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ABSTRACT

In this paper, we study the signless Laplacian eigenvalues of the subgraph Z*(I'(Z,)) of
the total graph of the integers modulo n, Z,, for certain values of n. We also identify
specific values of n for which the graph is Q-integral. Finally, we discuss the normalized
Laplacian spectrum of Z*(I'(Z,,)).
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1. Introduction

A simple graph G is defined with the vertex set V(G) = {vy,vs,...,v;} and edge set
E(G) ={e1,eq,..., e} with v; ~ v; if and only if v; is adjacent to v,. Let Z, be the ring
of integers modulo n. The set of all zero divisors of Z,, denoted by Z(Z,) and Z*(Z,) is
the set of all non- zero zero divisors of Z, that is, Z*(Z,) = {z(#£0) € Z, : (z,n) # 1}.
Therefore, the number of non- zero zero divisor of n is, n — ¢(n) — 1. In this paper, we
consider only simple and undirected graph. A graph G is said to be connected if and
only if there exists a path between every pair of vertices of it. The number of edges of G
incident to the vertex v is the degree of the vertex. There are different types of matrices
for a graph G, incidence matrix, adjacency matrix, degree matrix, Laplacian matrix,
signless Laplacian matrix, normalize Laplacian matrix etc. The adjacency matrix, A(G)
of a graph G is defined as A(G) = (a;;)nxn With a;; =1 or 0 according as v; ~ v; or not.
The Laplacian matrix, L(G) and signless Laplacian matrix, Q(G) of a graph G is defined
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as D(G) — A(G) and D(G) + A(G), respectively, where D(G) is the degree matrix with
all diagonal entries are the degree of the corresponding vertices and 0 otherwise. The
normalized Laplacian matrix £(G) associated with the graph G is defined as,

1 if u=wv and deg v # 0,

) -1
L(u,v) = vdegu degov

0 otherwise.

if u and v are adjacent,

In fact, we have

L(G) =D(G)"2L(G)D(G) 2
=D(G)"(D(G) — A(G))D(G)™*

1

—1 — D(G) T A(G)D(G)3,

N

with the convention D~!(v,v) = 0 for deg v = 0.

Both the matrices £(G) and Q(G) are real positive semidefinite. 0 is the least eigenvalue
in £(G) with multiplicity equal to the number of connected components of G. But 0 is the
least signless Laplacian eigenvalue of Q(G) if and only if G is bipartite and the multiplicity
of 0 is equal to the number of bipartite components, which can be seen in |6].

The spectrum of Q(G) and L(G) are said to be signless Laplacian spectrum, o (G) and
normalized Laplacian spectrum, o,(G), respectively. Let Aj, Ag, ..., A\x be the distinct
eigenvalues of a matrix A with multiplicity mgq,mao, ..., ms, respectively, then we will

denote the spectrum of A by
Al A o A
my Mo ... Mg ’

A graph G is said to be complete if there exists an edge between every two distinct
vertices of G. A complete graph G with n vertices is denoted by K, and it is an (n — 1)-
regular graph. It is very easy to calculate the signless Laplacian spectrum and normalized
Laplacian spectrum of K,, and these are

o0(K,) = (2n1—2 n—2)’

n—1

0 _n_
oc(Kn) = <1 nn:11> ’

Here, ¢(n) denotes the number of positive integers that are co-prime to n. For every

and

respectively.
positive integer n with the prime factorization n = p*p5* ... p}*,
- - ~1
¢(n) = (7" =PI )@0e — P& ") - (o — P )
For every prime number p,

o(p) + d(p?) + ...+ d(p*) = p* — 1.
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Any undefined terminology can be seen in [3] and [4].

In 2008, Anderson and Badawi [2| introduced the total graph, T'(I'(R)) of a commutative
ring R. The vertices of T(I'(R)) being the elements of R and two vertices z and y are
adjacent if and only if x +y € Z(R). They introduced two induced subgraphs Z(I'(R))
with vertices being the elements of Z(R) and Reg(I'(R)) with vertices being the regular
or unit elements of R, of T(I'(R)).

