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On signless and normalized Laplacian spectra of a

subgraph of the total graph of Zn
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abstract

In this paper, we study the signless Laplacian eigenvalues of the subgraph Z∗(Γ(Zn)) of

the total graph of the integers modulo n, Zn, for certain values of n. We also identify

speci�c values of n for which the graph is Q-integral. Finally, we discuss the normalized

Laplacian spectrum of Z∗(Γ(Zn)).
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1. Introduction

A simple graph G is de�ned with the vertex set V (G) = {v1, v2, . . . , vk} and edge set

E(G) = {e1, e2, . . . , ek} with vi ∼ vj if and only if vi is adjacent to vj. Let Zn be the ring

of integers modulo n. The set of all zero divisors of Zn denoted by Z(Zn) and Z∗(Zn) is

the set of all non- zero zero divisors of Zn that is, Z∗(Zn) = {x(̸= 0) ∈ Zn : (x, n) ̸= 1}.
Therefore, the number of non- zero zero divisor of n is, n − ϕ(n) − 1. In this paper, we

consider only simple and undirected graph. A graph G is said to be connected if and

only if there exists a path between every pair of vertices of it. The number of edges of G

incident to the vertex v is the degree of the vertex. There are di�erent types of matrices

for a graph G, incidence matrix, adjacency matrix, degree matrix, Laplacian matrix,

signless Laplacian matrix, normalize Laplacian matrix etc. The adjacency matrix, A(G)

of a graph G is de�ned as A(G) = (aij)n×n with aij = 1 or 0 according as vi ∼ vj or not.

The Laplacian matrix, L(G) and signless Laplacian matrix, Q(G) of a graph G is de�ned
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as D(G) − A(G) and D(G) + A(G), respectively, where D(G) is the degree matrix with

all diagonal entries are the degree of the corresponding vertices and 0 otherwise. The

normalized Laplacian matrix L(G) associated with the graph G is de�ned as,

L(u, v) =


1 if u = v and deg v ̸= 0,

− 1√
degu degv

if u and v are adjacent,

0 otherwise.

In fact, we have

L(G) =D(G)−
1
2L(G)D(G)−

1
2

=D(G)−
1
2 (D(G)− A(G))D(G)−

1
2

=I −D(G)−
1
2A(G)D(G)−

1
2 ,

with the convention D−1(v, v) = 0 for deg v = 0.

Both the matrices L(G) and Q(G) are real positive semide�nite. 0 is the least eigenvalue

in L(G) with multiplicity equal to the number of connected components of G. But 0 is the

least signless Laplacian eigenvalue of Q(G) if and only if G is bipartite and the multiplicity

of 0 is equal to the number of bipartite components, which can be seen in [6].

The spectrum of Q(G) and L(G) are said to be signless Laplacian spectrum, σQ(G) and

normalized Laplacian spectrum, σL(G), respectively. Let λ1, λ2, . . . , λk be the distinct

eigenvalues of a matrix A with multiplicity m1,m2, . . . ,mk, respectively, then we will

denote the spectrum of A by (
λ1 λ2 . . . λk

m1 m2 . . . mk

)
.

A graph G is said to be complete if there exists an edge between every two distinct

vertices of G. A complete graph G with n vertices is denoted by Kn and it is an (n− 1)-

regular graph. It is very easy to calculate the signless Laplacian spectrum and normalized

Laplacian spectrum of Kn and these are

σQ(Kn) =

(
2n− 2 n− 2

1 n− 1

)
,

and

σL(Kn) =

(
0 n

n−1

1 n− 1

)
,

respectively.

Here, ϕ(n) denotes the number of positive integers that are co-prime to n. For every

positive integer n with the prime factorization n = pe11 pe22 . . . pekk ,

ϕ(n) = (pe11 − pe1−1
1 )(pe22 − pe2−1

2 ) . . . (pekk − pek−1
k ).

For every prime number p,

ϕ(p) + ϕ(p2) + . . .+ ϕ(pα) = pα − 1.
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Any unde�ned terminology can be seen in [3] and [4].

In 2008, Anderson and Badawi [2] introduced the total graph, T (Γ(R)) of a commutative

ring R. The vertices of T (Γ(R)) being the elements of R and two vertices x and y are

adjacent if and only if x + y ∈ Z(R). They introduced two induced subgraphs Z(Γ(R))

with vertices being the elements of Z(R) and Reg(Γ(R)) with vertices being the regular

or unit elements of R, of T (Γ(R)).

The Laplacian spectrum of the zero divisor graph of Zn for di�erent values of n, was

�rst introduced by Sriparna Chattopadhya et al. in [5]. In [1], Mojgan Afkhami et

al. established a way to �nd the signless Laplacian spectrum and normalized Laplacian

spectrum of the zero divisor graph of Zn for di�erent values of n. They also proved some

results related to the smallest and largest signless Laplacian eigenvalues of the same.

Later, S. Pirzada et al. found the signless Laplacian spectrum of the zero divisor graph

of Zn for di�erent values of n in [8] and [7]. They simpli�ed the process by de�ning the

zero divisor graph in G- generalized join graph and using the method to �nd the signless

Laplacian spectrum of G-generalized join graph, described by B.-F. Wu et al. in [10].

