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ABSTRACT

The concept of the integrated adjacency matrix for mixed graphs was first introduced
in [9], where its spectral properties were analyzed in relation to the structural charac-
teristics of the mixed graph. Building upon this foundation, this paper introduces the
integrated Laplacian matrix, the integrated signless Laplacian matrix, and the normal-
ized integrated Laplacian matrix for mixed graphs. We further explore how the spectra
of these matrices relate to the structural properties of the mixed graph.
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1. Introduction

All graphs (directed graphs) considered in this paper may contain multiple loops and
multiple edges (multiple directed loops and multiple arcs). A mixed graph generalizes
both graphs and directed graphs. That is, a mixed graph may contain multiple loops,
multiple edges, multiple directed loops and multiple arcs.

A fundamental problem in spectral theory of mixed graphs is assigning an appropriate
matrix to a mixed graph and analyzing the mixed graph’s properties through the eigen-
values of that matrix. To achieve this, researchers have introduced various matrices that
capture the spectral properties of mixed graphs.

In the literature, various matrices have been associated with mixed graphs under specific
constraints. For mixed graphs without multiple edges, loops, multiple arcs, directed loops,
or digons (pairs of arcs with the same endpoints but opposite directions), the Hermitian
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adjacency matrix was independently introduced by Liu and Li [10] and Guo and Mohar [8].
Additionally, several other matrices for this specific case have been explored, as seen in [1,
2,3, 13, 14, 15, 16, 17, 18]. For mixed graphs without directed loops, the matrix in [5] was
proposed. For mixed graphs without loops, directed loops, and digons, a matrix has been
defined in [8]. In cases where an edge is treated as a digon, a matrix is defined in [12].
Lastly, for mixed graphs without digons, loops, and directed loops, a matrix is presented
in [19].

There are, however, certain limitations: (i) the matrix defined in [2] is not symmetric,
leading to eigenvalues that may include complex numbers; (ii) some matrices are only
applicable to specific types of mixed graphs; and (iii) in some matrices, undirected edges
are represented as digons, making it unclear from the matrix entries whether two vertices
are connected by an edge or a digon, even when the index set of the matrix is provided.
Furthermore, the entries of the matrix defined in [5] do not clearly convey the number
of edges, loops, arcs, or the orientation of arcs. As a result, not all mixed graphs can be
uniquely determined from their associated matrices.

To overcome these limitations, the integrated adjacency matrix for mixed graphs was
introduced in [9]. Using this matrix, we introduce three additional matrices for mixed
graphs in this paper: the integrated Laplacian matrix, the integrated signless Laplacian
matrix, and the normalized integrated Laplacian matrix. We show that (i) each loopless
mixed graph can be uniquely determined from its integrated Laplacian matrix, (ii) each
mixed graph can be uniquely determined from its integrated signless Laplacian matrix, and
(iii) each simple mixed graph can be uniquely determined from its normalized integrated
Laplacian matrix.

Since these matrices are defined using the integrated adjacency matrix, we will refer
to |9] as Part I in the following discussion. While we maintain the terminology and nota-
tion from Part I, some key definitions will be restated here for the reader’s convenience.

The rest of the paper is organized as follows:we begin by presenting some preliminary
definitions and notations in Section 2, which serve as the foundation for subsequent dis-
cussions. In Subsection 2.1, we provide the definition of the integrated adjacency matrix
for mixed graphs [9]. Additionally, we include relevant definitions and results associated
with this matrix that are utilized in later sections.

In Sections 3, 4 and 5, we introduce the integrated Laplacian matrix, the integrated
signless Laplacian matrix and the normalized integrated Laplacian matrix, respectively
of a mixed graph and study the interplay between the eigenvalues of these matrices with
the structural properties of mixed graphs

2. Preliminaries

In this section, we present some notations and definitions of graphs, directed graphs and
mixed graphs. A mixed graph G is an ordered triple G = (Vi, Eq, EG), where Vi is the
vertex set, Eg is the edge set (a multiset of unordered pairs of vertices from V), and EG
is the arc set (a multiset of ordered pairs of vertices from Vg).Let Vg = {vy,vq,...,v,}. If
there is an edge joining v; and v; in G, we denote it as v; ~ v;. To specify the number of
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L i k X . !
edges joining v; and v;, we write v; ~ v;, provided there are k such edges in G. If v; ~ v;,

this indicates that there are [ loops at v; in G. If there is an arc from v; to v; in G, we
denote it as v; — v;. To indicate the number of arcs from v; to v;, we write v; LN vj,

provided there are k£ such arcs in G. If v; L v;, this means there are [ directed loops at v;
in GG.Two vertices v and v in GG are said to be adjacent if at least one of u ~ v, u — v or
v — u holds. A vertex v and an edge e in G are said to be incident if e = {u, v} for some
vin G. A vertex u and an arc a in G are said to be incident if a = (u,v) or a = (v, u) for
some v in G.

The undirected degree d(u) of a vertex u in G is the sum of the number of edges incident
with u and the number of loops at u, where each loop at u is counted twice. The out-degree
d*(u) of u in G is the number of arcs start at u (which includes the number of directed
loops at u). The in-degree d~(u) of win G is the number of arcs end at u (which includes
the number of directed loops at u). [(u) denotes the number of loops at u. e(G),a(QG)
and [(G) denote the number of edges (excluding loops), arcs (including directed loops)
and loops in G, respectively. G is said to be (r,s)-regular if d(u) = r and d(u) = s =
d(u) for all w € V. A walk in G is a sequence W : vy, e1,0p,, €2, ..., €41, Up,, Where
U, € Vi, €5 = {VUn;,Un; 1} OF €5 = (U, Un,,,) OF €5 = (U, 0n;) for i = 1,2, Fk,
j=1,2,...,k—1. In this case, we say that W is a walk from v,, to v,,. The total
number of edges and arcs in W (with each repeated edge or arc counted as many times
as it appears), i.e., k — 1 is said to be the length of W. The walk W is said to be closed
if v1 = vk. A mixed graph G is said to be a submized graph of G if Vg, C Vg, Eg, C Eg
and Egl C Eg. A submixed graph G, of G is said to be a spanning submixed graph of G
it Vg, = Vi

A mixed graph G = (VG7Eg,Eg) is said to be a graph if EG = (). In this case, it
is simply denoted as G = (Vg, Eg). Let G = (Vg, Eg) with Vg = {vy,v9,...,v,}. The
adjacency matriz of G, denoted by A(G), is defined as follows: The rows and the columns
of A(G) are indexed by the vertices of G, and for i,j =1,2,... n,

k, ifi;«éjandviivj;
the (v, v;)-th entry of A(G) =< 21, ifi=j and v, Loy

0, otherwise.

The degree matriz of G, denoted by D(G), is defined as D(G) = diag(d(vy), d(va), ..., d(vy,)).
The Laplacian matriz of G, denoted by L(G), is defined as L(G) = D(G) + A(G). The
signless Laplacian matriz of G, denoted by Q(G), is defined as Q(G) = D(G) + A(G).
The normalized Laplacian matriz of G, denoted by E(G), is defined as n X n matrix whose
rows and columns are indexed by Vs and

1— zdl((j?)), if i = j and d(v;) # 0;

the (v;,v;)-th entry of L(G) = —W, if i # j and v; & v;;
Vj vj

0, otherwise.

In particular, if G has no isolated vertices, we have L(G) = D(G)"2L(G)D(G) 2.
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Since A(G), L(G), Q(G) and L(G) are real symmetric matrices, we denote their eigen-
values respectively as A (G) > Xa(G) > -+ > M\(G), 1(G) > nu(G) > -+ > 1,(G),
§1(G) 2 &(G) = -+ > 6u(G) and i1 (G) > 109(G) > -+ > D,(G). The path graph and the
cycle graph on n vertices are denoted by P, and C,, respectively. The disjoint union of
m copies of a graph G is denoted by mG. For S C Vg, volume of S denoted by vol(.S)
which is defined as vol(S) = > d(v). If G is connected and u,v € Vi (u # v), then the

veS
distance d(u,v) between u and v is the length of a shortest path between u and v in G

and d(u,u) = 0. If G is connected and X,Y C Vg, then the distance between X and Y,
denoted by d(X,Y), defined as d(X,Y) = min{d(u,v) |u € X and v € Y'}.

A mixed graph G = (Vg,EG,Eg) is said to be a directed graph if E; = (). In this
case, it is simply denoted as G = (V, Eg) Let G = (Vg, Eg) with Vg = {v1,va,...,0,}.
The adjacency matriz of G, denoted by A(G), is defined as follows [4]: The rows and the
columns of fT(G) are indexed by the vertices of G, and for i,j =1,2,...,n,

. k
k, if v; = vy;

the (v;, vj)-th entry of A@) =
0, otherwise.

A simple graph (resp. simple directed graph) is a graph (resp. directed graph) which has
no loops (resp. directed loops) and no multiple edges (resp. multiple arcs). A simple mized
graph is a mixed graph which has no loops, directed loops, multiple edges or multiple arcs.
A complete graph is a simple graph in which every pair of distinct vertices is adjacent.
A complete directed graph is a simple directed graph in which, for every pair of distinct
vertices u and v, both u — v and v — w exist. A complete mized graph is a simple mixed
graph in which, for every pair of distinct vertices u and v, the following relationship hold:
u~ v, u— vand v — u. We denote the complete graph, the complete directed graph and
the complete mixed graph on n vertices as K,,, K and KM respectively. An oriented
graph of a graph G is the directed graph obtained from G by replacing each edge in G by
an arc.

