(5) = 28 1(5) 4 B2(5) + 8hy_6(5) + 5y _7(5), n > 7,
=6, h,(6) = 2h,_1(6) + hn 2(6) 4 13hy,_7(6) + 8hy_s(6), n > 8,

In general,
k= m, hn(m) = th—l(m) + hn—Q( ) + Fm—l—lh m—i—l)( ) + thn—(m+2) (m); nz=m+ 27

with initial conditions ho(m) = hy(m) =0=--- = hy,(m) =0, hyy1(m) = 1. Since, we
need to show that

(X)) = X™(X? —2X — 1)+ Foi1 X + F,, (5)

1++5

is divisible by f(X) = X?— X —1. Let v 5
Also,

be the golden section. Then 72 =~ + 1.

A = By + Fy for all m > 1, (6)

a formula which can be proved by induction. But then

() = 9™(7" = 29 = 1) + Fopry + Fy
=7"((V =2y = 1) =) + Fan1y + Fin
= =" + Fpy + Fn
=0,
which shows that the polynomail shown at (5) has 7 as a root. Since it has integer
coefficients, it is divisible by the minimal polynomail of v which is X? — X — 1, so indeed

Foi1y + F,, is the required ¢(X).
In Table 2, we obtain h,(k), for 2 < k < 8 and 0 < n < 10.

Table 2. h,(k), for 2 <k <8and 0 <n <10

n |ol1]2]3T4]s5[6 7] 8] 9 10
ha(2)[0l0]o]1]2]5 14381027272 742
() lololofol1]2]5 [12] 32| 84 | 219
) lololofolo[1[ 25122 | 75
hG)ylololoflolofo[ 1|2 5 [12] 29
h6)0lolofololo[o 1] 2[5 |12
h()[ololololo[olo]o] 1 5
@) lololofolofolofo] o 1] 2
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Lemma 2.6. Let gp,m) be the generating function of m—division Fibonacci-Pell se-
quence. Then,

xm+l

(7)

Proof. Let gp,(m) be the generating function of the generating function of m—division
Fibonacci-Pell sequence. We have

Ty = Y _ hn(m)
n=1

= hi(m)x + ho(m)a? + - -+ + By (m)z™ ' + Z i
n=m-+2
o m+1 "
S @) )+ P iy (1) + Fbn sy ()
n=m-+2
D S s S hesn)a B 3 )
n=m-+2 n=m+2 n=m-2
+ Z hn—(m+2)(m)xn
n=m+2

L g 2x2hn(m)x" +x22hn(m)$n + Foppz™ Zhn(m x

n=1 n=1 n=1

+ F,z™t? Z hn(m)z

m+l

+ 2$9hn(m) + 22 Gh(m) + Fon 1™ Gh () + Fon™ 2 g (m) -

Thus,
m+1

1—2x — 22— F, o™t — Fpmt2’

Gh,(m) =

Lemma 2.7. The generating function of m—division Fibonacci-Pell sequence has the
following exponential representation

=1 t

where m > 2.

Proof. By using (7), we have

In s —In(1 =2z — 2° — F 2™ — Fa™?).
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Thus,

—In(1 =22 — 2% — Fq2™ — Fa™?) = - [~2(2+ 2+ Fa™ + Fpa™™)

- %x2(2 + 24 Fppa™ + Fpa™ )2 — o — %xi(2 + 2+ Fppa™ 4 Epa™) — -]
result has been achieved. O

3. The 1—division Fibonacci-Pell sequence in a finite group

In this section, we define the 1—division Fibonacci-Pell sequence in a finite group and
prove that the 1—division Fibonacci-Pell sequence in a finite group is simply periodic.
Also, we study this sequence on G, and Hy, 1 ). First, we define the 1—division Fibonacci-
Pell sequence in a finite group as follows.

