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abstract

The concept of the integrated adjacency matrix for mixed graphs was �rst introduced

in [9], where its spectral properties were analyzed in relation to the structural charac-

teristics of the mixed graph. Building upon this foundation, this paper introduces the

integrated Laplacian matrix, the integrated signless Laplacian matrix, and the normal-

ized integrated Laplacian matrix for mixed graphs. We further explore how the spectra

of these matrices relate to the structural properties of the mixed graph.
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1. Introduction

All graphs (directed graphs) considered in this paper may contain multiple loops and

multiple edges (multiple directed loops and multiple arcs). A mixed graph generalizes

both graphs and directed graphs. That is, a mixed graph may contain multiple loops,

multiple edges, multiple directed loops and multiple arcs.

A fundamental problem in spectral theory of mixed graphs is assigning an appropriate

matrix to a mixed graph and analyzing the mixed graph's properties through the eigen-

values of that matrix. To achieve this, researchers have introduced various matrices that

capture the spectral properties of mixed graphs.

In the literature, various matrices have been associated with mixed graphs under speci�c

constraints. For mixed graphs without multiple edges, loops, multiple arcs, directed loops,

or digons (pairs of arcs with the same endpoints but opposite directions), the Hermitian
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adjacency matrix was independently introduced by Liu and Li [10] and Guo and Mohar [8].

Additionally, several other matrices for this speci�c case have been explored, as seen in [1,

2, 3, 13, 14, 15, 16, 17, 18]. For mixed graphs without directed loops, the matrix in [5] was

proposed. For mixed graphs without loops, directed loops, and digons, a matrix has been

de�ned in [8]. In cases where an edge is treated as a digon, a matrix is de�ned in [12].

Lastly, for mixed graphs without digons, loops, and directed loops, a matrix is presented

in [19].

There are, however, certain limitations: (i) the matrix de�ned in [2] is not symmetric,

leading to eigenvalues that may include complex numbers; (ii) some matrices are only

applicable to speci�c types of mixed graphs; and (iii) in some matrices, undirected edges

are represented as digons, making it unclear from the matrix entries whether two vertices

are connected by an edge or a digon, even when the index set of the matrix is provided.

Furthermore, the entries of the matrix de�ned in [5] do not clearly convey the number

of edges, loops, arcs, or the orientation of arcs. As a result, not all mixed graphs can be

uniquely determined from their associated matrices.

To overcome these limitations, the integrated adjacency matrix for mixed graphs was

introduced in [9]. Using this matrix, we introduce three additional matrices for mixed

graphs in this paper: the integrated Laplacian matrix, the integrated signless Laplacian

matrix, and the normalized integrated Laplacian matrix. We show that (i) each loopless

mixed graph can be uniquely determined from its integrated Laplacian matrix, (ii) each

mixed graph can be uniquely determined from its integrated signless Laplacian matrix, and

(iii) each simple mixed graph can be uniquely determined from its normalized integrated

Laplacian matrix.

Since these matrices are de�ned using the integrated adjacency matrix, we will refer

to [9] as Part I in the following discussion. While we maintain the terminology and nota-

tion from Part I, some key de�nitions will be restated here for the reader's convenience.

The rest of the paper is organized as follows:we begin by presenting some preliminary

de�nitions and notations in Section 2, which serve as the foundation for subsequent dis-

cussions. In Subsection 2.1, we provide the de�nition of the integrated adjacency matrix

for mixed graphs [9]. Additionally, we include relevant de�nitions and results associated

with this matrix that are utilized in later sections.

In Sections 3, 4 and 5, we introduce the integrated Laplacian matrix, the integrated

signless Laplacian matrix and the normalized integrated Laplacian matrix, respectively

of a mixed graph and study the interplay between the eigenvalues of these matrices with

the structural properties of mixed graphs

2. Preliminaries

In this section, we present some notations and de�nitions of graphs, directed graphs and

mixed graphs. A mixed graph G is an ordered triple G = (VG, EG, E⃗G), where VG is the

vertex set, EG is the edge set (a multiset of unordered pairs of vertices from VG), and E⃗G

is the arc set (a multiset of ordered pairs of vertices from VG).Let VG = {v1, v2, . . . , vn}. If
there is an edge joining vi and vj in G, we denote it as vi ∼ vj. To specify the number of
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edges joining vi and vj, we write vi
k∼ vj, provided there are k such edges in G. If vi

l∼ vi,

this indicates that there are l loops at vi in G. If there is an arc from vi to vj in G, we

denote it as vi → vj. To indicate the number of arcs from vi to vj, we write vi
k→ vj,

provided there are k such arcs in G. If vi
l→ vi, this means there are l directed loops at vi

in G.Two vertices u and v in G are said to be adjacent if at least one of u ∼ v, u→ v or

v → u holds. A vertex u and an edge e in G are said to be incident if e = {u, v} for some

v in G. A vertex u and an arc a in G are said to be incident if a = (u, v) or a = (v, u) for

some v in G.

