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abstract

In this paper, we construct two in�nite families of graphs G(d, c) and G+(d, c), where,
in both cases, a vertex label is x1x2 . . . xc with xi ∈ {1, 2, . . . , d}. We provide a tight
lower bound on the metric dimension of G+(d, c). Moreover, we give the de�nition and
properties of the supertoken graphs, a generalization of the well-known token graphs.
Finally, we provide an upper bound on the metric dimension of supertoken graphs.
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1. Introduction

Let G = (V,E) be a graph with a (�nite) set V = V (G) of vertices and a set E = E(G) of
edges. The distance from vertex u to vertex v in G, denoted by distG(u, v), is the length
of a shortest path from u to v. So, the diameter d = diam(G) is the furthest distance
between any pair of vertices in G. If G has n vertices, its distance matrix D is an n× n

matrix with entries (D)u,v = distG(u, v). This matrix has been extensively studied in the
literature and has interesting applications, both theoretical and practical (for instance, in
telecommunication, chemistry, etc.); see Edelberg, Garey, and Graham [7], and Dededzi
[6]. The results in the following theorem, which we use in this paper, are due to Graham
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and Pollak [11], and Bapat, Kirkland, and Neumann [3].

Theorem 1.1. Let G be a graph with distance matrix D(G). Then, the following state-

ments hold.

(i) If G = T is a tree, the determinant of D(T ) only depends on the number of its

vertices n: detD(T ) = (−1)n−1(n− 1)2n−2 [11].
(ii) Let G be a unicyclic graph. Then, detD(G) = 0 when the only cycle of G has an

even number of edges; and detD(G) = (−2)m[k(k + 1) + 2k+1
2

m] if G has 2k + 1 + m

vertices and a cycle with 2k + 1 edges [3].

A vertex subset C = {z1, z2, . . . , zc} ⊂ V is a resolving set if every vertex u ∈ V is
uniquely determined by the vector

ρ = ρ(u|C) = (distG(u, z1), distG(u, z2), . . . , distG(u, zc)),

which is called the representation (or position) of u with respect to C. The metric di-

mension of G, denoted by dim(G), is the minimum cardinality of a resolving set. Notice
that a vertex subset C ⊂ V is a resolving set of G if the |C|×|V | submatrix of D(G),
with rows indexed by the vertices of C, has all its columns di�erent, and the metric

dimension of G is the minimum cardinality of such a subset. The notion of metric dimen-
sion was introduced independently by Harary and Melter [13] and by Slater [18]. Since
then, there has been extensive literature on the topic. For example, Cáceres, Hernando,
Mora, Pelayo, Puertas, Seara, and Wood [4] studied the metric dimension of the Cartesian
product G□H of graphs G and H. As one of their main results, they provided a family
of graphs G with bounded metric dimension for which the metric dimension of G□G is
unbounded. Moreover, Bailey and Cameron [2] dealt with the metric dimension of the
Johnson and the Kneser graphs. In particular, they computed the metric dimension of
the former, which can be de�ned as the k-token graph of Kn (see the end of the following
paragraph). In general, it is known that computing the metric dimension of a graph is an
NP-hard problem; see Garey and Johnson [17, p. 204]. Some applications of the metric
dimension approach are in network theory and combinatorial optimization; see Chartrand
and Zhang [19] for a survey.
In this paper, we use a generalization of symmetric powers or token graphs, which we call

supertoken graphs. Audenaert, Godsil, Royle, and Rudolph [1] de�ned the k-symmetric

power of a graph G = (V,E), with vertices the k-subsets of V , and two vertices are
adjacent if their symmetric di�erence is the set of end-vertices of an edge in E. Fabila-
Monroy, Flores-Peñaloza, Huemer, Hurtado, Urrutia, and Wood [9] renamed them as the
k-token graph of G and denoted it by Fk(G). The reason is that the vertices of Fk(G)

correspond to the di�erent placements of k tokens at the vertices where at most one
token appears at each vertex, and two vertices are adjacent if one of the corresponding
placements can be obtained from the other by moving one of its tokens to an unoccupied
adjacent vertex.
The Laplacian spectra of token graphs were studied by Dalfó, Duque, Fabila-Monroy,