In this paper, we establish a simple method to �nd the signless Laplacian spectrum

and the normalized Laplacian spectrum of the subgraph Z∗(Γ(Zn)) of the total graph

T (Γ(Zn)) for n = pq, pt and n = pαqβ with p and q are distinct primes and t, α and β

are positive integers. In Section 2, we give some results about the structure of Z∗(Γ(Zn))

for some values of n. We also determine the signless Laplacian spectrum and normalized

Laplacian spectrum of Z∗(Γ(Zn)), for di�erent values of n and discuss some related results.

2. Structure of Z∗(Γ(Zn))

In Z∗(Γ(Zn)), the vertices are all the non-zero zero divisors of Zn. Young [11] de�ned a

new set Adi = {x ∈ Zn : (x, n) = di}, where di is a proper divisor of n. Young de�ned

vertices of Z∗(Γ(Zn)) as the union of pairwise disjoint sets Adi and expressed as,

V ∗(Γ(Zn)) = Ad1 ∪ Ad2 ∪ . . . ∪ Adk ,

where d1, d2 . . . dk are the proper divisors of n.

Now we state Lemma 2.1 from [11].

Lemma 2.1. [11] |Adi |= ϕ( n
di
).

For i, j ∈ {1, 2, . . . , k}, the adjacency relationship between the set Adi and Adj plays a

vital role in Z∗(Γ(Zn)). We state Lemma 2.2 and Lemma 2.3 from [4].

Lemma 2.2. [4] In Z∗(Γ(Zn)), two vertices x and y are adjacent if and only if atleast

one prime factor of x+ y is also a prime factor of n.

Lemma 2.3. [4] For i, j ∈ {1, 2, . . . , k} and for n = pq, pt and n = prqs, where p and q

are two distinct primes and r, s, t are positive integers, every vertex of Adi is adjacent to

all vertices of Adj in Z∗(Γ(Zn)) if and only if (di, dj) ̸= 1.
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The structure of the graph Adi(Γ(Zn)) for all i ∈ {1, 2, . . . k} was de�ned in [4]. Lemma

2.4 [4] states the structure of Adi(Γ(Zn)).

Lemma 2.4. [4] For all i ∈ {1, 2, . . . k}, the induced subgraph Adi(Γ(Zn)) of Z∗(Γ(Zn))

with vertices being the elements of Adi is the complete graph Kϕ( n
di

).

In [9], Schwenk de�ned the G-generalised join graph or generalised composition graph,

which plays a signi�cant role to �nd the signless Laplacian spectrum and normalize Lapla-

cian spectrum of Z∗(Γ(Zn)) for di�erent values of n. For a graph G with the vertex set

V (G) = {v1, v2 . . . vk}, the G- generalized join graph G[H1, H2 . . . Hk] of k pairwise dis-

joint graphs H1, H2 . . . Hk is the graph formed by replacing each vertex vi of G by the

graph Hi and then joining each vertex of Hj whenever vi ∼ vj in G. We state Lemma 2.5

from [4], which establishes the graph Z∗(Γ(Zn)) as γn-generalised join graph for n = pq, pr

and n = prqs, where p and q are two distinct primes and r, s are positive integers with at

least one is greater than 1.

Lemma 2.5. [4] For n = pq, pr and n = prqs, where p and q are two distinct primes and

r, s are positive integers with at least one is greater than 1,

Z∗(Γ(Zn)) = γn[Kϕ( n
d1

), Kϕ( n
d2

), . . . Kϕ( n
dk

)],

where γn is a graph with vertices being the elements of proper divisors of n and two vertices

x and y are adjacent if and only if (x, y) ̸= 1.

Moreover, for connectedness, we state Lemma 2.6 from [4].

Lemma 2.6. Z∗(Γ(Zn)) is connected, provided n ̸= pq where p and q are primes.

3. Signless Laplacian spectrum of G- generalised join graph

The signless Laplacian spectrum of G- generalised join graph was introduced by B.-F.Wu

et al. in [10]. The following result, Theorem 3.1 [10], is used to �nd the signless Laplacian

spectrum of Z∗(Γ(Zn)) for some values of n.

Theorem 3.1. [10] Let G be a graph with vertex set {v1, v2, . . . , vk} and let H1, . . . Hk be

k-pairwise disjoint r1- regular,. . ., rk- regular graphs with m1, . . .mk vertices, respectively.

Then the signless Laplacian spectrum of G[H1, H2, . . . Hk] is given by

σQ(G[H1, H2, . . . Hk]) =

(
k⋃

j=1

(Mj + (σQ(Hj) \ {2rj}))

)⋃
σ(Q(G)), (1)

where Q(G) = (qij)k×k with
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qij =


2ri +Mi, i = j,
√
mimj, vi ∼ vj,

0, otherwise,

(2)

and

Mj =


∑

vi∼vj

mi if NG(vj) ̸= ϕ,

0 otherwise.

