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Minimum strong diameter of the strong product of

complete multipartite graph and path

Ce Zhang and Feng Li*

abstract

Suppose G1 = (V1, E1) is a graph and G2 = (V2, E2) is a strong digraph of G1, where
V1 and V2 represent the vertex sets, E1 and E2 represent the edge sets. Let u and v

be any two vertices of G2. The strong distance sd(u, v) is the minimum value of edges
in a strong subdiagraph of G2 that contains u and v. The minimum strong diameter
of G2 is de�ned as the maximum eccentricity se(u) from u to all other vertices in G2.
In this paper, we propose di�erent strong orientation methods to explore the minimum
strong diameter of the strong product graph of Km1,m2,...,mk

⊗ Pn, where Km1,m2,...,mk
and

Pn represent respectively complete multipartite graph and path. ��In addition, based on
strong orientation methods, a new algorithm is proposed to model the presence or absence
of a minimum strong diameter in a strong product graph. Simulation experiments show
a trend of simultaneous decrease and concentration in the minimum strong diameter of
the strong product graph, as the value of parts in Km1,m2,...,mk

increases while the length
of Pn remains constant.
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1. Introduction

The graph of G is formally de�ned as an ordered pair (V (G), E(G)), where V (G) denotes
the set of vertices and E(G) denotes the set of edges. A simple graph is one without loops
or multiple edges. A path is a sequence of distinct vertices where consecutive vertices are
adjacent. A path on the n vertices, which has length n − 1, is denoted by Pn. For any
vertices u and v in G, the distance dG(u, v) is the length of a minimum u− v path.
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A complete multipartite graph Km1,m2,...,mk
is a graph whose vertex set is partitioned

into k classes of sizes m1,m2, . . . ,mk, such that two vertices are adjacent if and only if
they belong to di�erent partite sets.
The eccentricity of a vertex u, denoted by e(u), is the maximum distance from u to

any other vertex in the graph. The diameter of G, denoted by diam(G), is the maximum
eccentricity among all the vertices.
Given an unoriented simple graph G, after orienting all edges in G, a oriented graph D

is obtained. An orientationD of G is called a strong orientation ifD is strongly connected;
that is, for every pair of vertices u and v in D, there is an oriented path from u to v and
an oriented path from v to u. Meanwhile, we need to understand some basic de�nitions.
Chartrand et al. in [8] introduced the de�nition of strong distance. While in a strongly

connected oriented graph D, the strong distance between vertices u and v is de�ned as the
sum of the lengths of the minimum oriented path from u to v and the minimum oriented
path from v to u, the formula is:

sd(u, v) = d(u, v) + d(v, u), (1)

where d(u, v) denotes the value of arcs in the minimum oriented path from u to v, d(v, u)
denotes the value of arcs in the minimum oriented path from v to u. As shown in Figure
1, the strong distance from u to the other six vertices is as follows:

Fig. 1. Strong product oriented graph

sd(u,w) =3, sd(u, x) = 3, sd(u,m) = 3;

sd(u, t) =3, sd(u, x) = 3, sd(u, x) = 5. (2)

The strong eccentricity of a vertex u is the maximum strong distance from u to all
other vertices in D, the formula is:

se(u) = max{sd(u, v)|v ∈ V (D)}. (3)

The minimum strong diameter of D is the maximum strong eccentricity over all vertices
in D, the formula is:

sdiam (D) = max{se (v) |v ∈ V (D)}. (4)
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In addition to the de�nition of the strong eccentricity and the minimum strong di-
ameter, based on the complex unoriented graph G, Chen et al. in [10] introduced the
minimum strong diameter in G, which means the minimum strong diameter over all
strong orientations of D. The formula is:

sdiam (G) = min{sdiam (D) |D ∈ D(G)}, (5)

where D(G) denotes the set of all strong orientations of G. In order to better understand
the de�nition of strong diameter, as shown in Figure 1, the strong eccentricity of all
vertices is as follows: se(m) = 4, se(u) = 5, se(x) = 5, se(y) = 5,se(v) = 5, se(v) = 6,
se(t) = 6. From the above strong diameters, the minimum strong diameter is 4.
The strong product makes simple graphs easy to build large-scale graphs. Here is a

formal de�nition of the strong product: establishing two unoriented simple graphs G1

= (V (G1), E(G1)), G2 = (V (G2), E(G2)). The set of vertices of G1 ⊗ G2 is indicated by
V (G1⊗G2) = V (G1)×V (G2), two vertices (u1, v1), (u2, v2) are adjacent in G1⊗G2 only if:
(1) u1 = u2 and (v1, v2) ∈ E(G2); (2) v1 = v2 and (u1, u2) ∈ E(G1); (3) (u1, u2) ∈ E(G1)

and (v1, v2) ∈ E(G2). In order to better understand the de�nition and properties of the
strong product, as shown in Figure 2, the strong product is performed using K1,2,1 and
P3 as an example. More properties of other graph products can be found in [19, 20, 22].