Fiol, Huemer, Trujillo-Negrete, and Zaragoza Martínez [5]. As an important example
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of token graphs, we must mention that the Johnson graphs can be de�ned as J(n, k) =
Fk(Kn) for any integers n ≥ 2 and 1 ≤ k < n.
Let us consider the following model of communication. Given a set of n possible symbols

corresponding to the vertices of a graph G, we assume that instead of single symbols or
(ordered) strings of them, we transmit multisets of k (not necessarily di�erent) symbols.
Moreover, we assume that the probability of error in each symbol is small enough to
assume that, in the transmission of a multiset, at most one symbol is confused. In other
words, the probability of two or more wrong symbols can be neglected. In this framework,
the so-called confusability graph turns out to be a k-supertoken graph. This kind of token
graph was introduced by Hammack and Smith [12], who named them reduced k-th power

of graphs, and provided constructions of minimum cycle bases for them.
This paper is structured as follows. In the following section, we consider the construc-

tion and properties of two in�nite families of graphs G(d, c) and G+(d, c), which, in both
cases, can be considered as graphs on alphabets. The latter allows us to provide a tight
lower bound on its metric dimension. In Section 3, the de�nition of the supertoken graphs
Fk(G) is given, and we �nd its metric properties when G is a complete graph Kn and a
general graph. Finally, in Section 4, we establish an upper bound on the metric dimension
of Fk(Kn), and Fk(G) for a general graph G.

2. Graphs of maximum order and given metric dimension in two

classes of graphs

Generally, graphs on alphabets are constructed by labeling the vertices with words on a
given alphabet and specifying rules that relate pairs of di�erent words to de�ne the edges,
see Gómez, Fiol, and Yebra [10]. In this section, we construct two families of graphs
on alphabets to obtain graphs with a maximum number of vertices for a given metric
dimension.
The graphs in the following de�nition allow us to get a tight lower bound for the metric

dimension.

De�nition 2.1. Given integers d and c, the graph G(d, c) has as its vertex set all se-
quences x = x1x2 . . . xc with xi ∈ [1, d] = {1, 2, . . . , d}. (So G(d, c) has order dc.)
Moreover, two vertices x = x1x2 . . . xc and y = y1y2 . . . yc are adjacent if and only if
|xi − yi|∈ {0, 1} for every i = {1, 2, . . . , c}.

Note that the elements in the sequences describing the vertex labels need not be distinct.
The following result shows some basic metric properties of the graph G(d, c).

Lemma 2.2. Let x and y be two generic vertices of the graph G = G(d, c).

(i) If x = x1x2 . . . xc and y = y1y2 . . . yc, the distance between x and y is

distG(x, y) = max
i∈[1,c]

{|xi − yi|}.
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(ii) The eccentricity of the vertex x is

eccG(x) = max
i∈[1,c]

{xi, d− xi}.

(iii) The diameter of the graph G(d, c) is

diam(G(d, c)) = d− 1.

Proof. (i) From the adjacency conditions in De�nition 2.1, it is clear that distG(x, y) =
max
i∈[1,c]

{|xi − yi|}. To follow a shortest path from x to y, note that each step xi can be

changed to xi + 1 or xi − 1 for every i = 1, . . . , c. Thus, each xi can be changed to yi in
exactly |xi − yi| steps and, hence, dist(x, y) is as claimed.
(ii) By (i), every vertex y satis�es distG(x, y) ≤ max

i∈[1,c]
{xi, d − xi}, and, for example, a

vertex at maximum distance from x is either 11 . . . 1 or dd . . . d.
(iii) This is a consequence of (i) and (ii) since max

i∈[1,c]
{|xi−yi|} = d−1 and mini∈[1,c]{xi} ≥

1.

De�nition 2.3. Given integers d and c with d ≤ c, the graph G+(d, c) is obtained from
G(d, c) by adding the vertices z1, z2, . . . , zc and, for every i = 1, 2, . . . , c, the vertices zi
are adjacent to all vertices x = x1x2 . . . xc with xi = 1.

