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ABSTRACT

A special type of algebraic intersection graph called the n-inordinate invariant intersection graph has
been constructed based on the symmetric group, and its structural properties are studied in the liter-
ature. In this article, we discuss the different types of dominator coloring schemes of the n-inordinate
invariant intersection graphs and their complements, n-inordinate invariant non-intersection graphs,
by obtaining the required coloring pattern and determining the graph invariant associated with the
coloring.
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1. Introduction

For terminology in group theory, we refer to [1|. For basic definitions and results in graph theory,
see |13] and for further concepts related to the dominator coloring patterns considered in the study,
refer to [11]. Also, the reader may refer to [5], for the fundamentals in combinatorics.

Coloring and domination in graphs are two well explored areas of research in graph theory. Blend-
ing these notions, the dominator coloring of graphs was introduced in the literature, and following
this, several variants of domination related coloring patterns have been defined and studied.

The minimum number of colors used in a proper vertex coloring of a graph G is called the chromatic
number of G, denoted by x(G), and any coloring of V(G) with x colors is called a x-coloring of G.
In a graph G, if a vertex v € V(G) is adjacent to all vertices u € A, for some A C V(G) or A = {v},
we say that v dominates A and A is dominated by v. In this context, if v ¢ A, we say that v properly
dominates A (ref. [7, 11]).
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Over the years, algebraic graph theory has become an intriguing field of research, wherein the
automorphism group of graphs as well as graphs constructed based on different algebraic structures
are exclusively studied (c.f. [6, 9]). Melding these aspects, an algebraic intersection graph, called the
wmwvariant intersection graph of a graph, was constructed based on the automorphism group of graphs,
in [10], and from which special class, called the n-inordinate invariant intersection graph Ay, , was
identified in [12| as the graph with V(Ag,) = S, and any two distinct vertices v, v € V(Ag,)
corresponding to the permutations m, 7’ € S, are adjacent in Ag, when fix(7) N fix(7") # (), where
Sy is the symmetric group, and for any © € S, fix(w) is the set {zr € S : w(x) = z}.

An illustration of n-inordinate invariant intersection graphs is given in Figure 1. Note that the
identity permutation is denoted by m, and the vertex corresponding to a permutation m € S, is
denoted by v, € V(Ag, ), throughout the study.

V(1423) ® v2)(34) o

V() Ym)2)

Fig. 1. The 4-inordinate invariant intersection graph

In [12], the structural properties of the n-inordinate invariant intersection graphs Ay, and their
complements, n-inordinate invariant non-intersection graphs, denoted by A, , were investigated and
it was found that Agx, = A% U p(n)K,, where p(i); i € N, is the number of derangements of ¢
elements and A} is the non-trivial component of Ag, with diameter 2, having n! —p(n) vertices.

Following the study in [12], different proper vertex colorings of the graphs Ag, and Ag, were
discussed in [8]. In this article, we study the variants of dominator coloring of graphs, for the
n-inordinate invariant intersection graphs and their complements.

As A, has isolated vertices and A% has a universal vertex, the study of most of the domination
related coloring schemes of these graphs reduce to their chromatic coloring, and a similar situation
arises in the case of their complements Ag,, and A*g, , respectively. Hence, our primary focus of
study is on the coloring patterns of the connected graphs Ay — v, for n > 4, and Ak, — Uy, for
n > 3, denoted by A% and A** ., respectively.

Note that w(Aj ) = x(A2) = (n—1)! =1 and w(A*f,) = x(A**k,) = n, as it has been proven
in [12] that w(Ag,) = x(Ak,) = (n — 1)! and w(Ag,) = Y(Ak,) = n+ p(n); n > 3. Also, as the
chromatic numbers associated with all the colorings that we consider in our study are minimisation
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parameters, we do not mention them with the definition of the coloring.

2. Variants of dominator colorings of n-inordinate invariant intersection
graphs

In this section, we examine the variants of dominator colorings of the graphs Ag,, A% , A% Ax,,
Ak, ,and A** g , and for this, we use the notations V; = {v, : i € fix(7)}; for 1 < i < n, and
VEk={v, € Vi |fix(m)|=k}; 1 <i<n; 1 <k <n— 2, throughout the article.

A dominator coloring of a graph G is a proper vertex coloring of GG such that every vertex dominates
at least one color class; possibly its own, and the dominator chromatic number of G is denoted by
xa(G).

A total dominator coloring (resp. double total dominator coloring) of a graph G is a dominator
coloring of G such that every vertex properly dominates at least one color class (resp. two color
classes) and the total dominator chromatic number (resp. double total dominator chromatic number)

of G is denoted by x1(G) (resp. xaa(G)).