The undirected degree d(u) of a vertex u in G is the sum of the number of edges incident

with u and the number of loops at u, where each loop at u is counted twice. The out-degree

d+(u) of u in G is the number of arcs start at u (which includes the number of directed

loops at u). The in-degree d−(u) of u in G is the number of arcs end at u (which includes

the number of directed loops at u). l(u) denotes the number of loops at u. e(G), a(G)

and l(G) denote the number of edges (excluding loops), arcs (including directed loops)

and loops in G, respectively. G is said to be (r, s)-regular if d(u) = r and d+(u) = s =

d−(u) for all u ∈ VG. A walk in G is a sequence W : vn1 , e1, vn2 , e2, ..., ek−1, vnk
, where

vni
∈ VG, ej = {vnj

, vnj+1
} or ej = (vnj

, vnj+1
) or ej = (vnj+1

, vnj
) for i = 1, 2, . . . , k,

j = 1, 2, . . . , k − 1. In this case, we say that W is a walk from vn1 to vnk
. The total

number of edges and arcs in W (with each repeated edge or arc counted as many times

as it appears), i.e., k − 1 is said to be the length of W . The walk W is said to be closed

if v1 = vk. A mixed graph G1 is said to be a submixed graph of G if VG1 ⊆ VG, EG1 ⊆ EG

and E⃗G1 ⊆ E⃗G. A submixed graph G1 of G is said to be a spanning submixed graph of G

if VG1 = VG.

A mixed graph G = (VG, EG, E⃗G) is said to be a graph if E⃗G = ∅. In this case, it

is simply denoted as G = (VG, EG). Let G = (VG, EG) with VG = {v1, v2, . . . , vn}. The

adjacency matrix of G, denoted by A(G), is de�ned as follows: The rows and the columns

of A(G) are indexed by the vertices of G, and for i, j = 1, 2, . . . , n,

the (vi, vj)-th entry of A(G) =


k, if i ̸= j and vi

k∼ vj;

2l, if i = j and vi
l∼ vi;

0, otherwise.

The degree matrix ofG, denoted byD(G), is de�ned asD(G) = diag(d(v1), d(v2), . . . , d(vn)).

The Laplacian matrix of G, denoted by L(G), is de�ned as L(G) = D(G) + A(G). The

signless Laplacian matrix of G, denoted by Q(G), is de�ned as Q(G) = D(G) + A(G).

The normalized Laplacian matrix of G, denoted by L̂(G), is de�ned as n×n matrix whose

rows and columns are indexed by VG and

the (vi, vj)-th entry of L̂(G) =


1− 2l(vi)

d(vi)
, if i = j and d(vi) ̸= 0;

− k√
d(vi)d(vj)

, if i ̸= j and vi
k∼ vi;

0, otherwise.

In particular, if G has no isolated vertices, we have L̂(G) = D(G)−
1
2L(G)D(G)−

1
2 .
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Since A(G), L(G), Q(G) and L̂(G) are real symmetric matrices, we denote their eigen-

values respectively as λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G), ν1(G) ≥ ν2(G) ≥ · · · ≥ νn(G),

ξ1(G) ≥ ξ2(G) ≥ · · · ≥ ξn(G) and ν̂1(G) ≥ ν̂2(G) ≥ · · · ≥ ν̂n(G). The path graph and the

cycle graph on n vertices are denoted by Pn and Cn, respectively. The disjoint union of

m copies of a graph G is denoted by mG. For S ⊆ VG, volume of S denoted by vol(S)

which is de�ned as vol(S) =
∑
v∈S

d(v). If G is connected and u, v ∈ VG (u ̸= v), then the

distance d(u, v) between u and v is the length of a shortest path between u and v in G

and d(u, u) = 0. If G is connected and X, Y ⊆ VG, then the distance between X and Y ,

denoted by d(X,Y ), de�ned as d(X, Y ) = min{d(u, v) | u ∈ X and v ∈ Y }.
A mixed graph G = (VG, EG, E⃗G) is said to be a directed graph if EG = ∅. In this

case, it is simply denoted as G = (VG, E⃗G). Let G = (VG, E⃗G) with VG = {v1, v2, . . . , vn}.
The adjacency matrix of G, denoted by A⃗(G), is de�ned as follows [4]: The rows and the

columns of A⃗(G) are indexed by the vertices of G, and for i, j = 1, 2, . . . , n,

the (vi, vj)-th entry of A⃗(G) =

{
k, if vi

k→ vj;

0, otherwise.