In (1), σQ(Hj) \ {2rj} means that one copy of eigenvalue 2rj is removed from the

multiset σQ(Hj) and Mj + (σQ(Hj) \ {2rj} means that Mj is added to each element of

σQ(Hj) \ {2rj}.

Now, by using Theorem 3.1, we �nd the signless Laplacian spectrum Z∗(Γ(Zn)) where

n = pq, pt and n = pαqβ with p and q are distinct primes and t, α and β are positive

integers.

Theorem 3.2. The signless Laplacian spectrum of Z∗(Γ(Zpq)) is given by(
2(ϕ(p)− 1) 2(ϕ(q)− 1) ϕ(p)− 2 ϕ(q)− 2

1 1 ϕ(p)− 1 ϕ(q)− 1

)
.

Proof. From Lemma 2.5 and Lemma 2.6, Z∗(Γ(Zpq)) is a disconnected graph and Z∗(Γ(Zpq))

= Kϕ(p) ∪Kϕ(p). Therefore, the signless Laplacian matrix of it is a block diagonal matrix

with two blocks ϕ(p)I − J and ϕ(q)I − J , respectively, where I is the identity matrix

and J is the matrix with all entries are equal to 1. Thus the characteristic polynomial of

Z∗(Γ(Zpq)) is

(x− 2(ϕ(p)− 1))(x− (ϕ(p)− 2))ϕ(p)−1(x− 2(ϕ(q)− 1))(x− (ϕ(q)− 2))ϕ(q)−1,

and the roots of this polynomial are the required signless Laplacian spectrum of Z∗(Γ(Zpq)).

Theorem 3.3. For n = pt, the signless Laplacian spectrum of Z∗(Γ(Zpt)) is given by(
2pt−1 − 4 pt−1 − 3

1 pt−1 − 2

)
.

Proof. It can be easily seen that

Z∗(Γ(Zpt)) = Kpt−1−1.

Thus the signless Laplacian spectrum of Z∗(Γ(Zpt)) is the signless Laplacian spectrum

of Kpt−1−1. Thus the result.
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Let n = pαqβ with α > 1 and β ≥ 1. Therefore by Lemma 2.5 we have

Z∗(Γ(Zpαqβ)) = γpαqβ [Kϕ(pα−1qβ), Kϕ(pα−2qβ), . . . , Kϕ(q)].

We provide the following calculation related to the signless Laplacian spectrum. Through-

out the observation of Z∗(Γ(Zpαqβ)), we compute Mi for each vertex i ∈ V (γpαqβ) as

follows:

MP =
α∑

i=2

(
ϕ(pα−iqβ)

)
+

α∑
i=1

(
β−1∑
j=1

(
ϕ(pα−iqβ−j)

))
+

α−1∑
i=1

(
ϕ(pα−i)

)
,

and we calculate

α∑
i=1

(
β−1∑
j=1

(
ϕ(pα−iqβ−j)

))
+

α−1∑
i=1

(
ϕ(pα−i)

)
= pα−1qβ−1 − 1,

and
α∑

i=2

(
ϕ(pα−iqβ)

)
= ϕ(qβ)pα−2.

Thus

MP = ϕ(qβ)pα−2 + pα−1qβ−1 − 1. (3)

In the same way, we get for i ∈ {2, 3, . . . , α} and j ∈ {2, 3, . . . , α}

Mpi =ϕ(qβ)(pα−1 − pα−i + pα−(i+1)) + pα−1qβ−1 − 1, (4)

Mq =ϕ(pα)qβ−2 + pα−1qβ−1 − 1, (5)

Mqj =ϕ(pα)(qβ−1 − qβ−j + qβ−(j+1)) + pα−1qβ−1 − 1, (6)

Mpq =ϕ(pα)qβ−1 + ϕ(qβ)pα−1 + ϕ(qβ−1)pα−2 + pα−1qβ−2 − 1, (7)

Mpqj =ϕ(pα)qβ−1 + ϕ(qβ)pα−1 + ϕ(qβ−j)pα−2 + pα−1(qβ−1 − qβ−j + qβ−(j+1))− 1, (8)

Mpiq =ϕ(pα)qβ−1 + ϕ(qβ)pα−1 + ϕ(qβ−1)(pα−1 − pα−i + pα−(i+1)) + pα−1qβ−2 − 1. (9)

Hence

Mpiqj =
α∑

i=1

(
ϕ(pα−iqβ)

)
+

β∑
j=1

(
ϕ(pαqβ−j)

)
+

α∑
i=1

(
β−1∑
j=1

(
ϕ(pα−iqβ−j)

))

− ϕ(pα−iqβ−j) +
α−1∑
i=1

(
ϕ(pα−i)

)
=ϕ(pα)qβ−1 + ϕ(qβ)pα−1 + ϕ(qβ−j)(pα−1 − pα−i + pα−(i+1))

+ pα−1(qβ−1 − qβ−j + qβ−(j+1))− 1. (10)

Now we have the signless Laplacian spectrum of Kϕ(pα−1qβ). Also

α∑
i=2

(
ϕ(pα−iqβ)

)
+ ϕ(pα−1qβ)− 2 = ϕ(qβ)(pα−1)− 2.
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Thus,

Mp + (σQ(Kϕ(pα−1qβ)) \ {2(ϕ(pα−1qβ)− 1)}) =
(
ϕ(qβ)(pα−1) + pα−1qβ−1 − 3

ϕ(pα−1qβ)− 1

)
.