An independent set in a mixed graph G is a set of vertices of G in which no two
vertices are adjacent. A k-partite graph (or k-partite directed graph, or k-partite mized
graph, resp.) is a graph (or directed graph, or mixed graph, resp.) whose vertices can be
partitioned into k independent sets. If k = 2, then we say that it is a bipartite graph (or
bipartite directed graph, or bipartite mized graph, resp.). Let G be a k-partite graph with
vertex partition Vg = Vi U Vo U+ UV, and |Vi|=n; for i = 1,2,..., k. Then G is said
to be complete k-partite if u ~ v for every u € V; and v € V; with 7 # j. We denote it by

Ky ns....ny- In particular, Ky is used when ny =ny = --- = n, = m.

Let G be a k-partite directed graph with vertex partition Vg = V; UV, U ... UV, and
|Vi|=mn; for i = 1,2,..., k. Then G is said to be complete k-partite if u — v and v — u
for every u € V; and v € V; with i # j. We denote it by K . In particular, K7,
is used when ny = ny = --- =n, = m.

Let G be a k-partite mixed graph with vertex partition Vi = VU Vo U ... UV, and
|Vi|=n; for i = 1,2,... k. Then G is said to be complete k-partite if u ~ v, u — v, and
v — u for every u € V; and v € V; with i # j. We denote it by K/, . In particular,

K,i‘{m) is used when n; =ng = --- = nx = m.
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Throughout this paper, I,, denotes the n x n identity matrix, J,«,, denotes the all-ones
n X m matrix, 0,,x,, denotes the all-zero n x m matrix, and 1,, denotes the all-ones matrix
of size n x 1. These matrices are simply referred to as I, J, 0, and 1, when their sizes
are evident from the context. The characteristic polynomial of a square matrix M is
denoted as Py(x), and the spectrum of M is the multi-set of all the eigenvalues of M.
For an n x n real matrix M with real eigenvalues, we denote its eigenvalues by \;(M) for
i=1,2,...,n, arranged in non-increasing order as A\ (M) > Xo(M) > ... > A\ (M). If A
is an eigenvalue of M with multiplicity m, then we write it as A™. Let M = [m;;] and
N be matrices of order m x n and p X ¢, respectively. The Kronecker product of M and
N, denoted by M ® N, is the mp x ng block matrix [m;;N].

In the rest of the paper we consider only mixed graphs having finite number of vertices.

2.1.  Definitions and results from Part 1

Let G be a mixed graph. The undirected part (resp. the directed part) of G is the spanning
submixed graph of G whose edge set is Eg and arc set is () (resp. edge set is () and arc
set is EG) The undirected part and the directed part of G are denoted as G, and Gy,
respectively. Clearly, every mixed graph can be viewed as the union of its undirected part
and directed part.

Let G be a mixed graph with Vi = {v1,vs,...,v,}. Fori =1,2,... n, let v, and v/
be two copies of v;. The integrated adjacency matriz of G, denoted by Z(G), is defined
as the square matrix of order 2n whose rows and columns are indexed by the elements of
the set {v},vh, ... ;0 v, v, ... v} Fori,j=1,2,...,n,

20, ifi=7jand v; ~ vj;
the (v}, v))-th entry of Z(G) = the (v}, v/)-th entry of Z(G) = ¢ 3, if i # j and v; L v;;

i Vj i Y
0, otherwise;
. 7,
the (1], v/)-th entry of Z(G) = the (v/,v))-th entry of T(G) = {7’ o = vy
0, otherwise.

The spectrum of Z(G) is called the Z-spectrum of G. The eigenvalues of Z(G) are called
the Z-eigenvalues of G. Since Z(G) is real symmetric, it’s eigenvalues are real and so they
can be arranged in a non-increasing order. We denote them as A;(G), A2(G), ..., Aon(G)
and without loss of generality we assume that A (G) > Aa(G) > -+ > Ag,(G).

By arranging the rows and columns of Z(G) in the order v}, v5, ... vl o) v, ... v,
Z(G) can be viewed as a 2 x 2 block matrix

A(G,)  A(Ga)

O =\ jgar A

(1)

The associated graph of G, denoted by G4, is a graph, which is defined as follows. Let

Vga = {0}, vh, ... vl vl vl o 0!} Make adjacency among the vertices of G4 using the
following rules: Fori,j =1,2,... n,

(i) v; ~ v and v ~ v} in G4 if and only if v; ~ v; in G;

(i) v ~ v in G* if and only if v; = v; in G.
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It is clear that A(G?) = Z(G). So the Z-spectrum of G is the same as the spectrum of
A(G?). From the construction of G4 it is easy to observe that if G is simple, then G4 is
a simple graph.

A mixed graph G is said to be r-regular if d*(u) = d~(u) and d(u) + d*(u) = r for all
u € Vg. It is easy to verify that G is r-regular if and only if r is an eigenvalue of Z(G)
with corresponding eigenvector 1o,.

A mixed graph G is said to have the associated-bipartite property (shortly, AB property),
if it has no cycle of odd length and no alternating cycle of odd length with even number
of arcs.

Let G be a mixed graph with at least one arc. A walk in G is said to be an alternating
walk if starting from the first arc it’s subsequent arcs are in alternating directions irre-
spective of the edges. An alternating walk W in G is said to be an alternating path if it
satisfies the following conditions:

(i) Each vertex in W occurs at most twice.

(ii) If a vertex in W occurs twice, then in between them there must be an odd number
of arcs.

(iii) Each edge in W occurs at most twice.

(iv) If an edge in W occurs twice, then in between them there must be an odd number
of arcs.

(v) Each arc in W occurs exactly once.

An alternating walk in G is said to be an alternating cycle if it satisfies the above
conditions (iii)-(v) and it’s starting vertex and it’s ending vertex are the same.

A submixed graph G’ of a mixed graph G having at least one arc is said to be a special
submized graph of G, if it satisfies the following conditions.

(i) Any two distinct vertices of G’ are joined by an alternating walk;

(ii) If a component H of G/, has at least one vertex having in-arc in G’ and at least one
vertex having out-arc in G’, then for each vertex v of H, there exists a closed alternating
walk in G’ which starts and ends at v and containing odd number of arcs.

A submixed graph G’ of a mixed graph G is said to be a mized component of G if it
satisfies one of the following three conditions.

(i) G’ is a component of G, and each vertex of G’ has out-degree zero in G.

(ii) G’ is a component of G, and each vertex of G’ has in-degree zero in G.

(iii) G’ is a maximal special submixed graph of G.

It is shown in |9, Theorem 6.1] that there is a 1-1 correspondence between the multiset
of all mixed components of a mixed graph G and the set of all components of G4. The
unique component of G4 associated to each mixed component H of G, which we henceforth
refer to as the corresponding component of H.

Let G be a mixed graph and let H be a mixed component of G. Let By = {v €
Vi | there exits an alternating path in H which contains v twice} and Cy = {e € Ey |
there exits an alternating path in H which contains e twice}. H is said to have the asso-
ciated path property (shortly AP property) if H is either a path or H has an alternating
path which contains (i) each vertex v of H exactly twice if v € By, otherwise exactly
once, (ii) all the arcs of H, and (iii) each edge e of H exactly twice if e € Cy, otherwise
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exactly once.
A mixed graph G is said to be uniconnected if G has exactly one mixed component.

Lemma 2.1. (|9, Lemma 6.2]) A mized graph G is uniconnected if and only if G* is a
connected graph.

3. Integrated Laplacian matrix of a mixed graph

In this section, we introduce the integrated Laplacian matrix of a mixed graph, explore
its properties, and examine the connection between its eigenvalues and the structural
characteristics of the mixed graph.

Definition 3.1. Let G be a mixed graph with Vg = {vy,v9,...,v,}. Fori =1,2,... n,
let v] and v’ be two copies of v;. We define the integrated degree matriz of G, denoted
by ZP(G), as the diagonal matrix of order 2n, with rows and columns are indexed by the
elements of the set {v], v, ... v, v, v) ... 0"} Fori=1,2 ... n, the (v}, v])-th entry

of IP(G) = d(v;) + d*(v;), and the (v/,v!)-th entry of ZP(G) = d(v;) + d~ (v;).
Definition 3.2. The integrated Laplacian matriz of a mixed graph G, denoted by Z*(G),
is defined as ZL(G) = ZP(G) — Z(G).

Notice that each loopless mixed graph can be determined from its integrated Laplacian
matrix. The eigenvalues of ZX(G) are called the Z--cigenvalues of G. These eigenvalues
are denoted by v;(G) for i = 1,2,...,2n. Since ZY(G) is real symmetric, its eigenvalues
can be arranged, without loss of generality, as v1(G) > 1o(G) > -+ > 1y,(G).The
spectrum of Z(G) is called the Z5-spectrum of G. Notice that ZP(G) = D(G*4) and
therefore ZU(G) = L(G#). This implies that the ZE-spectrum of G is identical to the
spectrum of L(G4).

Using (1), ZE(G) can be viewed as a 2 x 2 block matrix

LG+ Dy —A(Gy)

IL(G) N _E<Gd)T L(Gu) + Dy 7

(2)

where Dy = diag(dt(vy),d" (v3),...,d"(v,)) and Dy = diag(d~(vy),d™ (va),...,d " (v,)).