Proposition 2.4. Let G = (V,E) be a graph with n vertices and diameter d. Let c =

c(d, n) be the minimum integer satisfying n ≤ dc + c. Then, the metric dimension of G

satis�es

dim(G) ≥ c(d, n), (1)

and the bound is tight.

Note that this bound and its tightness were known; see the proof by Khuller, Raghava-
chari, and Rosenfeld [15], Theorem 3.6, and a generalization by Hernando, Mora, Pelayo,
Seara, and Wood [14], Lemma 3.2.
As an example, we show the graph G+(2, 3) in Figure 1.
For some graphs, the inequality (1) can be improved. Let us show an example. A

graph G = (V,E) with diameter d is distance-uniform if every vertex has the same num-
ber of vertices at distance i = 1, . . . , d. That is, the numbers ki(u), for i = 0, 1, . . . , d,
do not depend on the vertex u ∈ V , and we simply write ki. Some well-known exam-
ples of distance-uniform graphs are the vertex-transitive graphs and the distance-regular
graphs. We call the sequence of numbers k0(= 1), k1, . . . , kd the distance-level sequence
of a distance-uniform graph G = (V,E) of diameter d. Then, the following result is
straightforward.

Lemma 2.5. Let G be a distance-uniform graph of diameter d, order n and distance-level

sequence k0(= 1), k1, . . . , kd. Let S(µ; k0, k1, . . . , kd) be the set of sequences of length µ
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having at most ki numbers i with i ∈ [1, d]. Then,

n ≤ |S(µ; k0, k1, . . . , kd)|.

z1
111

z2

z3

112

121

122

211

212

221

222

Fig. 1. The optimal graph G+(2, 3) with resolving set {z1, z2, z3}, diameter d = 2 and d3 + c = 11

vertices

3. Supertoken graphs

Here, we consider the k-supertoken graph Fk(G) de�ned as follows. Let G be a graph
on n vertices. Then, for some integer k ≥ 1, each vertex of Fk(G) corresponds to k

indistinguishable tokens placed in some of the (not necessarily distinct) n vertices in G.
Then, the vertex set of Fk(G) corresponds to the k-element multi-sets chosen from the
n-element vertex set of G, and its cardinality is given by(

n+ k − 1

k

)
=

(
n+ k − 1

n− 1

)
.

Thus, every vertex of Fk(G) corresponds to a way of placing k (indistinguishable) tokens
in some of the n vertices, say 1, 2, . . . , n, of G. For instance, 11122455 ∈ CR5

8 corresponds
to having 3 tokens at vertex 1, 2 tokens at vertex 2, no token at vertex 3, 1 token at
vertex 4, and 2 tokens at vertex 5, which we represent by the sequence 32012. In general,
we represent each vertex u of Fk(G) by a (non-negative) n-vector or n-sequence

u = (u1, u2, . . . , un) ≡ u1u2 . . . un with
n∑

i=1

ui = k.

Moreover, two of its vertices, u and v, are adjacent if one token of the multiset repre-
senting u is moved along an edge to another vertex (so obtaining the multiset representing
v). Then, notice that (the multisets of) u and v have k − 1 elements in common. Cu-
riously enough, if Pn is the path graph on n vertices, it turns out that the 2-supertoken
graph F2(Pn) is isomorphic to the 2-token graph F2(Pn+1). The isomorphism between the
vertices of F2(Pn) and F2(Pn+1) is given by the mapping ij 7→ i(j + 1).
The k-supertoken graphs were introduced by Hammack and Smith [12], who named

them reduced k-th power of graphs, and provided constructions of minimum cycle bases
for them.
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3.1. The case of Fk(Kn)

First, we consider the case of G = Kn, the complete graph on n vertices. For example,
F5(K3) is drawn in Figure 2 (left).