Similarly for i ∈ {1, 2, . . . , α} and j ∈ {1, 2, . . . , β},

Mpi + (σQ(Kϕ(pα−iqβ)) \ {2(ϕ(pα−iqβ)− 1)}) =
(
ϕ(qβ)(pα−1) + pα−1qβ−1 − 3

ϕ(pα−iqβ)− 1

)
,

Mqj + (σQ(Kϕ(pαqβ−j)) \ {2(ϕ(pαqβ−j)− 1)}) =
(
ϕ(pα)(qβ−1) + pα−1qβ−1 − 3

ϕ(pαqβ−j)− 1

)
,

Mpiqj + (σQ(Kϕ(pα−iqβ−j)) \ {2(ϕ(pα−iqβ−j)− 1)})

=

(
ϕ(qβ)(pα−1) + ϕ(pα)qβ−1) + pα−1qβ−1 − 3

ϕ(pα−iqβ−j)− 1

)
.

The multiplicity of each term can be determined. The multiplicity of ϕ(qβ)(pα−1) +

pα−1qβ−1 − 3 is
α∑

i=1

(
ϕ(pα−iqβ)− 1

)
, that is, ϕ(qβ)pα−1 − α. Similarly, the multiplicity of

ϕ(pα)(qβ−1)+pα−1qβ−1−3 is ϕ(pα)qβ−1−β and for ϕ(qβ)(pα−1)+ϕ(pα)qβ−1)+pα−1qβ−1−3

is pα−1qβ−1 − αβ. From Theorem 3.1, we have

σQ(Z
∗(Γ(Zpαqβ))) =

α⋃
i=1

(
Mpi + (σQ(Kϕ(pα−iqβ)) \ {2(ϕ(pα−iqβ)− 1)})

)
β⋃

j=1

(
Mqj + (σQ(Kϕ(pαqβ−j)) \ {2(ϕ(pαqβ−j)− 1)})

)
α⋃

i=1

(
β−1⋃
j=1

(
Mpiqj + (σQ(Kϕ(pα−iqβ−j)) \ {2(ϕ(pα−iqβ−j)− 1)})

))
α−1⋃
i=1

(
Mpiqβ + (σQ(Kϕ(pα−i)) \ {2(ϕ(pα−i)− 1)})

)⋃
(σQ(Q(G))).

Hence a part of signless Laplacian spectrum of the above eigenvalues of Z∗(Γ(Zpαqβ))

is given by

ϕ(qβ)(pα−1) + pα−1qβ−1 − 3 ϕ(pα)(qβ−1) + pα−1qβ−1 − 3 ϕ(qβ)(pα−1)

+ϕ(pα)qβ−1) + pα−1qβ−1 − 3

ϕ(qβ)pα−1 − α ϕ(pα)qβ−1 − β pα−1qβ−1 − αβ


and all other remaining signless Laplacian eigenvalues are calculated from the matrix

Q(G), which is given in Eq. (2). By using Eqs (3)-(10), we calculate the matrix Q(G) in
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the following way:

qij =



ϕ
(
qβpα−s

)
+ ϕ
(
qβ
)
pα−1 + pα−1qβ−1 − 3, if i = j = ps, s ∈ {1, . . . , α},

ϕ
(
pαqβ−t

)
+ ϕ(pα) qβ−1 + pα−1qβ−1 − 3, if i = j = qt, t ∈ {1, . . . , β},

ϕ
(
pα−sqβ−t

)
+ ϕ
(
qβ
)
pα−1 + ϕ(pα) qβ−1

+pα−1qβ−1 − 3, if i = j = psqt, s ∈ {1, . . . , α},
t ∈ {1, . . . , β},√

ϕ(pα−sqβ) ϕ(pα−tqβ), if i = ps, j = pt, i ̸= j, s, t ∈ {1, . . . , α},√
ϕ(pα−sqβ) ϕ(pα−tqβ−u), if i = ps, j = ptqu, s, t ∈ {1, . . . , α},

u ∈ {1, . . . , β},√
ϕ(pαqβ−s) ϕ(pαqβ−t), if i = qs, j = qt, i ̸= j, s, t ∈ {1, . . . , β},√
ϕ(pαqβ−s) ϕ(pα−tqβ−u), if i = qs, j = ptqu, s, u ∈ {1, . . . , β},

t ∈ {1, . . . , α},√
ϕ(pα−sqβ−t) ϕ(pα−uqβ−v), if i = psqt, j = puqv, i ̸= j,

s, u ∈ {1, . . . , α}, t, v ∈ {1, . . . , β},√
ϕ(pα−sqβ)ϕ(pα−tqβ−u), if i = ptqu, j = ps, and s ∈ {1, 2, . . . , α},

t ∈ {1, 2, . . . , α}, u ∈ {1, 2, . . . , β},√
ϕ(pαqβ−s)ϕ(pα−tqβ−u), if i = ptqu, j = qs, and s ∈ {1, 2, . . . , β},

t ∈ {1, 2, . . . , α}, u ∈ {1, 2, . . . , β},

0, otherwise.

