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ABSTRACT

Let G = (V,FE) be a graph. The Gutman-Milovanovi¢ index of a graph G is defined
as Y. (d(u)d(v))*(d(u) + d(v))?, where a and S are any real numbers and d(u) and

weE
d(v) are the degrees of vertices v and v in G, respectively. In this note, we present

sufficient conditions based on the Gutman-Milovanovi¢ index with a > 0 and g > 0 for
some Hamiltonian properties of a graph. We also present upper bounds for the Gutman-
Milovanovi¢ index of a graph for different ranges of o and (.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Notations
and terminologies not defined here follow those in [I]. Let G = (V, E) be a graph with
n vertices and e edges, the degree of a vertex v in G is denoted by dg(v). We use §
and A to denote the minimum degree and maximum degree of G, respectively. The
complement of a graph G is denoted by G°. We use G[S] to denote a subgraph induced
by a subset S of V(G). A set of vertices in a graph G is independent if the vertices
in the set are pairwise nonadjacent. A maximum independent set in a graph G is an
independent set of largest possible size. The independence number, denoted v(G), of
a graph G is the cardinality of a maximum independent set in G. For disjoint vertex
subsets X and Y of V', we use E(X,Y) to denote the set of all the edges in E such that
one end vertex of each edge is in X and another end vertex of the edge is in Y. Namely,
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EX,)Y)={f:f=aye E,ze X,yeY} WeuseG VG, todenote the the join of
two disjoint graphs Gy and G2. The complete graph of order p is denoted by K,. A cycle
C' in a graph G is called a Hamiltonian cycle of G if C' contains all the vertices of G. A
graph G is called Hamiltonian if G has a Hamiltonian cycle. A path P in a graph G is
called a Hamiltonian path of G if P contains all the vertices of G. A graph G is called
traceable if G has a Hamiltonian path.

A variety of topological indexes for a graph have been introduced. Some notable ones
are the Wiener index [11]. the Randi¢ index [10], and the first Zagreb index and the
second Zagreb index [5] of a graph. In 2020, Gutman, Milovanovi¢, and Milovanovi¢ |]
introduced the concept of the Gutman-Milovanovi¢ index. For a graph G, its Gutman-

Milovanovi¢ index, denoted M, s(G), is defined as Y (d(u)d(v))*(d(u) + d(v))?, where
weE
« and f are any real numbers. The Gutman-Milovanovié¢ index is a generalization of both

the first Zagreb index and second Zagreb index of a graph G since My ;(G) and M o(G)
are respectively the same as the first Zagreb index and second Zagreb index of a graph
G. Some recent results on the Gutman-Milovanovi¢ index of a graph can be found in [3]
and [9]. Motivated by the topological index conditions for some Hamiltonian properties
of a graph in [6], [7], and [8], we in this note present sufficient conditions based on the
Gutman-Milovanovi¢ index with o > 0 and § > 0 for some Hamiltonian properties of a
graph. We also present upper bounds for the Gutman-Milovanovié¢ index of a graph for
different ranges of o and . The main results are as follows.

Theorem 1.1. Let G be a k-connected (k > 2) graph with n > 3 vertices. If o > 0,
£ >0, and
My 5(G) >(k+1)(n—k—1)*"A%n —k -1+ A)°
+ (n—k—1)(n—k—2)2°"1A%F5
then G is Hamiltonian or G is K | V K.

Theorem 1.2. Let G be a k-connected (k > 1) graph with n vertices. If « > 0, > 0,
and

My 3(G) >(k+2)(n—k—2)*TA%n —k —2+A)°
+(n—k—2)(n—k—3)2°7 1A%

then G 1s traceable or G is K| , V Kj.

Theorem 1.3. Let G be a graph with n vertices and 0 > 1. If a > 0 and > 0, then
Mo 5(G) < 7v(n = 7)*AYn — 5+ A)7 + (n —y)(n — vy — 1)277 1A%,
with equality if and only if G is K5V K.

Theorem 1.4. Let G be a graph with n vertices and 6 > 1. If « > 0 and 8 < 0, then
My 5(G) < (0 — 7)™ (26 A% + (n — ) (n — 7 — 1)27167A%,
with equality if and only if G is K,,.
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Theorem 1.5. Let G be a graph with n vertices and 6 > 1. If a« <0 and g > 0, then
Mo 5(G) <v(n =78 (n =y + A) + (n—7y)(n—y = 1)2° 16> A7,
with equality if and only if G 1s K,,.
Theorem 1.6. Let G be a graph with n vertices and 6 > 1. If a« < 0 and B < 0, then
Mo, 5(G) < (n—7)(n+~y —1)2°7162%7,

with equality if and only if G is K,,.

2. Lemmas

We will use the following results as our lemmas.

Lemma 2.1. |2| Let G be a k-connected graph of order n > 3. If v < k, then G is
Hamiltonian.

Lemma 2.2. [2| Let G be a k-connected graph of order n. If v < k + 1, then G is
traceable.