The Laplacian spectrum of the zero divisor graph of Z, for different values of n, was
first introduced by Sriparna Chattopadhya et al. in [5]. In [l], Mojgan Afkhami et
al. established a way to find the signless Laplacian spectrum and normalized Laplacian
spectrum of the zero divisor graph of Z,, for different values of n. They also proved some
results related to the smallest and largest signless Laplacian eigenvalues of the same.
Later, S. Pirzada et al. found the signless Laplacian spectrum of the zero divisor graph
of Z, for different values of n in [8] and [7]. They simplified the process by defining the
zero divisor graph in G- generalized join graph and using the method to find the signless
Laplacian spectrum of G-generalized join graph, described by B.-F. Wu et al. in [10].

In this paper, we establish a simple method to find the signless Laplacian spectrum
and the normalized Laplacian spectrum of the subgraph Z*(I'(Z,)) of the total graph
T(T(Zy)) for n = pq,p' and n = p*¢® with p and ¢ are distinct primes and ¢, a and j3
are positive integers. In Section 2, we give some results about the structure of Z*(I'(Z,))
for some values of n. We also determine the signless Laplacian spectrum and normalized
Laplacian spectrum of Z*(I'(Z,,)), for different values of n and discuss some related results.

2. Structure of Z*(I'(Z,))

In Z*(I'(Zy,)), the vertices are all the non-zero zero divisors of Z,. Young [11]| defined a
new set Ay, = {x € Z, : (x,n) = d;}, where d; is a proper divisor of n. Young defined
vertices of Z*(I'(Z,,)) as the union of pairwise disjoint sets A4, and expressed as,

V*(T(Zy)) = Agy, UAg, U .. U Ay,

where dy,ds . . .dy are the proper divisors of n.
Now we state Lemma 2.1 from [11].

Lemma 2.1. [L1] [Ag[= (7).

For i,j € {1,2,...,k}, the adjacency relationship between the set Aq, and Ay, plays a
vital role in Z*(I'(Z,,)). We state Lemma 2.2 and Lemma 2.3 from [4].

Lemma 2.2. [1] In Z*(T'(Z,)), two vertices x and y are adjacent if and only if atleast
one prime factor of x + 1y s also a prime factor of n.

Lemma 2.3. [4] Fori,j € {1,2,...,k} and for n = pq,p' and n = p"¢*, where p and q
are two distinct primes and r,s,t are posilive inlegers, every verter of Ag, is adjacent to
all vertices of Ag, in Z*(I'(Zy)) if and only if (d;,d;) # 1.
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The structure of the graph Ay (I'(Z,)) for all i € {1,2,...k} was defined in [4]. Lemma
2.4 |4] states the structure of Ay (I'(Z,)).

Lemma 2.4. || For all i € {1,2,...k}, the induced subgraph Aq,(I(Z,)) of Z*(I'(Z,))
with vertices being the elements of Aqg, is the complete graph Kyn).

In [9], Schwenk defined the G-generalised join graph or generalised composition graph,
which plays a significant role to find the signless Laplacian spectrum and normalize Lapla-
cian spectrum of Z*(I'(Z,,)) for different values of n. For a graph G with the vertex set
V(G) = {v1,vy... v}, the G- generalized join graph G[Hi, Hs ... Hy] of k pairwise dis-
joint graphs Hy, Hy ... Hy is the graph formed by replacing each vertex v; of G by the
graph H; and then joining each vertex of H; whenever v; ~ v; in G. We state Lemma, 2.5
from [1], which establishes the graph Z*(I'(Z,,)) as 7,-generalised join graph for n = pq, p"
and n = p"¢®, where p and ¢ are two distinct primes and r, s are positive integers with at
least one is greater than 1.

Lemma 2.5. [4] Forn = pq,p" and n = p"q®, where p and q are two distinct primes and
r,s are positive integers with at least one is greater than 1,

Z(0(Zn) = Koy Koy Kol

e
where v, s a graph with vertices being the elements of proper divisors of n and two vertices
x and y are adjacent if and only if (z,y) # 1.