(11)

It may be di�cult to �nd the eigenvalues of the matrix Q(G) of higher order. To �nd

eigenvalues of such kind of matrices we can take help of Matlab.

From the above discussion, we state Theorem 3.4.

Theorem 3.4. The signless Laplacian spectrum of Z∗(Γ(Zn)) is given by
ϕ(qβ)(pα−1) + pα−1qβ−1 − 3 ϕ(pα)(qβ−1) + pα−1qβ−1 − 3 ϕ(pα)(qβ−1) + ϕ(qβ)(pα−1)

+pα−1qβ−1 − 3

ϕ(qβ)pα−1 − α ϕ(pα)qβ−1 − β pα−1qβ−1 − αβ

 ,

and all the other eigenvalues can be calculated from the matrix Q(G) with (11).

Example 3.5. For Z ∗ (Γ(Z36)), the signless Laplacian spectrum of Z ∗ (Γ(Z36)) is given

by (
15 9 21

10 4 2

)
,
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and the remaining eigenvalues are calculated from the matrix Q(G), where

Q(G) =



21 6
√
12

√
12

√
6 0 0

6 21
√
12

√
12

√
6 0 0√

12
√
12 23 2

√
2

√
8 2√

12
√
12 2 23

√
2

√
8 2√

6
√
6

√
6

√
2 22 2

√
2

0 0
√
8

√
8 2 13 4

0 0 2 2
√
2 4 11


.

Note that if all the signless Laplacian eigenvalues of a graph G are integers, then we say

that G is Q-integral. In Lemma 3.6, Wu et al. [10] established a result on the Q-integral

eigenvalues of the G-generalized join graph.

Lemma 3.6. [10] Let H be a graph with V (H) = {1, 2, . . . , k}, let Gi be a ri- regular

graph of order ni (i = 1, 2, . . . , k) and G = H[G1, G2, . . . , Gk] and Q(H) is de�ned as in

Theorem 3.1, then G is Q- integral if and only if G1, G2, . . . , Gk are Q- integral and the

eigenvalues of Q(H) are integers. Moreover, if G1, G2, . . . Gk are all r-regular graphs of

order n, then G is Q-integral if and only if G1, G2, . . . , Gk and H are Q- integral.

Lemma 3.7. For n = pαqβ with p and q are distinct prime numbers and α and β are two

positive integers, then Z∗(Γ(Zn)) is Q- integral if and only if all the eigenvalues of Q(G)

are integers.

Proof. From Theorem 3.4 a part of signless Laplacian spectrum of Z∗(Γ(Zn)) is given by
ϕ(qβ)(pα−1) + pα−1qβ−1 − 3 ϕ(pα)(qβ−1) + pα−1qβ−1 − 3 ϕ(pα)(qβ−1) + ϕ(qβ)(pα−1)

+pα−1qβ−1 − 3

ϕ(qβ)pα−1 − α ϕ(pα)qβ−1 − β pα−1qβ−1 − αβ


and all other eigenvalues can be calculated from the symmetric matrix Q(G) de�ned in

Theorem 3.4.

Since ϕ(n) is always a positive integer for every positive integer n, by using Lemma 3.6

we can establish the result.

Using Theorem 3.2 and Theorem 3.3, it is veri�ed that for n = pq and n = pt, Z∗(Γ(Zn))

is Q-integral.

4. Normalized Laplacian spectrum of Z∗(Γ(Zn))

In this section, we discuss the normalized Lapalcian spectrum of Z∗(Γ(Zn)) for n = pq

and n = pt and n = pαqβ, where p and q are two distinct primes and t, α and β are

positive integers. It can be easy to �nd the normalized Laplacian spectrum of Z∗(Γ(Zn))

for di�erent values of n, by using Theorem 4.1, given by Wu et al. [10] in 2014.
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Theorem 4.1. Let G be a graph with vertex set {v1, v2, . . . , vk} and let H1, H2, . . . , Hk

be k-pairwise disjoint ri- regular graphs with m1,m2, . . . ,mk vertices, respectively. Then

the normalized Laplacian spectrum of G[H1, H2, . . . , Hk] is given by

σL(G[H1, H2, . . . , Hk]) =

(
k⋃

j=1

(
Mj

rj +Mj

+
rj

rj +Mj

(σL(Hj) \ {0})
))⋃

σ(L(G)),

where L(G) = (Iij)k×k with

Iij =


Mj

rj+Mj
, i = j and dG(vi) ̸= 0,

−
√

mimj

(ri+Mi)(rj+Mj)
, vi ∼ vj,

0, otherwise,

(12)

and

Mj =


∑

vi∼vj

mi, if NG(vj) ̸= ϕ,

0, otherwise.

