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ABSTRACT

Finite games in normal form and their mixed extensions are a corner stone of noncooper-
ative game theory. Often generic finite games and their mixed extensions are considered.
But the properties which one expects in generic games and the existence of games with
these properties are often treated only in passing. The paper considers strong proper-
ties and proves that generic games have these properties. The space of mixed strategy
combinations is embedded in a natural way into a product of real projective spaces. All
relevant hypersurfaces extend to this bigger space. The paper shows that for all games in
the complement of a semialgebraic subset of codimension at least one all relevant hyper-
surfaces in the bigger space are smooth and maximally transversal. The proof uses the
theorem of Sard and follows an argument of Khovanskii.
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1. Introduction

Finite games in normal form and their mixed extensions are a corner stone of noncooper-
ative game theory. Nash showed that the mixed extension of any finite game in normal
form has Nash equilibria [9]. For special games, the set of Nash equilibria can be com-
plicated. But for generic games it is finite and odd [5, 10, 11, 15]. These references and
many others consider generic finite games and their mixed extensions.

The notion of a generic finite game is usually defined ad hoc and results on it are
usually only proved as an aside. One fixes the finite set of players and for each player his
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finite set of pure strategies. Then one obtains an affine linear space U of tuples of possible
utility functions. Generic games are then games with generic utility functions, and these
are contained in the complement of a closed subset of measure zero. The properties which
generic games are supposed to have, depend on the paper and the author.

In this paper we consider a strong version of genericity and prove that all games in the
complement U — D of a semialgebraic subset D of codimension at least one are generic.

We fix the number m of players i € A = {1,...,m} and for each player i the finite set
St = {sf), ..., s, } of n; + 1 pure strategies. S = S* x ... x S™ is the set of pure strategy
combinations. Then the finite game is determined by the tuple U = (U!,...,U™) : S — R™
of the utility functions U’ : S — R of the players 7. It is an element of the real vector
space U = (R®)™. In the mixed extension (A, G, V) of the finite game (A, S, U), the set G
is G = G' x ... x G™, and the set G’ of mixed strategies of player i is the set of probability
distributions over S°, so it is a simplex of dimension n;. The utility function V*: G — R
is the multilinear extension of U’ (see formula (1)).

The multilinearity leads to a natural embedding G* < PR of G' into the real
projective space PR of dimension n; and to an embedding of G into the product
PAW = [LicaP™R of real projective spaces. All the induced functions, which are rele-
vant for understanding the game, its best reply maps and its Nash equilibria, extend from
G to the space PAV.

Our main result Theorem 3.1 says that there is a semialgebraic subset D C U of
codimension at least one such that for each U € U — D, all natural hypersurfaces in G
are smooth and extend to smooth hypersurfaces in PAW and that they are (in a precise
sense) everywhere maximally transversal.

This implies immediately that for such a game the set of all Nash equilibria is finite
and that each Nash equilibrium is regular in a strong sense.

It also provides a foundation for the argument of Wilson [15] and Rosenmiiller [11] that
the number of Nash equilibria of a generic game is odd. Both papers claim implicitly the
existence of generic games with good properties without proof. The paper here provides
such a proof.

Our proof follows an argument of Khovanskii [6] for a theorem on generic systems of
Laurent polynomials with fixed Newton polyhedra. Like him, we have to deal with many
charts, and we use Sard’s theorem [12] that the subset of critical values of a C*°-map
between C>°-manifolds has measure 0. The analogue of the toric compactification which
Khovanskii constructs is in our situation the space PAW.

The product PAW had been considered implicitly in [8] and explicitly in [13], but not
in many other papers on games in normal form, although the embedding G < PAW is
natural.

We do not provide applications of Theorem 3.1 in this paper. But we expect that
Theorem 3.1 will be useful and that applications will come.

In the case of two-player games, it is not so difficult to make precise what generic means
and which properties such games should have [7, 14]. There one can refer essentially to
linear algebra.