410

500

320221122023

230131032

140041
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311

401

212
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113
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014

104005

x

z1

z2

z3

n

Fig. 2. Left: The supertoken graph F5(K3); Right: In F5(K3) the shortest paths from vertex x to the

vertices z1 = 500, z2 = 050, z3 = 005 are in short dashed line, continuous line, and long dashed line,

respectively. The position of x is given by the vector ρ = (2, 4, 4)

In the following result, we describe some basic metric properties of Fk(Kn).

Proposition 3.1. Given integers n and k, the supertoken graphs Fk = Fk(Kn) satisfy

the following statements.

(i) The distance between two generic vertices x = x1x2 . . . xn and y = y1y2 . . . yn is

distFk
(x,y) =

1

2

n∑
i=1

|xi − yi|. (2)

(ii) The eccentricity of a vertex x = x1x2 . . . xn is

eccFk
(x) = k − min

1≤i≤n
xi. (3)

(iii) The diameter of Fk(Kn) is diam(Fk(Kn)) = k.

(iv) The radius of Fk(Kn) is rad(Fk(Kn)) = n− ⌊n
k
⌋.

Proof. (i) Let us consider the sets X = {i : xi > yi}, Y = {i : xi < yi}, and Z = {i :
xi = yi}. Then,∑

i∈X

(xi − yi) =
∑
i∈X

xi −
∑
i∈X

yi = n−
∑
i∈Z

xi −
∑
i∈Y

xi −

(
n−

∑
i∈Z

yi −
∑
i∈Y

yi

)
=
∑
i∈Y

(yi − xi). (4)

Then, to go from x to y, in each step, we move a token from a vertex i ∈ X (so reducing
the value of xi) to a vertex j ∈ Y (increasing the value of yj). Thus, the length of the
path is

∑
i∈X

(xi − yi) and, from (4), (i) follows.

(ii) Given the vertex x = x1x2 . . . xn with xh = min1≤i≤n xi, the vertex y = y1y2 . . . yn
is at maximum distance from x when we have to move the maximum possible number of
tokens, one at a time. That is, when yj = 0 for j ̸= h and yh = k − xh.
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(iii) According to (2), the maximum possible distance between two vertices x and y is

k. That is, when the
n∑

i=1

|xi − yi|= 2k. Using the notation in the proof of (i), this occurs

when, for all i ∈ X,
∑
i∈X

xi = k and yi = 0, (and, hence, for all j ∈ Y ,
∑
j∈Y

yj = k and

xj = 0).
(iv) From (3), the minimum eccentricity of a vertex x is obtained when xh = min1≤i≤n xi

is maximum. Since
n∑

i=1

xi = k, this occurs when xh = ⌊k/n⌋.

Example 3.2. In the graph F = F3(K5) of Figure 2 (left), we get:
(i) distF(203, 140) = 1

2
(1 + 4 + 3) = 4;

(ii) eccF(122) = 5−min{1, 2} = 4;
(iii) distF(500, 041) = diam(F) = 5;
(iv) rad(F) = ecc(122) = 5− ⌊5/3⌋ = 4.

3.2. The general case of Fk(G)

Let G = (V,E) be a (connected) graph with vertex set {1, 2, . . . , n}. The metric properties
in the following result are direct generalizations of Proposition 3.1.
Recall that an r-antipodal graph is a connected graph in which each vertex has exactly

r vertices at maximum distance.

Proposition 3.3. Let G be a graph on n vertices, diameter d, and radius r. Given an

integer k, the supertoken graphs Fk(G) satisfy the following statements.

(i) The diameter of Fk(G) is diam(Fk(G)) = kd.

(ii) The radius of Fk(G) is rad(Fk(G)) ≤ kr.

(iii) If G is an r-antipodal graph with diameter d, then Fk(G) has r vertices mutually

at distance kd.