3. Proofs

Proof of Theorem 1.1. Let G be a k-connected (k > 2) graph with n > 3 vertices
satisfying the conditions in Theorem 1.1. Suppose G is not Hamiltonian. Then Lemma
2.1 implies that v > k+ 1. Also, we have that n > 20 +1 > 2k + 1 otherwise § > k > n/2
and G is Hamiltonian. Let [, := {uy,ug,...,u, } be a maximum independent set in G.
Then I := {uy,us, ..., ugy1 } is an independent set in G. Clearly, 6 < d(z) <n — (k+1)
for each x € I and 6 < d(y) < A for each y € V — I. Thus we have that

Si= ) (dwd(v)*(d(u) + d(v))’

weFE uelveV—I

Z (n—k—1)"A%(n—k—1+A)")

uelveV—-I
<(n—k—-1)%A%Mm—k—-1+A)°n—k—1)(k+1)
=(k+1D(n—k—1)°TA%n -k -1+ A)°.

IN

We further have that

Sy = > (A(u)d(v))*(d(u) + d(v))°

we€RueV—-IveV—I u#tv

< Y (anacaray)

ueV—-IveV—Iu#v
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(n—Fk—1)(n—k—2)2°A%+P
—k—1)(n—k—2)2° 1 A%F,

Therefore

Ma,B(G> :Sl + SQ
<(k+1D)(n—k—1D"TA%Mn—k—1+A)° 4+ (n—k—1)(n — k —2)2°7 1A%,

From the conditions in Theorem 1.1, we have that

M,y 3(G) =k +1)(n—k—1)*"A%n —k -1+ A)°
+ (n—k—1)(n—k—2)2° 1 A%5,

Thus

Si=k+1)n—k—-1""A%Mm—k—1+A)°,
Sy =(n—k—1)(n — k —2)2°71A%H5,

Therefore d(z) = n — k — 1 for each z € I, G[V — I] is a complete graph of order
(n—k—1),and d(y) = A =n —1for each y € V' — I, Therefore G is K | V Ky_(j41)-
Since n > 2k + 1, we have that |V —I|> k. If [V —I|> (k+ 1), then G is Hamiltonian, a
contradiction. Thus |V — I|=k and G is K, V Kj. O

Proof of Theorem 1.2. If n =1 or n = 2, then it is trivial that G is traceable. Let G
be a k-connected (k > 1) graph with n > 3 vertices satisfying the conditions in Theorem
1.2. Suppose G is not traceable. Then Lemma 2.2 implies that v > k + 2. Also, we
have that n > 20 + 2 > 2k + 2 otherwise 6 > k > (n — 1)/2 and G is traceable. Let
I :={u,us, ..., uy } be a maximum independent set in G. Then I := {uy, us, ..., w42 } is
an independent set in G. Clearly, § < d(z) < n—(k+2) foreach x € [ and § < d(y) < A
for each y € V — I. Using the arguments similar to the ones in Proof of Theorem 1.1, we
have that

Sii= 3 (du)d(v) (d(w) + ()’

weFEuelveV—I
<(k+2)(n—k—2)"A%n -k -2+ A),
Sy = >, (d(w)d(v))*(d(u) + d(v))”
weER ueV—-IveV—I u#tv

<(n—k—2)(n—k—3)2°71A%HE

Therefore

M, 3(G) =51+ S,
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<(k+2)(n—k—2)"T"A%n -k -2+ A 4+ (n—k—2)(n -k —3)2°7 1A%,
From the conditions in Theorem 1.2, we have that

My p(G) =k +2)(n —k —2)*"'A%n —k -2+ A)°
+ (n—k—2)(n—k— 3)2° 1A%,

Thus

Si=(k+2)(n—k—2T"A%n—k—2+A),
Sy =(n —k —2)(n — k —2)2°7 1A%,

Therefore d(z) = n — k — 2 for each z € I, G[V — I] is a complete graph of order
(n—Fk—2),and d(y) = A =n—1for each y € V — I. Since n > 2k + 2, we have that
|V —1I|> k. If|V—1I|> (k+1), then G is traceable, a contradiction. Thus |V — I|=k
and G is K, V Kj. O

Proof of Theorem 1.3. Suppose G is a graph with n vertices and § > 1. Let I be an
independent set such that |[I|=+. Then 1 <y <mn—1and 1<n—~ <n-—1. Clearly,
d <d(x) <n—~foreach z € I and 6 < d(y) < A for each y € V — [. Using the
arguments similar to the ones in Proof of Theorem 1.1, we have that

Si= Y (dw)d(v)*(d(u) + d(v)?

webuelveV—-I
<y(n =) A% (0 — v+ A)?,
Sa = > (d(u)d(v))*(d(u) + d(v))”
weEueV—-IveV—I u#tv
<(n—7)(n—v — 1271 A%H,

Therefore

M, 3(G) =51+ 5
<y(n =) AN =y + A7+ (n =) (n -y = 127 AT,

It
M, 5(G) =y(n —9)* A% n — v+ A)P + (n —7)(n — v — 1)2° A%
then

St =7(n—7)" A% — v+ A)7,
Sy = (n—7)(n —v—1)2°07 1A%,

In reviewing all the above arguments in this proof, we have that d(z) = n — v for each
xz € I, G[V — I] is a complete graph of order (n — ), and d(y) = A = n — 1 for each
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y € V—1I. Therefore G is K{VK,, . If Gis K{VK,,_,, asimple computation verifies that