Note that σL(Hj) \ {0} means that one copy of the eigenvalue 0 is removed from the

multiset σL(Hj) and
rj

rj+Mj
(σL(Hj) \ {0}) means

rj
rj+Mj

is multiplied to the remaining val-

ues of σL(Hj) \ {0}. Also by
Mj

rj+Mj
+

rj
rj+Mj

(σL(Hj) \ {0}), Mj

rj+Mj
is added to each term

of the multiset
rj

rj+Mj
(σL(Hj)\{0}). Moreover, it is clear that L(G) is a symmetric matrix.

The normalized Laplacian spectrum of Γ(Zn) is established in [1], which is stated in

Theorem 4.2.

Theorem 4.2. Let d1, d2, . . . , dk be the proper divisors of n. Then the normalized Lapla-

cian spectrum of Γ(Zn) is given by

σL(Γ(Zn)) =

(
k⋃

j=1

(
Mdj

rj +Mdj

+
rj

rj +Mdj

(σL(Γ(Adj)) \ {0})
))⋃

σ(L(Gn)),

where rj is equal to ϕ( n
dj
)− 1 or 0.

We determine the normalized Laplacian spectrum of Z∗(Γ(Zn)) for some values of n

by using Theorem 4.1 and Theorem 4.2. In Theorem 4.5, we discuss the normalized

Laplacian spectrum of Z∗(Γ(Zn)) for n = pαqβ, where p and q are distinct primes and α

and β are two non-negative integers.

Theorem 4.3. The normalized Laplacian spectrum of Z∗(Γ(Zpq)) is given by(
q−1
q−2

p−1
p−2

0

p− 2 q − 2 2

)
.
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Proof. By Lemma 2.5, Z∗(Γ(Zpq)) = γpq[Kϕ(q), Kϕ(p)]. Therefore, the normalized Lapla-

cian spectrum of Z∗(Γ(Zpq)) is given by

σL(Z
∗(Γ(Zpq))) =

(
Mp

ϕ(q)− 1 +Mp

+
ϕ(q)− 1

ϕ(q)− 1 +Mp

(σL(Kϕ(q) \ {0}))
)

⋃(
Mq

ϕ(p)− 1 +Mq

+
ϕ(p)− 1

ϕ(p)− 1 +Mq

(σL(Kϕ(p) \ {0}))
)

⋃
σ(L(Gpq)).

Here Mp = 0 and Mq = 0.

Putting the values of Mp and Mq, we obtain

σL(Z
∗(Γ(Zpq))) =

(
q−1
q−2

p−1
p−2

p− 2 q − 2

)⋃
σ(L(Gpq)).

We see that

L(Gpq) =

(
0 0

0 0

)
.

Thus the result.

We notice that

Z∗(Γ(Zpt)) = Kpt−1−1.

Thus the normalized Laplacian spectrum of Z∗(Γ(Zpt)) is given in Theorem 4.4

Theorem 4.4. The normalized Laplacian spectrum of Z∗(Γ(Zpt)) is given by(
0 pt−1−1

pt−1−2

1 pt−1 − 2

)
.

Theorem 4.5. For n = pαqβ, the normalized Laplacain spectrum of Z∗(Γ(Zn)) is given

by  A B C

ϕ(qβ)pα−1 − α ϕ(pα)qβ−1 − β pα−1qβ−1 − αβ + 1

 (13)

where

A =
ϕ(qβ)pα−1 + pα−1qβ−1 − 1

ϕ(qβ)pα−1 + pα−1qβ−1 − 2
,

B =
ϕ(pα)qβ−1 + pα−1qβ−1 − 1

ϕ(pα)qβ−1 + pα−1qβ−1 − 2
,

C =
ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 1

ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 2
,

and the remaining eigenvalues are determine from the symmetric matrix L(G) = (Iij)k×k,

given by

Iij =
ϕ(qβ)pα−2 + pα−1qβ−1 − 1

ϕ(qβ)pα−1 + pα−1qβ−1 − 1
,
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if i = j = p, and dG(p) ̸= 0.

Iij =
ϕ(qβ)(pα−1 − pα−t + pα−(t+1)) + pα−1qβ−1 − 1

ϕ(qβ)pα−1 + pα−1qβ−1 − 1
,

if i = j = pt, t ∈ {2, 3, . . . , α} and dG(p
t) ̸= 0.

Iij =
ϕ(pα)qβ−2 + pα−1qβ−1 − 1

ϕ(pα)qβ−1 + pα−1qβ−1 − 1
,

if i = j = q, and dG(q) ̸= 0.

Iij =
ϕ(pα)(qβ−1 − qβ−t + qβ−(t+1)) + pα−1qβ−1 − 1

ϕ(pα)qβ−1 + pα−1qβ−1 − 1
,

if i = j = qt, t ∈ {2, 3, . . . , β}, and dG(q) ̸= 0.

Iij =
ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + ϕ(qβ−1)pα−2 + pα−1qβ−2 − 1

ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 1
,

if i = j = pq, and dG(pq) ̸= 0.