Fig. 2. Strong product graph of K1,2 ,1⊗P3

So far, many meaningful diameter results have been obtained. Zhou in [28] and [29]
constructed the cartesian product graph and the strong product graph of cycle and path,
proposed several di�erent methods of strong orientation, obtained the lower and upper
bounds of the minimum and maximum strong diameter. Liu et al. in [21] proved that the
strong product of any two nontrivial complete graphs is strongly oriented, obtained the
exact value of the minimum strong diameter after orientation. Das et al. in [15] proposed
an investigation on the minimum absolute oriented group of arcs, and it was observed
that an oriented graph with a diameter not exceeding 2 is an absolute oriented graph,
proved that the minimum absolute oriented group size of arcs is a strictly increasing
function. Badu et al. in [2] separately proposed the orientational diameter of the graph
and the maximum orientational diameter of the graph family. Based on the Chvátal and
Thomassen's research results, obtained the upper of the maximum directional diameter.
Dankelmann et al. in [13] proposed two boundaries for the orientational diameter of two
graphs derived from a given graph, namely the complement graph and the line graph,
proved that the orientational diameter of the line graph in graph G cannot exceed the
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orientational diameter of G by more than 1, and is at least approximately the square
root of the directional diameter of G. Ciaci et al. in [11] generalized the property of
strong diameters to two-dimensional bases, explored the stability under orient sums and
tensor products under the condition that every convex sequence of slices of the unit ball
intersects the unit ball. Sadhukhan et al. in [23] proposed a simple unoriented graph G

to be acyclic, which has AOP properties (AOP represents there is absence of pendant
vertices and absence of pendant vertices in graph G), constructed graphs with any odd
perimeter that did not have AOP properties, proved these graphs did not have AOP

properties when the existence of a perimeter equal to 5. Lakshmi et al. in [18] proved a
de�nite size for sdiam(K − 3)3 = sdiam(K − 4)3 = 5, and for sdiam(K −m)3 − (P − n)

by cyclic vertex multiplication. Carmesin in [6] proved that a graph G had an r-bounded
subdivision only if it did not have graph decomposition limitations parameters and had
a width of at most 2. Cambie et al. in [5] proposed the minimum diameter of the line
graph for any maximum degree graph with multiple edges, and obtained a su�ciently
large upper bound on the degree graph for the boundary problem of distance color index.
Before obtaining the minimum strong diameter, it is of utmost importance to orient all

the edges in the strong product graph. Cochran in [12] discussed that there is at most a
size in the form of a boundary, considered the perimeter g of graph G, proved that every
graph of n-order with minimum degree can make orientation. �pacapan in [24] directly
considered the orientation of the cartesian product of graphs with bridges, proved that
for every connected unbridged graph H and any simple unoriented graph G, the cartesian
product of both had at most the minimum allowed weak diameter orientation. Ladinek et
al. in [17] proved that for arbitrary connected graphs G1 and G2, there exists a strongly
connected oriented graph D of G1⊗G2 such that diam(D) ≤ 2r+15. Aksoy et al. in [1]
established a mild condition when a possibly irregular sparse graph G had many strong
orientations, proved that if G satis�ed the minimality condition and the size of Cheeger's
constant is to be minimal. More research on diameter and orientation can be found in
[3, 4, 9, 25].
With the graph strong product being increasingly used in modeling, calculating the

strong diameter of arbitrary graphs is known to be NP-hard. To circumvent this com-
putational intractability, we focus on speci�c classes of graphs for which this problem
becomes tractable. This paper addresses the unexplored problem of the minimum strong
diameter forKm1,m2,...,mk

⊗Pn. We analyze two di�erent conditions and present illustrative
examples. Our simulations show a clear trend: for a �xed path length Pn, increasing the
value of parts in Km1,m2,...,mk

leads to a smaller and more concentrated minimum strong
diameter, a result e�ectively validated by our numerical experiments.
The structure of this paper can be organized as follows. Section 2 presents the relevant

lemmas, the main results, and an algorithm to �nd the minimum strong diameter of the
strong product of a complete multipartite graph and a path. Section 3 provides application
examples and analysis under three di�erent order conditions for this minimum strong
diameter. Section 4 summarizes the full paper.
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2. Main Result of Minimum Strong Diameter and Algorithm

Before presenting the main theorem of this section, we �rst state some essential lemmas
for investigating the minimum strong diameter of Km1,m2,...,mk

⊗ Pn.

Lemma 2.1. [7] Let D be a strong orientation of a n-vertex graph. Then the minimum

strong diameter satis�es:

sdiam(D) ≤
⌊
5(n− 1)

3

⌋
. (6)

Dankelmann et al. in [14] based on the relationship between connectivity k and girth
g, the minimum strong diameter of D can be simpli�ed sdiam (D) ≤ 5

3

(
1 + (g−2)

k

)
.

Lemma 2.2. [10] Let Km1,m2,...,mk
be any complete multipartite graph with k ≥ 3, m =

k−1∑
i=1

mi, if mk ≥ 2, then the minimum strong diameter of Km1,m2,...,mk
is given by:

sdiam(Km1,m2,...,mk
) =


4, if m

⌊m2 ⌋
≥ mk;

5, if m

⌊m2 ⌋
< mk.

(7)

Lemma 2.3. [7] Let D be a strongly oriented graph with order n, and for any vertex u

in D, then the following holds:

se(u) ≤ srad(D) ≤ sdiam(D) ≤ 2srad(D). (8)

Here, srad(D) represents the minimum strong radius. We can obtain the strong di-
ameter of the strong product graph Km1,m2,...,mk

⊗ Pn is a�ected by the diameters of its
subdigraphs. Given that Km1,m2,...,mk

⊗ Pn
∼= Pn ⊗Km1,m2,...,mk

. In the following paper,
we simplify the subsequent analysis by focusing on Km1,m2,...,mk

⊗ Pn.