Theorem 2.1. Forn >4,
(1) xa(AR,) = xta(AE,) = (n = 1)L
(i) Xara(AR,) = (n — 1)1 +1.

Proof. (i) In Ay , the vertices of V;!, for any 1 < ¢ < n, are adjacent only to the vertices in the
corresponding V;. Hence, in any dominator coloring of A}’ , these vertices can dominate a color class
if and only if a color is assigned exclusively for the vertices in that V;. Aseach V;; 1 < i < n, induces
a clique in A% , such exclusive color can be given to exactly one vertex and in any x-coloring of A% ,
this cannot be an exclusive color. Hence, xq(A} ) > (n — 1)L

As it can be seen that for any two vertices vq-, v € V(AR ) with fix(7*) C fix(n'), N(vs) C
N(vy), where N(vqes) = {ver € V(AR ) @ Vpeeven € E(AR )}, for any ve € V(AR ), we get the
required dominator coloring pattern by validating if all the vertices of V;!'; 1 <4 < n, dominate the
required number of color classes.

Define a coloring ¢ : V(AR ) — {c1,¢c2, ..., ¢y} as follows. As w(A¥ ) = x(AR ) = (n—1)! -1,
first assign the colors ci,c,. .., cm_1)-1 to the vertices of Vi such that c(vs,) = c1, c(vr,) = co,

c(vry) = c3, where my, Mg, 3 € S, have fix(m) = (1)(2)...(n — 2), fix(me) = (1)(2) and fix(73) =
(1)(2)...(n —3)(n). Following this, color the vertices v, € V; — ZU1 Vj, for each 2 <¢ <n, in order,
=1
where the vertices of each V;; 2 <i < n, are colored with (n — 1)J' —1 colors based on the previously
colored vertices in the cliques Vj; 1 < j <i—1, such that c¢(v,) = 1, c(vr,;) = Ca, and c(vy,) = cs,
where 4, 75, g € S, have fix(my) = (n—1)(n), fix(7ms) = (2)(3) ... (n—1) and fix(7g) = (n—2)(n—1).
The existence of the above mentioned x-coloring ¢ of A% is guaranteed, as the color assigned
to any vertex v, € V"2 is assigned either exactly to one other vertex in V;f N Vg, or at most two
vertices; that is, one from V;! and V;!, where 1 <@ # iy # iy < n, and iy, iy ¢ fix(7), in any x-coloring
of A}’ . This is owing to the structure of the graph that demands each color class to contain exactly
one vertex from each V;; 1 < i < n and if any color is assigned to v, € V;"~2 with iy, ¢ fix(7) and
to a vertex of V;! and V;}, we swap one of the p(n — 2) colors assigned to the vertices in V2 N V2 to
these two vertices, as it does not alter any of the properties of the considered y-coloring of A% .
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Now, in order to make this x-coloring ¢, a dominator coloring of A% , we assign c(vr,) = 1),

n—2 n
which makes all the vertices in |J V; dominate the color class {v,,} and the vertices in |J V;
i=1 i=n—1

dominate the color class {vr,}. Also, as it can be seen that all the vertices in V(A ) — {vr,, vr, }
properly dominate either the color class {v,, } or {v,,}, the vertex v,, properly dominates the color
class {vn,,vr }, and the vertex v,, properly dominates the color class {v,,, v}, in this dominator
coloring ¢ of A% with (n — 1)! colors, we have xq(A% ) = xua(A% ) = (n — 1)L

(i) In the dominator coloring c of A% mentioned above, no vertex in V;! dominates two color classes
and using the similar arguments mentioned in (i), it can be deduced that x4q(A%, ) > (n — 1)! +1.
From the dominator coloring ¢ of A}’ , we obtain a double total dominator coloring c of A}’ by
assigning c(vx;) = ¢(m—1y141, which makes every vertex of the graph properly dominate at least two
color classes; thereby completing the proof. O]

Theorem 2.2. Forn >4,
(1) xa(A”k,) = xta(A"k,) = 2(n — 1).
(11) thd(A**Kn) =2n — 1.

Proof. Consider the coloring ¢ : V(A*f,) — {c, : 1 < s < 2(n — 1)} such that for any vertex
Ur c V(WKH),

Ciy Uﬂ'e‘/f’lgzﬁn?
C(U ) _JCu1, Vg € VnQ_l N V737
T n—2n-2 -l
o vz € U UVE—UV™
i=1 k=2 j=1

It is a dominator coloring of A** as every vertex that corresponds to a permutation fixing k-
elements dominates at least n — k — 1 color classes with respect to this coloring ¢ of A** . Hence,
Xa(A g, ) < 2(n —1).