For games with three or more players, it is more difficult. Other proofs, that in a
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generic game the set of Nash equilibria is finite and each Nash equilibrium is regular,
were given in [5](ch. 5), [4](Theorem 3) and [10](Theorem 2). Harsanyi used (as we do)
Sard’s theorem, Giil, Pearce and Stacchetti used a variant due to Stacchetti and Reinoza
of Sard’s theorem, and Ritzberger used a parametric transversality theorem.

Section 2 introduces more formally finite games in normal form and their mixed ex-
tensions, and it sets some notations. Section 3 formulates the main result Theorem 3.1.
Section 4 gives some background material from differential topology. Section 4 proves
Theorem 3.1.

2. The mixed extension of a finite game

This section introduces finite games, their mixed extensions, best reply maps and Nash
equilibria, and it sets some notations.

Definition 2.1. (a) (A, S,U) denotes a finite game. Here m € N = {1,2,3,...}, A :=
{1,...,m} is the set of players, S* = {s{, ..., s, } with n; € Nis the set of pure strategies of
player i € A, S = S! x ... x S™ is the set of pure strategy combinations, U’ : S — R is the
utility function of player i, and U = (U',...,U™) : S — R™. We denote J' := {1,...,n;},
Jo = {0} U J" and Jg' := [[[~, Ji. The pure strategy combinations are given as tuples
(5;17' ) ] ) S Wlthj - (jla' 7jm) S J64

(b) (A, G, V) denotes the mized extension of the finite game in (a). Here

PR, W =W x W,

J=0

{Z% JEWi|ZV;:1,},A::A1x...xAmCW,
=0

:{ZVJ?S;’ EAZ’|/7; S [071]},G1: G'x .. xG™C A.
=0

So, W and W are real vector spaces, A C W% and A C W are affine linear subspaces
of codimension 1 respectively m, G* C A’ is a simplex in A’ of the same dimension n; as
A’ and G C A is a product of simplices, so especially a convex polytope, and it has the

m

same dimension Y n; as A. The map Vi, : W — R™ is the multilinear extension of U,

i=1
TICTES (H%k) bl 0

(G15memrdm) €S o=
where, g = (¢%,...,g™) € W with ¢* Z % J, : A — R is the restriction of Viy to

A, and V' : G — R is the restriction of VW to G. Then V = (V1 .., V™) : G — R™ An
element g € G is called a mized strategy combination. The support of an element

g —ny’slewl is the set  supp(g') == {j € Jg|~} # 0}
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We also denote G~% := G! x ... x G x G x ... x G™, and its elements ¢g~% :=
(g%, ..., gt .., g™) € G™'. We follow the standard (slightly incorrect) convention
and identify G* x G~* with G and (¢, g*) with g.

(¢) Fix i € A. The best reply map r* : G=" — P(G") associates to each element
g~% € G the set of its best replies in G?,

r'(g7) =1{g" €G'|V(7,97") <V'(¢',g7") for any §" € G'}. (2)
Its graph is the set

Gr(r) = |J rle)x{gtcG xG =G

g*ieri

A Nash equilibrium is an element of the set N := (), , Gr(r"). The set N is the set of
Nash equilibria.

(d) Write o' = (71, 5,
;™) = (711,...,%{”;...;VT,...,ynmm) and

J
Y=Y A ™).

[, 1=

Fix a subset B C A. The monomials [],.57}, for (ji|i € B) € [];c5J5 in Ry, |7 €
B] (with J[,.y(..) := 1) are called B-multilinear. A polynomial which is a real linear
combination of B-multilinear monomials is also called B-multilinear. Especially V;, is
A-multilinear. A polynomial in R[y¢, 7" |4 € A] is multi affine linear if each monomial in
it with nonvanishing coefficient is C-multilinear for a suitable set C C A.

The set N of Nash equilibria is not empty. This was first proved by Nash [9]. The
following lemma is rather trivial, but worth to be noted.