3.1.  Results
We start with the following.

Observation 3.3. If G is a graph, then I'(G) = I, @ L(G). The eigenvalues of T"(G)
are identical to those of L(G), but each appears with twice their multiplicities.

Theorem 3.4. Let G be a simple mized graph with Vg = {vi,va,...,v,}. Then the
following assertions hold:
(i) ZM(G) is positive semi-definite.
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(i) The rank of TX(G) equals 2n — k, where k is the number of mized components of G.

(iii) The row sum and the column sum of IT*(G) are zero, so zero is an eigenvalue of
I(G).

(iv) Z5(Q) is a singular matriz.

(v) The cofactor matriz of TV(G) has identical entries throughout.

Proof. Part (iii) follows directly from the definition of Z(G), and part (iv) follows from
part (iii). Since Z'(G) = L(G?), parts (i) and (v) follow directly from the properties of
the Laplacian matrix of a simple graph (c.f. [{, Lemma 4.3]). Finally, part (ii) follows
from |9, Corollary 6.1]: “The number of mixed components of a mixed graph G is equal
to the number of components of G4 n

2n

Theorem 3.5. For a mized graph G on n vertices, Y v;(G) = 4e(G) + 2a(Q).
i=1

Proof. “‘latex Since % v(Q) = tr(Z4(G)) = tr(ZP(G) — Z(@)) = tr(ZP(Q)) — tr(Z(@Q)),

we have =
> (@) =D [dT () +dw)] + D (A (viea) + d(vin)] = > Al(v;)
i=1 =1 i=n+1 =1
Z 2d(v;) + dF(v;) + d ™ (v;)] — 41(G). (3)

=1

By substituting the values i d(v;) = 2e(G)+2l(G), and Z dt(v;) = a(G) = Z d~(v;)
=1

(c.f. [9, Proposition 4.1]) in (3), we obtain the result. [ Let G be a mixed graph For

a € EG7 G — a denotes the mixed graph obtained by deleting the arc a from G.

Theorem 3.6. Let G be a simple mized graph on n vertices. Let H = G — a for some
a < Eg. Then 0 = V2n<H) = V2n<G> S Vgnfl(H) S Vgnfl(G) S tee S VQ(G) S Vl(H) S
Ul(G).

Proof. Notice that H4 = G4 — e, where e is the edge of G4 corresponding to the arc a
in G. Since v;(G) = v;(G*) and v;(H) = v;(H?) for i = 1,2,...,2n, the result follows
from an interlacing relation between the Laplacian spectra of a graph and its subgraph
(c.f. [7, Theorem 7.1.5]). O

Theorem 3.7. The Laplacian spectrum of an r-regular mized graph G on n vertices is

given by 0 =1 — A (G) <17 —X(G) < -+ <17 — Aoy (G).

Proof. Since G is r-regular, we have Z*(G) = rly, — Z(G) and A;(G) = r. Hence the
result follows. O
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Theorem 3.8. (i) The It-spectrum of KM m) is 0 (ka) (ka; )(2mk—k).

(ii) The Z*-spectrum of KjJ,,, is (2mk — 2m)(1), O( , (mk)("" D (mk—2m)* =Y (mk —
m>(2k:m—2k)'

Proof. It is clear that K
Therefore, the results follow from Theorem .7 and |9, Theorem 5.3|: “The Z-spectrum of
Kl 18 (2mk—2m)(1), (—=2m)*=D, 09 “and the Z-spectrum of K[, is (mk—m),
(TTL mk)(l), m(k_l), (—m)(k_l), and 0(2km—2k)77. 0

Ay and K,y are 2m(k — 1) and m(k — 1)-regular, respectively.

Corollary 3.9. (i) The Z"-spectrum of KM is 01, 2n(n=1) (2 — 2)("),
(ii) The T*-spectrum of KP is (2n —2)M, 0 n=1 (n — 2)(-1),

Proof. By taking £k =n and m = 1 in Theorem 3.8, the result follows. O

Theorem 3.10. (i) If G is the oriented graph of P, (n > 2) with all its arcs have the
same direction, then the T*-spectrum of G is 2"~ 00+,

(i) If G is the oriented graph of C,, (n > 3) wzth all its arcs have the same direction,
then the T"-spectrum of G is 20", 0™,

(iii) If G is the oriented graph of C,, (n > 4) with all its arcs have the alternating
direction, then the T"-spectrum of G is 00, and (2 — 2cos ZE)D) for k =1,2,...,n

Proof.

(i) Here G4 is the union of (n—1) K5, and two isolated vertices. Therefore, the spectrum
of L(G4) is 2=V oln+1),

(ii) Here G* = nK, and so the spectrum of L(G*) is 2™, 0(™.

(iii) Here G4 is the union of C,,, and n isolated vertices. So the spectrum of L(G%) is
0™, and (2 — 2 cos 2”k)(1 fork=1,2,...,n

Since the spectrum of Z%(G) and L(G#) are the same, we get the results. O

Theorem 3.11. Let G be a uniconnected mized graph on n vertices. If G has an alter-
nating cycle of length 2n that includes all vertices, all arcs, and each edge of G exactly
twice, then the I'-spectrum of G is 2 — 2 cos %k fork=1,2,....2n.

Proof. Notice that G* is 2-regular. Therefore, by |9, Lemma 6.1]: “Let G be a mixed
graph. Then G is r-regular if and only if G4 is r-regular’, it follows that G is also
2-regular. Under the assumptions given, it is shown in [9, Theorem 6.3(iii)] that the
Z-spectrum of G is 2 cos %k for K =1,2,...,2n. Consequently, the result follows directly
from Theorem 3.7. [
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3.1.1. Bounds.

Theorem 3.12. For a simple mized graph G on n wvertices,

v 1 (G) < 4e(G) 4 2a(G) <

S " gno1 =vl@)

2n—1
Proof. Since vy,(G) = 0, it follows from Theorem 3.5 that Y v;(G) = 4e(G) + 2a(G).
i=1
Additionally, since vy,—1(G) < v;(G) < 1y (G) for i = 1,2,...,2n — 1, we have the
2n—1
inequality (2n — 1)vg,—1(G) < > vi(G) < (2n — 1)vy(G). Thus, the result follows. [
i=1

Let G be a mixed graph with Vg = {v,vs,...,v,}. Consider the multiset
{x |z =d(v;)+d"(v;) or & =d(v;) +d (v;) fori=1,2,...,n}
If we arrange the elements of this multiset in decreasing order, denoted as
di > dy > -+ 2> dap,

then we have the following:

k k
Theorem 3.13. For a simple mized graph G on n vertices, Y v;(G) > > d; for k =
i=1 i=1
1,2,...,2n with equality hold when k = 2n.

Proof. Notice that d; > dy > - -+ > dy, is the decreasing sequence of the vertex degrees of
G4. Since v;(G) = v;(GA) for i = 1,2,...,2n, the result follows from |7, Theorem 7.1.3]
which states: O

Theorem 3.14. Let G be a simple mized graph on n vertices. Then

< + -
v1(G) <21 (Gy) + maz d*(u) + ma d~(u).
Proof. We consider Z(G) as mentioned in (2). Setting M = Z*(G), P = L(G,) + Dy,
Q = —A(Gy) and R = L(G,) + D, in |7, Proposition 1.3.16], we obtain v (G) 4 v, (G) <
M(L(Gy) + D1) + M(L(G,) + Ds). Using [1, Lemma 3.19]: “If A and B are symmetric
n X n matrices with real entries, then \;(A + B) < A (A) + A\ (B)”, we derive
M(L(Gy) + Dy) < vi(L(G)) + maz dt (v;),

=1

and

i
Since vy, (G) = 0, the result follows. O
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Theorem 3.15. Let G be a mized graph on n vertices. Then

Vo—1(G) <

Proof. We consider Z*(G) as mentioned in (2). The sums of the entries of L(G,) + Dy,
L(Gy) + Dy and —A(Gy) are a(@), a(G) and —a(G), respectively. From [7, Corol-
lary 1.3.13], the eigenvalues 2a(G) and 0 of the matrix ta(G)(2l, — J;) interlace the
eigenvalues of Z(G). This completes the proof. O

If Gy and G5 are two simple mixed graphs, then the union of G; and Gs, denoted
by G1 U Gy, is the mixed graph with Vg ,ue, = Vo, U Ve, Faug, = Ea, U Eg,, and
EGlUGQ — EG1 U EG2

Definition 3.16. A simple mixed graph G is said to be a factorization of its two spanning
submixed graphs G; and G, if G = G1 U G, with Eg, N Eg, = ) and EGI N EGQ = (.
This is denoted as G = G; @ Gs.

Theorem 3.17. If G = G1 & G, is a factorization of a simple mized graph G, then
(i) von-1(G) > v2,-1(G1) + v2n-1(G2),
(11) max{ul(Gl), Vl(Gg)} S I/l(G) S V1<G1> + Vl(GQ).

Proof. Since G = G| @ Gy, we have G = G @ G%'. Since v;(G) = v(G4), v(G)) =
v;(GP) and v;(Gq) = v;(G4) for i = 1,2n — 1, the proof follows from [11, Theorem 3.3|,
which states: “Let G = G; @ Gy be a factorization of a graph G. Then v, 1(G) >
Un—1(G1) + Vp—1(G2) and max{v,(G1), 1 (Ga)} < 11 (G) < 1 (Gy) + 11(Ga)". O

Corollary 3.18. Let G be a simple mized graph on n wvertices. If H is a spanning
submized graph of G, then vo,_1(H) < V9, 1(G) and v1(H) < 11(G).