In A**g , a vertex v, € V;; 1 < i < n, dominates a color class if and only if none of the vertices

in that color class are in the same V;. Consider a vertex v, € Vi”_z, for some 1 < ¢ < n, such that
t1,t ¢ fix(m), where 1 < t; # ty < n. Therefore, this vertex v, can dominate a color class if and
only if all vertices of the color class are from (V2N V2)UV,! UV,L. As there are (7) possible pairs of
such t; and %5, we must obtain a color class that is exclusive to each V;; 1 < i < n, except one, for
any such v, € V"2 to dominate a color class. All (n — 1)! vertices of exactly one Vj; 1 < i < n, can
be colored with the same color because for every v, € V"2 there are two Vi’s; 1 <i # 5 <mn, such
that they are adjacent to all the vertices of these V}’s, and one among them can be chosen to have
an exclusive color class. Also, as the V;’s are non-disjoint, if colors are assigned to the vertices from
each V;, in the end, for some 1 < j # i < n, V; — G V; = V;'. Hence, we require at least 2n — 2
i#j=1

colors to obtain a dominator coloring of A**x . Therefore, x4(A**f,) = 2(n — 1). This dominator
coloring ¢ of A**f is also its total dominator coloring as every vertex in V; properly dominates a
color class assigned the color ¢y, 1 < i # i’ < n, and hence, it follows that y,q(A*g,) = 2(n — 1).

In any yg4-coloring of A** | it can be seen that every vertex v, properly dominates at least n—k—1
n

color classes, where k = [fix(7)| and all but one vertex in |J V;"~? properly dominate at least two
i=1
color classes. Therefore, it can be deduced that in an optimal double total dominator coloring, all

V' 1 < < n, have to be assigned unique colors and hence xgq(A* g, ) = 2n — 1. O



DOMINATOR COLORINGS OF n-INORDINATE 895

Corollary 2.3. Forn >4,
(i) thd(A*é) = Xd(A?n_)-i- 1.
(ii) Xaa(A™* k) = xa(A™k,) + 1.

A global dominator coloring (resp. total global dominator coloring) of a graph G is a proper coloring
of G such that every vertex of G dominates (resp. properly dominates) as well as anti-dominates at
least one color class, where a vertex v € V(G) is said to anti-dominate a set A C V(G) if uv ¢ E(G),
for all u € A, such that v ¢ A. The global dominator chromatic number (resp. total global dominator
chromatic number) of G is denoted by x44(G) (resp. xtga(G)).

Theorem 2.4. Forn >4,

() Xga(AE,) = (n = 1) +(n = 3).

(i) Xega(AR,) = (0 = 1) +(n —2).

(ii) ng(pkn) = thd(FKn) = 2n.

Proof. (i) Any vertex v, € V"% is not adjacent to 2p(n — 1) vertices of V;} and p(n — 2) vertices
of V7, such that 1 < i # i’ < n and i ¢ fix(m), in A} . Therefore, if a vertex v, € V;""* has
to anti-dominate any color class with respect to some proper coloring of A}’ , such a color class
must contain only the vertices of V! UVl U (V2 NV2), where 1 < iy # iy < n, and iy, iy ¢ fix(m).
As there are (72’) possible pairs of such 7; and iy, we must obtain a color class that is exclusive to
each V;; 1 < i < n, except one, for any such v, € 1/;”_2 to anti-dominate a color class. Hence,
Yoa(AR) = X(AR,) + (n—2).

There exists a x-coloring of A} , say ¢*, in which some color ¢;; 1 <t < (n — 1)! -1, is assigned
to n vertices of V;!; that is, one from each V!, as every color class in any y-coloring of A} must
contain one vertex from each V;; 1 < i < n, and let v,, € V;'; 1 < i < n, be n vertices such that
for all 1 < i < n, ¢*(vg,) = ¢, for some 1 <t < (n — 1)!—1. The existence the coloring ¢* is
guaranteed owing to the nature of the color classes in any x-coloring of A7’ and the fact that Vj’s
are non-disjoint.