Lemma 2.4. [16] Let (u, v) and (u′, v′) be any two vertices in strong product graph G⊗H,

among them, (u, u′) belongs to one any vertex in G, and (v, v′) belongs to one any vertex

in H, then the distance between (u, v) and (u′, v′) satis�es:

dG⊗H((u, v), (u
′, v′)) = max {dG(u, u′), dH(v, v

′)}. (9)

Liu [21] studied the strong product Km ⊗Kn by partitioning its set of vertex into four
regions and proposed two fundamental strong orientations for these regions. Inspired by
this approach, we investigate strong orientations of the strong product between a complete
multipartite graph and a path.
Now, we consider a non-trivial, simple, connected unoriented graph G and one of its

strong orientations D. For any vertex u in D, the following inequality holds:

se(u) ≤ sdiam(D) ≤ sdiam(G). (10)
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According to the above relationship, our objective is to determine the minimum strong
diameter achievable by a strong orientation D of G.

Theorem 2.5. Let Km1,m2,...,mk
be a complete multipartite graph and Pn be a path with

k ≥ 3, 1 < n ≤ 5, then the minimum strong diameter of Km1,m2,m3,...,mk
⊗ Pn is:

sdiam(Km1,m2,...,mk
⊗ Pn) = 2max{2, n− 1}. (11)

Proof. Assuming m =
k∑

i=1

mi, the proof distinguishes two cases for the minimum strong

diameter of Km1,m2,...,mk
⊗ Pn, based on the values of m and n. These cases are discussed

in the following.
Case 1. Let k ≥ 3, m ≡ 0, 1(mod 2), n ≡ 0, 1(mod 2) and 1 < n ≤ 3. Let D1 be

the minimum strong oriented graph of Km1,m2,...,mk
⊗ Pn. So, the vertex set of D1 can be

represented as:
V (D1) = {(u, v)|1 ≤ u ≤ m, 1 ≤ v ≤ n}, (12)

where m =
k∑

i=1

mi. Next, we will demonstrate Case 1 in 5 steps.

Step 1.1. Preliminary Results.

According to Lemma 2.1, the strong diameter of D1 satis�es:

sdiam(D1) ≤
⌊
5(mn− 1)

3

⌋
. (13)

According to Lemma 2.2, the strong eccentricity of any vertex (u, v) ∈ V (Km1,m2,...,mk
⊗

Pn) satis�es:
se(u, v) ≥ 2 diam(Km1,m2,...,mk

⊗ Pn). (14)

Furthermore, the diameter of the product graph relates to its factors as:

diam(Km1,m2,...,mk
⊗ Pn) = max {diam(Km1,m2,...,mk

), diam(Pn)} . (15)

According to Lemma 2.3, the strong eccentricity for any vertex (u, v) ∈ V (D1) satis�es:

se(u, v) ≤ 2 diam(Km1,m2,...,mk
) = 2 diam(Km1,m2,...,mk

⊗ Pn) = 4. (16)

Step 1.2. Strong Orientation Rules.

The edges of D1 are oriented according to the following rules for an arbitrary vertex
(u, v):
• For u ≡ m, and v ≡ 1(mod 2), orient (m, v)→ (m− 1, v);
• For u ≡ m, and v ≡ 0(mod 2), orient (m− 1, v)→ (m, v);
• For u ≡ m− 2, and v ≡ 1(mod 2), orient (m− 2, v)→ (m− 3, v);
• For u ≡ m− 2, and v ≡ 0(mod 2), orient (m− 3, v)→ (m− 2, v);
• For 1 ≤ u ≤ ⌊m

2
⌋+ 1, and v ≡ 1(mod 2), orient (u, v)→ (u+ 1, v);

• For 1 ≤ u ≤ ⌊m
2
⌋+ 1, and v ≡ 0(mod 2), orient (u, v)→ (u− 1, v);

• For ⌊m
2
⌋ < u ≤ m− 1, and v ≡ 1(mod 2), orient (u− ⌊m

2
⌋, v)→ (u, v);



minimum strong diameters in strong product 67

• For ⌊m
2
⌋ < u ≤ m− 1, and v ≡ 0(mod 2), orient (u, v)→ (u− ⌊m

2
⌋, v);

• For u ≡ ⌊m
2
⌋+ 1, and v ≡ 1(mod 2), orient (m, v)→ (u, v), (u, v)→ (⌊u

2
⌋ − 1, v);

• For u ≡ ⌊m
2
⌋+ 1, and v ≡ 0(mod 2), orient (u, v)→ (m, v), (⌊u

2
⌋ − 1, v)→ (u, v).

Step 1.3. Upper Bound on Strong Eccentricity.

Let S be a proper subset of V (D1), and denote S = V (D1) \ S. Let P1 = {(u, v), . . . ,
(u1, v1), (u2, v2) | [u1, u2] ̸= u; [v1, v2] ̸= v} be a minimum oriented path from (u, v) to S.
It is clear that (u1, v1) ∈ S and (u2, v2) ∈ S, and the segment {(u, v), (u1, v1)} of P1 must
be a minimum oriented path. Therefore, the strong distance from (u, v) to (u2, v2) in D1

satis�es:

sdD1((u, v), (u2, v2)) = sdD1((u, v), (u1, v1)) + sdD1((u1, v1), (u2, v2)). (17)

The minimum strong oriented distance from (u, v) to S satis�es:

sdD1((u, v), S) = min
(u,v)∈S

{sdD1((u, v), S)}+ min
(u2,v2)∈S

{sdD1(S, (u2, v2)}

<2 diam(Km1,m2,...,mk
). (18)

From the construction of D1, one can show that any two vertices in the same layer or
adjacent layers are within a bounded strong distance. A detailed case analysis yields:

sdD1((u, v), S) < 2 diam(Km1,m2,...,mk
⊗ Pn) = 4. (19)

Since this holds for any S and any (u, v) ∈ S, it follows that the strong eccentricity of
any vertex is at most 4:

se(u, v) ≤ 4|(u, v) ∈ V (D1). (20)

Step 1.4. Lower Bound and Tightness on Strong Distance.

