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ABSTRACT

In this work we study the acyclic orientations of graphs. We obtain an encoding of the
acyclic orientations of the complete p-partite graph with size of its parts ni,no, ..., n, via
a vector with p symbols and length n = n; +ny+...+n, when the parts are fixed but not
the vertices in each part. We also give a recursive way to construct all acyclic orientations
of a complete multipartite graph, this construction can be done by computer easily in order
O(n). Furthermore, we obtain a closed formula for non-isomorphic acyclic orientations
of both the complete multipartite graphs and the complete multipartite graphs with a
directed spanning tree. Moreover, we obtain a closed formula for the number of acyclic
orientations of a complete multipartite graph Ky, . ,, with labelled vertices. Finally, we
obtain a way encode all acyclic orientations of an arbitrary graph as a permutation code.
Using the codification mentioned above we obtain sharp upper and lower bounds of the
number of acyclic orientations of a graph.
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1. Introduction

Throughout this paper, we will focus our attention on finite simple graphs G, with V(G)
denoting the set of vertices of the graph and E(G) denoting the set of edges. A multipartite
graph is a graph whose vertices can be partitioned into independent sets (parts). A
multipartite graph with k parts is referred to as a k-partite graph, and the complete
k-partite graph is the graph with & parts which contains an edge between every pair of
vertices from different parts. This is denoted K, p, . n,, Where each n; is the number of
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vertices within part V;.

An orientation of a graph is an assignment of a direction to each edge in some way. An
orientation of a graph is said to be acyclic if the assignment does not form any directed
cycles. In an orientation of a graph a vertex is said to be a source if its in-degree is

zero, and similarly, a vertex is said to be a sink if its out-degree is zero. We denote the
k

multinomial coefficients by (al,a:...,ak,) = m where n = ;ai and aq,as,...,a; are
nonnegative integers. A set of vertices of a graph G is indegendent if its vertices are
pairwise nonadjacent. The independence number of a graph G, denoted by a(G), is the
cardinality of a largest independent set of G. Similarly, we denote the chromatic number
of G, by x(G). The chromatic number of G is the smallest number of colors needed to
color the vertices of G so that no two adjacent vertices share the same color. Similarly,
X denotes the chromatic polynomial of G. The chromatic polynomial x4 at a positive
integer A\, xa(A), is defined by the number of A-colorings of the graph G.

Acyclic orientations of a graph have been widely studied since the last century. One
of the well-known results about acyclic orientations of a graph, the Gallai-Hasse-Roy-
Vitaver theorem |7, Theorem 3.13, p. 42|, was discovered (several times) during the
60’s by these four authors above. The theorem states that the chromatic number of
a connected graph equals one more than the length of the longest path of an acyclic
orientation chosen to minimize this path length. In 1973, Stanley [12] obtains that the
number of acyclic orientations of a graph G with order n is (—1)"xg(—1). In 1986,
Linial [6] used this result to prove that the number of acyclic orientation of a graph is
an #P-complete problem. In 1984, Johnson [1] investigated the relationship between
certain acyclic orientations and network reliability. In that paper, Johnson describes how
generating the acyclic orientations of a network with a unique source can be used in
computing its reliability. Other constructive methods for listing the acyclic orientation
of a graph G were investigated in [8, 9, 10, 11]. Squire’s algorithm in [10] requires O(n)
time per acyclic orientation generated. Acyclic orientations of complete bipartite graphs
were studied in [5] and [13], and here, in this work, we extend to complete multipartite
graphs.

In this paper we study the acyclic orientations of complete multipartite graphs. In Sec-
tion 2, we focus primarily on graphs with unlabelled vertices. We obtain a recursive way to
construct all acyclic orientations of a complete multipartite graph with unlabelled vertices,
and this construction can be done easily with a computer in order O(n) supported on the
encoding given by Theorem 2.5 that is shown in (2). Additionally, Theorem 2.7 counts the
number of non-isomorphic acyclic orient?tii)ni og the complete multipartite graphs; in par-
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bers which represent the sizes of the parts in K, ,,. Theorem 2.8 gives a closed formula

ticular, we obtain that B(n4,...,n,) = where 71,179, ..., r, are the distinct num-

for non-isomorphic acyclic orientations of the complete multipartite graphs which contain
(maretne) (i +...+n)? = (nf+... +n))

Nni,...,Mp .
rlooorsh (o) — (e + .+ ny)
In Section 3, we deal with the acyclic orientations of complete multipartite graphs with

a directed spanning tree, C(nq,...,n,) =

labelled vertices. In this sense, we obtain a closed formula for the ordinary generating
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: . k1, .k2 k :
functions F(z1, 2, ...,1,) = 5 Xy ko, kp 1 T+ TP, where Xj,  x, is the num-
ki,....kpeN
ber of strings in the alphabet {s;,ss,...,s,} with k; characters s;, ko characters s, and

so on, with k, characters s, such that no two consecutive characters are the same. In
Theorem 3.4, we obtain a closed formula for the number of acyclic orientation of a com-
plete multipartite graph K, , with labelled vertices. Finally, we discuss the longest

paths in acyclic orientations of complete multipartite graphs. Proposition 3.5 gives that

P

the length of the longest path in an acyclic orientation K of a complete multipartite graph
is the size of the partition induced by Rx minus one. Furthermore, the number of longest
paths in K is given by the multiplication of the sizes of each part of the partition induced
by Ri. The relation Ry is defined on V(K,, . ,,) such that two vertices are related by
Ry if the two vertices are represented in the code within a sub-string of consecutive and
identical codes.