We make such a y-coloring ¢* of A}’ , a global dominator coloring of A} , by assigning the color
Cn—1)1—1+i to the vertex v, € Vi); 1 < i < n — 2. Now, only one vertex in V,'_; and one vertex
in VI have the color ¢;, and as mentioned in Theorem 2.1, we swap the color of the vertices v, _,
and v,, with the color of a vertex, say v, in V2, N V2 Here, every vertex in V;; 1 < i < n — 2,
dominates the color class {v,,} and the vertices of V,,_; UV}, dominate the color class {v.}. Also,
any vertex v, € V(AY ) — {va)@)..(m—2)} anti-dominates the color class {v,,}, 1 < i < n such
that i ¢ fix(7) and the vertex v(i)(2)..(n—2) anti-dominates the color class {v,}; thereby, yielding
Xgd(A%,) = (n — 1) 4+n — 3.

(ii) In the above mentioned global dominator coloring ¢* of A% , all the vertices of V(A% ), except
the ones in V;! assigned the colors Cn—1)1-14i, for 1 <4 < n—2, and the vertex v/, does not properly
dominate any color class. Therefore, it can be seen from (i) that we require at least xgq(Af ) + 1
colors, in any total global dominator coloring of A% .

To obtain a total global dominator coloring of A% with x4q(A% )+ 1 colors, consider the coloring
c* defined above and assign the color c(,—1)14n—2 to the vertex v(i().. (n—2), which makes the vertices
Ur,; 1 <4 <n—2, dominate the color class {v())..(n—2)}. As mentioned in Theorem 2.1, any color,
say ¢, for some 1 <r < (n —1)! =1 and r # t, assigned to the vertex v()). (n—2) is assigned either

exactly to one other vertex of the form v(,_1),) or at most two vertices of the form v,_;) and v(,),
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in any proper coloring of A% . Hence, as the vertex v(1)(2)..(n—2) is assigned a new color by c*, the
vertex now v, properly dominates the color class of the color ¢, which was earlier assigned to the
vertex v(y()..(n—2)- Lherefore, we obtain an optimal total global dominator coloring of Aﬁn with
(n — 1)! +(n — 2) colors.

(iii) By Theorem 2.2, it can be seen that in any y4-coloring of A** k. , any vertex v, anti-dominates
at most k—1 color classes, where k = |fix(7)|. Therefore, we require additional colors for the vertices
V1 1 <i < n, to anti-dominate some color class. For any vertex in V;!; 1 <i < n, to anti-dominate
a color class, the color must exclusively be assigned to the vertices to which it is not adjacent to; that
is, only to the vertices of that particular V;. Therefore, to minimise the number of such additional
colors, we assign the color ¢, 1 to the vertex v,, such that |fix(7)|=n — 2. If ¢1,t5 ¢ fix(7), then
the vertices of V& and Vg, for some 1 < t; < ty < n, still do not anti-dominate any color class.
Hence, a vertex v, such that {t1,t2} C fix(n), is assigned the color ¢y, to obtain a global dominator
coloring of A**x with 2n colors. Note that the above mentioned coloring is also a total global
dominator coloring of A**x , as every vertex of the graph properly dominates a color class. Also,
as the minimality of the parameter follows from the structure of A**g and the global dominator

coloring protocol, x4a(A* k., ) = xtga(A*k,) = 2n. O

A proper coloring c of a graph G is said to be a rainbow dominator coloring of G if ¢ is a dominator
coloring of G such that for every u,v € V(G), there exists a u — v path in which no two internal
vertices have the same color and the rainbow dominator chromatic number of G is denoted by x,q4(G).
A power dominator coloring of a graph G is a proper vertex coloring of GG such that every vertex power
dominates at least one color class; possibly its own, and the power dominator chromatic number of
G is denoted by x,q(G). A vertex v € V(G) is said to power dominate the vertices in M (v) C V(G),
which is constructed as follows.

(i) M(v) = N[v].

(ii) Consider a vertex w ¢ M (v) and add it to M (v) if there exists a u € N(w) N M (v) such that
all v; € N(u) — {w} are already in M (v).

(iii) Repeat Step (ii) until no vertex could be added to M (v).

Proposition 2.5. For any n > 4,
(1) xra(AR,) = xpa(AK,) = xa(AR,)-
(i) xra(A*k,) = Xpa(A*k,) = Xa(A™ k).