Proof. (i) Let i, j ∈ V (G) such that distG(i, j) = d. Then, in Fk(G), to go from a vertex
x to vertex y such that xi = k (with xh = 0 for h ̸= i) and yj = k (with yh = 0 for
h ̸= j) corresponds to moving, in G, k tokens from vertex i to vertex j. Since the distance
between i and j is d and we move k tokens, this requires exactly kd steps.
(ii) Let i be such that ecc(i) = r. Then, we claim that, in Fk(G), the eccentricity of a

vertex x such that xi = k (with xh = 0 for h ̸= i) is at most kr. Indeed, in G, we can
move every token at vertex i to any vertex j in at most r steps. This means that we can
go, in Fk(G), from x to any vertex y in, at most, kr steps.
(iii) If i1, i2, . . . , ir are vertices in G at distance d from each other, the r vertices of Fk(G)

x1,x2, . . . ,xr such that (x1)i1 = k, (x2)i2 = k, . . ., (xr)ir = k are, from (i), mutually at
distance kd.

Contrary to the case when G = Kn, when G is a general graph, there is no closed
formula for the distance between two vertices x and y. Instead, we give the following
algorithm to �nd a shortest path from x to y in Fk(G):
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Algorithm 3.4. Finding the distance from a vertex x = x1 . . . xn to a vertex y = y1 . . . yn
in Fk(G) for a given graph G and a positive integer k.
(a) Given x = x1x2 . . . xn and y = y1y2 . . . yn, let X = {i : xi > yi} and Y = {j : yj >

xj}. Thus, if xh = yh for some h ∈ [1, n], such index h is neither present in X nor in Y .
(b) Consider the vectors
� x′ = (i

xi1
−yi1

1 , i
xi2

−yi2
2 , . . . , i

xiσ−yiσ
σ ) such that iℓ ∈ X for ℓ = 1, . . . , σ, and i

xiℓ
−yiℓ

ℓ

represents a sequence of length xiℓ − yiℓ , where each term in the sequence is iℓ.

� y′ = (j
yj1−xj1
1 , j

yj2−xj2
2 , . . . , j

yjτ−xjτ
σ ) such that jh ∈ Y for h = 1, . . . , τ , and j

yjh−xjh
h

stands for jh, . . . , jh︸ ︷︷ ︸
yjh−xjh

.

(Notice that x′ and y′ can also be seen as multisets with the same number, say n′ =∑
iℓ∈X

(xiℓ − yiℓ) =
∑

jh∈Y
(yih − xih), of vertices in G).

(c) De�ne a distance n′ × n′ matrix D with rows and columns indexed by the entries
of x′ and y′ respectively, and entries (D)iℓjh = distG(iℓ, jh). (This matrix represents a
weighted complete bipartite graph K∗

n′,n′ , where the edge {iℓ, jh} has weight distG(iℓ, jh)).
(d) Apply the known algorithm to �nd a minimum weighted perfect matching in K∗

n′,n′ .
This algorithm, usually called the `Hungarian method', is known to be `strongly polyno-
mial'; that is, it is polynomial in the number of weights (distances) used. See, for instance,
Edmonds [8] and Kuhn [16].
(e) For each pair iℓ and jh of paired vertices of the matching, we move in G a token

from iℓ to jh. (Since in K∗
n′,n′ there are possibly vertices with the same labels, the above

operation may need to be repeated several times).

Example 3.5. Let F9(G) with G = C6 is the cycle graph with vertex set {1, 2, . . . , 6}.
Let us consider the vertices x = 310212 and y = 201132 of F9(G). Then, since we only
need to move the tokens that do not coincide between x and y, X = {1, 2, 4}, Y = {3, 5},
x′ = (1, 2, 4), y′ = (3, 52) = (3, 5, 5). The distance matrix between the entries (vertices in
G) of x′ and y′ is

D :=

3 5 5 1 2 2 2

2 1 3 3

4 1 1 1

,

1

2

4

3

5

5

where a perfect matching with minimum weight 4 in K3,3 consists of the edges {2, 3},
{4, 5}, and {1, 5} (see the above �gure). This matching corresponds to the entries in
boldface in D. Then, a path from x to y is (where `i → j' means that xi → xi − 1 and
xj → xj + 1 for i ∈ X and j ∈ Y ):

310212
2→3∼ 301212

4→5∼ 301122
1→6→5∼ 201132,

indicating that distF9(x,y) = 1 + 1 + 2 = 4, according to matrix D.