Proof. Let G = H & H', where H' is the spanning submixed graph of G with Ey =
Eg\ Ey and Ey = Eg \ Ey. Then by Theorem 3.17, we have vy, 1(H) + vo,_1(H') <
Von—1(G) and max{v,(H), v (H')} < v1(G). Since vy, 1(H) < vop,1(H)+v4a,-1(H') and
v1(H) < max{v,(H),v(H')}, the result follows. O

Corollary 3.19. If G1 and G5 are two simple mized graphs having the same vertex set,
then HlaX{Vl(G1>, I/1<G2)} S Vl(Gl U GQ) S Vl(Gl) -+ V1<G2).

Proof. We can write Gy U Gy = G; & G, where G is the spanning submixed graph
of Gy with Egr = Eg, \ Eg, and Egrl — Eg, \ Eg,. Since Gy and Gy are spanning
submixed graphs of G; U Gs, from Corollary 3.18, we have v(G1) < v1(G1 U Gs) and
v1(Gs) < vi1(G1 UGy). So, the first inequality of the result holds. By Theorem 3.17, we
have v1(G1 U Gs) < v1(Gr) + 11 (G) < v1(Gy) + v1(Ge). Thus, the second inequality of
the result holds. O]



292 G. KALAIVANI & R. RAJKUMAR

Let G be a mixed graph and let u,v € V. If there is no edge joining u and v in G, then
we denote this by u -0 v. Similarly, if there is no arc from v to v in G, then we denote
this by u 4 v.

Theorem 3.20. Let G be a simple mized graph on n vertices, and let u,v € V. Then
we have the following.

(i) If u £ v in G, then v, 1(G) < 3(d(u) + d(v) + d*(u) + d*(v)) and Va1 (G) <
$(d(u) + d(v) + d~(u) + d~ (v)).

(i) If u # v in G, then vo,_1(G) < 3(d(u) + d(v) + d*(u) + d~(v)).

Proof. (i) If u # v in G, then u/ # v' and v” # v" in G4, where v’ and u” (resp. v’
and v") are the vertices of G# corresponding to the vertex u (resp. v) of G. By |7,
Theorem 7.4.4] , we have vy, 1 (G*) < $(d(v') +d(v')) and vo,—1(G?) < L(d(u”) +d(v")).
Since vo, 1(G?) = vo,_1(G) and d(v') = d(u) + d*(u), d(v') = d(v) + d*(v), d(u")
d(u) + d~(u) and d(v") = d(v) + d~(v), the result follows.

(ii) If u 4 v in G, then v’ % v" in GA. From |7, Theorem 7.4.4], we have vg, 1 (G4)
$(d(W) + d(v")). Since va,—1(GY) = v2,-1(G) and d(v') = d(u) + d*(u) and d(v")
d(v) + d~(v), the result follows.

O IA

Theorem 3.21. Let G be a simple mixed graph on n vertices. Then for any U C Vg, we
have va,_1(G) < vop_1 (G — U) + 2|U|, where k = |Vg|—|U].

Proof. Let Vg = {vy,vq,...,v,}. Without loss of generality, let U = {vy,vs,...,vx},
where k € {1,2,...,n—1}. Then U’ = {v}, v}, ... v}, v}, 05, ..., v)} is the set of vertices
in G4 corresponding to U. Since U’ C Vga, from |7, Theorem 7.4.5]: we have vy, 1(G4) <
Vor_1(GA=U")+|U'|, where k = |Vg|—|U]|. Since vy, 1(G) = v, 1(G?), vop_1(G—U) =
vor_1 (G4 = U"), and |U’|= 2|U|, the result follows.

U

Theorem 3.22. Let G be a simple mized graph with Eg # 0 or Eg # 0. Then v,(G) >
max{A;(G), Ay(G)} + 1.

Proof. Since Eg # 0 or Eg # 0, the graph G has at least one edge. Since v (G) =
v1(G4) and max{A(G), Ay(G)} = A(G?), the proof follows from |1, Theorem 4.12]: ¢
11 (G) > A(G) + 1 for any simple graph G having at least one edge". O

We refer to a mixed graph G as plain if it has no multiple edges and no multiple arcs.
Lemma 3.23. A loopless mized graph G is plain if and only if G4 is simple.

Proof. Let G be a loopless plain mixed graph. Since G has no loops, G* also has no
loops. Moreover, since G has no multiple edges and no multiple arcs, the construction
of G4 ensures that G has no multiple edges. Therefore, G4 is simple. By retracing the
argument, we can prove the converse of this result. O



NEW MATRICES FOR THE SPECTRAL THEORY OF MIXED GRAPHS, PART II 293

Theorem 3.24. For a loopless plain mized graph G with n vertices, the bound v, (G) < 2n
holds. Fquality is attained if and only if G is a uniconnected mized graph whose adjacency
graph complement is disconnected.

Proof. Under the assumptions, it follows from Lemma 3.23 that G4 is a simple graph
on 2n vertices. Since v1(G) = v, (G?), the result can be derived using Lemma 2.1 and |7,
Proposition 7.3.3|. O

Theorem 3.25. For any simple mized graph G, v1(G) < max A, where A = {x | © =
d(u) + d(v) + d*(u) + dt(v) or x = d(u) + d(v) + d~(u) + d~(v) for u,v € Vi and u ~
viU{z |z =du)+dw) +dt(u) +d (v) for u,v € Vg and u — v}.

Proof. From |7, Theorem 7.3.4], we have v;(G*) < max{d(u)+d(v) | u,v € Vga and u ~
v}. Since v1(G) = v1(G?4), and the set {d(u) + d(v) | u,v € Vga and u ~ v} coincides
with the set A defined in the theorem, the result follows. O

Theorem 3.26. Let G be a simple mized graph with Vg = {vy,vse,...,v,}. Let Z(G) =
(a;j). Then

(G 2 ma () + a0 00) = (o) = a0+ ey 1< 007 < i # 5

U {\/(dvi +dt(v;) —d(vj—p) —d=(vj_n))? +4a; | 1 <i<nn+1<j5< 2n}

U {\/(d(vi_n) +d=(viep) — d(vj) —dH(vj))2 +4a; [ n+1<i<2n,1<j< n}

0 {0 () = dlay ) = d () LS < 2 £} )

Proof. The vertex degrees of G are d(vy) + d*(vy), d(v2) +dT(va), ..., d(v,) + dF(v,),
d(vy)+d (v1), d(vg) +d (va), ..., d(vy)+d (v,). If we denote the maximum in the right
hand side of the inequality of this theorem as m, then from |7, Theorem 7.3.6], we have
v1(G4) > m. Since v1(G) = 11 (G?), the result follows. O

Let G be a mixed graph on n vertices vy, v, ..., v,. We denote for i =1,2,... n,

m; := avg {{d(vi) + d" (vg) | v; ~ v} U {d(vg) +d (k) | v = v} }
M; = avg {{d(v) +d " (vi) | v; ~ ve } U {d(vp) + dT(vp) | vi < vi} }

where avg S denotes the average of the numbers in the set S.

Theorem 3.27. If G is a simple mized graph with V(G) = {v1,va,...,v,}, then

d; +d)(d; + dF +m;) + (d; +dF)(d; +dF +m;
V1(G)§max<{x\x:( il i +mi) + (d; j)(] j m;) or

di +df +d; +df
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(d; + d7 )(d; + d + M) + (d; + d ) (dj + d + M) }
x = for v; ~v;

di +di +d; +d;
di +d)(d; + df +m;) + (dj + d; ) (d; +d; + M
U{x,x_< )i+ df +mi) + (ds + d7)(d; + d; nfmﬁvj})’

di +df +d; + d;
where d; = d(v;), d = d"(v;), and dy =d (v;) fori=1,2,...,n.

Proof. The vertex degrees of G4 are dy +df ,do +df,... d, +df di +dy,dy+d5,...,
d, + d,,. Observe that m; and M, represent the average degrees of the neighbors of the
vertices v} and v} in G4, respectively. Let s denotes the maximum value on the right hand
side of the inequality stated in the theorem. Then from |7, Theorem 7.3.5], we conclude
that v, (G4) < s. Since v1(G) = v1(G*), the result follows. O

4. Integrated signless Laplacian matrix of a mixed graph

In this section, we define the integrated signless Laplacian matrix of a mixed graph,
investigate its properties, and analyze the relationship between its eigenvalues and the
structural features of the mixed graph.

Definition 4.1. The integrated signless Laplacian matriz of a mixed graph G, denoted
by Z9(Q), is defined as Z9(G) = ZP(G) + Z(G).

Notice that each mixed graph can be determined from its integrated signless Laplacian
matrix. The eigenvalues of Z9(G) are referred to as the Z%-eigenvalues of G. We denote
them by &;(G) for i = 1,2,...,2n. Since Z%(G) is real symmetric, its eigenvalues can be
arranged, without loss of generality as & (G) > &(G) > -+ > &£5,(G). The spectrum
of Z9(G) is called the Z@-spectrum of G. Observe that Z9(G) = Q(G#), which implies
that the spectrum of Z9(G) is identical to the spectrum of Q(G*). Moreover, Z9(G) is
positive semi-definite because Q(G*) is positive semi-definite.

Observe that using (1), Z2(G) can be viewed as a 2 x 2 block matrix

—

QG.) + D1 A(Ga)

PO= "4y QG+ D]

(4)
where Dy = diag(d*(vy),d" (v3),...,d"(v,)) and Dy = diag(d~(vy),d™ (va), ..., d " (v,)).