Moreover, for connectedness, we state Lemma 2.6 from [4].

Lemma 2.6. Z*(I'(Z,)) is connected, provided n # pq where p and q are primes.

3. Signless Laplacian spectrum of G- generalised join graph

The signless Laplacian spectrum of G- generalised join graph was introduced by B.-F.Wu
et al. in [10]. The following result, Theorem 3.1 [10], is used to find the signless Laplacian
spectrum of Z*(I'(Z,,)) for some values of n.

Theorem 3.1. [10]| Let G be a graph with vertex set {vi,vs,...,vx} and let Hy, ... Hy be
k-pairwise disjoint ri- regular,. . ., ri- reqular graphs with my, ... my vertices, respectively.
Then the signless Laplacian spectrum of G[Hy, Hy, ... Hy| is given by

0Q(G[Hy, Hy, ... Hy]) = (U(Mj + (0 (H;) \ {27’j}))> Ua(e(@)), (1)

j=1

where Q(G) = (Gij)kxr with
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27’Z'+Mi, Z:],
Qij = § /MMy, UV ~ Uy, (2)

0, otherwise,

and

>, mi if Na(v;) # ¢,
M. — Vi~V

J
0 otherwise.

In (1), og(H;) \ {2r;} means that one copy of eigenvalue 2r; is removed from the
multiset og(H;) and M; + (og(H;) \ {2r;} means that M; is added to each element of

oq(H;) \ {2r;}.

Now, by using Theorem 3.1, we find the signless Laplacian spectrum Z*(I'(Z,,)) where
n = pq,p' and n = p®¢® with p and ¢ are distinct primes and ¢, a and 3 are positive
integers.

Theorem 3.2. The signless Laplacian spectrum of Z*(I'(Z,,)) is given by

(2(¢(p) —1) 2(é(e) = 1) o(p) —2 ¢(q) — 2)
1 1 op) =1 olg) -1/

Proof. From Lemma 2.5 and Lemma 2.6, Z*(I'(Z,,)) is a disconnected graph and Z*(I'(Z,,))
= Ky U Ky(p). Therefore, the signless Laplacian matrix of it is a block diagonal matrix
with two blocks ¢(p)l — J and ¢(q)I — J, respectively, where I is the identity matrix
and J is the matrix with all entries are equal to 1. Thus the characteristic polynomial of
Z*(D(Zpg)) 1s

(z = 2(6(p) = D)= — (6p) — 2)*"~! (= — 2(d(q) — 1)) (& — (¢(q) —2))"P7",

and the roots of this polynomial are the required signless Laplacian spectrum of Z*(I'(Z,,)).
0

Theorem 3.3. For n = p', the signless Laplacian spectrum of Z*(T'(Zy)) is given by

2pt71 —4 ptfl -3
1 pt=t—2)"
Proof. It can be easily seen that

Z*(D(Zy)) = K11

Thus the signless Laplacian spectrum of Z*(I'(Z,:)) is the signless Laplacian spectrum
of K,i-1_;. Thus the result. ]
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Let n = p®¢® with a > 1 and 3 > 1. Therefore by Lemma 2.5 we have
Z"(D(Zpogs)) = Yoo [K¢(p“‘1q3)’ Kopo-2q8)5 -+ Ky(g))-

We provide the following calculation related to the signless Laplacian spectrum. Through-
out the observation of Z*(I'(Z,e,)), we compute M; for each vertex i € V(7ypaqs) as
follows:

z<>z(z< ) B

=2

and we calculate

and

Thus
Mp = ¢(q")p* 2 +p*'¢" ' — 1. (3)