2. Encoding acyclic orientations of complete multipartite graphs

In this Section, we deal with encoding the acyclic orientations of the complete multipartite
graphs with labelled parts but unlabelled vertices. The encoding we obtain allows us to
count the number of non-isomorphic acyclic orientations of a complete multipartite graph
and also for non-isomorphic acyclic orientations of a complete multipartite graphs which
contain a directed spanning tree, 7.e., an acyclic orientation with a unique source.

Lemma 2.1. In every acyclic orientation of a complete multipartite graph there are both
source and sink vertices.

Furthermore, all sources (sinks, respectively) are vertices in the same part of the mul-
tipartite graph, whenever there are more than one source (sink, respectively).

This is a well-known result on acyclic orientations for an arbitrary graph. However, we

present this particular proof for complete multipartite graphs to present self-contained
work.
Proof. Let us consider K, p,. . n,, a complete p-partite graph, n; > 1 for every 1 <14 < p.
We show here below a proof for the existence of a source. Note that the existence of a
sink is analogous since by reversing the orientations in any acyclic orientation of a graph,
the resulting orientation is still acyclic and a source in the reversed orientation is a sink
in the original orientation. First, we claim the result is true for p = 2.

Claim 1. There is a source in every acyclic orientation of K, n, for every ny,ng > 1.

We prove this by induction on ny + ny > 2. Note that there is a source in an acyclic
orientation of K;;. Assume now that there is a source for every acyclic orientation of
Ky, n, with ny +n9 = n > 2. Consider an acyclic orientation of G' := Ko ns with order
ni+n5=n+1and a vertex v in Part 1 (Part with size n}). If one of the parts of G has
only one vertex, GG is a star; and consequently, we have either the central vertex of the Star
is a source or one of the other vertices is. Assume, nj,n5 > 1. Hence, there is a source by
assumption in the orientation obtained by removing v from G, i.e., in G' := G — {v}. If
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one of its sources is a vertex in Part 1, the result is done. So, we can assume the source
in G’ is a vertex in Part 2. Denote that vertex, w. Note that if the orientation assigned
to edge vw is oriented from w to v, then w is a source in G, and the result is given.
Assume the orientation assigned to edge vw is oriented from v to w. There is a source by
assumption in the orientation obtained by removing w from G, i.e., in G := G — {w}.
If one of the source in G” is a vertex in Part 2, the result is done. We can assume the
source in G is a vertex in Part 1. Denote that vertex, v'. If v is a source of G”, then v is
a source in (G. Thus, assume v is not a source in G” and there exists a vertex w’ in Part
2 such that edge vw' is oriented from w’ to v creating a cycle v — w — v — w’ which is
impossible. Therefore, either w or v is a source in GG. Note that could be more than one
source, but in that case all the sources are in the same part.

Claim 2. There is a source in every acyclic orientation of Ky, n,ns for ni,ng,ng > 1.

Let A, B,C be the three parts of K, n,n, With corresponding sizes n, nq, ns, respec-
tively. Let IC be an acyclic orientation of K, ,n,. Consider A— B (B —C and C' — A,
respectively) the acyclic orientation in K, ,,, (K, n, and K, ., respectively) considering
only Parts AU B (BUC and C'U A, respectively). By Claim 1, there is a source in each
of A— B, B—C and C'— A. Since K is an acyclic orientation, the orientation of the
sources cannot be all three A — B, B — C' and C' — A; nor its corresponding inverse
orientations. However, two of its sources (out of the three sub-orientations) must have
consecutive orientations by the Pigeonhole Principle. Without loss of generality we can
assume that there is a source in A — B that is a vertex in Part A and a source in B — C'
that is a vertex in Part B, see Figure 1. Thus, the source of A — B in Part A is also a
source in C' — A; otherwise, there is a cycle in I with length three.

Fig. 1. Two sources in consecutive orientations A — B and B — C for visualizing the argument in
Claim 2

Claim 3. There is a source in every acyclic orientation of Ky, n,...n, forni,ng, ... ,n, >
1 andp > 2.

Claims 1 and 2 give the result for p = 2,3. Assume now that Claim 3 is true for some
p > 3. Consider G := Ky, ... n,n,,, and let K be an acyclic orientation of G. Let P; be the
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part of K, with corresponding sizes n;, for every 1 < ¢ < p+ 1. Hence, there is a

»+eTp,Tp+1
source by assumption in the orientation K’ obtained by removing the part P,;; from G,
i.e., in G' :== G — P,1;. Without loss of generality we can assume that such sources are
vertices in P;. Similarly, there is a source by assumption in the orientation K” obtained
by removing the part P; from G, i.e., in G” := G — P;. So, without loss of generality we
can assume that the sources in G” are vertices in P,. Consider now the acyclic orientation
K" obtained from G by removing all edges with both endpoints in PsU Py U ... U Pyi;.
Note that this is an acyclic orientation of a complete tripartite graph K, n, s+ 4np+npes -
Thus, by Claim 2 there is a source in K" that is a vertex in either P; or P,. Therefore,
this is a source of I, too.

Finally, arguments above give that if there are more than one source (sink, respec-
tively) then all sources (sinks, respectively) are vertices in the same part of the complete

multipartite graph. O

Lemma 2.1 has the following direct consequences.

Corollary 2.2. In every acyclic orientation of a non-empty graph there are both source
and sink vertices.