We now show that the bound of the strong distance in Km1,m2,...,mk
⊗ Pn is tight.

Consider two vertices (u1, v1) and (u2, v2) chosen as follows:
a) u1 and u2 are in the same partite set of Km1,m2,...,mk

, so they are not adjacent in
Km1,m2,...,mk

,
b) v1 and v2 are the endpoints of the path Pn.
In the underlying graph of Km1,m2,...,mk

⊗ Pn, the distance between (u1, v1) and (u2, v2)

is:

dKm1,m2,...,mk
⊗Pn((u1, v1), (u2, v2)) =max{dKm1,m2,...,mk

(u1, u2), dPn(v1, v2)}
=max{2, n− 1}. (21)

For 1 < n ≤ 3, the distance of (v1, v2) is at least 2. However, according to the speci�c
orientation rules in D1, any oriented path from (u1, v1) to (u2, v2) must traverse at least
4 edges. This can be veri�ed by checking all possible paths under the orientation rules,
leading to:

sdD1((u1, v1), (u2, v2)) ≥ 4. (22)

Hence, the strong diameter of D1 is at least 4. Combined with the upper bound of the
strong eccentricity and the lower bound of the strong distance, we conclude:

sdiam(D1) = 4, se(u, v) = 4|(u, v) ∈ V (D1). (23)
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Since D1 is the minimum strong orientation of Km1,m2,...,mk
⊗ Pn, the minimum strong

diameter over all strong orientations is at most 4. But since we have exhibited an orien-
tation with strong diameter exactly 4, it follows that:

sdiam(Km1,...,mk
⊗ Pn) = 4. (24)

Fig. 3. Strong oriented graph of K1,2,4 ⊗ P3

Step 1.5. Example.

As shown in Figure 3, the graph K1,2,4 ⊗ P3 illustrates this result. Here, m = 7, n = 3,
the red arrow represents the edge orientation that satis�es the orientation rule. Applying
the orientation rules above yields a strong orientation where the maximum strong distance
between any two vertices is 4, and every vertex has a strong eccentricity 4, con�rming
Case 1.
Case 2. Let k ≥ 3, m ≡ 0, 1(mod 2), n ≡ 0, 1(mod 2) and 3 < n ≤ 5. Let D2 be the

minimum strong oriented graph of Km1,m2,...,mk
⊗ Pn. The vertex set classi�cation of D2

is similar to that of Case 1. Demonstrate Case 2 in 4 steps.
Step 2.1. Preliminary Results and Strong Orientation Rules.

According to Lemma 2.3, the strong eccentricity for any vertex (u, v) ∈ V (D1) satis�es:

se(u, v) ≤ 2 diam(Pn) = 2 diam(Km1,m2,...,mk
⊗ Pn) = 2 (n− 1). (25)

The edges of D2 are oriented according to the following rules for an arbitrary vertex
(u, v):
• For u ≡ 1, and 1 ≤ v ≤ ⌊n

2
⌋, orient (1, v)→ (⌊m

2
⌋, v);

• For u ≡ 1, and ⌊n
2
⌋ ≤ v ≤ n, orient (⌊m

2
⌋, v)→ (1, v);

• For u ≡ ⌊m
2
⌋, 1 ≤ v ≤ ⌊n

2
⌋, orient (u, v)→ (m− 1, v);

• For u ≡ ⌊m
2
⌋, and ⌊n

2
⌋ < v ≤ n, orient (u, v)→ (⌊m

2
⌋, v);

• For u ≡ ⌊m
2
⌋, and 1 ≤ v ≤ n− 1, orient (⌊u

2
⌋, v)→ (u, v);

• For u ≡ ⌊m
2
⌋, and ⌊n

2
⌋ < v ≤ n, orient (m− 1, v)→ (u, v);

• For 1 ≤ u ≤ m, and 1 ≤ v ≤ ⌊n
2
⌋, orient (u, v)→ (u+ 1, v);

• For 1 ≤ u ≤ m, and ⌊n
2
⌋ ≤ v ≤ n, orient (u, v)→ (u− 1, v);

• For u ≡ 1(mod 2), and v ≡ 1(mod 2), orient (u, v)→ (u+ 2, v);
• For u ≡ 0(mod 2), u ̸= 2, and 1 ≤ v ≤ ⌊n

2
⌋, orient (u, v)→ (⌊u

2
⌋, v);
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• For u ≡ 0(mod 2), u ̸= 2, and ⌊n
2
⌋ ≤ v ≤ n, orient (⌊u

2
⌋, v)→ (u, v);

• For u ≡ 1(mod 2), and v ≡ 0(mod 2), orient (u, v)→ (u+ 1, v − 1);
• For u ≡ 1(mod 2), u ̸= 1, 1 ≤ u ≤ ⌊m

2
⌋, and 1 ≤ v ≤ ⌊n

2
⌋, orient (u, v)→ (2u− 1, v);

• For u ≡ 1(mod 2), u ̸= 1, 1 ≤ u ≤ ⌊m
2
⌋, and ⌊n

2
⌋ ≤ v ≤ n, orient (2u− 1, v)→ (u, v).

Step 2.2. Upper Bound on Strong Eccentricity.

