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ABSTRACT

A tree could be defined as follows. An edge is a tree. If T},_; = Ul ['e; is a tree with k — 1
edges e;, and e, an edge, then T, = T)_1Uey is a tree if T Ney is a point. We generalize
this construction: A simplex S; of dimension > 1 is a thick tree. If Gj_; = Uf;llSi is a
thick tree, where S; are simplices of dimension > 1, and S, a new simplex of dimension
> 1, then Gy_1 U Sy is a thick tree if Gj_; NS, is a point. All homological properties
of Stanley-Reisner rings of thick trees are well known. We determine the Hilbert series
and Betti numbers for Stanley-Reisner rings of skeletons of thick trees. From this one can
read of projective dimension, regularity, and judge when they are Cohen-Macaulay.
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1. Preliminaries

An abstract simplicial complex ¥ on a vertex set V = {xy,...,xy} is a set of subsets of
V such that {x;} € ¥ for all ¢, and if 0 € ¥ and 7 C o then 7 € 3. The subsets o are
called faces, and the faces that are maximal with respect to inclusion are called facets. A
usual way to give a simplicial complex is to give its facets. Thus the simplicial complex
{x1, 29,23}, {71, 24, x5}, {75, 16} has the faces {1, xo, x5}, {x1, 24, x5}, {71, 22}, {71, 23},

{xQ’ $3}, {331, 374}’ {xlv 335}, {5174, 235}, {3357 xG}v {$1}, {xQ}’ {333}, {x4}a {x5}7 {x6}> 0. A geo-
metric representation of this complex, which is a thick tree, is two triangles with one
common point {1}, and an edge {z5,z¢} (see Figure 1). It is a thick tree, i.e. of the form
Uk, S;, where S; are simplices of dimension > 1 and such that Ul_,S; N Sy is a point
for { = 1,...,k. The complex in the figure is built in the following way. We start with
the simplex {x1,x9,x3}. Then attach the simplex {x, x4, 25} in {z1}. Finally attach the

* Corresponding author.

Received 28 Jan 2026; Revised 09 Apr 2026; Accepted 11 Apr 2026; Published Online 06 May 2026.
DOI: 10.61091 /um127-12

(© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/um127-12
https://www.combinatorialpress.com/um
https://doi.org/10.61091/um127-12
https://creativecommons.org/licenses/by/4.0/

174 FROBERG

edge {x5, 26} in {z5}.
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Fig. 1. Pictorial representation of the simplicial complex {x1,z2, 23}, {z1, 24,25}, {5, 26}

The dimension of a face is the number of its vertices minus one, and the dimension of
a simplicial complex is the maximal dimension of its facets.

The Stanley-Reisner ring K[X] over a field K of a simplicial complex ¥ with ver-
tex set {z1,...,xny} is K|xy,...,zN]|/I, where I is generated by all squarefree mono-
mials x;, ---x;, for which {x;,...,z; } is not a face of ¥. For the example above,
Klzy, ..., x6)/(x6(x1, T2, T3, T4)+ (22, T3) (24, x5)) is the Stanley-Reisner ring. The Stanley-
Reisner ring is often used to compare topological properties of the geometric repre-
sentation of the complex with algebraic properties of its Stanley-Reisner ring. For a
graded K-algebra R = @;>¢R;, the Hilbert series of R is the formal power series R(t) =
S dimg (Rt

i>0
If fi = fi(X) is the number of i-dimensional faces in ¥, then the f-vector of X is
(f-1, fo,- -, faimx), where f_; = 1, counting the empty set.

The following lemma is well known and easy to prove.

Lemma 1.1. If ¥ is a simplicial complex with f-vector (1, fo, f1, ..., fa), then the Hilbert
series of K[X] is
Jot fit? fat™t!
1 R
Tt Ao T T A=

If 0 is a face in X, then the link of c € ¥ is {r € ¥;7No=0,7Uo € £}.

For a simplicial complex X, the k-skeleton, which we denote by X%, consists of all
faces in ¥ of dimension < k. If ¥ has f-vector (1, fo, fi,..., fa), then ¥ has f-vector
(1, fo, ..., frx) if E < dimX.