—7»

Mo, 5(G) =y(n = 7)* A =7 + A)7 + (n =) (n — 7 — 1)27 1A%,
O

Proof of Theorem 1.4. Suppose G is a graph with n vertices and § > 1. Let I be an
independent set such that |[I[|=+. Then 1 <y <n—1and 1 <n—v <n—1. Clearly,
0 <d(x) <n—~foreach z € I and 6 < d(y) < A for each y € V — [. Using the
arguments similar to the ones in Proof of Theorem 1.1, we have that

Si= Y (du)d(v))*(d(u) + d(v))?

weFRuelveV—-I

< ) ((n=yAr(a+0)?)

uelveV—-I
= 5(n—7)*(26)°A°,

Sp 1= > (d(u)d(v))*(d(u) + d(v))”

wweBueV—-IveV—I u#tv

< Y. (AnAr(E+9)Y)
ueV—-IveV—-Iu#tv

= (n—7)(n —~ —1)2°715P A%,

Therefore

MO(’ﬁ(G) :Sl + SQ
<y(n =) (20)PA% + (n =) (n =y = 1)27 157 A

If
Mg, 5(G) = ~y(n —7)*(20)°A%* + (n — v)(n — v — 1)2°7 167 A>,
then

S1=y(n — 7)1 (20)7A%,
Sy = (n—7)(n —v—1)2°715P A2,

In reviewing all the above arguments in this proof, we have that d(z) = n — v for each
x € I, G[V — I] is a complete graph of order (n — ), and d(y) = 6 = A =n — 1 for each
y € V — I. Therefore G is K,,. If G is K,,, a simple computation verifies that

Mo, 5(G) =v(n —7)* T (20)°A% + (n — 7)(n — v — 1)2°7 17 A%,
O

Proof of Theorem 1.5. Suppose G is a graph with n vertices and § > 1. Let [ be an
independent set such that |[I|=+. Then 1 <y <n—1and 1<n—~ <n—1. Clearly,
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0 <d(x) <n—r~foreach z € I and 6 < d(y) < A for each y € V — [. Using the
arguments similar to the ones in Proof of Theorem 1.1, we have that

Si= Y (dwdw)(d(w) + d(v))’

wweRBuelveV—I

< D (870 (n—y+A)%)

uelveV—-I
=(n—7)0"*(n—~v+A)°,

Sy 1= > (d(u)d(v))*(d(u) + d(v))”

wEE ueV—-IveV —I u#tv

< Y (@A)

ueV—-IveV—-Iu#v
=(n—7)(n—vy—1)2°7152AP°,

Therefore
M, 5(G) =S + S,
<y(n =)0 (n =y +A)7 + (n—7)(n -y = 1)27715*A7,
If
Mo, 5(G) =y(n—7)8**(n — 7y + A + (n—y)(n —y — 1)2°716** A7,
then
S1=y(n = 7)8*(n — v+ A)°,
Sy =(n —)(n — vy —1)2°7152* AP,

In reviewing all the above arguments in this proof, we have that d(x) =n —~ = ¢ for
each z € I, G[V — I] is a complete graph of order (n — ), and d(y) =d = A =n—1 for
each y € V — I. Therefore G is K,,. If G is K,,, a simple computation verifies that

Mo, 5(G) =v(n = )8 (n — v+ A)7 + (n = 7)(n — 7 = 1)277 162 A"
O

Proof of Theorem 1.6. Suppose G is a graph with n vertices and 6 > 1. Let [ be an
independent set such that |[I|=+. Then 1 <y <n—1and 1<n—~y <n—1. Clearly,
d <d(x) <n—~foreach z € I and 6 < d(y) < A for each y € V — I. Using the
arguments similar to the ones in Proof of Theorem 1.1, we have that

Si= ) (dwd(v)*(d(u) +d(v))’

webuelveV—-I

< ) (606 +0)7)

uelweV—I
:’V(n - 7) 2[352044-5’
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Sp = > (d(u)d(v))*(d(u) + d(v))”

weEBueV—-IveV—I utv

> (66°(5 + 0)))
ueV—-IveV—-Iu#v
=(n —7)(n —y —1)2°071525,

IN

Therefore
M, 5(G) =Sy + Sy < (n—7)(n+ vy — 1)2°7 15215,
If
Mo,5(G) = (n—y)(n+y —1)277162%7,
then

Sy =7(n —7)2°6%**F,
Sy =(n —)(n — v — 1)2°7 1527,

In reviewing all the above arguments in this proof, we have that d(z) =n —~ = ¢ for
each v € I, G[V — I] is a complete graph of order (n — ), and d(y) = 6 =n — 1 for each
y € V — I. Therefore G is K,,. If G is K,,, a simple computation verifies that

Mo 5(G) = (n = 7)(n -+ — 1)27- 1527,
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