Let T and T be two di�erent sets of vertex V (D2), suppose there are three di�erent
vertices (u, v), (u3, v3) and (u4, v4), respectively expressed as:

T = {(u, v), (u3, v3)};T = {V (D2)\T}. (26)

For the set T , the minimum strong oriented distance from (u, v) to (u3, v3) satis�es:

sdD2((u, v), (u3, v3)) < 2 diam(Pn). (27)

The minimum strong oriented loop distance from (u, v) back to itself satis�es:

sdD2((u, v), (u, v)) = min
(u3,v3)∈T

{sdD2((u, v), (u3, v3))}+ min
(u4,v4)∈T

{sdD2((u3, v3), (u4, v4)}

≤2 diam(Pn). (28)

From the construction of D2 and the strong distance between any of the vertices men-
tioned above, the strong strong eccentricity of any vertex (u, v) is at most 2(n− 1):

se(u, v) ≤ 2(n− 1)|(u, v) ∈ V (D2). (29)

Step 2.3. Lower Bound and Tightness on Strong Distance.

We now show that the bound of the strong distance in Km1,m2,...,mk
⊗ Pn is tight.

Consider two vertices (u3, v3) and (u4, v4) chosen as follows:
a) u3 and u4 are in the di�erent partite set of Km1,m2,...,mk

, so they are adjacent in
Km1,m2,...,mk

,
b) v3 and v4 are the endpoints of the path Pn.
In the underlying graph of Km1,m2,...,mk

⊗ Pn, the distance between (u3, v3) and (u4, v4)

is:

dKm1,m2,...,mk
⊗Pn((u3, v3), (u4, v4)) = max{dKm1,m2,...,mk

(u3, u4), dPn(v3, v4)} = 2 (n− 1).

(30)
For 3 < n ≤ 5, according to the speci�c orientation rules in D2, any oriented path from

(u3, v3) to (u4, v4) satis�es:

sdD2((u3, v3), (u4, v4)) ≥ 2 (n− 1). (31)

Combined with the upper bound of the strong eccentricity and the lower bound of the
strong distance, we conclude:

sdiam(D2) = 2 (n− 1), se(u, v) = 2 (n− 1)|(u, v) ∈ V (D2). (32)
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Fig. 4. Strong oriented graph of K1,2,3 ⊗ P4

Step 2.4. Example.

As shown in Figure 4, the graph K1,2,3 ⊗ P4 illustrates this result. Here, m = 6, n = 4,
the red arrow represents the edge orientation that satis�es the orientation rule. Applying
the orientation rules above yields a strong orientation where the maximum strong distance
between any two vertices is 4, and every vertex has a strong eccentricity 4, con�rming
Case 2.
Therefore, according to above analysis, we can obtain:

sdiam(Km1,...,mk
⊗ Pn) = 2(n− 1). (33)

In summary, form Case 1 to Case 2 and formulas (11) to (33). We have analyzed and
discussed two di�erent conditions of the minimum strong diameter of Km1,m2,...,mk

⊗ Pn.
In the following content, we will continue to investigate the minimum strong diameter of
Km1,m2,...,mk

⊗ Pn when n is greater than 5. Proof is complete.

Theorem 2.6. Let Km1,m2,...,mk
be a complete multipartite graph and Pn be a path with

k ≥ 3, n > 5, then the lower and upper bounds of minimum strong diameter of Km1,m2,...,mk

⊗ Pn are:

8 < sdiam (Km1,m2,..,mk
⊗ Pn) ≤ 2(n− 1). (34)

Proof. Let k ≥ 3, n ≡ 0 1 (mod 2) and n > 5, m =
k∑

i=1

mi. Let D3 be the minimum

strong oriented graph of Km1,m2,...,mk
⊗ Pn. Demonstrate Theorem 2.6 in 4 steps.

Step 1. Strong Orientation Rules.

Since the set of vertices of Km1,m2,...,mk
⊗ Pn are symmetric, the set of vertices of D3

can be divided into two parts, respectively:

DO1 ={(u, v) |1 ≤ u ≤ ⌊m
2
⌋, 1 ≤ v ≤

⌊n
2

⌋
};

DO2 ={(u, v) |⌊
m

2
⌋ ≤ i ≤ m,

⌈n
2

⌉
≤ j ≤ n}. (35)

The edges of D3 are oriented according to the following rules for an arbitrary vertex
(u, v) in V (DO1) and V (DO2):
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• For 1 ≤ u ≤ ⌊m
2
⌋, and 1 ≤ v ≤ ⌊n

2
⌋, orient (m, v)→ (u, v);

• For ⌊m
2
⌋ ≤ u ≤ m, and v ≡ 1(mod 2), orient (u, v)→ (m, v);

• For 1 ≤ u ≤ ⌊m
2
⌋, and v ≡ 1(mod 2), orient (u, v)→ (⌊m

2
⌋, v);

• For ⌊m
2
⌋ ≤ u ≤ m, and ⌊n

2
⌋ ≤ v ≤ n, orient (⌊m

2
⌋, v)→ (u, v);

• For u ≡ ⌊m
2
⌋, and 1 ≤ v ≤ ⌊n

2
⌋, orient (⌊m

2
⌋, v)→ (⌊m

2
⌋+ 1, v);

• For u ≡ ⌊m
2
⌋, and ⌊n

2
⌋ ≤ v ≤ n, orient (⌊m

2
⌋+ 1, v)→ (⌊m

2
⌋, v);

• For u ≡ 1(mod 2), and v ≡ 1(mod 2), orient (u, v)→ (u+ 1, v + 1);
• For u ≡ 0(mod 2), and v ≡ 0(mod 2), orient (u, v)→ (u− 1, v − 1);
• For 1 ≤ u ≤ ⌊m