In the same way, we get fori € {2,3,...,a} and j € {2,3,...,a}

My =¢(q”)(p*™" — p*~" + p*~ 0T 4 potgf T — 1, (4)
My =¢(p*)q" > +p* ¢ = 1, (5)
qu — <p01)<qﬁ*1 _ qﬁfj + qﬁ*(,]‘i’l)) _i_paflqﬁfl 1’ (6)
My =0(p™)q" " + o(¢”)p™ " + d(¢” M )p* 2+ p* 1" - 1, (7)
M, =0(p™)¢* ™ + d(¢")p™ ™ + ¢(¢" Np* 2+ p* " = P + ¢ 1, (8)
Myiq =¢(p*)a" ™" + &(a")p" ™" + 0" ) (™ = p™ 7 + ") 4 p T -1 (9)
Hence
« B « £s—1
Mpq]_z alﬂ +Z aﬂ] Z(Z(¢(pa zqﬁ ]>)>
i=1 i=1 \j=1
— o) + Z (¢(p*~
=1
=p(p™)¢" " + d(¢)p* " + G(¢¥ ) (pt — 4 p )
+p" N = ) — 1 (10)

Now we have the signless Laplacian spectrum of Kya-14s). Also

(07

S (60°7%) + 0 1¢%) — 2 = 6(¢”) () — 2.

1=2
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Thus,

BY(p*1) 4 pa—lgh-1t —
M, + (0g(Kype-14m) \ {2(¢(p*'¢") = 1)}) = (¢(q (1) +p* g 3>‘

o(p*'q%) =1
Similarly for i € {1,2,...,a} and j € {1,2,...,5},

o(q°) (1) +po gt — 3)

M (UQ(K¢ a—ig )\{2( ( o ﬁ) 1)}) = ( ¢(pa—iq6) -1

. ay(B—1Y 4 pa—1 B8-1 _
My + (o) \ 200007 ) = ) = (0N D3B3,

o(pg°7) -1

My + (0Q(Kppe-ign-n) \{2(0(p*'¢"7) = 1)})

_ (Wqﬁ)(po‘_l) +o(p*)g? ) + p P — 3)
Pp(p*ig?) —1 '

The multiplicity of each term can be determined. The multiplicity of ¢(¢®)(p®~t) +
p* gt -3 s Z (p(p*~¢”) — 1), that is, ¢(¢°)p*~* — a. Similarly, the multiplicity of

™) (P )+ TP -3 ¢(p*)g”~' =B and for ¢(¢”) (p* 1)+ (p*)¢” 1) +p* g7 =3
is p*~1¢°~! — a3. From Theorem 3.1, we have

'C@

-
I
N

0Q(Z* (0 (Zye2))) =\ (M + (0K gpa-iqr)) \ {2(6(p"'¢") = 1)}))

+ (0 (Kpegr-1) \ {2(6(*¢" ) = 1)}))

C=
5

<.
Il
-

~—
<. >
)

(Myigs + (0B pipa-igr-n) \ {2(6(p"'¢"7) - 1)}))>

P IC -

—_

(Myigp + (00(Ese-) \ {2(0(0* ) = D})) [ J(00(Q(G)))-

@
I
-

Hence a part of signless Laplacian spectrum of the above eigenvalues of Z*(I'(Z0,s))

is given by
(q®) (1) +p* 1P =3 P(p™) (") +p* 1P -3 o(d”)(p*1)
+o(p*)g” ) +p* P -3
o(¢P)p! — o(p*)g?~1 - B p* P —ap

and all other remaining signless Laplacian eigenvalues are calculated from the matrix
Q(G), which is given in Eq. (2). By using Egs (3)-(10), we calculate the matrix Q(G) in
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the following way:

qi; =

(6(¢°p°*) + 6(¢°) p* ' +p*1g" = 3,
o (p“q"") + o(p™) " + p* L¢Pt = 3,

o(p**¢"") + ¢(¢%) p*t + o (p™) ¢°7!
+p* " =3,

Vorr—2¢%) o(p>—tqP),
Vo —2qP) d(p—tgfv),

Vo a®=*) o(prq°),
Vo aP#) d(pigfv),

Vo(pr—q"~t) ¢(po—ug’—v),

Vopr—2q?)p(p>tgPm),

Vo aP)(p>tgm),

iti=j5=p° se{l,...,a},

le:j:qt’ te{l,,ﬂ},

ifi=j7=p¢, se{l,...,a},
ted{l,..., B},

ifi=p° j=0p" i#j s,te{l,... a},

ifi =p° j=p'q", s,te{l,...,a},
we{l,...,B},

if/[/:qs7]:qt7?/#]7 S7te{]‘7"'7/8}7

ifi=q% j=p'¢", s,ue{l,...,B},
te{l,...,a},

if i = p*d', j =p"q", i # 7,
s,ued{l, ... al, t,ve{l,...,B},

ifi =plq", j=p° and s € {1,2,...
te{l,2,...;at,ue{l,2,...,5},

705}7

if i = plq*, j=¢° and s € {1,2,..., 0},
te{l,2,...;a}t,ue{l,2,...,5},

otherwise.

(11)

It may be difficult to find the eigenvalues of the matrix Q(G) of higher order. To find
eigenvalues of such kind of matrices we can take help of Matlab.

From the above discussion, we state Theorem 3.4.

Theorem 3.4. The signless Laplacian spectrum of Z*(I'(Zy,)) is given by

(g (pt) +p* gt

(") —

o(p*)g"t —

=3 o) (@ )+ =3 (™) (@" ) + o(¢”) ()

+pa—lqﬂ—l -3

8 p* gt —ap

and all the other eigenvalues can be calculated from the matriz Q(G) with (11).

Example 3.5. For Z x (I'(Zs)), the signless Laplacian spectrum of Z * (I'(Zsg)) is given

by

15 9 21
10 4 2

)
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and the remaining eigenvalues are calculated from the matrix Q(G), where

21 6 V12 V12 v6 0 0
6 21 V12 V12 v6 0 0
V12 V12023 2 V2 VB 2
Q@) =|v12 V2 2 23 V2 VB 2
V6 V6 V6 V2 22 2 V2
0 0 V8 V8 2 13 4
0 0 2 2 V2 4 11

Note that if all the signless Laplacian eigenvalues of a graph G are integers, then we say
that G is Q-integral. In Lemma 3.6, Wu et al. [10] established a result on the Q-integral
eigenvalues of the G-generalized join graph.

Lemma 3.6. [10] Let H be a graph with V(H) = {1,2,...,k}, let G; be a r;- regular
graph of order n; (i = 1,2,...,k) and G = H[G1,Gs,...,Gy| and Q(H) is defined as in
Theorem 5.1, then G is Q- integral if and only if G1,Gs, ..., Gy are Q- integral and the
eigenvalues of Q(H) are integers. Moreover, if G1,Gs,...Gy are all r-reqular graphs of
order n, then G is Q-integral if and only if G1,Gs, ..., Gy and H are Q- integral.

Lemma 3.7. Forn = p“q¢® with p and q are distinct prime numbers and o and 3 are two
positive integers, then Z*(I'(Z,)) is Q- integral if and only if all the eigenvalues of Q(QG)
are integers.

Proof. From Theorem 3.4 a part of signless Laplacian spectrum of Z*(I'(Z,)) is given by

(@) (> ")+ =3 o) () +p* P =3 o(p*) (¢ + ¢(¢%) (P )
_{_paflq,é’fl -3

o)t —a o(p*)g*t - B PPt —ap

and all other eigenvalues can be calculated from the symmetric matrix Q(G) defined in
Theorem 3.4.

Since ¢(n) is always a positive integer for every positive integer n, by using Lemma 3.6
we can establish the result. O]

Using Theorem 3.2 and Theorem 3.3, it is verified that for n = pg and n = p*, Z*(T'(Z,,))
is (Q-integral.

4. Normalized Laplacian spectrum of Z*(I'(Z,,))

In this section, we discuss the normalized Lapalcian spectrum of Z*(I'(Z,)) for n = pq
and n = p' and n = p*¢”®, where p and ¢ are two distinct primes and ¢, and /3 are
positive integers. It can be easy to find the normalized Laplacian spectrum of Z*(I'(Z,,))
for different values of n, by using Theorem 4.1, given by Wu et al. [10] in 2014.