Proof. Let K be an acyclic orientation of a given graph G(V, E). Tt is well-known that
an acyclic orientation induces a partial ordering < on the vertices of GG, defined by two
vertices vy, vy € V which satisfy v; < v, if and only if there is a directed path from v, to
vy along the edges of the orientation. Let’s consider a listing £ of the vertices of GG that
preserve the partial ordering above induced by the acyclic orientation. Clearly, such a
listing provides to V' with a total order. Hence, we can complete an acyclic orientation K’
of K, ~ KL 1 from K by adding new directed edges according to ordering in L, i.e.,
——

n

adding (vy,ve) to K’ if vy precedes vy in L. Thus, by Lemma 2.1 there are both source
and sink vertices in K’ that are also a source and sink, respectively in K, after removing
the same directed edges. [l

Corollary 2.3. Let G be an undirected graph without isolated vertices and let G be an
acyclic orientation of G. Then, G contains a directed spanning tree if and only if G has a
unique source.

Proof. Note that if there is a spanning tree in G then the root of the spanning tree is the
only source. Assume now that there is exactly one source in G and there does not exist
a directed spanning tree in G. Denote v the source in G. Consider the largest directed
tree in G with root v, denoted 7. Since 7T is not a spanning tree, there is a non-empty
collection of vertices in G not included in T, i.e., V(G)\ V(T) # 0. Thus, since G has no
isolated vertices, every isolated vertex in R := (V(G) \ V(7)) is a source in G, but this
is a contradiction. If R has no isolated vertices, by Corollary 2.2, R has a source w # v
that is also a source of G. This is the contradiction we were looking for, therefore this
completes the proof. O
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For every collection of natural numbers ni,n9,...,n, with p > 2, we define the
number of acyclic orientations of a complete multipartite graph with fixed parts with
respective sizes ny,no,...,n, and unlabelled vertices, by A(ny,ng,...,n,). We define
A(ny,ng, ..., n,) such that one or more parts of the multipartite graph may be zero. This
notation will be convenient. For instance, A(0,1,2) actually represents the number of
acyclic orientations of a complete bipartite graph K, since the first part of the tripar-
tite graph is empty. In the same way, A(1,0,2), A(0,1,0,0,2) and many others also
represent A(1,2). Note that A(0,0,n) represents the number of acyclic orientations of a
tripartite graph with at most one non-null (third) part with n vertices, i.e., the empty
graph F,, and consequently, A(0,0,n) = 1 for all natural numbers n. For obvious reasons
A(nyi,ng, ..., n,) is symmetric with respect to the permutation of their entries.

Proposition 2.4. A(ny,ns,...,n,) satisfies

A(ni,ng, ..., ny) = A(ni—1,ng, ..., n,)+ Ay, ne—1,...,n,)+.. . +A(ng,ne, ..., n,—1).

(1)
with initial values A(ny,no, ..., n,) =0ifn; = —1 for some 1 <i <p, and A(0,...,0) =
1.

Proof. Consider a complete multipartite graph K, ., and let K be one of its acyclic
orientations. By Lemma 2.1 there is at least one source in I and all its sources are vertices
in the same part. Let v be one of the sources in . Without loss of generality we can
assume that v is a vertex in Part 1, ny > 1. Note that the acyclic orientation X’ obtained
by removing v and the edges started at v from K we obtain an acyclic orientation of
Knl—l,m ~~~~~

time, and the parts of K,,, _,, are fixed, we obtain

np+ Oince the arbitrary choice of the source may run over all parts, one at the

A(ny,ng,...,n,) = Ani—1,ng,...,ny)+ ANy, na—1,...,n,)+...+A(ny, ng, ..., ny—1).

the initial values of recursive formula (1) follow from the natural meaning of A(0,...,0),
i.e., the number of acyclic orientations in a multipartite graph with empty parts of vertices
Ky, . 0. Clearly, from a part with no vertices there are no source to remove from, so
A(ni,ng, ..., n,) =0if n; = —1 for some 1 <7 < p. ]

) ——— @)

) ——— W
Fig. 2. An acyclic orientation of K321 (5-wheel graph) with consecutive sources: x1,y1, 2, y2 respec-
tively
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Figure 2 shows the sequence of sources in an acyclic orientation of the 5-wheel graph,
a complete tripartite graph K1, providing a general view for an acyclic orientation
of a multipartite graph. Proposition 2.1 gives a direct procedure to generate all acyclic
orientations of a multipartite graph, as well as encoding each orientation in an easy way.
Define [n] := {0,1,2,...,n — 1} for every natural number n.

Theorem 2.5. There is a one-to-one correspondence from the set of all acyclic orien-
tations of a complete multipartite graph with at most p fized parts and the n'"-vectors of

)™
with an N-vector code.

, where N 1is the order of G. This correspondence assigns to each acyclic orientation

Proof. Consider a complete multipartite graph G' = K, n,,...n, , With p > 2 parts labelled
0,1,2,...,p — 1 where part i has exactly n; unlabelled vertices for i € [p|. Let £ be the
set of all non-null acyclic orientations of complete multipartite graphs that are subgraphs
of G, L := LU{K,}. Note that, N = ng+n;+...+n, ;. Conveniently consider that all
vertices in an empty graph is both a source and a sink. Define the function s : £ — [p] as
s(K) = i if the sources of K are vertices in the part i. Define the function f : £ — L as
f(K) is the acyclic orientation K obtained from K by removing one of the sources of K.
Let’s consider IC a non-null acyclic orientation of G. Clearly, the functions s and f are
well defined.

Now, we encode each acyclic orientation of G as follows. Thus, we recursively define

the code function C' : £ — [p]* for K as

s(K).C (f(K)), if K is non-null,

CcK) = 2
) { A, if IC is null, 2)

where A is the empty string, . denotes the concatenation of strings, and [p]* denotes the
set of all strings in the alphabet {0,1,2,...,p — 1}. Note that the code function C' is
well defined. Specifically, the code for an acyclic orientation of G will be a string in [p]*
with length N since it concatenates one (source) vertex at the time until the null graph
appears. ]

ni

U]

Fig. 3. An acyclic orientation of Ks 3 with sequences of sources (2,3,1,4,5) or (2,3,1,5,4), and code
0.1.0.1.1
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Similarly, we can define a code function like above using the sinks instead of the sources.
Indeed, the code for an acyclic orientation K using the decomposition into a sequence of
sinks is exactly the reverse code of C'(IC).