2
⌋, and 1 ≤ v < ⌊n

2
⌋, orient (u, v)→ (u+ 1, v), (u, v)→ (u, v + 1);

• For ⌊m
2
⌋ ≤ u ≤ m, and ⌊n

2
⌋ < v ≤ n, orient (u, v)→ (u− 1, v), (u, v)→ (u, v − 1);

• For u ≡ 1, and 1 ≤ v ≤ n, orient (1, v) → (2, v + 1) → (3, v) → . . . → (m, v) →
(1, v + 1)→ (2, v)→ (3, v + 1)→ . . .→ (m− 1, v)→ (m, v + 1)→ (1, v);
• For 1 ≤ u ≤ m, and 1 ≤ v ≤ n, orient (u, v) → (u + 1, v) → (⌊3m

2
⌋, v) → (m, v) →

(⌊m
2
⌋, v + 1)→ . . .→ (⌊m

2
⌋+ ⌊3m

2
⌋, v)→ (m, v + 1)→ (m− ⌊u

2
⌋, v)→ (u, v).

Step 2. Prove that the Lower Bound is Strict.

According to Lemma 2.2 and the de�nition of diameter, when n > 5, there exists:

diam(Pn) >diam(Km1,m2,...,mk
) = 2;

diam(Km1,m2,...,mk
⊗ Pn) =diam(Pn) = n− 1. (36)

We can obtain the diameter of Km1,m2,...,mk
⊗Pn depends on the length of the path Pn,

n > 5, so 2diam(Pn) > 8.
The strong eccentricity for any vertex (u, v) ∈ V (D3) satis�es:

8 < se(u, v) ≤ 2 diam(Pn). (37)

Therefore, according to the above analysis and the de�nition of minimum diameter, it
can be concluded that sdiam(Km1,m2,...,mk

⊗ Pn) > 8 is strict.
Step 3. Prove that the Upper Bound is Sharp.

Let J be a proper subset of V (D3), and denote J = V (D3) \ J . Let P3 = {(u, v), . . . ,
(u5, v5), (u6, v6) | [u5, u6] ̸= u; [v5, v6] ̸= v} be a minimum oriented path from (u, v) to J .
It is clear that (u5, v5) ∈ J and (u6, v6) ∈ J , and the segment {(u, v), (u5, v5)} of P3 must
be a minimum oriented path.
According to the results proven in step 2 and the de�nition of diameter, for any vertex

(u, v) ∈ V (D3), the strong eccentricity satis�es:

8 < se(u, v) ≤ 2 (n− 1). (38)

From the construction of D3, the minimum strong orientation distance P3 is satis�ed:

sd(P3) = min
(u5,u5)∈J

{sdD3((u, v), (u5, v5))}+ min
(u6,v6)∈J

{sdD3((u5, v5), (u6, v6))}

≤se(u, v) ≤ 2diam(Pn) = 2(n− 1). (39)

Thus, through the above analysis, it can be obtained that in D3, for any vertex
(u, v) ∈ V (D3), the relationship between se(u, v), diam (D3), sdiam (D3), diam (Pn) can
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be summarized:

8 < 2 diam(Pn) ≤ 2 diam(D3) < se(u, v) ≤ sdiam(D3) ≤ 2(n− 1). (40)

Therefore, according to above analysis, we can obtain:

8 < sdiam(Km1,m2,...,mk
⊗ Pn) ≤ 2(n− 1). (41)

We can concluded that sdiam(Km1,m2,...,mk
⊗ Pn) ≤ 2 (n− 1) is sharp.

Fig. 5. Strong oriented graph of Km1,m2,...,mk
× Pn

Step 4. Example

As shown in Figure 5, the graph Km1,m2,...,mk
⊗ Pn illustrates this result, the red arrow

represents the edge orientation that satis�es the orientation rule. Here, m1 to mk, and
n be both real number. Applying the orientation rules above yields a strong orientation
where the maximum strong distance between any two vertices is 8 to 2 (n− 1), and every
vertex has a strong eccentricity 8 to 2 (n− 1), con�rming the Theorem 2.6.
In summary, according to the formulas (34) to (41) and proof process, the main results

of this theorem can be easily obtained. Proof is complete.

Following Theorems 2.5 and 2.6 on the minimum strong diameter of Km1,m2,...,mk
⊗Pn,

we state two corollaries. These can reveal structural insights by considering two extremes:
�rstly, when the multipartite graph becomes a complete graph Kk, our result contains
Liu's [21] on Kk as a special case; secondly, when it reduces to a path Pn, the problem
simpli�es to �nding the strong diameter of Pn.

Corollary 2.7. Let Kk be any complete graph, Pn be any path, k and n be both any real

number, then the lower and upper bounds of minimum strong diameter of Kk ⊗ Pn are:

2 ≤ sdiam(Kk ⊗ Pn) ≤ 2(n− 1). (42)

Proof. Let D4 be the minimum strong oriented graph of Kk⊗Pn. Since the set of vertices
of Kk ⊗ Pn is symmetric, the set of vertices of D4 is respectively:
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DE1 =
{
(u, v) |1 ≤ u ≤ k, 1 ≤ v ≤

⌈n
2

⌉}
;

DE2 =
{
(u, v) |1 ≤ u ≤ k,

⌈n
2

⌉
≤ v ≤ n

}
. (43)

According to Lemma 2.1, it can obtained:

sdiam(D4) ≤
⌊
5(kn− 1)

3

⌋
. (44)

According to Liu's method in [21], Kk ⊗ Pn is strongly oriented, after completing the
strong orientation ofD4, it is found that for any vertex (u, v) ∈ V (D4), the sdiam(Kk⊗Pn)

and se(u, v) can be concluded:

2 ≤ se(u, v) ≤ sdiam(D4) ≤ sdiam(Kk ⊗ Pn) ≤ 2 (n− 1). (45)

According to formulas (42) to (45) and the proof process, the main results of this
theorem can be easily obtained. Proof is complete.