Proof. As the graph A}’ has diameter 2, all u — v path of length 2 between any two vertices of
A3, whose only internal vertex has a distinct color. Hence, x,qa(A}) = xa(A} ). In A, any
two non-adjacent vertices v,, and v, correspond to permutations such that fix(r) N fix(m) # 0.
Here, if 1 < [fix(m) U fix(m2)|< n — 2, then there is a path of length 2 between the vertices vy,
and vy, in A*g and its internal vertex is uniquely colored, in any proper coloring of A** . If
|fix(71) U fix(m)|= n, then the non-adjacent vertices do not have a common neighbour and we have
a path v, — VU — Uny — Ur,, Where v € Vi and vgy € V7, where 1 < # 4 < n, such that i ¢ fix(m)

n
and i’ ¢ fix(my). As [fix(7)|< n — 2, for any m € S,,, there exists at least two vertices in |J Vi! to
i=1

which any vertex of A** . is adjacent to. As this path is of length 3, and both internal vertices Vgt Ut
are colored with distinct colors, in any proper coloring of A** g . x,a(A* K, ) = xa(A*k, ).

Also, the idea of a vertex power dominating a color class reduces to the vertex dominating the color
class in the graphs A} and A**x, forn > 4, as there is no vertex w ¢ N[v] having a unique neighbour
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which is not a neighbour of v, for any v in A3’ or A** . This is because, corresponding to every
k-element fix, there are p(n — k) permutations and hence, p(n — k) vertices corresponding to the same
k-element fix in the graphs A% and A** . The adjacencies and non-adjacencies between two vertices
corresponding to any pair of permutations with distinct k-element fixes induce the same relation on
all of the p(n — k) vertices; thereby yielding x,a(A ) = xa(A}) and xpa(A™k,) = xa(A*f,). O

A majority dominator coloring of a graph G is a proper vertex coloring of G in which each vertex
of the graph dominates at least half of one color class and the majority dominator chromatic number
of G is denoted by Xma(G).

Theorem 2.6. For any n > 4,
(1) wma(AR,) = X(AR).
(i) Xma(A™k,) = X(A*k,)-

Proof. (i) Consider a x-coloring of A% , where the colors ¢;; 1 <4 < (n—1)! —1, are assigned to the
i—1

vertices of Vi, as it induces a clique in A}’ . Following this, consider the vertices V; — (|J Vj), for
j=1

each 2 <7 <n — 2, in order. Assign distinct colors to vy € Vi'; 2 <i < n, such that c(vy) = c(vy),
where v, € Vl1 and each of the remaining vertices of Vik; 2<i:<nand?2<k<n-—2, with distinct
colors based on its previously colored vertices. In this coloring, {v(l)(g)__(n_g),U(n_l)(n)} is the least
cardinality of a color class and every vertex of A}’ is adjacent to exactly one of these vertices. Hence,
every vertex of A7 dominates half of this color class and we obtain X,,a(A% ) = x(A%) = (n—1)! —1.

(ii) Consider a chromatic coloring ¢ of Ag,, in which the color ¢; is assigned to the vertices
i1

of Vi — UV}, for each 1 < i < n. In this coloring, the number of vertices assigned the color ¢; is
j=1

n—2 .
p(n—1)+ 3 (,"*,)p(n—k) and it decreases from (n—1)! to p(n—1) as the value of i increases from 1
k=1

ton. Also, in this coloring, every vertex v, € V(Ag, )—V,, dominates the color class {vy : c(vs) = ¢, }.
Hence, we must prove that every vertex in V,, dominates at least half of some color class, to prove the
result. To prove this, it is enough to prove that a vertex v,, € V"2 —(V;NV4), dominates at least half
of V; or V,. Therefore, consider the vertex v,, € V(A**, ), where m; = (3)(4) ... (n). This is adjacent
to exactly p(n—1)+ p(n—2) vertices of Vi and p(n—1) vertices of Vo. As p(n—1)+p(n—2) > @,
for all n > 3, the vertex v,, is adjacent to more than half of the vertices of V; and hence we obtain
a majority dominator coloring of Ax, with n colors. O

Proposition 2.7. For n > 3,
() xa(A,) = xu(Ak,) = xra(Ak, ) = Xpa(Ak,) = Xma(Af,) = X(Af, )
(ii) Xata(Af,) = (n —1)! +1.
(iil) xa(Ak,) = Xga(Ak,) = Xpa(Ak,) = Xma(Ak,) = (n — 1) +p(n).

Proof. As A} has a universal vertex vg,, every vertex of Aj properly dominate a color class,
with respect to any of its y-coloring and they also power dominate the color class {v.,}. Owing to
the existence of vy, any x-coloring of Aj is its rainbow dominator coloring, and the double total
dominator coloring of Aj can ve viewed as the total dominator coloring of A% , which implies that
(ii) is immediate from Theorem 2.1.
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As Ak, = Ai U p(n)Ky, in any variant of dominator coloring of A, all these p(n) isolated
vertices are assigned unique colors, for them to dominate their color class. Hence, we obtain the
required values of the above mentioned variants of dominator chromatic numbers of the graphs A%
and AKn- ]

Proposition 2.8. Forn > 3,
(i) xa(A* k) = Xead(N k) = Xpa(M i) = 20 — 1.
(il) Xma(N*k,) =n+ 1.
(ili) xa(Ak,) = xa(Ak,) = Xaa(Ak,) = Xra(Ak,) = Xpa(Ak,) = Xma(Ak,) = n+ p(n).