Figure 3 shows the encoding of an acyclic orientation of K5 3. Table 1 shows all acyclic
orientations of Ky with its corresponding codes. Encoding given in Theorem 2.5 allows

us to obtain a closed formula for A(ny,no,...,n,), see Theorem 2.6.

Table 1. All orientations of Ko with labeled vertices and their corresponding codes

T2 (_.3/2 T2 .Z/Q T2 Yo x2.—).y2
Ty : ;yl X : i Y1 | 1 : z.yl T : : n
0.1.0.1 0.1.0.1 0.1.0.1 0.1.0.1
$2._> Yo $2. Y2 xg.%?n X2 Y2
171.; : Y1 | T1 : i Y1 | T1 : : Y1 ZL“1.> : Y1
1.0.1.0 1.0.1.0 1.0.1.0 1.0.1.0
T2 Yo 9152“_.3/2 H) Y2 9132._).1/2
$1.: z Y1 | T1 ; : Y1 | 1 : i.yl T ; : U1
0.1.1.0 0.1.1.0 1.0.0.1 1.0.0.1
To .yz 1‘2. Y2 | T2 Y2 | T2 Y2
T : i.yl 1‘1.: i Y1 | 11 ><y1 IE1>< Y1

0.0.1.1 1.1.0.0 A A

Theorem 2.6.

A(nl,ng, N

(3)

n) = (n1+n2—|—...+np) (i Fng 4. 4 ny)!
,Nyp) = = )
Ny, No, ... Ny nilng!. .. ny!

Proof. The result is a direct consequence of counting the number of codes as in Theorem
2.5, i.e., numbers in the numerical system of base p with length n; +ny, + ... +n, and

with exactly ny digits 0, ny digits 1, ..., n, digits p — 1. O

We can also obtain the result above by proving that (3) satisfies the recurrence given
in Proposition 2.4. Let us now denote by B(ni,ns,...,n,) the number of non-isomorphic
acyclic orientations of a complete multipartite graph Ky, ,, .., The encoding given in
Theorem 2.5 allows us to obtain the number of non-isomorphic acyclic orientations of

complete multipartite graphs, see Theorem 2.7.

Theorem 2.7.
(n1+n2+...+np)
niy,n2,...,Np

rlre! .oyl
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where (”1+"2+“‘+"”) is the multinomial coefficient and r1,79, ..., 15 are the number of parts
n1,N2,...,Np ) ’ )

in Ky, ny,...n, grouped by the same size (i.e. v; fori € {1,..., s} suggests there are r; many
parts that contain the same fized number of vertices).

Proof. Let Ky, Ky be two isomorphic acyclic orientations of a multipartite graph G. Note
that every isomorphism o : V(K;) — V(K3) matches all vertices of each part of K;
with all vertices in a part of ICy; otherwise, o doesn’t preserve adjacency. Therefore,
A(ni,...,ng) = B(ni,...,ng) if n; # n; when i # j since the vertices in each part are
unlabelled. Then ¢ matches all sources of Ky with the sources of Ky. Moreover, if we
remove all sources from both XC; and Ky obtaining ) and K, respectively, then o matches
the sources of K} and K, as well. We can repeat this removing procedure until a null-
graph is obtained. Hence, the codes assigned to K; and Ky by Theorem 2.5 match each
other except by a possible permutation within of the parts with the same size. Besides, if
there are exactly r; parts with the same size in GG, we have r{! different codes associated
to isomorphic acyclic orientations when the (digits) codes assigned to the r; equal-size
parts are permuted and kept the same places for the other digits. Therefore, by grouping
the parts of G with the same size, we obtain the result. n

From Theorem 2.7, we have that B(2,2) = 3. Table 2 shows all 3 non-isomorphic
acyclic orientations of Kso with their corresponding codes. Note that by swapping the
digits 0’s and 1’s we obtain isomorphic acyclic orientations due to both parts have the
same size. Permuting vertices within each part also obtains an isomorphic orientation.
Let us denote by C(nq, ng, . ..,n,) the number of non-isomorphic acyclic orientations of a

complete multipartite graph K, n, Which contains a directed spanning tree. Similarly,

1,125
we can obtain the number of non-isomorphic acyclic orientations of complete multipartite

graphs containing a directed spanning tree, see Theorem 2.8.

Table 2. All non-isomorphic acyclic orientations of K5 o with unlabeled vertices and their corresponding
codes

no ni o ny N n

0.0.1.1 0.1.1.0 0.1.0.1

Theorem 2.8. Let ny,...,n, be p positive integer numbers and N =n; + ... +n,. We
have )

( N ) N? — Z(nr)Q

ni,...,Np r=1

ol N(N -1)

where r1,79,...,7s are the number of parts in Ky, n,,. n, grouped by the same size.