Lemma 2.2. Let (A, G,V) be the mized extension of a finite game (A, S, U).
(a) The tuple 7' is a tuple of (affine linear) coordinates on A’, because in A* we have

Y=1- ZZIV; The tuple v = (v*;...;9™) is a tuple of (affine linear) coordinates on A.
]:

The map V7 is a multi affine linear polynomial in - 1t has the shape
Vilg) = &'(7) + D 7Ny for g€ A, (3)
j=1

where k' and all /\§ are unique multt affine linear polynomials in Z_i' Define additionally
Ny =0 forie A (4)
(b) An element g = (g°,97%) € G is in Gr(r?) if and only if the following holds.

if j, k € supp(g’), (5)

A7) = Al 0
) =0 if j €supp(g'). k ¢ supp(g’). (6)

A = Al

= 12
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Proof. (a) Part (a) holds because A’ is the affine hyperplane in W* defined by ~§ =
1=k
j=1
(b) If g € Gr(r?) then a change of ¢' = Z 7ish may not increase V4(g) in (3). Therefore

Ni(y™*) for j € supp(g*) must be the maximum of all Aj(y~*). This includes the case j = 0
if 0 € supp(g’), and it includes the case k = 0 if 0 & supp(g"). O

3. Compactification of A and generic games

Consider as in Section 2 a finite set A = {1,...,m} of players and for each player : € A a
finite set S = {s{, ..., s, } with n; € N of pure strategies. Let U’ = R® be the set of all
possible utility functions U* : S — R. The set of all possible utility maps U = (U?,...,U™)
is then U := [, U = (R%)™.

Consider a fixed map U, the tuple of all hyperplanes in A which bound G C A and the
subvarieties (A5 — X;)7'(0) C A for i € A and j,k € J§ with j < k. By Lemma 2.2 (b),
the graphs Gr(r?) of the best reply maps and the set A/ of Nash equilibria are determined
by the geometry of these hyperplanes and these subvarieties.

The hyperplanes which bound G are smooth and transversal. Theorem 3.1 below will
imply that for generic U € U also the subvarieties (A} — ;)7 (0) are smooth hypersurfaces
in A and that they and the hyperplanes in A which bound G are as transversal as possible.

The fact that V;i, is A-multilinear motivates to consider the natural compactification
of A’ to the real projective space PW*, which is the set (W*— {0})/R* of lines through 0
in W?, and the natural compactification of A to the product of real projective spaces

PAW = [[PWV". (7)
=1

We denote P~'W := [[,. 4,y PW", and we identify (following the slightly incorrect
convention in Definition 2.1 (b)) PW! x P~*W with PAW. Under the projection

prw H i —{0}) — PAW, (8)

the affine linear space A C W embeds as a Zariski open subset into PAW. The complement
is the union of m hyperplanes

H"® .= (PW*' — A") x P7'W C PW' x P~'W = PAW, (9)

for i € A. For a subset B* C A°, let B denote its Zariski closure in PW*, that is the
smallest real algebraic subvariety in PW? which contains B’. The Zariski closure in PAW
of a subset B C PAW is denoted by B? Forie Aand J € J& denote by

HY =g € A7l = 0} " x P C PW* x P~ = PAW, (10)
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the Zariski closures in PAW of the hyperplanes in A which bound G. Define
Jy” =10, k) € Jy x Jy|j < k}.

For i € A and (j,k) € Jg* consider the difference \i — A} as a function on A (so lift it
as a function from [],_, Al to A), and consider the Zariski closure in PAW

Za

HAUP = (N A)7(0) T < PAW. (11)

The notion everywhere transversal in Theorem 3.1 is defined in Definition 4.4 (b). In
Theorem 3.1, a subset of the set of all hyperplanes in (9) and (10) and all subvarieties
in (11) is considered. Such a subset is characterized by its set of indices, namely sets
T" C JiU{oo} and sets R C Jg” for i € A define a subset

U {HEY 5 e Ty U{H"P | (j, k) € R'}). (12)
icA

A set R C J7” defines a graph with vertex set Ji and set R’ of edges. The set in (12) is
called good if the graph (J}, R’) is a union of trees.

The reason for the introduction of this notion of a good set is that in the case of
|supp(g*)|> 3 there is some redundancy in the Egs. (5). Equality for all pairs (j, k) with
7,k € supp(g’) is implied by equality for a set of pairs (j, k) such that the graph with
vertex set supp(g’) and edge set this set of pairs is a tree.