4.1.  Results

Observation 4.2. Let G be a mized graph on n vertices. Then we have the following.
(i) G is r-reqular if and only if 2r is an eigenvalue of I?(G) with corresponding eigen-
vector 1q,.
(ii) If G is a graph, then I°(G) = I, ® Q(G). The eigenvalues of I9(G) are identical
to those of Q(G) but with twice their multiplicities.
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Theorem 4.3. Let G be a mized graph on n vertices. Then

Zn &(G) = 4e(Q) + 8I(G) + 2a(G).

Proof. Let Vg = {v,v9,...,v,}. Then %ani(G) = tr(Z9(Q)) = tr(IP(G) + Z(Q)) =

tr(ZP (@) + tr(Z(@)) = > (2d(v;) + d™(v;) + d~(v;)) + > 4l(v;). In this equations, by
i=1 i=1
substituting the values > d(v;) = 2¢(G) + 2l(G), and Y d*(v;) = a(G) = >_ d (v;) (c.f
i=1 i=1 i=1
|9, Proposition 4.1]), the result follows. O

Theorem 4.4. Let G be a simple mized graph having AB property. Then the character-
istic polynomial of T9(G) coincides with the characteristic polynomial of T*(G).

Proof. Since Z9(G) = Q(G4) and TE(G) = L(G*), the result follows from |9, Lemma 4.1]:
“Let G be a mixed graph. G has AB property if and only if G4 is bipartite” and |7,
Proposition 7.8.4]. O

As an immediate consequence of the previous theorem, we get the following.

Corollary 4.5. For any simple bipartite mized graph G, the characteristic polynomial of
I%(Q) coincides with the characteristic polynomial of T%(G).

Theorem 4.6. If G is a simple mized graph that is r-regular, then r is given by r =
%&(G)- Furthermore, the multiplicity of €1(G) equals the number of mized components
in G.

Proof. From [9, Lemma 6.1]: “Let G be a mixed graph. Then G is r-regular if and only
if G4 is r-regular”, we know that G* is an r-regular simple graph. According to |7, Theo-
rem 7.8.6], we conclude that r = £&(G*) = $£1(G), and the multiplicity of & (G*) equals
the number of components of GA. Thus, the result follows from [9, Corollary 6.1]: “The
number of mixed components of a mixed graph G is equal to the number of components

of GA”. ]

Corollary 4.7. If G is an r-reqular simple uniconnected mized graph, then &€(G) <
£1(G) = 2r.

Proof. Since GG is uniconnected, it contains exactly one mixed component. Therefore,
from Theorem 4.6, we know that & (G) = 2r with multiplicity 1. This implies that
&1(G) # &(G), so we can conclude that &(G) < & (G). O
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Theorem 4.8. The Z®-spectrum of an r-reqular mized graph G on n vertices is given by
2r =r 4+ X (G) 21+ X(G) > -+ > 1+ Ay (G).

Proof. Since G is r-regular, we have Z9(G) = rly, + Z(G) and X\;(G) = r. Hence the
result follows. O

Theorem 4.9. Let G be a mized graph on n vertices. Then G is (r,s)-reqular if and
only if 2(r + s) and 2r are I9-eigenvalues of G with corresponding eigenvectors 1o, and

1r —17 T, respectively.

Proof. Suppose that G is (r, s)-regular. Then by [9, Theorem 5.1], » 4+ s and r — s are
eigenvalues of Z((G) with corresponding eigenvectors 1, and [12 —1Z]T, respectively.
Observe that Z9(G) = (r + s)Iy, + Z(G). Therefore, 2(r + s) and 2r are eigenvalues of
Z9(@) with corresponding eigenvectors 1, and [12 —1Z]T, respectively.

Conversely, we assume that 2(r+s) and 2r are eigenvalues of Z%¢(G) with corresponding
eigenvectors 1, and [17 —1Z]T, respectively. Then d(u)+d*(u) = r+s, d(u)+d (u) =
r+ s and d(u) = r for all u € V. These implies that d(u) = r and d*(u) = d~(u) = s
for all u € Viz. So G is (r, s)-regular. O

Theorem 4.10. (i) The I®-spectrum of K} is (4mk—4m)", (2mk—4m)*=1 (2mk—

2m) (2mk—k) .

(ii) The Z9-spectrum of Kﬁm) is (2mk —2m)®, 0W  (mk)*F=V | (mk—2m)*=Y  (mk—
m)(?kmf2k)'

Proof. From Theorem 4.8, the result can be proved similar to the proof of Theorem 3.8.

[
Corollary 4.11. (i) The I®-spectrum of KM is (4n —4)V, (2n — 4)=Y  (2n — 2)™),
(ii) The I®-spectrum of KP is (2n —2)M, 0 n(=1  (n — 2)(-1),
Proof. By taking £ =n and m = 1 in Theorem 4.10, the result follows. O]

Theorem 4.12. (i) If G is an oriented graph of P, (n > 2) with all its arcs have the
same direction, then the signless Laplacian spectrum of G is 271, (41,

(i) If G is an oriented graph of C,, (n > 3) with all its arcs have the same direction,
then the signless Laplacian spectrum of G is 20, 0,

(iii) If G is an oriented graph of C, (n > 4) with all its arcs have the alternating
direction, then the signless Laplacian spectrum of G is 0™, and (2 + 2cos 22—”‘)(1) for

k=1,2,...,n.

Proof. Proof is similar to the proof of Theorem 3.10. O
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Theorem 4.13. Let G be a uniconnected mized graph on n vertices. If G has an alter-
nating cycle of length 2n such that it contains all the vertices, all the arcs and two times
all the edges of G, then the I®-spectrum of G is 2 — 2 cos %’“ fork=1,2,...,2n.

Proof. From Theorem 4.8, the result can be proved similar to the proof of Theorem 3.11.
m

Theorem 4.14. Let G be a uniconnected simple mized graph on n vertices. Then G has
AB property if and only if €2,(G) = 0, and is a simple eigenvalue.

Proof. By Lemma 2.1, G4 is a non-trivial, simple, connected graph on 2n vertices. Since,
€,(G) = &,(G4) with the same multiplicity, the proof follows from [9, Lemma 4.1]:
“Let G be a mixed graph. G has AB property if and only if G* is bipartite” and [7,
Theorem 7.8.1]. O

Lemma 4.15. Let G be a mized graph. Then a non-trivial mized component of G has
the AB property if and only if G4 has a bipartite component.

Proof. Let H be a non-trivial mixed component of G that possesses the AB property,
and let H' denote the associated component of H in G*. Then H’ is non-trivial. By [9,
Lemma 4.1|: “Let G be a mixed graph. G has AB property if and only if G4 is bipartite”,
HA is bipartite. As H' is a subgraph of H*, it is also bipartite. Thus, H' is a bipartite
component of G4.

Conversely, suppose G has a bipartite component H'. Let H be the mixed component
in G corresponding to H'. Then H is non-trivial. The bipartiteness of H' implies it has
no odd cycles. Consequently, H has no odd cycles and no odd alternating cycles with an
even number of arcs. This ensures that H has AB property. Therefore, G has a non-trivial
mixed component having the AB property. O

Theorem 4.16. For any simple mized graph G, the multiplicity of 0 as an I®-eigenvalue
of G is equal to the number of mixed components of G that possess AB property.

Proof. From Lemma 4.15, the number of trivial mixed components of G having the AB
property is the same as the number of bipartite components of G4. Additionally, the
number of trivial mixed components of G matches the number of trivial components of
GA. Tt is evident that trivial mixed components of G exhibit the AB property. Since
I%(GQ) = Q(G*), the result follows directly from |7, Corollary 7.8.2|. O

Corollary 4.17. For a simple bipartite mized graph G with n vertices, the eigenvalue
&,.(Q) is zero, and its multiplicity corresponds to the number of mized components in G.
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Proof. Since G is a simple bipartite mixed graph on n vertices, each mixed component
of G has AB property. So, the result follows from Theorem 4.16. m

Theorem 4.18. Let G be a simple mized graph on n vertices and let a € Eg. If H =
G —a, then 0 < &,(G') < &on(G) < -+ < &(H) < &(G) < &i(H) < &1(G).

Proof. Since H = G — a, we have H* = G — ¢, where ¢ is the edge in G corresponding
to the arc a in G. Since &(G) = &(G?) and &(H) = &(H?) for i = 1,2,...,2n, the
proof follows from |7, Theorem 7.8.13]. O

4.1.1. Bounds.

Theorem 4.19. For a mized graph G on n vertices,

£,.(G) < 2e(G) + 41(G) + a(G) <&,(G).

n

Proof. By Theorem 4.3, % &i(G) = 4e(GQ)+8I(G)+2a(G. Since €2,(G) < &(G) < &1(G)

i=1 N N
2n
for i = 1,2,...,2n, it follows that 2n&s,(G) < > &(G) < 2n& (G). Therefore, the
i=1

inequalities in this theorem are satisfied. O

Theorem 4.20. For any simple mixzed graph G, we have
. 1
mln{él(G), (52(G)} S §€1<G) S maX{Al(G), AQ(G)}

For a uniconnected mized graph G, equality is achieved in either case if and only if G
15 reqular.

Proof. Since &,(G) = &(G?), min{d,(G), 5(G)} = 6(G*) and max{A(G), Ax(G)} =
A(G?), the inequalities in this theorem hold from |7, Proposition 7.8.14].