C(ni,...,ny) =
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Proof. The result is a direct consequence of counting the number of codes as in Theorem
2.5, i.e., numbers in the numerical system of base p with length N :=n; +ny+ ... +n,
and with exactly n; digits 0, ny digits 1, ..., n, digits p — 1 such that the first two digits
are distinct. That is

Z 2./4(,711—]_,,71]—1,):M Z 27’LZ’TZJ

1<i<j<p

Then, by considering the isomorphic directed graphs obtained by permuting the parts
with the same size, we obtain

p

A,y VT )’

r=1

rl.org! N(N —-1)

3. Acyclic orientations of a complete multipartite graph with
labelled vertices

In the previous section, we considered multipartite graphs with unlabeled vertices. In
this section we deal with the number of acyclic orientations of complete multipartite
graphs with labelled vertices. Note that using the coding in (2) we can also obtain the
poly-Bernoulli numbers B, ,,, i.e., number of acyclic orientation of a labelled complete
with size of each part n; and ns, respectively, see Proposition 3.1. Tt
is well-known that poly-Bernoulli number also counts, for instance, the lonesum matrices

bipartite graph K, »,
[3] and Callan permutations [2] among other things. The closed formula below was given
by Arakawa and Kaneko in [1].

Proposition 3.1. The number of acyclic orientations of a complete bipartite graph K, ,,
with labeled vertices and size of each part nq and ns, respectively, is

min{ni,na}
n1+1 n2—|—1
By = ! 2 ) 4
v Z (m!) {m+1}{m+1} (4)

m=0

where {;} denotes the Stirling number of the second kind.

Proof. Without loss of generality we can assume that n; < ny. Notice that we may count
the number of acyclic orientations of K, ,, by grouping them according to m > 1, the
number of groups of 0’s codes (code 0 associated to part with size ni) separated by at
least a code 1. In this case, the number of groups of 1’s codes separated by at least a
code 0 must be either m — 1, m or m + 1. We recall {Z} is the number of partitions of a
set with r elements into s parts is {;}, and the well-known identity

{T—i_l}:s{r}—%{ " } for all r,s > 0.
S S s—1
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Thus we count it by consider the number of partitions of the n; elements in Part 1
and the number of partitions of the nsy elements in Part 2; follow by multiplying by the
corresponding factorial given by the permutation of the distinct groups in the partition
of each part. Then, we have

S ({0, e {0} s oo 4 )
o ({2 e )

e [ (i rmen{,2})
=m0

S {, e S (2}
{

m=1

:mzo(m+ Dimte " 1}{211} +§:(m!)2
zégwﬂf(@“+n{ﬁﬁl}+{g}){gii}
St

:Bm,nz'

]

In order to obtain the result for the number of acyclic orientation of a labelled multi-
partite graph with p > 3 parts in a similar way, we define Xy, , 1, by the number of
strings in the alphabet S := {s1, s9,...,s,} with k; characters sy, ko characters s, and so
on with k, characters s, such that no two consecutive characters are the same. We define
X,i?,k%”kp by the number of strings in S with k; characters s, ko characters ss, and so
on with &, characters s, such that there are no two consecutive identical characters and
the first character is s; for 1 <1 < p. Clearly, we have

Xty =X 0+ X0 o+ XD (5)

P yeeRp

Note that for some p-tuples (ki,...,k,) € NP, we have Xj, = 0, for instance,
X2p,..0 = 0 since we cannot alternate two characters s; and no other characters without
leaving two consecutive characters s;. Moreover, Xj, ;. > 0 if and only if (k1,....kp) €
T where

1+Ek

T = (kh- . .,k'p) e NP . maX{k17k27 ce P} < 2
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Hence, we have

p

(4) _ (i) ()
ijl,@,...,kp - Z chl,...,k:]-—l,...,kp - in,...,kj—l,...,kp + X{ej}(kla ko, ..., kp), (6)
i=1
for all ki, ks, ..., k, € Nand 1 < j < p where ¢; represents the j canonical vector of

-----

0if k; < 0 for some 1 < 7 < p and for every 1 < 5 < p. Note that, on the one
hand, if Xlg?kz,...,kzp > 0, by removing the first character (a s;) from each string counted

in XM (ky, ko, ..., k,) we obtain a string counted in Xig)_mg,...,kp for some 2 < j < p,

R? and x4 is the indicator of A. For obvious reasons consider Xy, r, .k, = Xk1 Koosky =

except when (ky, ko,...,k,) = (1,0,...,0) where we consider that the empty string A
did not count. Besides, by adding a character s; to the front of each string counted in
Xlgjl)fl,kz,...,kp for2 < j <pwe obta;n distinct strings in Xlg:i,)kz,...,kﬁ analogously, we obtain
the corresponding relations for X,g),Qkp for 2 < j < p, respectively. On the other hand,

p .
if Xlg?kz,...,kp = 0, then we have either k; > 1+ Z k; and consequently X,gjllm%m’kp = 0 for

=2
2 < j < p, or there are more characters s; than the other characters for some 2 < 5 <p
making X,g?_l’kzwkp = 0 for every 2 < i < p. We can obtain analogous equations to (6).

Now we define a p-variables ordinary generating function

. k1 ,.k2 k
Flay, ... ,xp) = E Xy T1 T TP

Note that F(ky, ..., k,) converges absolutely on |xq|+ ...+ |z,[< 1 since 0 < Xy, &, <
(k1+.-~+k’p) for all k?l, ceey kp eN.

ki, kp

Proposition 3.2. We have

L 44
Flay, ... x,) = —2 it
1= (B + o+ 22
Proof. Since F(zy, ..., x,) converges absolutely in a domain including Q = {(z1,...,x,) €

RP : |zy|+... 4 |zp|< 1}. We may reorder its terms of summation without affecting the
sum. Define now

-F(j)($1a o Tp) = Z X,g)kp :lﬁ’flyc];2 . .m'sz for every 1 < j < p.
k1,...,kpEN
Now by performing the summation of (6) for every (ky,...,k,) € N?, we obtain

p
F9O(xy,...,2,) =15 Z}"(i)(xl,...,wp) — 2, FO(xy,...,2,) +x; forevery 1 <j <p.
i=1