Iij =
ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + ϕ(qβ−1)(pα−1 − pα−t + pα−(t+1)) + pα−1qβ−2 − 1

ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 1
,

if i = j = ptq, t ∈ {2, 3, . . . , α}and dG(p
tq) ̸= 0.

Iij =
ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + ϕ(qβ−t)pα−2 + pα−1(qβ−1 − qβ−t + qβ−(t+1))− 1

ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 1
,

if i = j = pqt, t ∈ {2, 3, . . . , β} and dG(pq
t) ̸= 0.

Iij =
ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + ϕ(qβ−s)(pα−1 − pα−t + pα−(t+1))

ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 1
,

+
pα−1(qβ−1 − qβ−s + qβ−(s+1))− 1

ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 1
,

if i = j = ptqs, t ∈ {2, 3, . . . , α} s ∈ {2, 3, . . . , β} and dG(p
tqs) ̸= 0.

Iij = −

√
ϕ(pα−sqβ)ϕ(pα−tqβ)

(ϕ(qβ)pα−1 + pα−1qβ−1 − 2)2
,

if i = ps, j = pt and s ̸= t, s, t ∈ {1, 2, . . . , α}.

Iij = −

√
ϕ(pα−sqβ)ϕ(pα−tqβ−u)

(ϕ(qβ)pα−1 + pα−1qβ−1 − 2)(ϕ(pα)qβ−1 + ϕ(qβ)pα−1 + pα−1qβ−1 − 2)
,

if i = ps and j = ptqu with s, t ∈ {1, 2, . . . , α}, u ∈ {1, 2, . . . , β}.

Iij = −

√
ϕ(pαqβ−s)ϕ(pαqβ−t)

(ϕ(pα)qβ−1 + pα−1qβ−1 − 1)2
,
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if i = qs, j = qt and s ̸= t, s, t ∈ {1, 2, . . . , α}.

Iij = −

√
ϕ(pαqβ−s)ϕ(pα−tqβ−u)

(ϕ(pα)qβ−1 + pα−1qβ−1 − 2)(ϕ(pα)qβ−1 + ϕ(qβ)pα−1 + pα−1qβ−1 − 2)
,

if i = qs and j = ptqu with s, u ∈ {1, 2, . . . , β}, u ∈ {1, 2, . . . , β}.

Proof. The structure of Z∗(Γ(Zpαqβ)) was established in Lemma 2.5. From Theorem 4.1,

we have

σL(Z
∗(Γ(Zpαqβ)))

=
α⋃

i=1

(
Mpi

ϕ(pα−iqβ)− 1 +Mpi
+

ϕ(pα−iqβ)− 1

ϕ(pα−iqβ)− 1 +Mpi
(σL(Kϕ(pα−iqβ)) \ {0})

)
β⋃

j=1

(
Mqj

ϕ(pαqβ−j)− 1 +Mqj
+

ϕ(pαqβ−j)− 1

ϕ(pαqβ−j)− 1 +Mqj
(σL(Kϕ(pαqβ−j)) \ {0})

)
α⋃

i=1

(
β−1⋃
j=1

(
Mpiqj

ϕ(pα−iqβ−j)− 1 +Mpiqj
+

ϕ(pα−iqβ−j)− 1

ϕ(pα−iqβ−j)− 1 +Mpiqj
(σL(Kϕ(pα−iqβ−j)) \ {0})

))
α−1⋃
i=1

(
Mpi

ϕ(pα−i)− 1 +Mpiqβ
+

ϕ(pα−i)

ϕ(pα−i)− 1 +Mpiqβ
(σL(Kϕ(pα−i)) \ {0})

)⋃
σ(L(Gn)).

(14)

HereMp,Mpi ,Mq,Mqj andMpiqj are calculated in (3)-(10). Now for all i ∈ {1, 2, . . . , α}
and j ∈ {1, 2, . . . , β},

ϕ(pα−iqβ)− 1 +Mpi = ϕ(qβ)(pα−1) + pα−1qβ−1 − 2,

ϕ(pαqβ−j)− 1 +Mqj = ϕ(pα)(qβ−1) + pα−1qβ−1 − 2,

and

ϕ(pα−iqβ−j)− 1 +Mpiqj = ϕ(pα)qβ−1 + ϕ(qβ)pα−1 ++pα−1qβ−1 − 2, j ∈ {1, 2, . . . , β − 1},
ϕ(pα−i)− 1 +Mpiqβ = ϕ(pα)qβ−1 + ϕ(qβ)pα−1 ++pα−1qβ−1 − 2, i ∈ {1, 2, . . . , α− 1}.

Each term of the Eq. (14) is determined in the following manner:

Mp

ϕ(pα−1qβ)− 1 +Mp

+
ϕ(pα−1qβ)− 1

ϕ(pα−1qβ)− 1 +Mp

(σL(Kϕ(pα−1qβ) \ {0}))

=
ϕ(qβ)(pα−2) + pα−1qβ−1 − 1

ϕ(qβ)(pα−1) + pα−1qβ−1 − 2
+

ϕ(pα−1qβ)− 1

ϕ(qβ)(pα−1) + pα−1qβ−1 − 2
(σL(Kϕ(pα−1qβ) \ {0})).