Theorem 3.1. Let A = {1,....,m} and S be as in Section 2 and as above. There is a
semialgebraic subset D C U of codimension at least one (equivalently, it is of Lebesque
measure 0) such that for any tuple U € U —D of utility functions the following holds. The
hyperplanes H™ i € A,j € Ji U {oc}, and the subvarieties H*UF) i e A, (j, k) € Ny,
are smooth hypersurfaces in PAW . Any good subset of them is everywhere transversal.

The proof of Theorem 3.1 will be given in Section 4. Before, Section 4 will recall some
basic notions and facts from differential topology.

4. Transversality of submanifolds

This section recalls two basic facts from differential topology, Sard’s theorem and the
implicit function theorem. It defines transversality of submanifolds and it formulates a
useful lemma.

Definition 4.1. Let M and N be C*°-manifolds, and let F': M — N be a C*°-map. A
point p € M is a regular point of F if the linear map dF|p,a: TyM — Tp) N is surjective.
A point p € M is a critical point if it is not a regular point. A point ¢ € N is a regular
value if either F~1(q) = 0 or every point p € F~1(q) is a regular point. A point ¢ € N is
a critical value if it is not a regular value.

The following theorem is famous. It is also crucial in the proof of Theorem 3.1.
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Theorem 4.2. (Sard’s theorem [12|, see also |3|(Theorem 2.1)) Let ' : M — N be a
C*®-map between C°-manifolds. The subset of N of critical values of F' has Lebesgue
measure 0.

In our situation, the setting is semialgebraic. Therefore the subset of critical values
is then a semialgebraic subset of N of Lebesgue measure 0. This means that it has
everywhere smaller dimension than N. A variant of Sard’s theorem in the semialgebraic
setting says precisely this [2](ch. 9.5) [1](2.5.12).

The implicit function theorem says how a map F': M — N looks near a regular point
p € M. It is a trivial fibration with smooth fibers.

Theorem 4.3. (Implicit function theorem, e.g. |3|(Theorem 1.3)) Let F' : M — N
be a C>*-map between C*-manifolds, and let p € M be a regular point of F. Then
dim M > dim N, and there are open neighborhoods Uy C M of p and Uy C N of F(p)
with Uy D F(Uy), open balls By C RY¥™M ground 0 and By C RY™N ground 0 and C>-
diffeomorphisms o1 : By — Uy and s : By — Us with the following property. The map
w50 F oy : By — By is the standard projection in (13),

F

U1 — U2
T o1 . T o2 (13)
Bl 802_>501 32

($1,---7ﬂfdimM) — (3717---,517dim1v)

Definition 4.4. (a) Let M be a C*°-manifold, let p € M and let H C M be a subset with
p € H and which is in a neighborhood of p a C*°-submanifold of M. A defining map F for
the pair (H,p) is a function ' : U — R™ with U C M an open neigborhood of p such that
F is regular on each point of U and HNU = F~'(F(p)). Then n =dim M —dim HNU.

Remark: Defining maps for (H,p) exist and are related by local diffeomorphisms.

(b) Let M be a C*°-manifold, and let Hy, ..., H, be C*°-submanifolds. Now it will be
defined when they are transversal at a point p € M.

(i) They are transversal at p € M — U¢_ H;.

(ii) They are transversal at p € N¢_, H; if for some (or for any, that is equivalent) tuple
of defining maps F; : U — R™ of (H;,p) (i € {1,...,a}) with joint definition domain U
the map (Fi,..., F,) : U — R™*1"a jg regular at p.

(iii) They are transversal at p € U?_ H; if the subset { H; | p € H;} of the set of manifolds
Hy,...,H, is transversal at p (this was defined in part (ii)).

Finally, they are transversal (or everywhere transversal) if they are transversal at each
point of M.

Part (a) of the following lemma states an obvious consequence on the intersection
of a family of transversal submanifolds. Part (b) gives a useful criterion for proving
transversality of a family of submanifolds.

Lemma 4.5. Let M be a C*°-manifold, and let Hy, ..., H, be C'*°-submanifolds.
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(a) If they are transversal then either N{_H; = 0 or this intersection is a submanifold

of M of dimension dim M — Y codim H;. Especially, in the second case, this number is
i=1
non-negative.