From |9, Lemma 6.1]: “Let G be a mixed graph. Then G is r-regular if and only if G*
is r-regular” and Lemma 2.1, the remaining assertion of this theorem holds. O]

Let G be a mixed graph with Vg = {vy,vs,...,v,}. Consider the multiset of values
{z |2 =d(v;)+d"(v;) + 2l(v;) or & = d(v;) + d (v;) + 21(v;) for i = 1,2,...,n}.

Arrange these values in decreasing order to form the sequence di > dy > -+ > do,.
Observe that d;s are the diagonal entries of the matrix Z¢(G). Then the following result
holds:

k k
Theorem 4.21. For a mized graph G with n vertices, the inequality > &(G) > > d;

i=1 i=1
holds for k =1,2,...,2n, with equality attained when k = 2n.
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Proof. Applying |7, Theorem 1.3.2] to the positive semi-definite matrix Z9(G), we deduce
k

that the sum of the k largest diagonal entries of Z9(G) is a lower bound of Y &(G).
i=1

2n 2n
Moreover, Y &,(G) = tr(Z?(G)) = 3_ d;. This completes the proof. O

1= i=1

Theorem 4.22. Let G be a simple mized graph on n vertices. Then

&1(G) + &,(G) < 26(G,) + mazx d* (u) + maz d”(u).

ueVg ueVg

Proof. We consider Z?(G) as mentioned in (1). By taking M = Z9(G), P = Q(G.)+ Dx,
Q = A(Gy) and R = Q(G.,) + D5 in |7, Proposition 1.3.16], we get

£1(G) + &2,(G) < M(Q(Gy) + D1) + M(Q(Gu) + Ds). (5)

From [4, Lemma 3.19|, it follows that

M(Q(Gy) + D1) < &(Q(Gy)) + maz d* (v;) (6)

and
M(Q(Gu) + D2) < &(Q(GW)) + maz d™(vy). (7)
The result follows by substituting (6) and (7) into (5). O

Theorem 4.23. Let G be a mized graph on n vertices. Then €2,(G) <

£(G) and €,1(G) < ~(2¢(G) + 2(G) + a(G)) < &(G).

S|

(e(G) +1(G)) <

Proof. Consider Z¢(G) as mentioned in (4). The sums of the entries of Q(G,) + Dy,
Q(G.) + Dy, and A(Gy) are 4e(G) + 41(G) + a(G), 4e(G) + 4l(G) + a(@), and a(@),
respectively. From |7, Corollary 1.3.13], the eigenvalues 2(2¢(G) + 2l(G) + a(G)) and
1(e(G) + U(@)) of the matrix 2 (e(G) + I(G))I> + La(G)J, interlace the eigenvalues of

n

Z9(@). This concludes the proof. O

Theorem 4.24. If a simple mixed graph G on n vertices has a factorization G = G1 DG,
then the following hold:

(i) max{&(G1),&i(G2)} < &(G) < &i(Gh) + &i(Ga),

(ii) &2n(G1) + &2n(G2) < €n(G).

Proof. Since G = G DGy, we have Z9(G) = Z9(G1)+Z9(Gs). Let X be a column vector
in R?" with the usual Euclidean norm. Then by extremal representation of eigenvalues:
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:‘mg;l(XTIQ(Gl)X + XT79(G,) X)

<maz XTI(G)X + mar XTT9(G9) X
[[X]=1 [|X||=1

=£1(G1) + &1(Ga).

Moreover, since

£(G) = max (XTI9(G)X + XTI9(G,) X),

[1X]I=1
and both Z9(G,) and Z9(G;) are positive semi-definite, we also have

£(G) > mar XTT9(G)X = &(Gy),

—IX1I=t

and
£1(G) > mar XTTI9(GL) X = &,(Gy).

1X11=1
Thus, part (i) is established.
For part (ii), using the extremal representation of the smallest eigenvalue, we have:
&0 (G) :Hr)r(z‘z‘@lXTIQ(G)X

:HTQ‘@‘@I(XTIQ(GI)X + XT79(Gy) X)

> min XTT9(G)X + min XTT9(G9)X
[1X[1=1 [1X[1=1

=&2n(G1) + &20(G2).
This completes the proof of part (ii). O

Corollary 4.25. Let G be a simple mized graph on n wvertices. If H is a spanning
submized graph of G, then & (H) < & (G) and &2,(H) < &2,(G).

Proof. We can express G = H @ H', where H' is the spanning submixed graph of
G with Fy = Eg \ Ey and Ey = Eg \ Ey. The result then follows directly from
Theorem .24, O]

Corollary 4.26. If G1 and G5 are two simple mixed graphs having the same verter set,
then

max{§1(G1),£1(G2)} < &(GLUGy) < &1(Gh) + &1(Ga).

Proof. Since G; and G5 are spanning submixed graphs of G; U G5, it follows from Corol-
lary 4.25 that &1(G1) < &(G1UG,) and &(G1) < &1(G1 UGy). Thus, the first inequality
in the result holds. We can write G; UGy = G @ G, where (] is the spanning submixed
graph of Gy with Eg: = Fg, \ Eg, and EG& — Eg, \ Eg,. From Theorem 1.24, we have
£E1(G1UGy) < €1(Gr) + &(G) < &1(Gr) + &1(Ge). Hence, the second inequality of the
result also holds. O
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Theorem 4.27. Let G be a simple mized graph. Then we have the following.

(1)€1(G) = 0 if and only if G has no edges and arcs;

(i) &1(G) < 4 if and only if each mized component of G has AP property;

(iii) for a uniconnected mized graph G, & (G) = 4 if and only if G has an alternating
cycle with even number of arcs such that it contains all the vertices, all the arcs and two
times all the edges of G.

Proof. From |7, parts (i), (ii), (iii) of Proposition 7.8.16], the following results hold:

(i) G* has no edges if and only if & (G#) = 0.

(ii) All the components of G4 are paths if and only if & (G4) < 4.

(iii) When G4 is connected, G is a cycle or K, 3 if and only if & (G4) = 4.

Since £,(G) = £(G*) and G has no edges and arcs if and only if G4 has no edges,
part (i) follows.

From [9, Lemma 7.2]: “Let G be a mixed graph. A mixed component of G has AP
property if and only if the corresponding component of G4 is a path”, part (ii) follows.

Nowsuppose G is uniconnected. By Lemma 2.1, G* is connected. This implies that G
has an alternating cycle with an even number of arcs that includes all vertices, all arcs,
and two instances of every edge of G if and only if G4 is a cycle. Additionally, for any
mixed graph G, it can be verified that G # K, 3. Thus, part (iii) follows. O

Definition 4.28. A mixed graph G is said to be directed loop complete if for any two
L . 1 1 1 1
distinct vertices u,v € Vg, u ~ v, u = v and v — u, and for each vertex u € V5, u — u.

Lemma 4.29. A mized graph G is directed loop complete if and only if G* is complete.

Proof. Let G be a directed loop complete mixed graph with Vg = {vy,v9,...,0,}. It is
clear that Eg and E¢ are sets and so, G is plain. As G is loopless, from Lemma 3.23, G4 is
simple. Fori=1,2,...,n, we have d(v;) = n—1, d"(v;) = n and d~ (v;) = n. This implies
that fori = 1,2,...,n, d(v)) = d(v;) +d" (v;) = 2n—1 and d(v}) = d(v;) +d*(v;) = 2n—1
in G4. That is each vertex of G4 has degree 2n — 1. Thus G is complete. By retracing
the above arguments, the converse of this theorem can be proved. O

Theorem 4.30. For a uniconnected loopless plain mixed graph G on n vertices, 2 +
2cos 5~ < &1(G) < 4n — 2. Equality in the lower bound occurs if G satisfies the AP
property, while the upper bound is reached when G is a directed loop-complete graph.

Proof. Since &,(G) = &(G*), the inequalities in this theorem hold from Lemma 2.1
and [7, Proposition 7.8.17]. From [9, Lemma 7.2]: “Let G be a mixed graph. A mixed
component of G has AP property if and only if the corresponding component of G4 is a
path” and Lemma 4.29, the remaining assertion of this theorem hold. O
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5. Normalized integrated Laplacian matrix of a mixed graph

In this section, we introduce the normalized integrated Laplacian matrix of a mixed
graph, study its properties, and analyze the relationship between its eigenvalues and the
structural characteristics of the mixed graph.

Definition 5.1. Let G be a mixed graph with Vg = {v1,va,...,v,}. Fori=1,2,....n,
let v] and v} be two copies of v;. We define the normalized integrated Laplacian matriz
of G, denoted by Z7((), as the square matrix of order 2n, with rows and columns are

indexed by the elements of the set {v},v5,... v/, v, vy, ... v} Fori,j=1,2,...,n,
2l(v; P .
1—diid;, if i = j and d; + d} # 0;
A L _ -8 if i : EJ .
the (v}, v})-th entry of Z%(G) = (df +di)(d} +d;) if i # 7 and v; ~ v;;
0, otherwise;
21(v;) e ) — .
1——di+d;, if i =7 and d;, + d; # 0;
TN L = =5 if i jand v; & v
the (v} ,U]) th entry of Z%(G) \/(d;+di)(d]+dj)7 7 ’ 7
0, otherwise;
———, ifv 2 vj;
the (v],v})-th entry of Z%(G) = the (v],v})-th entry of I°(G) = (A +ds)(d; +d;)
0, otherwise,

where d; = d(v;), df = d*(v;), di = d~(v;).