A simplicial complex of dimension one is a graph. There is another common way to
compare properties of a graph (V) E) with vertex set V = {z1,...,zx} and edge set
E with algebraic properties of an ideal in an algebra, the edge ideal. The edge ideal
is generated by all z;z; in Klxy,...,zy] for which {z;,z;} € E. We will all the time
consider the Stanley-Reisner ideal if the dimension of the complex is one, not the edge
ideal.

If I is a graded ideal in S = Klxy,...,zx], then S/I, as any finitely generated graded
S-module, has a minimal resolution



BETTI NUMBERS OF THICK TREES 175

04 S/T S @[] -« P S «0,
§>2 j>p+1
where S[—j] means that the degrees of S are shifted so that S[—j]s = S4—;. The num-
bers f3; ; are called the graded Betti numbers of S/I. Using that for each degree of the
resolution, we have an exact sequence of vector spaces, so the alternating sum of their
dimensions is 0, we get the well known formula for the Hilbert series of S/I

S/1() = S (=1 Bt (1 — 1) 1)
7
The projective dimension pd(S/I) of S/I is max{i; 3;; # 0}, the regularity of S/I is
max{j — i;5;; # 0}. If S/I has a minimal resolution as above, then I has a minimal
resolution
04 I+ EPS[—)" -« P S[—j]% « 0,

Jj=2 Jjzp+1
so pd(/) =pd(S/I)—1 and reg(I)=reg(S/I) + 1. If the minimal resolution of I looks like
this:

04 I < SU[—t] « SP2[—t — 1] ¢ - ¢ SOt — 1+ 1] < 0,

then I (and S/I) is said to have a t-linear resolution. It follows that in this case the only
Betti numbers §; ;(S/I), i > 0, are 3 ;++—1, and knowing the Betti numbers is equivalent
to knowing the Hilbert series by equation 1.

Of fundamental importance is the following result of Hochster, [3].

Theorem 1.2. For a simplicial complex >3 on V

62] ZdlmK —i—1 ES,K),

where Yg is the induced subcomplex on S, and H stands for reduced homology.

Thick trees are a special case of simplicial complexes called fat forests. Fat forests are
defined recursively as follows. A d-simplex (i.e. with d + 1 vertices) F} of dimension > 0
is a fat forest. If F;, i =1,...,k, are faces and G,_; = F1U---U F},_; is a fat forest, then
Gr_1 U Fy is a fat forest if H = Gy_1 N F}, is a simplex, dim H > —1. (If dim H = —1,
then Gy_y and Fj are disjoint.) It is known |[I, 2| that fat forests are precisely the
simplicial complexes for which the Stanley-Reisner rings have 2-linear resolutions. If S/I
is a Stanley-Reisner ring with 2-linear resolution, then the ideal has generators of degree
2, and can thus be interpreted as an edge ideal of a graph. These graphs G are exactly
[1, 2] the graphs for which the complement graph is chordal. (The complement graph G
to G has the same vertices as G, and {z;,z;} is an edge in G if and only if {x;,z;} is not
an edge in G.) A graph is chordal if any cycle with at least four vertices has a chord, or,
equivalently, if the only induced cycles have length three. In [2] the Hilbert series, the
Betti numbers, the projective dimension, and the depth of Stanley-Reisner rings S/I of
fat forests are determined. The regularity of S/I is one, so reg(/) = 2.
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2. Prerequisites

Our starting point is thick trees. Thick trees are those fat forests for which Gy N F} is
a point for each k. We now introduce a notation for thick trees. Let A(nq,...,n.) be a
simplicial complex with e facets S;, dim S; = n; — 1 > 1 (so with n; > 2 vertices), such
that (S;U---US;)NS;11 is a point for all i, i = 1,...,e — 1. When all n; = n, we denote

the complex by A(n,e). We have that A(ny,...,n.) has N = Y n; — (e — 1) vertices and
i=1
dim A(ny,...,n.) = max{n;} — 1. The following Lemma is a special case of |2, Theorem

1].