(7)

Note that we can re-write (7) as follows

(2; + 1) FOxy, .. 2y) =2 Fxy, ... x,) +x; for every 1< j < p. (8)
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Note that xy,...,x, # —1 since |z1|+... + |z,|< 1. So, we can rewrite (8) as follows
FOl(xy, ... zp) = L Flay, ... ,xp) + Y for every 1 < j <p. (9)
P41 P+l -

Indeed, by adding the equations involved in (9) we obtain

i e 1 2, \"
Flx, ... xp) = = :Z +...+ . (10)
>1

— o o r+1 T, +1
]
Note that F(xq,...,x,) converges (absolutely) if and only if o j_ : 4.+ xpxi : ‘
1. Indeed, we have that F(z4,...,x,) converges absolutely on
T X
Q.= Sy € RP . <1l,|———+... P <15,
R R P TR et B2,

Note that there is a p-dimensional ball centered at the origin included in 2. Now, using
the closed formula of F, we can obtain a closed formula for Xj, ., , see the following

result.
Theorem 3.3. For every ky, ..., k, € NT we have
ul by L+ +r k; —1
X = (=~ N e —nr(tt ). 1
fsekp ( ) Z Z Ty, Tp H ( ) T’i—l ( )
ri=1 rp=1 1<i<p
Proof. Xy, 1, is the coefficient of :1:]1“3:’2” o :p’;p in F(z1,...,2,). We also have

S Z(—l)"‘lz” for every |z|< 1.

z+1 =
Moreover, using the Taylor polynomial of 37 with Peano’s form of remainder, we have
G (—2)" + O for every k > 1.
z+1
Note that D(k,r) is also the coefficient of 2* in (z — 2% + 2% — ... — (—=2)¥)". Thus,
from (10) we have
Flan,. . ox) =Y (w1—.. = (—z)" + 0@ ™) + 4 zp— . = (—ap)f + O(alr ™))",
n>1
Thus, we have that X,  _; is the coefficient of ahighe .x];p in
ki+...4+kp
doowm——(r)M Fm— L — (mm)P L a— L (—my))"
n=p
k1+...+kp

_ ; 3 (rb.é.?rp)(xl—...—(—xl)kl)n...(:l:p—...—(—mp)kp)”’.

r1+...+rp=n
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Then, by adding the coefficients of z¥1z52 .x];p for each n we obtain

kl-‘y-...-‘y-k’p

n
KXyyhy = Z Z <r1 rp)D<klar1)D<k27T2) oo D(ky,1p).
— ey

ri+..+rp=n

Now, we can use combinatorial arguments to obtain a recurrence relation involving
{D(k,r)}r>, and initial conditions that allow us to solve {Dy, }r>,. Note that we have
trivial relations on the double indices sequence that could work as initial conditions

D(k,0) = 0,Yk > 0; D(k,7) = 0,if k < r; D(k,1) = (=1)** Vk > 0; D(k,k) = 1,Vk > 0.
(12)
Using the fact that

(z—22428 =2 = (=) = (=248 —(—2)F) (2= —(—2)P),

we can also obtain the following recurrence relation that could be used to obtain D(k,r)
for whatever pair (k,r) whenever k > r

D(k,r+1)=D(k—1,7) — D(k—2,7) + D(k —3,7) — .(=1)" *D(k —r,7).  (13)

Hence, we have that (12) and (13) give an iterative way to solve { Dy, }x>,. Moreover,
subtracting (13) from the identity D(k,r) = D(k,r), we obtain

D(k+1,r+1)=D(k,r)— D(k,7r +1). (14)
Let E(a,b) be the sequence that verifies
D(k,r) = (=)""E(k -1,k — 7).
Then, from (12) we have the following initial conditions for E(a,b)
E(a—1,a)=0, E(a,—b)=0, E(a,a)=1, FE(a,0)=1, Va € N,Vb > 0. (15)
Moreover, we obtain the following recurrence relation for E(a,b) from (1)
E(a+1,b) = E(a,b) + E(a,b—1) for every a,b € N. (16)

Then, uniqueness of E(a,b) satisfying (15) and (16) gives
a
E(a,b) = (b) for every a,b € N.

]

.....

.....

S\ [ k+1 k-1
XkH,k:Z(_l) Z . ko . =0 for every k € N,

n=1 r=0
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and since X, = 2 for £k > 0 and Xj, 541 = 1 for £ > 0 we also have

2k+1 n n ]{3 k 1
E:—MHE: B =1 f keN
(=1) <r> (k:—l—l—r) (k—n+r> or every k€ &,

n=1 r=0

and

2k n
n\ (k—1 k—1
—1)" =2 f .
E( ) E (7") (k—r) (k—n—i—r) or every k € N

n=1 r=0
The following result shows a closed formula of the number of acyclic orientation of a
complete multipartite graphs with labelled vertices, see Theorem 3.4.

Theorem 3.4. The number of acyclic orientation of a graph Ky, n,... ., with labelled
vertices and p parts with sizes of the parts ni,no, ..., n,, respectively, is

. nq ) ny
Buimgowy = > > 0 > kl!k:Q!...k:p!{k }{kz}{kp}X‘“’“ (17)

k1<ni ka<ng kp<ng 1

where {’;} denotes the Stirling number of the second kind.