Let G be a mixed graph on n vertices vy, vs, ..., v,. Note that G has no trivial mixed
components if and only if, for each ¢ = 1,2,... n, at least one of the following holds:

(i) d(v;) # 0; or

(ii) d*(v;) # 0 and d~ (v;) # 0.

Since the diagonal entries of ZP(G) are d(v;) + d*(v;) and d(v;) + d~(v;) for i =
1,2,...,n, it follows that G has no trivial mixed components if and only if ZP(G) is
non-singular. Therefore, for a mixed graph GG having no trivial mixed components, by
maintaining the same order in the indices of Z?(G) and Z*(G), the normalized integrated
Laplacian matrix of G' can be written as:

IE(G) = I°(G) 2 THG)IP(G) 2.

Notice that each simple mixed graph can be determined from its normalized integrated
Laplacian matrix. The eigenvalues of Z¢(G) are referred to as the Z*-eigenvalues of
G. These eigenvalues are denoted by (G) for i = 1,2,...,2n. Since Z°(G) is a real
symmetric matrix, its eigenvalues can be arranged, without loss of generality, in non-
increasing order as: U1(G) > 0y(G) > -+ > D9,(G). The spectrum of Z¢(G) is called the
TE-spectrum of G. Observe that T5(G) = L(G) and therefore, the spectrum of Z%(G) is
identical to the spectrum of L(G4).
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5.1. Results

Observation 5.2. Let G be a mized graph. Then we have the following.

(i) ZX(G) is positive semi-definite, since E(GA) is positive semi-definite.

(i) The least eigenvalue of T5(G) is 0, since the least eigenvalue of L(G4) is 0.

(iii) If G is a graph, then I°(G) = I, ® L(G). The eigenvalues of T5(G) are the same
as those of Z(G)7 with each eigenvalue having twice its algebraic multiplicity.

(iv) If G is r-regular, then 0 is an eigenvalue of T*(Q), with corresponding eigenvector
1.

Theorem 5.3. Let G be a loopless plain mized graph on n vertices. Then the following

statements hold:
2n

(i) Y. 0i(G) < 2n, with equality if and only if G has no trivial mized component.
i= 1

ii) Z J(G) = 2n — k, where k is the number of trivial mized components of G.

(
(iii) [fG is not directed loop complete, then Dy, 1(G) < 1.

(iv) If G has no trivial mized component, then Dy, 1(G) < 522

5o, with equality occurring
iof and only of G 1s directed loop complete.

(v) If G has no trivial mized component, then 0, (G) > 522

2n—1’

with equality s achieved
if and only if G is directed loop complete.

(vi) 1(G) < 2, with equality if and only if G has a non-trivial mized component, which
has the AB property. In this case, the multiplicity of 1(G) = 2 equals the number of
non-trivial mized components of G having the AB property.

Proof. Notice that G has no trivial mixed component if and only if G* has no isolated

2n
vertices. From |7, Theorem 7.7.2(i)], we have Y 7;,(G4) < 2n with equality holds if and
i=1

only if G4 has no isolated vertices. Since Z%(G) and L(G*) have the same spectrum,
part (i) follows.
To prove (ii), let G has k > 0 trivial mixed components. This implies that G* has k

isolated vertices. By removing these k isolated vertices from G, we obtain a subgraph G’
2n—k
of G4, having 2n — k vertices. From |7, Theorem 7.7.2(i)], we have > 7;(G’) = 2n — k.

Also, -
2n 2n 2n—k
> u(@) =) (G =D (@)
=1 =1 =1

Hence part (ii) follows.

From Lemma 4.29 and |7, parts (ii), (iii), (iv) of Theorem 7.7.2], we have the following:
(i) If G is not complete, o, 1(G?) < 1.

(il) Dop—1(G?) < 522, with equality holds if and only if G* is complete.

(i) 21(G?) > 522, with equality holds if and only if G is complete.

Since Doy 1(G) = Pon_1(GA) and D, (G) = 01(G4), parts (iii), (iv) and (v) follows.
From |7, Theorem 7.7.2(v)], 7;(G*) < 2, with equality is achieved if and only if G4

has a non-trivial component which is bipartite. Since 0;(G) = 1(G%), from Lemma 4.15,
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first assertion of part (vi) follows.

From [7, Theorem 7.7.2(v)], 2 is a simple eigenvalue of L(H), for a connected bipartite
graph H. Therefore, if G4 has a non-trivial bipartite component, then 2 is an eigenvalue
of E(GA), with multiplicity equal to the number of non-trivial bipartite components of
G4 which is the same as the number of non-trivial mixed components of G having the
AB property. This completes the proof of part (vi). O

Corollary 5.4. If G is a loopless plain bipartite mized graph having at least one edge or
arc, then 01(G) = 2 with multiplicity equal to the number of non-trivial mized components

of G.

Proof. If G is a bipartite mixed graph with at least one edge or arc, then each non-
trivial mixed component of Gpossesses the AB property. Consequently, the result follows
directly from part (vi) of Theorem 5.3. O

Theorem 5.5. If G is a loopless plain mixed graph on n vertices, then

. 2n—Fk _
VQn—l((;)fS m — 1 E;Lﬁ((;%

where k is the number of trivial mized components of G.

Proof. Given that 0o, 1(G) < 0;(G) < 1 (G) for i =1,2,...,2n — 1, we deduce
n—1

(2n — 1)Dap_1(G) < Z U;i(G) < (2n — 1)in(G).

=1

N

2n—1

Since Dy, (G) = 0, part (ii) of Theorem 5.3 implies that > ;(G) = 2n—k. Substituting
i=1

this in the above inequality completes the proof. O

Theorem 5.6. Let G be a simple mized graph. Then, the number of mixed components
in G is equal to the multiplicity of 0 as an eigenvalue of T°(G).

Proof. Since the spectrum of Z¢(G) is identical to the spectrum of E(GA), the result
follows from |9, Corollary 6.1]: “The number of mixed components of a mixed graph G is
equal to the number of components of G4 and |7, Theorem 7.7.3|. O

Corollary 5.7. Let G be a stmple mixed graph on n wvertices with no trivial mized com-
ponents. Then G has the AB property if and only if 01(G) = 2, with the same multiplicity
as Uy, (G) = 0.

Proof. Since G has no trivial mixed components, it has the AB property if and only if
each mixed component of G has the AB property. So from Theorems 5.6 and 5.3(vi), the
result follows. O
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Theorem 5.8. Let G be an r-reqular simple mixed graph on n vertices.
(i) If M(G) > Xa(G) > -+ > Xon(G) is the T-spectrum of G with corresponding
eigenvectors X1, Xo, ..., Xon, then the T*-spectrum of G is 1 — w <1- @ <. <

1-— )‘Z"T(G) with corresponding eigenvectors X1, Xo, ..., Xop.

(i) If t(G) > pa(G) > -+ > po,(G) is the TE- spectrum of G with corresponding
eigenvectors X1, Xo, ..., Xon, then the I*-spectrum of G is ”1 m@ > “2( ) > ... > M”T(G)
with corresponding eigenvectors X1, Xo, ..., Xo,.

(ili) If G is a directed graph such that (u,v) € Eq if and only if (v,u) € Eg, and the
spectrum of ff(G) 1S A1 > Ao > - > N\, with corresponding eigenvectors Xy, Xo, ..., X,
then the T*-spectrum of G is 1 — 2? (X7 XZ-T]T for
i=1,2,...,n, and 1™ with corresponding eigenvectors [XZT —XﬂT fori=1,2,...,n

(iv) If G is a graph and the spectrum of A(G) is M (G) > Xo(G) > -+ > N\ (G) with
corresponding eigenvectors X1, Xo, ..., Xy, then the T*- spectrum of G is (1 @)(2) with

corresponding eigenvectors [XZT len]T and [len } fori=1,2,... n.
(v) If G is a graph and the spectrum of L(G) is ,ul(G) > ue(G) > - 2 wn(G) with
corresponding eigenvectors Xy, Xo, ..., X, then the T*-spectrum of G is (“ (G))(Q) with

T

corresponding eigenvectors [ X[ len]T and [01x, XZ-T]T fori=1,2,....,n
1
Proof. Since G is r-regular, we have Z2(G) = rly,, which implies Z°(G)z = 71%.
r
1

Therefore, Z¢(G) = I, — ~Z(G). Hence part (i) follows. The remaining parts can be
r

established in a similar manner. O

Theorem 5.9. (i) The T*-spectrum of K}\(,, is 0, (

k
(ii) The Z*-spectrum of K,?(m) is 20, 0 (£ )= 7(112—) ~ . and 12km=2k),

)(k’ 1) 1(2mk k:)

Proof. From Theorem 5.8(i), the results can be proved similar to the proof of Theorem 3.8.

[
Corollary 5.10. (i) The T*-spectrum of KM is 01, (-2)(n=1 1),
(ii) The Z*-spectrum of KP is 0, ( _1)(” b (Z_l) n=1),
Proof. By taking £ = n and m = 1 in Theorem 5.9, the result follows. [

Theorem 5.11. (i) If G is the oriented graph of P, (n > 2) with all its arcs have the
same direction, then the T*-spectrum of G is 21, o(n+1),

(i) If G is the oriented graph of C,, (n > 3) with all its arcs have the same direction,
then the T--spectrum of G is 20", 0.