Proof. The proofs of (i) and (ii) are immediate from the fact that the graph A*g, = A Uwvy,,
where v, is an isolated vertex and hence in any variant of dominator coloring of A*f , the vertex
vy, is given a unique color to dominate itself. Also, Ak, is a graph with diameter 2, as there are
p(n) universal vertices in it. Hence, in any proper coloring of Ay, , all these p(n) universal vertices
are assigned distinct colors apart from the existing n colors that were used to color the vertices of
Ak, and as p(n) > 2, for all n > 3, the result follows. O

A vertex v in a graph G is said to strongly dominate a set A C V(G) if v dominates A and
deg(v) > deg(u), for all u € A. A strong dominator coloring of a graph G is a proper vertex coloring
of G such that every vertex strongly dominates at least one color class and the strong dominator
chromatic number of G is denoted by xsq(G).

Theorem 2.9. Forn > 4,

() XealAR) = (0 — 1) +(n — 2).

(i) Yoa(Ake,) = (n — 1)l +(n — 1).

(iii) xsa(Ag,) = (n—1D+(n—1)+ p(n).
Proof. From a y-coloring of A}’ , we obtain a strong dominator coloring of A% by assigning a
unique color ¢(—1y-144; 1 < 4 < n, which is not repeated anywhere to exactly one vertex of Vi
for each 1 < ¢ < n, so that every vertex of the graph strongly dominates a color class. Hence,
Xsd(A%E) < (n— 1) +(n = 2).

In a strong dominator coloring of a graph, as every vertex has to dominate a color class where this
color class must contain only the vertices having degree equal to or less than the degree of the vertex

considered, the vertices of the least degree in A% , which are in V! must form a color class, so as to

(2

n

minimise the number of colors used in a strong dominator coloring of A}’ . As U Vi = nK,n), and
i=1

if a vertex of V;'; 1 <4 < n, has to dominate a color class, all vertices of that color class must be in

the corresponding V;, the vertices of the least degree forms n color classes, so that they are strongly
dominated by all the other vertices. Assigning unique colors to (n — 1) V;!’s, makes the vertices in
the n-th V;' automatically get a unique color, and therefore, x,q(Af ) > (n — 1)l +(n — 2).

As it is immediate that the strong dominator coloring of A7’ can be extended to A} , and Ak, by
assigning a unique colors to the vertex v,,, and to the isolated vertices in Ak, , the result follows. [

Theorem 2.10. Forn > 4,
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(i)

2
n+ > (Q)pn—k), when n is odd.

(i) e c,) = Xet(F5,) + 1.
(111) Xsd(AKn> = Xsd(A*Kn) + p(n)

—_— n
Proof. In A, , every vertex of |J VF; [2] 4+ 1 < k < n — 2, is adjacent to only the vertices of
i=1
degree higher than theirs. Therefore, in any strong dominator coloring of A** . all these vertices
n

must be assigned unique colors. Every vertex of |J V% 1 <k < [5] — 1, is adjacent to at least one
i=1

of the vertices of |J Vi¥; | 5] +1 <k <n—2, which are uniquely colored and hence, all the vertices
i=1

n
of U VF 1<k <[%]—1, strongly dominate at least one color class. Therefore, these vertices in

=1
n

UVk1<k< [5] — 1, are properly colored using n colors, apart from the ones assigned to the
i=1

n L5]+1
vertices of |J |J V. If n is odd, we are done.

i=1 k=1

n n n
If n is even, the vertices of |J V;? remains to be colored, at this point. Each vertex v, € |J V;? is

i=1 i=1

IN

n n n
adjacent to p(%) vertices of |J V;?, which are of the same degree and to the vertices in [J V;*; 1
i=1 i=1

n

k < 5 — 1, which have degree higher than that of v,. The subgraph of A induced by LﬁJIVf

2_element fix.

is (g)KP(%%P(%)’ where p(%) vertices correspond to permutations having a particular 3-

n n
Therefore, for every vertex v, € [J V;? to strongly dominate a color class, unique colors must be
i=1
assigned to at least one of these p(%) vertices that correspond to permutations with a distinct -
- n—2
element fix. Hence, xoa(A*k,) =n+ (%) + > (})p(n —k), when n is even.
2 k=[2]+1