Notice that the minimization of the sum of the weights in D (or distances in G) ensures
that this algorithm gives a shortest path.
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For a speci�c resolving set of Fk(G), the position of a vertex x is easily computed.
Indeed, consider the distance between a generic vertex x = x1x2 . . . xn and the vertex
y = 0 . . . 0k0 . . . 0, where the k is the j-th entry for some 1 ≤ j ≤ n. Then,

x′ = (1x1 , . . . , (j − 1)xj−1 , (j + 1)xj+1 , . . . , nxn) and y′ = (jℓ − xj).

Then, the distance matrixD in point 3 of the algorithm has dimensions (ℓ−xj)×(ℓ−xj)

with ℓ− xi columns indexed by j, and all its rows equal to

(dist(1, j)x1 , . . . , dist(j − 1, j)xj−1 , dist(j + 1, j)xj+1 , . . . , dist(n, j)xn).

Thus, we can pair 1 with j x1 times, 2 with j x2 times, etc. In other words, seen in
G, we move x1 tokens from 1 to j (with a total number of steps x1 dist(1, j)), x2 tokens
from 2 to j (with a total number of steps x2 dist(2, j)), etc. Putting all together, to go
from vertex x to y in Fk(G) requires xi distG(i, j) steps for every i = 1, 2, . . . , n. Thus,
we have proved the following result.

Lemma 3.6. Given the supertoken graph Fk = Fk(G) of the graph G = (V,E) with

vertex set V = {1, 2, . . . , n}, let us consider the subset of V (Fk)

C = {z1, z2, . . . ,zn} = {k0 . . . 0, 0k0 . . . 0, . . . , 0 . . . 0k}. (5)

Then, the distance between a vertex x = x1x2 . . . xn ∈ V (Fk) and the vertex zj is

distFk
(x, zj) =

n∑
i=1

xi distG(i, j). (6)

Corollary 3.7. Let G be a graph on n vertices, with diameter d and distance matrix D.

Let C be the vertex subset of Fk = Fk(G) in Lemma 3.6. Then, the position ρ of a vertex

x = (x1, x2, . . . , xn) ∈ V (Fk) (represented as a vector) with respect to C is

ρ = ρ(x|C) = xD. (7)

Proof. Just notice that, for every j = 1, 2, . . . , n,

(xD)j =
n∑

i=1

xi(D)ij =
n∑

i=1

xi distG(i, j) = distFk
(x, zj) = ρj,

where we used the de�nition of D and Lemma 3.6.

The above results suggest the following de�nition.

De�nition 3.8. Given a graph G on n vertices and an integer k ≥ 1, we say that a non-
negative vector ρ = (ρ1, ρ2, . . . , ρn) is (G, k)-feasible if there exists a vertex x of Fk(G)

whose position with respect to the set C in (5) is ρ.

For a nonsingular matrix D, we have the following characterization of feasible vectors.
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Lemma 3.9. Let G have a nonsingular distance matrix D. Then, a vector ρ is (G, k)-

feasible for some k if and only if x = ρD−1 is a non-negative integer vector whose

components sum up to k.

Proof. Clearly, the vector x so obtained represents a vertex of the supertoken graph
Fk(G) if and only if it satis�es the conditions. Moreover, its position with respect to C

is xD = ρD−1D = ρ, as required.

Example 3.10. The distance matrix of the complete graph Kn coincides with its adja-
cency matrix D = A = circ(0, 1, 1, . . . , 1), with inverse D−1 = 1

n−1
circ(2− n, 1, 1, . . . , 1).

Then, in the graph F3(K5) of Figure 2 (left), we show that the vector ρ = (2, 4, 4) is
feasible since ρD−1 = (3, 1, 1) corresponds indeed to a vertex of F3(K5), see again Figure
2 (left). In contrast, the vector ρ = (1, 3, 3) is not feasible since ρD−1 = 1

2
(5, 1, 1), which

is not a vertex of F3(K5).

4. On the metric dimension of Fk(G)

4.1. The case G = Kn

We �rst present a result giving a bound on the metric dimension of Fk(Kn).

Proposition 4.1. The metric dimension of Fk(Kn) satis�es dim(Fk(Kn)) ≤ n− 1.