(iii) If G is the oriented graph of C, (n > 4) with all its arcs have the alternating
direction, then the T*-spectrum of G is 0, and (1 — cos %)(1) fork=1,2,....n
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Proof. The proof is similar to that of Theorem 3.10. O]

Theorem 5.12. Let G be a uniconnected mixed graph on n vertices. If G has an alter-
nating cycle of length 2n that includes all vertices, all arcs and each edge of G exactly
twice, then the I*-spectrum of G is 1 — cos %k fork=1,2,...,2n.

Proof. From Theorem 5.8(i), the result can be proved similar to the proof of Theo-
rem 3.11. O

Theorem 5.13. Let G be a simple mized graph, and let u,v € Vg be such that u # v
and u ¢ v. If H is obtained by identifying u and v into a single vertex, then Do, 1(G) <
’)271—3(]_-[)-

Proof. Let «/,v” and v/, v" be the vertices of G4 corresponding to the vertices v and v,
respectively. Then H4 is a contraction of G*, which is obtained by identifying ' and v’
into a single vertex, and v” and v” into a single vertex. This implies that H* has 2n — 2
vertices. From [0, Lemma 1.15]: “Let G be a graph on n vertices. If H is obtained by
contractions from G and H has m vertices, then 0, 1(G) < y,,—1(H)", it follows that
Don-1(G) < Dgp_s(H?). Since D1 (G) = D9_1(GA) and Dgp,_3(H) = Do,_3(H?), the
result follows. O

Definition 5.14. Let G be a mixed graph, and let X, Y C Vi;. We define
e(X,Y) = [{{u,v} € Eg|u e X and v € Y},

and
a(X,Y) = |{(u,v) € Eg|ue X and v e Y}.

For S C Vg, the mized volume of S in G is defined as

VI(S) =) (2d(v) + dt(v) + d”(v)).

veS

Note that in particular, for a graph G, we have vI(S) = 2vol(S).

Lemma 5.15. Let G be a mized graph, and let X C V. Then we have v1(X) = vol(X),
where X denote the set of two copies of the elements of X in G4.

Proof. Let Vg = {v1,vs,...,v,}, and without loss of generality, let X = {vy,vq,..., 0%}
where k < n. Then X = {v},v},...,v},v],v5,...,v}}. the mixed volume of X given by

vI(X) = (2d(v) +dF (v) +d (w)),

i=1



NEW MATRICES FOR THE SPECTRAL THEORY OF MIXED GRAPHS, PART II 307

and the volume of X is

vol(X) = 3 d(v) Z v) +d(vf)).

veX

Since d(v]) = d(v;) + d*(v;) and d(v}) = d(v;) + d~(v;) for i = 1,,2,..., k, the result
follows. [0 Let G be a mixed graph. For X C V;, we denote the complement of X in G

by X¢=Vg\ X.

Theorem 5.16. Let G be a simple mized graph on n wvertices, having at least one edge
or one arc, and let X, Y C Vg. Then we have

(i) [2¢(X, V) + a(X,Y) - %) < B(G) VXY );
.. vlix)vly N vl<X>v1 Vivlixevlye
(ii) ’26(X, Y)+a(X,Y) - m’ <(G)¥ 1e(G)+2a(G) ’

where U(G) = @%xll —v;(G)].

Proof. Let X (resp. Y') denote the set of two copies of the elements of X (resp. Y)
in GA. Then X¢ (resp. Y°) is the set of two copies of the elements of X¢ (resp. Y°¢)
in G4, Since e(X,Y) = 2¢(X,Y) + a(X,Y), vol(Vga) = vl(Vg) = 4e(G) + 2a(G) and
Vi (G) = (G) for i = 1,2,...,2n, result follows from Lemma 5.15 and [6, Theorems 5.1
and 5.2|. [J As a direct consequence of Theorem 5.16, we get the next result.

Corollary 5.17. Let G be a simple mized graph on n vertices, and let X C V. Then

we have the following.
. N lxe
() [26(X, X) + a(X, X) = | < 5(G) PEME < o(G)v(X);

(i) If G is r-regular, then ‘26 (X, X)+a(X,X) — T‘Xl < 2rv(G)|X].

Definition 5.18. Let G be a uniconnected mixed graph. For each distinct pairs of
vertices u,v € Vg, we define the distance between u and v, denoted by dg(u,v) as

dg(u,v) = min{d, (u, v), ds(u,v), ds(u,v), ds(u,v)},

and dg(u,u) = 0, where

(i) di(u,v) denotes the minimum length of a shortest path joining v and v in G if such
a path exists, and the length of a shortest alternating path from u to v that contains an
even number of arcs, with the first arc in the forward direction, provided such a path
exists;

(ii) da(u,v) denotes the length of a shortest alternating path from u to v that contains
an number of arcs, with the first arc is in the forward direction;

(iii) d3(u,v) denotes the length of a shortest alternating path from wu to v that contains
an odd number of arcs, with the first arc is in the backward direction;

(iv) d4(u,v) denotes the minimum of the length of a shortest path joining v and v in
G if it exists, and the length of a shortest alternating path from u to v that contains an
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even number of arcs and, with the first arc is in the backward direction, provided such a
path exists.

Definition 5.19. Let GG be a uniconnected mixed graph. For X,Y C Vg, the distance
between X and Y, denoted by d(X,Y), is defined as

d(X,Y) = min{dg(u,v) |u € X and v € Y}.

Lemma 5.20. Let G be a mized graph, and let XY C V. Then we have d(X,Y) =
d(X.,Y), where X (resp. Y ) denote the set of two copies of the elements of X (resp. Y)
in GA.

Proof. Suppose X NY = (). Then there exists v € X NY. Since dg(v,v) = 0, we have
d(X,Y) = 0. moreover, v',v” € X NY, where v’ and v are two copies of v in G*. Since
d(v',v'") = d(v",v") =0, we have d(X,Y) = 0.

Now, suppose X NY = (). Then we have X NY = (). We can write d(X,Y) = min A,
where A = {d;(u,v),ds(u,v),ds(u,v),ds(u,v) | u € X and v € Y}. Let B = {d(u,v) |
uw € Xandv € Y}. Then d(X,Y) = minB. For u € X and v € Y, we have the
following relationships between the distances: di(u,v) = d(u',v"), do(u,v) = d(u',v"),
ds(u,v) = d(u”,v") and dy(u,v) = d(u”,v"), where v',u" € X (resp. v',v" € Y) are
two copies of u (resp. v) in GA. From this, it is clear that A = B. Therefore, min A =
min B. ]

Theorem 5.21. Let G be a simple uniconnected mized graph on n vertices. For X,Y C
Ve, we have

vl(xe)vlye)

—1
cosh vlxovly)

d(X,Y) < : -
’ - —1 21(G)+v2n—1(G)
cosh —ﬁi ( G)—ﬁzn_ 1 @)

Proof. Let X (resp. Y') denote the set of two copies of the elements of X (resp. Y) in
G#. Then we have X¢ (resp. Y©) is the set of two copies of the elements of X¢ (resp. Y°)
in GA. Since 11(G) = 11(G) and Dy, _1(G) = D, _1(G), result follows from Lemmas 5.15,
5.20 and[6, Theorem 3.3]. O

Theorem 5.22. Let G be a simple, uniconnected mixed graph on n vertices. For X; C

V].X.CV].X9
log lelvlej-
Va,i=1,2,...,k we have (i) min d(X;, X;) < mar | ———5—"—| if 1 = Do s 41(G) >
iy i |18 o e
191 (G) — 1;
1 VlXiCVIXJ‘?
o8 VlXiV].Xj

(11) min d(Xz,Xj> S max D1 (G P2y 41(C) Zf lggn,kJrl(G) # 191 (G),

Z#] Z#] log 51(G) Py _ k4 1(G)
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vilxevlxe
o8 VlXZvVIXJ-
(ili) min d(X;, X;) < minmax s 1@ | U Vonkrj—1(G) # Uy (G).

i7#] CIK<k i# | log

Ui11(G)—Popn_k4;—1(G)

Proof. Fori = 1,2,...,k, let X; denote the set of two copies of the elements of X; in G4.
Then X is the set of two copies of the elements of X¢ in G4. From Lemma 5.20, we have
d(X;, X;) = d(X;, X;) for 1,5 € {1,2,...,k}. Since 4(G) = 4(G) for i = 1,2,...,2n,
result follows from Lemma 5.15 and |6, Theorems 3.10, 3.11, 3.12]. ]

By taking k = 2 in part (ii) of Theorem 5.22, we get the next result.

Corollary 5.23. Let G be a simple uniconnected mized graph on n vertices. For XY C
Va, we have

d(X.Y) < log [ S oovin)
(X,Y) < log 22C1T22,1(G)

121 (G)—I)anl (G)

6. Concluding remarks

It is shown in this paper that the integrated Laplacian matrix, integrated signless Lapla-
cian matrix and normalized integrated Laplacian matrix associated for a mixed graph are
respectively identical to the Laplacian matrix, signless Laplacian matrix and normalized
Laplacian matrix of the associated graph. This allowed us to use the spectra of these
matrices as a means to connect the structural properties of the mixed graph with those
of the associated graph.

Some spectral graph theoretic results for simple graphs, utilized in this paper, can be
extended to graphs containing loops and/or multiple edges. Consequently, the results
presented here, initially proved for simple mixed graphs using these spectral graph theo-
retic results for simple graphs, can be generalized to mixed graphs with multiple loops,
multiple directed loops, multiple edges, and/or multiple arcs.
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