(b) Suppose that for some b € {1,..,a — 1} the submanifolds Hy, ..., H, are transversal
at a point p € N H;. The intersection L := N_, H; is by part (a) in a suitable open
netghborhood of p a submanifold of M. The following two conditions are equivalent:

(i) Hy, ..., H, are transversal at p.

(ii) For j € {b+1,...,a} there are defining maps F; : U; — R™ on open neighborhoods
U; C M of p such that for U = ﬂ;:bﬂ U; the intersection U N L is a submanifold of U
and the map (Fyi1,...., Fo)|lunp: U N L — R™+14F1a gg reqular at p.

Proof. (a) Part (a) follows immediately from the definition of transversality and the
implicit function theorem.

(b) By the implicit function theorem we can choose an open neighborhood U of p in
M, coordinates x = (21, ..., ;) on U with z(p) = 0 and defining maps F; := U — R™ of
(H;,p) for i € {1,...,a} such that (Fy,..., F}) = (1, ,xzb: ). Condition (i) is equivalent

i=1
to

rank <27F;(p)> e = an (14)
i=1

je{1,..,dimM}

Condition (ii) is equivalent to

rank (%(p)) ie{b+1,..,a} = Z ;. (15)

b
je{1+ > ny\..o, dim M} i=b+1
i=1

10
The matrix in (14) has a block triangular shape <—‘»> with the matrix in (15) in
* | *

the lower right place. Therefore (14) and (15) are equivalent. O

Remark 4.6. (i) In condition (ii) in Lemma 4.5 (b), one can replace the existence of the
defining maps by demanding that the condition holds for all choices of defining maps.

(ii) In the proof in Section 1 of the transversality in Theorem 3.1, Lemma 1.5 (b) will
be useful. The hyperplanes H* in a given set in (12) take the role of the submani-
folds Hi, ..., H,. The reason is that they are fixed if one moves U € U, while the other
subvarieties H**) move if one moves U € U.

(iii) In Lemma 4.5 (b) one cannot replace condition (ii) by the simpler condition (ii)’:
LN Hyyy, ..., LN H, are submanifolds and are transversal at p. The reason is that L N H;
for some j € {b+1,...,a} can be a submanifold of the correct dimension although L and
H; are not transversal.
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Proof of Theorem 3.1.

This section is devoted to the proof of Theorem 3.1.

First we discuss affine charts on PW* and on PAW. The linear coordinates (vg, ..., )
on W induce n; + 1 affine charts of the projective space PIW*. But none of them contains
the whole set G*. The following linear coordinates T = (3, - 75,) on W are equally
natural, and one of the affine charts which they induce on PW* will turn out to be A%,

%’ = 7} forj € J', 7h:= Zyj (16)
=0
From now on we use the induced homogeneous coordinates (3 : ... : 5, ) on PW" if

not said otherwise. The n; + 1 induced affine charts of PW* are

Ab={(F .. 7.) ePWHF € W3l =1} CPW' for j € Jg. (17)
Al comes equipped with natural coordinates v = (7, ..., 7i%,,7;%,, ..., 757) from the
isomorphism
R" — A, 7" (vl o 'y;’fl 1 7;'11 D),

and we have a natural embedding
i,J . Al i i,J 1,3 4,3 4,3 i,
O/] 'A;(%Wla llj H(VO a"'7/7]'7171a7j+1>"'7777:/,f)a

with pri, o '’ = id where pri;, : W* — {0} — PW" is the natural projection. The image
Y (AL) C W coincides with the set A” C W* in Definition 2.1 (b), and the identification
7" = +" identifies A} with A’

All possible products over ¢ € A of these charts give the affine charts

i=1

Aj = HA; =R= forj = (ji,..r, Jm) € Ji = HJ&, (18)
i=1

of PAW with coordinates 2 = (y"7';...;4™7m). The embeddings /¥ : Al — W' combine
to an embedding

ol Aj =W
with of o pryy; = id on A;. The image a®(Ay) C W coincides with the set A C W in
Definition 2.1 (b), and the identification 1% = v identifies Ay with A.