Lemma 2.1. The Hilbert series of K[A(ny,...,ne)] is

i 1 e-1
(1—t)y 11—t

i=1

pd(K[A(ny,...,n.)]) =N —2, depth(K[A(ny,...,n)]) =2, and reg(K[A(nq,...,n.)]) =
1.

We denote the k-skeleton of A(ni,...,n.) by A(ny,...,n.)*®. Our aim is to study the
algebraic properties of the Stanley-Reisner rings K[A(ny, ..., n.)®)].

3. Results

The following lemma is trivial.

Lemma 3.1. A(ny,...,n.)® has f-vector (1,3 ni—(e—1), > (%), ..., > (%)), where
~ : :

s = min{k, max{n;} — 1}.
The lemmas 1.1 and 3.1 give the following theorem.

Corollary 3.2. K[A(ny,...,n.) "] has Hilbert series

s+1 ] s+1 . .
Nt Sttt (T—=H)N 4+ Nt(1 =)V 1+ ST it (1 — )N

1 =2 = =2
+1—t+(1—t)z (1—¢t)N ’

where s = min{k, max{n;} — 1}, N = Ze:lnl —(e—1), and ¢; = Zejl (T;z)
Some of these skeletons are studied earlier. If & > max{n;} — 1, then the k-skeleton of
A(ny,...,ne) is equal to A(ny,...,n.), which is a thick tree. If k = 0, the k-skeleton of
A(nq,...,n.) is just a set of N vertices, which is another example of a fat forest. If k = 1,
then, if A(nq,...,n.) =U5_,S;, and the points (S; U---US;) N S;yq are all different, the
k-skeleton A(ny,...,n.)Y is studied in [1] under the name of Wollastonite graphs.
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Let e > 2 and let ny, no, ..., n. > 2 beintegers. The Wollastonite graph W (ny,na, ..., n.)
[1] is obtained by taking pairwise vertex-disjoint complete graphs K,,,, K,,, ..., K, , and
foreachi =1,2,..., e—1 identifying (gluing) exactly one vertex v; of K, with one vertex
of K.,
[4] the algebraic properties of their edge ideals, i.e., the ideals generated by {z;z;} for all
edges {x;,z;} in A(ny,...,ne)q), while we study the Stanley-Reisner ideals. The edge

ideal is generated by all z;2; where x; and z; belong to the same K, while the Stanley-

Moreover, the chosen vertices v; in the intermediate blocks are all distinct. In

Reisner ideal is generated by those z;x; for which z; and x; do not belong to the same

K,

Fig. 2. The general Wollastonite graph W (ny,na,...,ns)

Lemma 3.3. K[A(ny,...,n.)] = Klz1,...,2y]/I, N = an — (e — 1), where I is

generated by all x;x; for which x; and x; do not belong to th,e same simplex.

Proof. We know that K[A(ni,...,n.)] has a 2-linear resolution, so in particular, if
K[A(ny,...,n.)] = Klxq,... xN]/I N = an (e — 1), then I is generated in de-

gree 2. It is clear that z;z; € I if and only if z; and z; do not belong to the same
simplex. O

Theorem 3.4. If1 < k < dim(A(ny,...,n.)) = max{n;}—1, then K[A(ny,...,n.)¥] =
Kzq,...,xy]/I, where I is generated in degree 2 and k+2. If k > dim(A(nq,...,n.)) =
max{n;} — 1, then I is generated in degree 2. The generators of degree 2 are the same for
all k> 1.