Using a similar arguments in Theorem 2.9, the above mentioned y,4-coloring of A** g can be
extended as the yq-coloring of A*, and Ag,, by giving unique colors to v,,, and the p(n) universal
vertices of Ak, ; completing the proof. n

A subset S C V(@) in a graph G is called semi-strong if |[N(v) N S|< 1, for all v € V(G).
Partitioning V(G) into semi-strong subsets is called a semi-strong coloring of G and a dominator
semi-strong color partition of G is a semi-strong coloring of G in which every vertex v € V(G)
dominates at least one color class. The minimum order of such a partition is called the dominator
semi-strong color partition number of G, denoted by yssqa(G).

Proposition 2.11. Forn € N,
(1) XeealAR,) = Xesd(Xx,) = nl —p(n) — 1.



90 MADHUMITHA & NADUVATH

(111) Xssd(KKn) = Xssd(AKn) =nl.

Proof. Assigning unique colors to each vertex of any graph is trivially a semi-strong dominator col-
oring of the graph. Conversely, we claim that any semi-strong subset of V(A3 ) as well as V(A* ),
is a singleton. If possible, let S" = {v,, vy, : fix(m;) Nfix(ms) # 0} be a semi-strong subset of V/(A} ).
Clearly, here fix(m) # fix(my) because, if fix(m;) = fix(ms), we get N(vy,) = N(v,,) # 0. Therefore,
assume fix(m;) C fix(mg) and hence |fix(m2)|> 2. As there exists p(n — |fix(m)|) — 1 vertices of the
graph A% corresponding to permutations having the same fix as fix(7;) and all of them will be
adjacent to both the vertices of S’, it yields a contradiction.

Consider a subset S* = {vy,, v, : fix(m) Nfix(my) = 0} of V(A ). In A% , as there exists at least
one vertex v,, such that fix(m3) Nfix(m;) # 0 and fix(7s) N fix(7m2) # 0, owing to the closure property
of S,; S* cannot be semi-strong. Therefore, any semi-strong subset of V(A% ) is a singleton and
Xssd(A%,) = n!—p(n) — 1. Using the same argument, as we can prove that any semi-strong subset
of V(A**k, ) is also a singleton, (i) follows.

Both the graphs A7 and Ak, have universal vertices, and hence this leads to the assignment of

unique colors to all vertices of these graphs to abide by the dominator semi-strong coloring protocol
of graphs. Also, as every isolated vertex of any graph is assigned a unique color in any dominator
coloring, and as Ay, = Af. Up(n)K; and Ak, =2 A Uwug,, the result is immediate. [l

A proper coloring of a graph G in which the cardinalities of the color classes differ by at most one
is called an equitable coloring of G and the equitable chromatic number of G is denoted by x.(G). An
equitable coloring of G in which every vertex v € V(G) dominates at least one color class is called an
equitable dominator coloring of G and the equitable dominator chromatic number of G is denoted by
Xed(G) (see |2, 3]). As the equitable dominator coloring of graphs is closely related to their equitable
coloring, we use the following result obtained in [8].

Theorem 2.12. [8] The equitable chromatic numbers of the graphs N}, and Ay, are f%n)_lw +1

and (”'_Tp(")w + p(n), respectively.

Theorem 2.13. Forn € N,
(1) xea(AR,) = ["22=2] 42,
(i) xea(Ak,) = Xe(Ak,)-
(iil) xea(AK,) = Xea(A%k,) + p(n).

Proof. In any xg4-coloring c of A% , we know that there are at least two singleton color classes (see
Theorem 2.1). Therefore, in any equitable dominator coloring of A% , the color classes must have
cardinality either 1 or 2. To reduce the number of colors, we minimise the number of color classes that
are singletons by assigning unique colors to the vertices vy, v € V(AR ), where |fix(7) U fix(7')|= n
and fix(m) N fix(7’) = (). Therefore, the remaining n! —p(n) — 3 vertices of A}’ are partitioned into
independent sets of cardinality 2. This partition can be viewed as the equitable coloring of Aj.
given in the proof of Theorem 2.12 (ref. [8]), just by removing the vertices v,, v and v,,. Hence,
alt,) = [P 4