Now we discuss the hyperplanes H*/ and the subvarieties H*0-®) from Section 3 with
respect to the new linear coordinates 7y = @1; ~;7") on W. We define for i € A

HY .= H" for j € J', HY:= H"® H"° .= H".
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We have for i € A

H% = H% = pry, <{§ e [Jw* —{oh 17 = 0}> for j € J°, (19)

k=1

H™ = H"® = pry, ({i e [Tw" —{op 17 = 0}) ; (20)

k=1
H" = H" = pry, <{’j e[[W* =N 73 - 7 = 0}) : (21)
k=1 j=1
Obviously for each chart A;, the complement is
AW A, = | ) H (22)

For each of the hyperplanes H™ N A; with j € J§ — {ji}, in the chart A; a defining
map (in the sense of Definition 4.4 (a)) is 7} o /. For each of the hyperplanes Hi> N A

in the chart A; a defining map is (% - Z ?;) oal.
J =

Obviously, each subset of the set {H" |i € A,j € Ji U {oc}} of all these hyperplanes
is transversal everywhere in PAW .

The map Vi, : W — R is an A-multilinear map also in the new linear coordinates 7.
Write it as a sum

Vie@) =% K'G )+ ) 7 - MG for 3=(3"..7") e W. (23)

=1
Here K'(77") and A7 ") are A — {i}-multilinear in 3~'. Define additionally
A = 0. (24)

We have for i € A and (j, k) € J3*

H"0M = pry, (h S H — {0} [(A) = ADF) = 0}> : (25)

The intersection H*U*) N A; of the subvariety H>UK) C PAW with the affine chart A;
for I = (Iy, ..., l,m) € Jg' is the zero set of the function (Aj — A}) o ab.

Especially, the identifications ’yf = fy and Ay = A yield the identification A’ oal = )\’
This connects the description of H*(U"¥) in (25) with the one in (11).

Now the main point will be to prove that there is a subset D C U of Lebesgue measure
0 with the properties in Theorem 3.1. Later we will argue that it is semialgebraic. Then
D having Lebesgue measure 0 is equivalent to D having codimension at least one in U.

Choose some [ € Ji' and consider the chart A; of PAW. Choose for each i € A a set
T C JiU{oo} with I; ¢ T (we exclude the case I; because H*i C PAW — A, by (22))
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and a set R' C Jo® such that (Ji, R') is a union of trees and such that (for all i together)
U, R" # 0. Though T° = @ (for some or all i € A) and R* = ) (for some, but not all
i € A) are allowed. Now we go into Lemma 4.5 (b) with

M=A and {Hy, . H}={HYNAlicAjeT?,
(which is empty if all 7% = (}) and

L= () HYNA, (26)

i€A,jeT?

m
which is an affine linear subspace of A; of codimension ) |7"|. We can choose a part of
i=1
the coordinates 7% on A; which forms affine linear coordinates on L. We choose such a
part and call it 74,

For a moment, fix one map U € U and consider the map

|RY|
FO L5 N with N = RiE
7t (A5 = A e a) () i € A, (. k) € RY). 27)

Each entry (A — A}) o ol)[p of this map F¥) is a multi affine linear function in those
coordinates of v which are not in £,

By Sard’s theorem (Theorem 4.2) the set of critical values of F(Y) has Lebesgue measure
0in N.

Now we consider simultaneously all U € U. We claim that the set of U € U such that
0 € N is a critical value of F(U) has Lebesgue measure 0 in /. The argument for this will
connect some natural coordinate system on U with the coefficients of the monomials in
the entries of F(U).