Proof. The generators of I which are of degree 2 are determined by the 1-skeleton, which
is the same for all £ > 1. If £ > dim A(ng, ..., ne), then A(nq,... ,ne)(k) =A(ny,...,Ne),
so, for each k, the generators of degree 2 are all x;x; for which x; and x; do not belong
to the same simplex. The remaining generators of I are of the form z;, - - - z;,, where all
r;;, 1 <1 <, belong to the same simplex. Such an element is a generator for I when
{x,,..., 7} does not belong to A(ny,...,n.)®, but all subset of {x;,,..., 2, } with [ —1
elements do. The only possibility is that {x;,,...,z;} is a subsimplex 7 of dimension
k+ 1, i.e., with k£ + 2 elements, of a simplex o of dimension > k + 1 in A(nq,...,n.).
If & > max{n;} — 1, then K[A(ny,...,n.)®] = K[A(ni,...,n.)] which has a 2-linear
resolution, in particular has relations of degree 2. O]

For k < max{n;}—1 write I = I+ o, where I, is generated by the minimal generators
for I of degree 2, and I, is generated by the minimal generators for I of degree k + 2.
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Theorem 3.5. We have that K[z1,...,xy]/Is has a linear resolution.
Proof. K|xy,...,zn|/Is = K[A(ny,...,ne)] which has a 2-linear resolution since A(ny,
.., M) is a fat forest. O
We are now ready to determine all Betti numbers of K[A(ny,...,n.)®]. We will use

that for a graded ring R = K|[xy,...,zy]|/I, the Hilbert series of R equals

N
R(t) =Y (=1)'Bi (R)F) /(1 = ).
i=0
Theorem 3.6. If k > 1 we have that ﬁu(K[ (n1,...,n0)®)) = Bij(K[A(ny,...,n.)])
ifji—i<k+1, and Bi;(K[A(ny,...,n)®)) =0if j —i>k+ 1.
Proof. A(ny,...,n.)® is identical to A(ni,...,n.) in dimension < k, so for all in-

duced subcomplexes (A(ny, ..., ne))s with |S|< k+ 1 we have Hy((A(nq, ... ,n)®)g) =
H((A(ny,...,n.))s) if s < k. Thus, according to Hochster’s theorem,

Bii(K[A(ny,...,n = dimg Hj_ 1(A(ny, ..., ne)s; K)
SCV
|1S|=j
= dimg Hi_; 1 (A(ny, ..., ne)®)g; K)
|ST=5
= Z ﬁi,j(K[A(nl’ ne)l),
if j—i < k+1. Furthermore A(ny, ..., n.)*® = 0in dimension > k, so we get 3; j(K[A(ny,
. ne)®)) =0if j —i >k + 1, using Hochster’s theorem in the same way. O

Theorem 3.7. The nonzero Betti numbers of K[A(ny,...,n.)®] are Byo = 1, and for

1>1
‘“/N—-n N —1
B (k)z_z s _
Bz,z—i—l(K[A(nl;--wne) - ( i1 )+(€ 1)(@_}_1)7

where
e

N:Zns—(e—l),

s=1

and, if k <n—1,

Bipsiri(K[A(ng, ... ne)P]) = i g <n.s)(—1)k_j (k +];]+_1j_ j)’

where n = max{n;}.

Proof. For j —i < k+1 we can calculate 3; j(K[A(ny,...,n.)®]) from the Hilbert series
of K[A(ny,...,n.)]) = Klx1,...,xn]/Is. We know that Klxy,...,xy]/I5 has a linear
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e
resolution, so the only nonzero Betti numbers if ¢ > 0 are f3;;11. Let N = > ny— (e —1)

s=1
and n = max{n;}. The Hilbert series of K[z1,...,zy]/I5 is according to |2, Theorem 1]

e

Ly Soeoeenaenn S
Z(l—t)"s_ 1—¢t 11—t~ T

s=1

e

Now /Bi,i-l-l 18 (—1)iCi+17 and

N <; <NZ; ?) —(e—1) (]ZV+—11>) |

The Betti numbers for j —¢ = k4 1 are, according to Lemmas 1.1 and 3.1, determined
from the Hilbert series of k[A(n,e)®)], which is

Ny f)( )a (1—t)N+Nt(1—)N1+kili(”s)t3(1—t)
1—|—1—_t+ (:

Jj=2s=

t)? (1—8)~

To get the Betti numbers f3; ;114 we subtract the part that gives the Betti numbers
Biit1, thus the part that comes from the Hilbert series of K[A(n,e)]. We now write this
series as

&M+

(1—=t)N + Nt(1 — )N + i 2 (") (1 =N
(1—¢)N ’

so we can read off the Betti numbers 3; ;11 (K[A(n, e)u]) from

Now Biitk1 = (—1)'diri1. We get

Z Z N—j
k+1+1
dhria = ( ) J<k+z‘+1—j)'

j=k+2 s=1

We specialize to the case when n; = n for all 7.