We have the normalize Laplacian spectrum of Kϕ(pα−1qβ). Thus second part with multi-

plicity is

((
ϕ(pα−1qβ)−1

ϕ(qβ)(pα−1)+pα−1qβ−1−2

)(
ϕ(pα−1qβ)

ϕ(pα−1qβ)−1

)
ϕ(pα−1qβ)− 1

)
.
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Thus by calculation we get,

Mp

ϕ(pα−1qβ)− 1 +Mp

+
ϕ(pα−1qβ)− 1

ϕ(pα−1qβ)− 1 +Mp

(
σL(Kϕ(pα−1qβ) \ {0})

)
=

(
ϕ(qβ)(pα−1)+pα−1qβ−1−1
ϕ(qβ)pα−1+pα−1qβ−1−2

ϕ(pα−1qβ)− 1

)
. (15)

Using the same process, we get other terms as follows. For i ≥ 2,

Mpi

ϕ(pα−iqβ)− 1 +Mpi
+

ϕ(pα−iqβ)− 1

ϕ(pα−iqβ)− 1 +Mpi

(
σL(Kϕ(pα−iqβ) \ {0})

)
=

(
ϕ(qβ)pα−1+pα−1qβ−1−1
ϕ(qβ)pα−1+pα−1qβ−1−2

ϕ(pα−iqβ)− 1

)
. (16)

Continuing the same process we can calculate for i ∈ {1, 2, . . . , α}

Mqj

ϕ(pαqβ−j)− 1 +Mqj
+

ϕ(pαqβ−j)− 1

ϕ(pαqβ−j)− 1 +Mqj

(
σL(Kϕ(pαqβ−j) \ {0})

)
=

(
ϕ(qβ)pα−1+pα−1qβ−1−1
ϕ(qβ)pα−1+pα−1qβ−1−2

ϕ(pαqβ−j)− 1

)
, j ∈ {1, 2, . . . β}. (17)

Mpiqj

ϕ(pα−iqβ−j)− 1 +Mpiqj
+

ϕ(pα−iqβ−j)− 1

ϕ(pα−iqβ−j)− 1 +Mpiqj
(σL(Kϕ(pα−iqβ−j) \ {0}))

=

(
ϕ(qβ)pα−1+ϕ(pα)qβ−1+pα−1qβ−1−1
ϕ(qβ)pα−1+ϕ(pα)qβ−1+pα−1qβ−1−2

ϕ(pα−iqβ−j)− 1

)
, j ∈ {1, 2, . . . β − 1}. (18)

Again for i ∈ {1, 2, . . . , α− 1},

Mpiqβ

ϕ(pα−i)− 1 +Mpiqβ
+

ϕ(pα−i)− 1

ϕ(pα−i)− 1 +Mpiqβ
(σL(Kϕ(pα−i) \ {0}))

=

(
ϕ(qβ)pα−1+ϕ(pα)qβ−1+pα−1qβ−1−1
ϕ(qβ)pα−1+ϕ(pα)qβ−1+pα−1qβ−1−2

ϕ(pα−i)− 1

)
. (19)

The algebraic multiplicity of each of the eigenvalue can be determine very easily. The

algebraic multiplicity of ϕ(qβ)pα−1+pα−1qβ−1−1
ϕ(qβ)pα−1+pα−1qβ−1−2

is
α∑

i=1

(ϕ(pα−iqβ)− 1) = ϕ(qβ)pα−1 − α. Simi-

larly, the algebraic multiplicity of ϕ(qβ)pα−1+pα−1qβ−1−1
ϕ(qβ)pα−1+pα−1qβ−1−2

is ϕ(pα)qβ−1 − β and the algebraic

multiplicity of ϕ(qβ)pα−1+ϕ(pα)qβ−1+pα−1qβ−1−1
ϕ(qβ)pα−1+ϕ(pα)qβ−1+pα−1qβ−1−2

is pα−1qβ−1 − αβ + 1.

Thus a part of the normalized Laplacian spectrum of Z∗(Γ(Zpαqβ)) is given by

σL(Z∗(Γ(Z
pαqβ

))) =

(
D E F

ϕ(qβ)pα−1 − α ϕ(pα)qβ−1 − β pα−1qβ−1 − αβ + 1

)
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where

D =
ϕ(qβ)pα−1 + pα−1qβ−1 − 1

ϕ(qβ)pα−1 + pα−1qβ−1 − 2
,

E =
ϕ(qβ)pα−1 + pα−1qβ−1 − 1

ϕ(qβ)pα−1 + pα−1qβ−1 − 2
,

F =
ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 1

ϕ(qβ)pα−1 + ϕ(pα)qβ−1 + pα−1qβ−1 − 2
.

All other normalized Laplacian eigenvalues of Z∗(Γ(Zpαqβ)) are obtained from L(G) de-

�ned in Theorem 4.1.

With the help of the Eqs (15)�(19) and the values of Mi's in matrix de�ned in Theorem

4.1, we can establish the matrix (13). Hence the theorem is proved.
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