Definition 3.1. The 1—division Fibonacci-Pell sequence in a finite group is a sequence of
group elements xg, 1, - - -, Ty, - - - for which, given an initial (seed) set in X = {ay, aq,- -, a;},
each element is defined by

(i) If j = 2, then g = a1, =1 = ap and x5 = ala3,

Ty = In—3(xn—2)2(xn—1)27 n Z 3. (8)
(ii) If j > 3, then xg = a1, z; = aq, ---,x; = a; and
Tpn = l’n73(l’n72)2(1’n—1)2> n > j + 1. (9)

The element of 1—division Fibonacci-Pell sequence in group are denoted by Q(G, X)
and its period is denoted by hQ(G, X).

Theorem 3.2. The 1—division Fibonacci- Pell sequence in group is simply periodic.

Proof. Let G be a i—generator group and let (ag, a1, ---, a;_1) be a generating i—tuple
for G. If | G |= m, then there are m' distinict i—tuple of elements of G. Thus, at least
one of the i—tuple appers twice in Q(G, X). Because of the repetition, the sequence
Q(G, X) is periodic. Now, we show simply periodic. It is cearly, there is 7 and s in
N, with s > r such that zs41 = 2,11, Tsi2 = Tpgo, Tsyz = Tpp3. Form (9), we written
Tg 1= Ty 1, Tg_9 = Tp_9,Ts_p = Ay = Lo = T,r_s. Thus, hQ(G, X) is simply periodic. [

For m € N, we consider the finitely presented group G,, as follows

Gm =< a,bla™ =b" =1, [a,b]" = [a,b], [a,b]” = [a,b] >, m > 2.
Set h, := h,(1). Now, we obtain sequence w, and ¢, as follows
Wy, = hpy1 — (hpo1 + hp_a),
co=1c1 =cy =0,
Cn = Cpg +2¢h_0 + 21 — (hn—2Wn—2 + (hn—2 + hy1)Wp—2 + (hn—o + 2hy_1)wp_4
+ (hn—2 + 2hp_1 + hp)wn_1), n >3,
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Lemma 3.3. Every element of Q(Gn, X) may be presented by x,, = a*“»b"+1[a, b, n >
3.

Proof. For n = 2 and n = 3, we have x5 = a?b* and x3 = ab?*(a®b?)? = a°0%[a, b]'2. Now,

by induction on n, we have

Ty = xn—3(xn—2>2(mn—1)2
— qW¥n-3phn—2 [a, b]cn73(awn72bhnfl [a, b]cn72)2<awnflbhn [a, b]cnfl)2
= qWn=3pMn=2[g, b]n-3 gV n-2bMm1 g, b] -2 a2 [a, b] 2 (a1 b a, ] )

— awn73+wn72bhn—2+hn—1[a b]cn73+cn72_hn72wn72awn72bhnfl[a b]cn72(awnflbhn [a b}cn71)2
b ) )

_ awn73+2wn72 bhn72+2hn71 [a’ b]Cn73+cn72*hn72wn72*(hn72+hnfl)wnf2 (awnfl bhn [a7 b]cnfl )2

— awn73+2wn72+2wn71 bhn72+2hn7 1+2hn

[a b]cn73+2Cn72+20n71*(hn72wn72+(hn72+hn71)wn72+(hn72+2hn71)wn71+(hn72+2hn71+hn)wn71)
)
= a“r b+ ]a, b

Therefore, the assertion holds. O

Lemma 3.4. If hQ(G,,, X) = s then s is the least integer such that all of the congruences

(w,=1  (mod m),
wsy1 =0 (mod m),
Wsy2 =2 (mod m),
hsy1 =0  (mod m),
hspo =1 (mod m),
hsts =2 (mod m),
cs =0 (mod m),
cst1 =0 (mod m),

| csi2 =0 (mod m),

hold. Morover, Khy,(1) divides hQ(G,, X).