Corollary 3.8. The nonzero Betti numbers of K[A(n,e)®] are By =1, and for i > 1

N — N -1
Bmurlz—@(l._'_ln)+(6—1)(i+1)7

and, if k <n—1, B kr1+:(K[A(n, e)®]) = i e(@)(_l)k_j (k+]:/J:1J—J)
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Corollary 3.9. We have pd(K[A(n,e)®)] = N — 2 and reg(K[A(n,e)®]) = k + 1 if

1 <k < dim(A(n,e)). If k > dim(A(n, e)), then reg(K[A(n,e)®)]) = 1.
Proof. If k > dim(A(n,e)), then K[A(n,e)®] = K[A(n,e)], so reg(K[A(n,e)®]) =1
since A(n, e) is a fat forest. The remaining claims follow directly from Theorem 3.7. [

Corollary 3.10. If k < 1, then K[A(n,e)®] is Cohen-Macaulay for all sets of n;. If
k> 1, then K[A(n,e)®] is Cohen-Macaulay only if n = 2.

Proof. If £ <1 we use Reisner’s criterion [5] saying that k[X] is Cohen-Macaulay if and
only if for each face o € 2, H,(link,) = 0 for all i < dim(link,). If k¥ > 1 and n = 2, then
K[A(n,e)®] = K[A(n,e)] which is Cohen-Macaulay according to Reisner’s criterion. If
k> 1and n > 2, then depth(K[A(n,e)®]) = 2 and dim(K[A(n,e)®)]) > 3. O

We illustrate the results with an example. Consider K[A(3,4,5)*)]. Here is the result
for k = 1. Row 1 contains 3;;+1, row 2 contains [3; ;4.

0 1 2 3 4 ) 6 7 8
total: 1 40 195 456 629 540 285 85 11

0: 1 . . . . . . . .
1: .26 103 197 224 160 71 18 2
2: .15 99 280 440 415 235 74 10

We show how to determine the Betti numbers from Theorem 3.7. We have
Biiv1 (K[A(3,4,5) V] = B;,01(K[A(3,4,5)], and K[A(3,4,5)] has Hilbert series

m 10t N 19¢2 N 15¢3 N 6t N i
1—t (1—6)2 (1—t)p3  (Q—t* " (11—t
1 — 2612 + 1033 — 197t* + 224> — 1605 + 7147 — 1818 + 2t

- (1— )10

9 .
1 + Z Citz.

i=1

Now B;it1 = (—1)%ciy1. To get the remaining Betti numbers we determine the Hilbert
series of K[A(3,4,5)"], which is
LN 19t 1 — 261> + 88> — 98t" — 56t° 4 280¢° — 344t + 217t — 72t + 10t'°
1—t (1—t)2 (1 —t)to
(=)t
i.j

BED R

We have (3, 3 — 813 = 88. Since 3,3 = 103, we get $23 = 15. We have 854 — 534 = —98.
Since 334 = 197, we get B24 = 99 a.s.0
Here is the result for K[A(3,4,5) ).
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4.

o1 2 3 4 5 6 7 8

total: 1 32 138 282 334 240 102 23 2

0: 1 . . . . . . .

1: 26 103 197 224 160 71 18 2

2: . . . . . . .

3: 6 35 8 110 8 31 5
And here for K[A(3,4,5)s)]-

0 1 2 3 4 5 6 7 8
total: 1 27 108 207 234 165 72 18 2

0: 1 . . . . . . .
1 26 103 197 224 160 71 18 2
2:

3: .

4 1 5 10 10 5 1
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