Proof. Notice that we can use the same argument as in Proposition 3.1. We may count
the number of acyclic orientations of Ky, n,. .. ., by grouping them according to k;_;, the
number of groups of i’s codes (code i associated to part with size n;,1) separated by at
least another group of code in [p]. Then, consider the distinct ways to obtain k; groups
ng

out of n; codes i — 1, i.e., k/_}, and its corresponding permutation of the k; groups, i.e.,
k;!. O

The length of the longest path in an acyclic orientation of a labelled complete multipar-
tite graph was discussed in [5]. In this direction, we have the following result below. In
an acyclic orientation of a complete multipartite graph, the longest directed paths always
start from the part that includes the sources, and end at the part that includes the sinks.
Note that a longest path cannot start from another part of the multipartite graph since a
source makes it one edge longer. Analogously, a sink could make a path one edge longer
if it doesn’t end in the part that includes the sinks. Moreover, the codification (2), given
in Theorem 2.5, gives a partition on the vertices of K induced by the equivalence relation
Ry defined by:

Two vertices are related by Ry if they are sources in some subsequent acyclic orientation
obtained during the source removing decomposition, i.e., if the two vertices are represented
in the code within a sub-string of consecutive and identical codes.

Notice that since the code assigned to K is unique when you fix the code assigned of
each part, ¢.e., unique unless you consider permutation of their parts. Then, we may verify
that Ry is an equivalence relation on the set of vertices of the complete multipartite graph.
Indeed, the code of K induces a total order < in the partition V (K, »,..n,)/Rx given by
the order of appearance on the code of K. Note that |V (K, n,...n,)/Ri|= k1+kot. . . +k,

whenever one of the codifications given by (2) of I is counted in Xj, p,,..k,-
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Proposition 3.5. The length of the longest path in an acyclic orientation IC of a complete
multipartite graph Ky, n,...n, 5 the size of the partition induced by Rx minus one, i.e.,
|V(Km,nz,m,np)/Rld_l-

Furthermore, the number of longest paths in K is given by multiplying the sizes of each

P

part of the partition induced by Ry.

Proof. Consider now a path P in K. Notice that P contains at most 1 (one) vertex of
each part of the partition; otherwise, there is not a directed path joining them. Moreover,

a path containing vertices in each part of the given partition Vg, /Rx contains the

maximum number of vertices and therefore, is one of the longest dirlécted paths in K.
Note that such a P is one of the longest paths in K. Therefore, a longest path includes
ki + ...+ k, vertices, and consequently, its length is &, + ...+ k, — 1.

Indeed, the number of longest paths in I is given by the multiplication of the size of
each part of the partition induced by R since we may choose a random vertex from each

element of Vi .,/ I, see Table 3. O

T, MD ey

Table 3. Two acyclic orientations of K31 ; and their corresponding longest paths

S
ol
/]
0.0.0.1.2

o) et
a),
kol
0.2.0.1.0

Notice that we may use Proposition 3.5 to investigate the distribution of the longest

paths in the acyclic orientations of a complete multipartite graphs. Proposition 3.5 and
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Gallai-Hasse-Roy-Vitaver theorem give the trivial result

X(km,..‘,kp) = H}Cm‘v(Km,nz,.--,np)/R/C‘: p-

4. Acyclic orientations of a graph with labelled vertices

In this Section we deal with the acyclic orientations of a general graph. First, notice
that, such source removing decomposition defined in section above exists for every acyclic
orientation of a given graph. Moreover, for each acyclic orientation K of a graph G, we
can similarly define Ry as

Two vertices are related by Ry if they are sources in some subsequent acyclic orientation
obtained during the source removing decomposition.

Clearly, Rx defines a total order in the partition V(G)/Ryx by considering the order of
appearance within the source removing decomposition in GG. Thus, we can define a total
order in V(G), by considering the order above as primary rule and a given (fixed) total
order of the vertices as a secondary rule. For instance, in Table 3, the acyclic orientation
coded 0.0.0.1.2 has primary rule ng < ny < ny and we may consider as secondary rule the
natural order in V(G) = {1,2,3,4,5}, then it induces the order 1 <2 <3 <4 <5 in
V(G); however, the acyclic orientation coded 0.2.0.1.0 is determined by the primary rule
(i.e., {3} < {5} < {2} < {4} < {1}) which induces the order 3 <5 <2 <4 < 1in V(G).

In other words, given a total order in V(G) and an acyclic orientation of G, we may
assign orientation to edges in G keeping the condition of the acyclic orientation, even
until we obtain an acyclic orientation of a complete graph in a unique way, i.e., assigning
orientation to each additional edges according to the given total order in V(G).

Theorem 4.1. For every acyclic orientation K of a graph G with order n, we can label
the vertices of G as {1,2,3,...,n} and define a code f(K) as above, such that f(K) is a
permutation of (1,2,3,...,n).

2
® ®5
® ¢

Fig. 4. Acyclic orientation with permutation (sources) code (1,2,3,4,5,6) and permutation (sinks) code
(6,5,2,4,3,1)

Note that the permutation code defined in Theorem 4.1 could also be defined via the
sink decomposition instead of the source decomposition. However, the sink code is not
the reverse of the source code even if we place the sinks in decreasing order, for instance,
the directed graph in Figure 1 has source permutation code (1,2,3,4,5,6), however, its
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sink permutation code in decreasing order is (6,5,2,4,3,1).

The following two algorithms allows us to obtain the permutation code of an acyclic
orientation of a general graph and the acyclic orientation associated to a permutation
code whenever the code is the image of an acyclic orientation of a graph.

Algorithm 1 Permutation coding

input: IC, an acyclic orientation of a graph, e.g., Ax, the adjacency matriz of I
output: v the permutation code of IC
Step 0: Set the output vector v as an empty list.

Step 1: Identify all sources of K analyzing the vertices in (increasing or decreasing) order,
and insert them into v in the order they appear. If no sources is found then K is
not an acyclic orientation, STOP.