Proof. By Lemma 3.3, we obtain z, = a%"b"+[a,b]*. Since z, = a, 2,41 = b and
Teyo = a’b?, by Lemma 1.1, we have

;

ws =1 (mod m),
wsi1 =0 (mod m),
Wsi2 =2 (mod m),
hsy1 =0  (mod m),
hsio =1 (mod m),
hsis =2 (mod m),
cs =0 (mod m),
cst1 =0 (mod m),
| CGs+2 =0 (mod m)
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Thus, Lemma 2.5 proved that Kh,,(1) | hQ(Gp, X). ]

Here, we consider Heisenberg group H,;m) =< a,b,c | a* =V = ™ = 1,[a,b] =
¢,la,c] = [b,c] =1 > and define sequences g, and S,, as follows.
Gn = hn — (hn—2 + hn—3)7
So=0, S1=0, Sy =1,
Sp = Sn-3+2S,2+ 251 — (gn-3hn—3+ hn-3(gn-3 + Gn-2) + hn—2(gn-3 + 29, _2)
+ hp—o(gn-3 + 2gn—2+ gn-1)), n > 3.

Lemma 3.5. Every element of Q(H 1 m), X) may be presented by x, = aln=1p9ncSn n >
3.

Proof. For n = 3, n = 4 and n = 5, we have 13 = ab*c?, z, = bc*(ab?c®)? = a*b°c* and
x5 = c(ab*c?)?(a?hc?)? = a®b'4c1%. Now, by induction on n, we have
Tp = xn—3($n—2)2($n—1)2
ahn74b9n—305n73 (ahn73bgn72csn72)2(ahn72bgnflcsnfl)2
a4 pIn=3 cSn=s ghn=s pIn—2 Sn—2 ghn—spgn—2 Sn-2 ghn-2gn-1Sn-1)2
— glm-athn-spn-3+gn—2 Sn-3+5n-2-gn-3hn-3  hn-3pgn—2 Sn-2 (ahn—ngn—ICSn—l)Q

— a/hn74+2hn73 bgn73+29n72 CSn73+2Sn72_gn73hn73_hn73(gn—3+gn72) (ahn72 bgnfl Csnfl )2

— ahn—4+2hn—3+2hn—2 bgn—3+29n—2+29n—1
cSn73+2Sn72+2Snfl_(gn73hn73+hn73 (gn73+gn72)+hn72(gn73+2gn72)+hn72(gn73+2gn72+gnf1))

— ahn—lbgncsn.
Lemma is proved. O
Theorem 3.6. For u > 1, we have Khy(1) | MQ(Hum), X).
Proof. By Lemma 3.5, we obtain z,, = a"~169¢%. Suppose that hQ(Hym), X) = i.

Since x; = a, x;11 = b and z;,5 = ¢, by Lemma 1.2, we have
(

hii =1 (mod u),
hi=0  (mod u),
hit1 =0 (mod u),
=0 (modl),
§ git1 =1 (modl),
giv2 =0 (mod 1),
S; = (mod m),
Siv1 =0 (mod m),
| Siy2 =1 (mod m).

So, Lemma 2.5 proved that Khy,(1) | hQ(Huim), X). O
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4. Conclusion

Considering the importance of sequences in all sciences, here we have presented a new
method for constructing sequences and these sequences can be used in group theory,
coding theory, cryptography, and other sciences. In this paper, we used the Fibonacci
sequence and Pell sequence and defined the k—division Fibonacci-Pell sequence got its
properties, and proved that this sequence is periodic. Then, as an application of the
sequence, we defined k—division Fibonacci-Pell sequence in finite groups and studied it
in Gy, and H(, ) groups. As future work, the new sequences presented in Definition 2.1
can be use use any sequence to obtain a k—division |1, 3, 9].
In conclusion, we have two open questions.
1. Prove or disprove
i hQ(Gpy X) = Khp(1).
ii. hQ(Huimy, X) = Khy(1).
2. Is it possible to prove that each finite group G divides the minimal period of
1—division Fibonacci-Pell sequence?
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