Fig. 6. Strong diameter graph of Pn

Corollary 2.8. Let Pn be any path, then the minimum strong diameter of the path is

n− 1.

Corollary 2.8 generalizes Yue's �ndings on the strong product of two paths [26, 27],
establishes a basis for obtaining the minimum strong diameter of Km1,m2,...,mk

⊗ Pn. To
further elucidate the strong diameter of a path itself, Figure 6 illustrates its strong diam-
eter for paths with an odd and an even number of vertices.
Having established the theoretical value and bounds and the method for obtaining the

minimum strong diameter of the strong product graphKm1,m2,...,mk
⊗Pn through the above

theorems and corollaries, we now formalize this procedure into an algorithm.

Algorithm 1 Algorithm to calculate the minimum strong diameter
Input: Orders of complete multipartite graph Km1,m2,...,mk

: m1,m2, . . . ,mk; Order of
path Pn: n

Output: Minimum strong diameter of Km1,m2,...,mk
⊗ Pn: sdiam(Km1,m2,...,mk

⊗ Pn)

1: function Calculate Minimum Strong Diameter(m1,m2, . . . ,mk, n)
2: Step 1: Construct the Unoirented Graph G = Km1,m2,...,mk

⊗ Pn

3: X ←
k∑

i=1

mi ▷ Total vertices in complete multipartite graph
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4: N ← X × n ▷ Total vertices in strong product graph
5: G← Create Empty Graph(N)

6: for u = 1 to X do ▷ Add vertex label: u ∈ [1, X], v ∈ [1, n]

7: for v = 1 to n do

8: current_vertex← (u, v) ▷ Add edges within same path position
9: for k = 1 to X do

10: if u ̸= k and vertices u, k are in di�erent partite sets then
11: Add Edge(G, (u, v), (k, v))

12: end if

13: end for ▷ Add edges along the Pn (path adjacency)
14: if v < n then

15: Add Edge(G, (u, v), (u, v + 1)) ▷ Horizontal edge
16: end if

17: if v > 1 then

18: Add Edge(G, (u, v), (u, v − 1)) ▷ Horizontal edge
19: end if

20: if j < n then ▷ Add diagonal edges (strong product rule)
21: for k = 1 to X do

22: if u ̸= k and vertices u, k are in di�erent partite sets then
23: Add Edge(G, (u, v), (k, v + 1)) ▷ Diagonal edge
24: end if

25: end for

26: end if

27: end for

28: end for

29: Step 2: Generate Strong Orientation

30: D ← Create Empty Digraph(N)

31: for each undirected edge (u, v) in G do ▷ Orientation rule based on Theorem 2.6
32: end for

33: Step 3: Precalculate Strong Distance Matrix

34: Initialize sd(N)(N)←∞ ▷ Find all Strongly Connected Components in D

35: SCCs← Kosaraju Or Tarjan(D) ▷ Standard SCC algorithm
36: for each SCC S in SCCs do ▷ Update strong distances for all vertex pairs
37: size_S← |S|
38: for each vertex (u, v) in S do

39: sd(u, v)← min(sd(u, v), size_S)
40: end for

41: end for

42: for each SCC S in SCCs_containing_(u, v) do

43: SCCs_containing_(u, v)← Find All SCCs Containing((u, v), D)

44: for each vertex (u, v) in S do
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45: current_sd← min(sd(u, v), |S|)
46: sd(u, v)← current_sd
47: end for

48: end for

49: Step 4: Calculate Strong Eccentricity

50: Initialize se(N)← 0

51: for u = 1 to N do

52: max_distance← 0

53: for v = 1 to N do

54: if u ̸= v and sd(u, v) ̸=∞ then

55: max_distance← max(max_distance, sd(u, v))
56: end if

57: end for

58: se(u, v)← max_distance
59: end for

60: Step 5: Find Minimum Strong Diameter

61: sdiam(Km1,m2,...,mk
⊗ Pn)←∞

62: for (u = 1, v = 1) to (N,N) do

63: sdiam(Km1,m2,...,mk
⊗ Pn)← min(sdiam(Km1,m2,...,mk

⊗ Pn), se(u, v))
64: end for

65: Step 6: Return Result

66: return sdiam(Km1,m2,...,mk
⊗ Pn)

67: end function

This algorithm calculate the minimum strong diameter of a strong product graph
through six main steps.
• Graph Construction: The algorithm �rstly constructs the strong product graph G =

Km1,m2,...,mk
⊗ Pn of a complete multipartite graph Km1,m2,...,mk

and a path Pn, creating
a structure with three types of edges: multipartite edges within layers, horizontal path
edges, and diagonal product edges.
• Strong Orientation: Applying a systematic strongly orientation rule from Theorem

2.6 to the unoriented graph G yields a strongly connected oriented graph D.
• Strong Distance Calculation: This phase computes the strong distance matrix, de�ned

as the value of the smallest strongly connected subgraph containing any two vertices.
The algorithm �rst �nds all strongly connected components (SCCs), then re�nes distance
estimates by examining all SCCs that contain each pair of vertex.
• Strong Eccentricity Calculation: For each vertex, the algorithm calculates its strong

eccentricity as the maximum strong distance to any other vertex in the graph.
• Minimum Diameter Determination: The minimum strong diameter is found by iden-

tifying the minimum strong eccentricity among all vertices.
• Result Return: The calculated minimum strong diameter value is returned as the
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�nal result.
According to the analysis of each step of the algorithm above, we can conclude that the

time complexity of the entire algorithm is O(X2n2), where X =
k∑

i=1

mi. We have veri�ed

the accuracy of the algorithm.