Step 2: Remove from I all identified sources in Step 1.
Step 3: If K is the null graph, STOP, else go to Step 1.

The algorithm above is O(n?), in a standard version using the adjacency matrix of the
directed graph. However, the number of operations could be reduced if we consider the
structure as follows, a new auxiliary (leveled 0) vertex as the root of the tree linked to
the sources of K. Then, we obtain a directed tree, and listing the vertices of the tree by
levels (without the root) we obtain the permutation code of K.

Algorithm 2 Decoding a permutation code

mput: a permutation code v, and a graph G, e.g., Ag the adjacency matriz of G

output: the acyclic orientation KC such that f(K) = v if it exits

Step 0: Set the auxiliary lists prev and current as empty.

Step 1: Insert in current the consecutive vertices in v that appear in increasing order
and form an independent set of vertices.

Step 2: Modify Ag by providing orientation to all edges adjacent to current by converting
all vertices of current in sources.

Step 3: Remove the vertices in current from v, prev:=current and empty current.

Step 4: If v is empty, then STOP, else insert in current the consecutive vertices in v that
appear in increasing order and form an independent set of vertices and has at least
an adjacent vertex in preuv.

Step 5: If current is empty, then v is not a code of an acyclic orientation of G, STOP;
else go to Step 2

For instance, for the two acyclic orientations 0.0.0.1.2 and 0.2.0.1.0 in Table 3, we have
£(0.0.0.1.2) = (1,2,3,4,5) and f(0.2.0.1.0) = (3,5,2,4,1). The function f is one-to-one.
Note that the permutations of (1,2,3,...,n) are in a one-to-one correspondence with the
acyclic orientations of the complete graph K, by orienting the edges according to the order
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induced by the permutation. Besides, from each acyclic orientation of K, a permutation
code, we can remove the edges joining each pair of non-adjacent vertices in G and obtain
a unique acyclic orientation of G. However, not every permutation code is an image of
an acyclic orientation of G mapped by f if G % K,,. For instance, in the cycle C; with
V(Cy) = {1,2,3,4} and E(Cy) = {12,23,34,41} the permutation code (1,4,2,3) is not
an image of f, although by removing its edges in Cy we obtain an acyclic orientation of
Cy. Note that the acyclic orientation obtained in this case has image (1, 2,4, 3) via f since
2 and 4 are in the same class of equivalence induced by that obtained acyclic orientation
of C;. Similarly, we may use this idea of the permutation code of an acyclic orientation
of G and removing edges from an acyclic orientation of a supergraph of G' to obtain the
following result.

Proposition 4.2. Let G and H be two graphs such that G is a subgraph of H. Then,
the number of acyclic orientations of G is less than or equal to the number of acyclic
orientations of H.

Furthermore, if G is a proper subgraph of H, then the inequality is strictly less than.

For every graph G with labeled vertices, we define the number of acyclic orientations
of G, by A(G). Hence, we have the following result that gives sharp bounds for A(G).

Theorem 4.3. Let G be a connected graph of order n. Then, we have
2" < A(G) < nl.

Furthermore, A(G) = 2" is altained if and only if G is a tree; and A(G) = n! is
attained if and only if G ~ K,,.

Proof. On the one hand, it is clear that G is a subgraph of K,,. Thus, by Proposition 4.2
we have A(G) < A(K,) = n! and the equality holds if and only if G ~ K,,. On the other
hand, consider T" as a spanning tree of G. So, T is a subgraph of G that does not have
cycles; therefore, by assigning orientation to each edge of T" we always obtain an acyclic
orientation of T since trees have no cycles. In fact, A(T) = 2"~! since the size of T is

n — 1 and each edge has two options of orientating. Then, by Proposition 4.2 we have
2"t = A(T) < A(G) and the equality holds if and only if G is a tree. O

It is clear that a graph with a proper coloring and with the minimum number of colors
such that the monochromatic parts have sizes ny, ng, ..., n,, respectively, is a subgraph of
the complete multipartite graph K, ,,.. n,. Therefore, Proposition 4.2 has the following
consequence.

Proposition 4.4. Let G be a graph with chromatic number p. Consider there is a proper
coloring of G with the minimum number of colors such that the monochromatic parts of
the coloring have sizes ny,na, ..., n,, respectively. Then, we have

A(G) S Bm,ng,..‘,n (18)

p*



40 CARBALLOSA, REYES AND KHERA

Furthermore, the equality is attained if and only if G ~ Ky, ., -
Notice that for some graphs there are many proper colorings with the minimum number

of colors, so the result above could be written as a minimum over several By, ,,, .. n,. In

1111

addition, the Proposition 4.4 has the following consequence.

Proposition 4.5. Let G be a graph with chromatic number p and independence number
r. Then, we have

A(G) < Byx- (19)
Furthermore, the equality is attained if and only if G is isomorphic to the Turdn graph
of order pr and p parts.

Proof. Consider a proper coloring in G with the minimum number of colors and size of
the parts ny,ng,...,n,, respectively. Note that in every proper coloring of a graph all
monochromatic parts are an independent set of vertices; therefore, each of those parts has
size less than or equal to the independence number of GG. Indeed, we have n; < r for every
1 <i<p. By (17) we have that B, ,,..
Therefore, by Proposition 4.4 we have

< By ma,.m, if my <my for every 1 <4 <p.

oy

A(G) S Bnl,ng,...,np S Bp><7"

Clearly, we have that Ky r ... r has chromatic number p, independence number r and
——

p times

provide the equality of (19); on the other hand, if G is not isomorphic to such a Turan

graph, then G is a proper subgraph of the Turdn graph and Proposition 4.2 gives a strict
inequality. O]
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