The space of possible maps F'(U) can be identified with the product

u® = I RPNy, (28)
ieA,(j,k)ER?

where R[y""\v"!] a1 denotes the space of multi affine linear polynomials in those coordi-
nates in y4" which are not in 4" (here mal stands for multi affine linear). The space
of possible constant summands of the entries of F(Y) can be identified with the space

N = Riezf“m.
There are natural linear maps p() and p(;p) defined by
pay U = U py(U) = FO, (29)
pun U — N, p(H)(F) = F(0). (30)

Because of the hypothesis that (J§, R') is for any i € A a union of trees, the maps
pay and pgpy are surjective. To see this, recall that the A-multilinear maps Vi, are
sums of all monomials in the variables &“; with coefficients, which form a natural linear
coordinate system of the R-vector space U. For example, the coefficient of the monomial
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Villoea gy i in Vi is the coefficient of the constant term in the multi affine linear
function A% o al. The entries of F() for a fixed U are the multi affine linear functions
((Af —A}) oab)| for i € A, (j,k) € R'. The condition that (J§, R') is a union of trees
takes care that sufficiently many of the coefficients of the monomials in the maps Vjj, turn
up in the maps p(;y and p(rpy, so that these maps are surjective.

For F € ker(p(rpy) C UY) denote by C(F) C N the set of critical values of F : L — N.
It has Lebesgue measure 0 in N by Sard’s theorem (Theorem 4.2). For each map F' —c¢:
L — N with ¢ € N the value 0 € N is a critical value only if ¢ € C'(F'). Therefore 0 is a
critical value of F(U) : L - N for U € U ounly if

Ue U U p(_I;(F—c), (31)
Feker(p(r1)) c€C(F)
which is a set of Lebesgue measure 0 in U. (see e.g. Theorem 2.8 (Fubini) in [3]).

There are only finitely many charts A; and finitely many choices of sets T* and R’ as
above. Each leads only to a set of Lebesgue measure 0 in /. Also their union D has
Lebesgue measure 0 in Y. If U € U — D, then for each map FU) : L, - N as above, the
value 0 € N is a regular value.

For an arbitrary chart A;, the special choice T = () for all « € A, R = {(j,k)} for
one i € A, and R* = () for all @ # i shows that H"U* N A; is a smooth hypersurface
for U € U — D. It also shows that the map (A} — A}) o oy is a defining map for the pair
(H"U*) p) at each point p € H*U¥) N A; (in the sense of Definition 4.4 (a)).

For an arbitrary chart A; and all choices of the sets 7% and R, the construction of D
above together with Lemma 1.5 (b) and Definition 1.4 (b) show that for U € U — D any
good subset of the smooth hypersurfaces H*/ and H>U%) is transversal on A;. Considering
all charts together, we obtain all statements of Theorem 3.1 except that D is semialgebraic.

D is semialgebraic because of the following. For a chart A; and sets T* and R as above,
the maps F(Y) : . — N unite to an algebraic map

F:UXxL—-UxN, (Uz)— (UFY (), (32)

The set of its critical points in U x L with critical value (U,0) € U x {0} CU x N is an
algebraic subset of U x L. Its image under the projection to U is semialgebraic. Also the
union D of these sets over all choices of charts A; and sets T% and R’ is semialgebraic. [J

Remark 4.7. This proof of Theorem 3.1 is inspired by the proof of Khovanskii of a
theorem on generic systems of Laurent polynomials with fixed Newton polyhedra. He
considers complex coefficients, we consider real coefficients. But apart from that, our
situation and proof can be seen as a special case of his situation and proof. It is the
main theorem in §2 in [6]. Though, he uses, but does not formulate the Lemma 4.5. The
analogue of the toric compactification which he has to construct is in our situation the
space PAW.

The proof of Theorem 3.1 in this Section 4 implies the following corollary. The regularity
which it expresses is most useful in the case of points (e.g. Nash equilibria) in the standard
affine chart Ay and written with the standard defining maps in this chart.
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Corollary 4.8. Consider the situation in Theorem 5.1. Let U be the utility map of a
game with U € U — D (so it is generic). Let Ay C PAW be any one of the affine charts
of PAW. Let ZL be any point in A;. Consider any set of smooth hypersurfaces as in (12)
which 1s good and which contains the point ZL' Then the Jacobian of the defining maps in
this chart (which were used in the proof above) for these hypersurfaces is nondegenerate.

Proof. By Theorem 3.1 the subvarieties in a set as in (12) are smooth hypersurfaces and
everywhere transversal. The transversality in any affine chart A; was shown by proving
that the point f is a regular point of the tuple of defining maps in this chart of the
hypersurfaces. O
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