3. Examples and experiment simulation

This paper constructs and analyzes the strong product graph of Km1,m2,...,mk
⊗ Pn . Our

main contributions are: (1) deriving the speci�c value and lower and upper bounds for
its minimum strong diameter under two di�erent conditions; (2) showing that this prod-
uct preserves key structural properties of its components; (3) demonstrating, through a
comparison of di�erent con�gurations, that a larger order of the complete multipartite
factor leads to a smaller minimum strong diameter. The focus of the next chapter is on
examples and experiment simulation.
Before comparing the advantages of di�erent orders of Km1,m2,...,mk

⊗ Pn, it is neces-
sary to calculate di�erent orders of the minimum strong diameter of Km1,m2,...,mk

⊗ Pn.
The traditional method of calculating the minimum strong diameter is used. It involves
�rst determining the degree of each vertex in the graph and then comparing to �nd the
strong diameter of each strong oriented graph. If use the traditional method to calculate
the strong diameter, the problem of �nding the strong diameter would be very di�cult.
Therefore, in order to simplify the problem. As the strong product retains the character-
istics of factor graphs. Some large graph di�culties into problems of their factor graphs
can be converted.
To illustrate the structure of the strong product Km1,m2,...,mk

⊗ Pn, we construct a spe-
ci�c example, K2,1,2 ⊗ P3, as shown in Figure 7. This visualization clearly reveals the
connectivity and subgraph composition of the product. The order of this construction
is given exactly by |V (Km1,m2,...,mk

⊗ Pn)|= (m1 + m2 + . . . + mk) × n. By analyzing
the structural properties of the factors and applying the bounds established in our the-
orems, we can constrain the minimum strong diameter of this product graph. For the
case presented in Figure 7, this yields 4 ≤ sdiam(K2,1,2 ⊗ P3) ≤ 4. Based on the the
speci�c value of sdiam(Km1,m2,...,mk

) and order constraint, the minimum strong diameter
of Km1,m2,...,mk

⊗Pn can be obtained, denoted by 4 ≤ sdiam(Km1,m2,...,mk
⊗Pn) ≤ 2(n−1).

Fig. 7. Strong product graph of K2,1 ,2⊗P3
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Table 1. Comparison of the data on the minimum strong diameter dataset

Order of Pn Km1,m2,...,m8 ⊗ Pn Km1,m2,...,m6 ⊗ Pn Km1,m2,...,m4 ⊗ Pn

n = 5 4 5 6

n = 12 5 10 12

n = 15 10 15 22

n = 20 16 24 30

n = 22 21 28 39

n = 24 24 34 43

n = 26 27 37 45

n = 28 30 40 52

n = 30 32 43 56

n = 32 34 46 59

According to calculation method of the minimum strong diameter of the strong product
graphKm1,m2,...,mk

⊗Pn. Comparing the three di�erent orders of complete bipartite graphs
and paths, respectively: (1) sdiam(Km1,m2,...,m8 ⊗ Pn); (2) sdiam(Km1,m2,...,m6 ⊗ Pn); (3)
sdiam(Km1,m2,...,m4 ⊗ Pn). As shown in Table 1, the comparison data table is made, the
speci�c value of the minimum strong diameter of Km1,m2,...,m8 ⊗ Pn, Km1,m2,...,m6 ⊗ Pn

and Km1,m2,...,m4 ⊗ Pn are established. According to the the speci�c value of minimum
strong diameter with three di�erent cases in Table 1, as shown in Figure 8, the curve
data of the minimum strong diameter of three di�erent conditions are constructed. Then,
by comparing the values of the curve data, it can be found that the minimum strong
diameter of the strong product of Km1,m2,...,m8 ⊗ Pn is obviously smaller than other two
strong products.

Fig. 8. Three data change curve of minimum strong diameter

Therefore, according to the speci�c value in Table 1 and the curve data changes of the
three di�erent minimum strong diameter. In order to intuitively discover the di�erence
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between Km1,m2,...,m8 ⊗ Pn and Km1,m2,...,m4 ⊗ Pn. As shown in Figure 9 and Figure 10,
the minimum strong diameter of two di�erent strong product three-dimensional graphs
are constructed. By comparing the minimum strong diameter of the three-dimensional
graph, the strong product of Km1,m2,...,m8 ⊗ Pn is closer to a simple graph. At the same
time, the data change on the three-dimensional graph, it can be clearly found that the
strong product of Km1,m2,...,m8 ⊗Pn three-dimensional graph has more concentrated data.

Fig. 9. Three-dimension of Km1,m2,...,m8
⊗ Pn

Fig. 10. Three-dimension of Km1,m2,...,m4
⊗ Pn

In summary, our experimental analyses demonstrate that increasing the order of the
complete multipartite graph reduces the minimum strong diameter of the product graph
Km1,m2,...,mk

⊗ Pn. If we want to explore more accurate data, we can choose higher-order
fully complete multipartite graphs, this key insight enables the optimization of product
topologies.
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