Proof. Let us �rst prove that Fk(Kn) has the resolving set C in (5). Then, the distances
between a generic vertex x = x1x2 . . . xn and the vertices of C are

dist(x, zi) =
∑
j ̸=i

xj = k − xi,

for i = 1, 2, . . . , n. Thus, di�erent vertices have di�erent distance vectors to C, and so
dim(Fk(Kn)) ≤ n. Moreover, the sum of the entries of such a vector depends only on n

and k and is �xed for any given n and k. Indeed,

n∑
i=1

dist(x, zi) =
n∑

i=1

n∑
j=1

j ̸=i

xj =
n∑

i=1

(k − xi) = nk −
n∑

i=1

xi = nk − k = (n− 1)k.

This means that any n − 1 entries of a distance vector to C, say dist(x, zi) for i =

1, . . . , n − 1, determine the remaining one dist(x, zn). Hence, we conclude that C ′ =

{z1, z2, . . . ,zn−1} = {k0 . . . 0, 0k0 . . . 0, 00k0 . . . 0, 0 . . . k0} is also a resolving set with
|C ′|= n− 1, which proves the result.

Conjecture 4.2. The metric distance of the supertoken graph Fk(Kn) is

dim(Fk(Kn)) = n− 1.
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In support of this conjecture, we have the following result.

Proposition 4.3. Given any �xed value of n, the metric dimension of the supertoken

graph Fk(Kn) is

dim(Fk(Kn)) = n− 1,

when n is large enough.

Proof. From Proposition 4.1 and Lemma 2.5, we only need to prove that we cannot have
dim(Fk(Kn)) ≤ n− 2, that is, that

kn−2 + n− 2 <

(
n+ k − 1

k

)
. (8)

Then, the result follows because using Stirling's approximation n!∼
√
2πn(n/e)n, the

binomial term for large n, turns out to be of the order of kn−1.

For instance, for n = 3, 4, the inequation (8) (and, hence, dim(Fk(Kn)) = n− 1) holds
for all k ≥ 1; whereas for n = 5, 6, it holds for k ̸∈ [5, 10] and k ̸∈ [3, 104], respectively.

4.2. The case of a general graph G

Proposition 4.1 is a particular case of the following result.

Theorem 4.4. Let G = (V,E) be a graph with n vertices, diameter d, and nonsingular

distance matrix D. Then, the metric dimension of the supertoken graph Fk(G) satis�es

dim(Fk(G)) ≤ |V |. (9)

Moreover, if G is a distance-uniform graph with a sequence of degrees k1, k2, . . . , kd,

then

dim(Fk(G)) ≤ |V |−1. (10)

Proof. With V = {1, 2, . . . , n}, let us prove that the set in (5)

C = {z1, z2, . . . ,zn} = {k0 . . . 0, 0k0 . . . 0, . . . , 00 . . . 0k},

is a resolving set. With this aim, assume that two vertex labels of Fk(G), say x =

(x1, x2, . . . , xn) and y = (y1, y2, . . . , yn), with
n∑

i=1

xi =
n∑

i=1

yi = k and xi, yi ∈ {0, . . . , k},

yield the same distance vector. Then, by Corollary 3.7,

xD = yD.

Since D is nonsingular, this implies that x = y. Therefore, di�erent vertices have
di�erent distance vectors and, hence, (9) follows.
Moreover, if G is distance-uniform, its distance matrix D has a constant row sum

λ =
d∑

i=0

iki. In other words, D has the eigenvalue λ with the corresponding (left or right)
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eigenvector æ = (1, 1, . . . , 1). Then, the sum of the entries of every distance vector is a
constant for �xed n and k because

xDæ⊤ = λxæ⊤ = λ
n∑

i=1

xi = λk.

This means that any n − 1 entries of a distance vector to C, say dist(x, zi) for i =

1, . . . , n− 1, determine the remaining one dist(x, zn). Hence, we conclude that

C ′ = {z1, z2, . . . ,zn−1} = {k0 . . . 0, 0k0 . . . 0, . . . , 0 . . . k0},

is also a resolving set with |C ′|= n− 1 vertices, which proves the result in (10).