138 BORA RAJKHOWA

Theorem 4.1. Let G be a graph with vertex set {vy,vs,...,vx} and let Hy, Hy, ..., Hy
be k-pairwise disjoint r;- reqular graphs with my, mo, ..., my vertices, respectively. Then
the normalized Laplacian spectrum of G[Hy, Ho, . .., Hy| is given by

k

mmwuamJMF(U(dﬁm+mewMM\mﬁ>Udam»

where L(G) = (1;;)kxr with

Tj]fj%, i =7 and dg(v;) # 0,
i =\~ emmmrmy v~ (12)
0, otherwise,
and
> mi, if Na(v;) # ¢,
Mj = { Vi™j
0, otherwise.

Note that o.(H;) \ {0} means that one copy of the eigenvalue 0 is removed from the

multiset o (H;) and - +M (oo(H )\{O}) means +M is multlphed to the remaining val-

i (oc(Hy) \ {0}), +M is added to each term
( c(H )\{O}) Moreover, it is clear that £(G) is a symmetric matrix.

ues of o, (H;) \

of the multlset

The normalized Laplacian spectrum of T'(Z,,) is established in [1], which is stated in
Theorem 41.2.

Theorem 4.2. Let dy,ds, ..., d; be the proper divisors of n. Then the normalized Lapla-
cian spectrum of T'(Zy,) is given by

rj+ Mg 1+ Mg,

@@mm:<u( T L wmwm»wmﬁ)Uda@»

where r; is equal to ¢(7-) — 1 or 0.
J

We determine the normalized Laplacian spectrum of Z*(I'(Z,)) for some values of n
by using Theorem 4.1 and Theorem 4.2. In Theorem 4.5, we discuss the normalized
Laplacian spectrum of Z*(I'(Z,,)) for n = p®q®, where p and ¢ are distinct primes and «
and [ are two non-negative integers.

Theorem 4.3. The normalized Laplacian spectrum of Z*(I'(Z,,)) is given by
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Proof. By Lemma 2.5, Z*(I'(Zyq)) = Vpg[ K s(q), K p(p)]- Therefore, the normalized Lapla-
cian spectrum of Z*(I'(Z,,)) is given by

oelZ ) = (= 353r, * ) s, o0 \ 1)
M, op) — 1
( ST e o \ 101))
Ug(ﬁ(qu))-

Here M, = 0 and M, = 0.
Putting the values of M,, and M,, we obtain

q—1 p—1
72 (D(Z,)) = (pq;g F 2) (LG
We see that
00
Thus the result. [

We notice that
Z*(F(Zpt>> =K, 1_4.

p

Thus the normalized Laplacian spectrum of Z*(I'(Z,:)) is given in Theorem 4.4

Theorem 4.4. The normalized Laplacian spectrum of Z*(I'(Z,)) is given by

Theorem 4.5. For n = p®q®, the normalized Laplacain spectrum of Z*(I'(Zy)) is given

by
A B C
(13)
o)t —a d() =8 pP T —aB+1
where
Ao O T 4t
¢(q”)p*t +plg T =2
p(p*)g*t +plgft -1
B —
o(p)
?(q”)

_ @)+ o) +p T — 1

A(q”)p* + d(p*)gP T+ pr g =2
and the remaining eigenvalues are determine from the symmetric matriz L(G) = (L) kxk,
given by

o(¢P)p2 +p>tgft =1

I =
Tg(@P)prt +pelgft =17
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if i =7 =p, and dg(p) # 0.

¢(qﬁ>(pa—1 _pa—t _|_poc—(t+1)) +pa—1qﬁ—l -1
o(gP )t +potgP T -1 ’

ifi=j=p" t€{23,...,a} and do(p') #0.

o(p*)g" 24+ p*tgf T — 1
o(p*)g" +pr P = 1

Iij —

ifi=7=gq, and dg(q) # 0.

o(p*)(¢* " — ¢t 4¢P D) 4 pelgftl -1
¢(p*)g" +plg =1 ’

ifi=j7=4q¢", te€{2,3,...,8}, and da(q) # 0.