In any proper coloring of Aj , the vertex vy, is assigned a unique color, where any vertex dominates
this color class. Also, as the remaining vertices are partitioned equitably in any equitable coloring of
A%, any x.-coloring of A% becomes an equitable dominator coloring of A% . The same equitable
dominator coloring of A}~ when extended to the graph Ag,, where the p(n) universal vertices are
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assigned distinct colors to dominate themselves becomes an equitable dominator coloring of A, .
The minimality of these parameters are also ensured by the minimality of y.(Aj ); thereby yielding
the required result. O

Theorem 2.14. Forn € N,
(1) Xea (R k) = ["2242=2] + 1.
(il) Xea(Ar,) = Xe(AK,)-

Proof. The graph KKn has p(n) universal vertices and hence any y.-coloring of KKn is its Yed-
coloring. As the graph A*x has exactly one isolated vertex v, a unique color is assigned to it in
any dominator coloring of A*g,. Therefore, in any equitable dominator coloring of A*g, , each color
class must have either one or two vertices. That is, the remaining n! —p(n) — 1 vertices of A*, are
partitioned into independent sets of cardinality 1 or 2, in any equitable dominator coloring of A*. .
As the same kind of partitioning of V(Ag,) is obtained to determine its equitable coloring pattern
in Theorem 2.12, we determine the y.4-coloring of A*x, based on the y.-coloring of Ag, given in the
proof of Theorem 2.12 in [8].

Consider the equitable chromatic partition of V (A, ) without the the p(n) universal vertices and
make v, a singleton. Then, the other vertex which was assigned the same color as v, in the x.-
coloring of V (A, ), either remains a singleton or it can be given the same color as some other vertex,
which is a singleton in the y.-coloring of Ag, (For more details, see [3]). This is possible because S,
is a group, and there always exists at least one unique k-element fix which is disjoint with the any
given k’-element fix, where 1 < k < k¥’ < n—2. This gives an optimal equitable dominator coloring of
A*k ., as there are at most two singletons, which cannot be paired with any other vertex of Ag,. O

Based on the structure of A** g , it can be seen that its dominator coloring pattern is according
to the assignment of colors to the p(n — 1) vertices in each Vil; 1 <7 <n. As there does not exist a
generalisable pattern for p(i), owing to its dependency on the integer partitioning, which by itself is
an unsolved problem (For details, refer to [1]), determining an equitable partition of these values is
highly challenging. In view of this, determining Y.q(A**,) becomes highly arduous and therefore,
remains an open problem, at this point of study.

S.No. | Ch. No. A, Ak, A Ak, Ak, Ay,
1 Xd (n—1)! +p(n) (n—1)! (n—1)! n+ p(n) 2n —1 2(n—1)
2 Xtd Cannot Admit (n—1)! (n—1)1+1 n+ p(n) Cannot Admit 2(n —1)
3 Xdtd Cannot Admit (n—1)+1 (n—1)1+2 n+ p(n) Cannot Admit 2n—1
4 Xod (n —1)! 4+p(n) Cannot Admit | (n—1)!+(n —3) Cannot Admit 2n —1 2n
5 Xtgd Cannot Admit Cannot Admit | (n—1)!4+(n—2) Cannot Admit Cannot Admit 2n
6 Xrd Not Defined (n—1)! (n—1)! n+ p(n) Not Defined 2(n—1)
7 Xpd (n—1)! +p(n) (n—1)! (n—1)! n+ p(n) n+1 2(n—1)
5 o (=D (n) -1 (-1 " () nr 1
9 Xsd (n=Dl+ (n=1) +pn) | (R = +(n=1) | (0= +(n = 2) | 1+pm+n+(3) H;; (et =m0 | 14n+ () +k:%: (p)otn - 1) et (3) -r:%ﬂ (1)otn - %)
10 Xssd n!—p(n) n! —p(n) nl—p(n) — 1 n! nl—p(n) —1 nl—p(n) —1
1 Xed [0 p(n) + 1 (2= 1 [0 42 [#5424 +o(n) [#=Ep=t] +1 20 1) £ ea(Ta, ) < [Epngla sy

Table 1. Variants of dominator coloring parameters of the n-inordinate invariant intersection graphs and their derived
graphs
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3. Conclusion

In this article, we have exclusively investigated different dominator coloring schemes for the n-
inordinate invariant intersection graphs and their derived graphs; a summary of which is given in
Table 1. We have obtained the coloring patterns and determined the graph invariant associated
with each of the dominator coloring considered. As this investigation gives rise to six structures
associated with the n-inordinate invariant intersection graphs, it yields a vast scope for future study;
which includes the investigation of other coloring and domination-related parameters, the spectral
properties, algebraic properties, etc. of these graphs.
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