We have already encountered some families of graphs G satisfying this theorem, that
is, with a nonsingular distance matrix. Indeed, by Theorem 1.1, this holds if G is a tree
or a unicyclic graph whose unique cycle has odd order. Moreover, in Example 3.10, we
dealt with the case when G is a complete graph. In the following example, we illustrate
the theorem when G = C5.

00200

00110

00020

00011

00002

10001

20000

11000

02000 01100

01010

00101

10010

01001

10100

Fig. 3. The supertoken graph F2(C5). The white vertices constitute a resolving set

Example 4.5. Consider the graph G = C5 and its supertoken graph F2(C5) (the latter
is represented in Figure 3). One can check that dim(C5) = 2, whereas dim(F2(C5)) = 4.
The distance matrix of C5 is the following circulant matrix:

D = circ(0, 1, 2, 2, 1) =


0 1 2 2 1

1 0 1 2 2

2 1 0 1 2

2 2 1 0 1

1 2 2 1 0

 .

Thus, by using Theorem 1.1(ii), we see that D(C5) is nonsingular and, consequently, by
Theorem 4.4, C = {20000, 02000, 00200, 00020, 00002} is a resolving set of F2(C5). Thus,
let us check that the positions of the vertices x = x1x2x3x4x5 = (x1, x2, x3, x4, x5) with
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respect to C, that is, ρ(x) = xD, where xi ∈ {0, 1, 2} and
5∑

i=1

xi = 2, are all di�erent.

(The �ve vertices x with the same pattern, up to right shift, are the rows of the matrices
on the left): 

2 0 0 0 0

0 2 0 0 0

0 0 2 0 0

0 0 0 2 0

0 0 0 0 2




0 1 2 2 1

1 0 1 2 2

2 1 0 1 2

2 2 1 0 1

1 2 2 1 0

 =


0 2 4 4 2

2 0 2 4 4

4 2 0 2 4

4 4 2 0 2

2 4 4 2 0

 ,


1 1 0 0 0

0 1 1 0 0

0 0 1 1 0

0 0 0 1 1

1 0 0 0 1




0 1 2 2 1

1 0 1 2 2

2 1 0 1 2

2 2 1 0 1

1 2 2 1 0

 =


1 1 3 4 3

3 1 1 3 4

4 3 1 1 3

3 4 3 1 1

1 3 4 3 1

 ,


1 0 1 0 0

0 1 0 1 0

0 0 1 0 1

1 0 0 1 0

0 1 0 0 1




0 1 2 2 1

1 0 1 2 2

2 1 0 1 2

2 2 1 0 1

1 2 2 1 0

 =


2 2 2 3 3

3 2 2 2 3

3 3 2 2 2

2 3 3 2 2

2 2 3 3 2

 .

As claimed, the positions of the vertices (rows of the matrices on the right) are all
distinct.

Returning to the proof of Theorem 4.4, if the distance matrix D is singular, we cannot
guarantee that the set C in (5) is a resolving set. To illustrate this fact, we present the
following example.

Example 4.6. Consider the graph G = C6 and its supertoken graph F2(C6). The cycle
C6 has vertices 1, 2, . . . , 6 with distance matrix

D = circ(0, 1, 2, 3, 2, 1) =



0 1 2 3 2 1

1 0 1 2 3 2

2 1 0 1 2 3

3 2 1 0 1 2

2 3 2 1 0 1

1 2 3 2 1 0


.

Again, by applying Theorem 1.1(ii), we observe that detD = 0 and, hence, D is
singular. Thus, if we take the set C = {200000, 020000, . . . , 000002}, the position of the
vertices x1 = 14 = (1, 0, 0, 1, 0, 0), x2 = 25 = (0, 1, 0, 0, 1, 0, and x3 = 36 = (0, 0, 1, 0, 0, 1)

of C turns out to have the same

ρ(xi|C) = xiD = (3, 3, 3, 3, 3, 3) for i = 1, 2, 3,

showing that C is not a resolving set.
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