¢ )" + o) + P(¢" ) +p " -
P(@P)pt + ¢(p*)g” "t + poigP T — 1 ’

if i = j =pq, and dg(pg) # 0.

(q®)p*t + d(p*) gt + d(¢P ) (pot — pot 4 po D) palgft? —
P(@P)pt + ¢(p*)g” "t + prigP T — 1 ’

ifi=j=p'qt€{2,3,. .. atand da(p'q) #0.

()" + d(p) " + (P )p 2+ p (P — P D) — 1
o(@*)p*~t + o(p*)gP~t + polgft 1 ’
ifi=j=pq¢", te{23,...,6} and dg(pq") # 0.
¢(q5)p°‘_1 + ¢(p"‘)q5_1 + ¢<q6—5>(pa—1 _pa—t _'_poz—(t-l—l))
¢(q”)p*t + d(p*)g" +pr P 11 ’
PN = P+ P — 1
A(q”)p* " + d(p*)g? " +pr P = 1

ifi:j:ptqs,t€{2,3,._.,a} 86{2’37""5} anddG(ptqs)%O

Iij —

L=

L=

I; =

Iij -

I— \/ (¢ p(p*'¢")
%) (¢(qﬁ)pa71 _|_paflqﬁ71 _ 2)27

ifi=p° j=p and s#t, s,t €{1,2,...,a}.

I (" *q")o(p*'¢" )
(0(¢?)pe=t +pe=1gP =1 = 2)(B(p°) g~ + p(g)po—t + poight - 2)
if i =p® and j = p'q* with s,t € {1,2,...,a}, u € {1,2,...,8}.

I”_\/ (") (p*¢" ")

(¢(pa)qﬁ—1 +pa—1qﬁ—1 _ 1)2’
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ifi=q¢ j=q¢ and s#t, s,t € {1,2,... a}.

\/ d(p*q°*)p(p*tq" )

(0(p*)g" ! +p*1¢7 = 2)(d(p*)a° " + ¢(¢P)p~ +p g = 2)

if i = q¢° and j = p'q" with s,u € {1,2,...,8}, we{1,2,...,8}.

Iij:_

Proof. The structure of Z*(I'(Za,s)) was established in Lemma 2.5. From Theorem 4.1,
we have

0(Z7 (T (Zpege)))

:Q (szﬁ(pa—iqﬁj)wf TR ¢(pﬂf;ﬁ_)iq_ﬁ)1;1Mpi (0£(Kgpa-ig) \ {0}))
jL:Jl (cb(paqﬁf;fq—j T, ¢(pfc§gaﬂq‘)ﬁ_—j)1_+quj (0c{Koprgr) \ {O}))
Q <: (¢(pmqﬁ%pi—qj1 My, ¢<pf§’;;_gﬁ__? J_r lepiqj (oL (Kgpo-iqr-1) \ {0})))
:1 <¢(pa‘i) y If+ My ¢(pa—z'g)b(fa1_2 M0 (T£(Kgpei) \ {0})> Je(2(Gn)).

(14)

Here M, M,:, My, M,; and M, are calculated in (3)-(10). Now for alli € {1,2,...,a}
and j € {1,2,.... 8},

o(p* ¢ — 14+ My = ¢(¢")(p* ") +p* g7 =2,

o) =1+ My = o(p*)(¢" ") +p* ¢ = 2,

and

(ﬁ(paiiqﬁij) — 1+ Mpiqj = gb(pa)qﬁfl + ¢(q’6)pa71 + —i—pa*lqﬁfl - 27 J € {17 27 B 75 - 1}?
S ) = 14+ Mygs = o(p*)g" ' + o(¢")p" " +4p* 1" =2, i€ {1,2,...,a— 1},

Each term of the Eq. (141) is determined in the following manner:

Mp Qb( ot B) —1
S 1P — 1+ M, ¢(p"“plqﬁ)q— T2z, e W A O1)
5] a—2 a—1_Bg-1 a—1_ B\ __
_ AT pt " 1 ¢ q") =1 (0e(E s s\ {01)).

o(q%)(p2=1) +petgP~t =2 o(¢P)(pot) + plgft -2

We have the normalize Laplacian spectrum of Kgpe-146). Thus second part with multi-

( $(p*~'q?)—1 ) ( $(p* 4% )
plicity is [ \¢@)@E*D+p1e?1=2 ) \o(p*~1¢”)-1) | |
o(p*'¢") — 1
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Thus by calculation we get,

M, o(p* ') -1
+ 0o (K ypa—1,8 0
¢(pa—1q,3) —1+ M, ¢(pa—1q5> — 1+ M, ( ( d(p*~1q )\{ }))
¢>(?ﬁg§p““l)+pa‘1%ﬁ‘lfl
= #(gP)p—t4pa—lgf-1-2 | (15)
P(p*1¢?) — 1

Using the same process, we get other terms as follows. For ¢ > 2,

My o(p*'q”) -1
- + B g K a—1 0
¢(pa—zq5) -1+ Mpi ¢(pa—zqﬁ) -1+ Mpi ( L( d(pe—ig) \ { }))
G(aP)p* " +p*gf 11
= [ ¢@@)po—t4p—tgft-2 ] (16)
o(p°'q") — 1

Continuing the same process we can calculate for ¢ € {1,2,... o}

M, P(p*q®7) -1
S — L+ M, | dpraP ) — 1+ M, (e (Kogoqrs \ {0}))
<¢(q5)p°‘1+pa1q51—1

¢(q;)€;a;ﬂgp°;)1q—£11—2> , je{L,2,...6}. (17)

Myigs d(p*'q"7) — 1
piq o
S ) — 1+ My | G iq7) — 1+ My (02(Eopr-rar-n \ 103))
o(@? ) +o(p*)g’ T 4plgf -1
= | ¢@p o) el =2 ) e 19 31}, (18)

S(p*~'q") — 1

Again for i € {1,2,...,a — 1},

M a=t)y — 1
p'q? + ¢Ep )

gb(pa_i) -1+ Mpiqﬁ gb(pa_ ) -1+ Mpiq/’

(02(Kgpa—iy \ {0}))

P(a®)p* 14 (p*)q® 1 4p>gf 11
= | ¢@)pe—T+(p*)gP T Hpe—1gf~1-2 | (19)
¢(po¢—z) _ 1

The algebraic multiplicity of each of the eigenvalue can be determine very easily. The

. e Bypa—lypa—lgh-1_1 . & i o o
algebraic multiplicity of iggﬂiia—lﬁa*lzﬁfl_i is ;@@a ¢#) — 1) = ¢(¢*)p*~' — a. Simi-

Z:jgjjgi:t; is ¢(p®)q°~! — B and the algebraic

PO () 1 4p2 g1 L n1 -1
pafl+¢(pa)q571+pa71q671_2 15 p q - O[/B + 1

Thus a part of the normalized Laplacian spectrum of Z*(I'(Zy,s)) is given by

larly, the algebraic multiplicity of jggigi

NRTIY )
multiplicity of PYeE)

( D i) F )
g * =
L(Z*(T(Z o y8))) (ﬁ(qﬁ)pa_l —a gb(pa)qﬁ_l — B pa—lq,B—l —af+1
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where

oo A+t
P(q”)p*~t +prlg Tt =2

g O@ T 4 -1
A(q”)pt +prlgi Tt =2

o O@PT W) "
A(q)p* "+ o(p*)g" T +pr gt =2

All other normalized Laplacian eigenvalues of Z*(I'(Z,e,5)) are obtained from L£(G) de-
fined in Theorem 4.1.
With the help of the Eqs (15)—(19) and the values of M,’s in matrix defined in Theorem

4.1, we can establish the matrix (13). Hence the theorem is proved. O
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