A simple graph (resp. simple directed graph) is a graph (resp. directed graph) which has

no loops (resp. directed loops) and no multiple edges (resp. multiple arcs). A simple mixed

graph is a mixed graph which has no loops, directed loops, multiple edges or multiple arcs.

A complete graph is a simple graph in which every pair of distinct vertices is adjacent.

A complete directed graph is a simple directed graph in which, for every pair of distinct

vertices u and v, both u→ v and v → u exist. A complete mixed graph is a simple mixed

graph in which, for every pair of distinct vertices u and v, the following relationship hold:

u ∼ v, u→ v and v → u. We denote the complete graph, the complete directed graph and

the complete mixed graph on n vertices as Kn, K
D
n and KM

n , respectively. An oriented

graph of a graph G is the directed graph obtained from G by replacing each edge in G by

an arc.

An independent set in a mixed graph G is a set of vertices of G in which no two

vertices are adjacent. A k-partite graph (or k-partite directed graph, or k-partite mixed

graph, resp.) is a graph (or directed graph, or mixed graph, resp.) whose vertices can be

partitioned into k independent sets. If k = 2, then we say that it is a bipartite graph (or

bipartite directed graph, or bipartite mixed graph, resp.). Let G be a k-partite graph with

vertex partition VG = V1

.
∪ V2

.
∪ · · ·

.
∪ Vk and |Vi|= ni for i = 1, 2, . . . , k. Then G is said

to be complete k-partite if u ∼ v for every u ∈ Vi and v ∈ Vj with i ̸= j. We denote it by

Kn1,n2,...,nk
. In particular, Kk(m) is used when n1 = n2 = · · · = nk = m.

Let G be a k-partite directed graph with vertex partition VG = V1

.
∪ V2

.
∪ . . .

.
∪ Vk and

|Vi|= ni for i = 1, 2, . . . , k. Then G is said to be complete k-partite if u → v and v → u

for every u ∈ Vi and v ∈ Vj with i ̸= j. We denote it by KD
n1,n2,...,nk

. In particular, KD
k(m)

is used when n1 = n2 = · · · = nk = m.

Let G be a k-partite mixed graph with vertex partition VG = V1

.
∪ V2

.
∪ . . .

.
∪ Vk and

|Vi|= ni for i = 1, 2, . . . , k. Then G is said to be complete k-partite if u ∼ v, u→ v, and

v → u for every u ∈ Vi and v ∈ Vj with i ̸= j. We denote it by KM
n1,n2,...,nk

. In particular,

KM
k(m) is used when n1 = n2 = · · · = nk = m.
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Throughout this paper, In denotes the n×n identity matrix, Jn×m denotes the all-ones

n×m matrix, 0n×m denotes the all-zero n×m matrix, and 1n denotes the all-ones matrix

of size n × 1. These matrices are simply referred to as I, J , 0, and 1, when their sizes

are evident from the context. The characteristic polynomial of a square matrix M is

denoted as PM(x), and the spectrum of M is the multi-set of all the eigenvalues of M .

For an n× n real matrix M with real eigenvalues, we denote its eigenvalues by λi(M) for

i = 1, 2, . . . , n, arranged in non-increasing order as λ1(M) ≥ λ2(M) ≥ . . . ≥ λn(M). If λ

is an eigenvalue of M with multiplicity m, then we write it as λ(m). Let M = [mij] and

N be matrices of order m× n and p× q, respectively. The Kronecker product of M and

N , denoted by M ⊗N , is the mp× nq block matrix [mijN ].

In the rest of the paper we consider only mixed graphs having �nite number of vertices.

2.1. De�nitions and results from Part I

Let G be a mixed graph. The undirected part (resp. the directed part) of G is the spanning

submixed graph of G whose edge set is EG and arc set is ∅ (resp. edge set is ∅ and arc

set is E⃗G). The undirected part and the directed part of G are denoted as Gu and Gd,

respectively. Clearly, every mixed graph can be viewed as the union of its undirected part

and directed part.

Let G be a mixed graph with VG = {v1, v2, . . . , vn}. For i = 1, 2, . . . , n, let v′i and v′′i
be two copies of vi. The integrated adjacency matrix of G, denoted by I(G), is de�ned

as the square matrix of order 2n whose rows and columns are indexed by the elements of

the set {v′1, v′2, . . . , v′n, v′′1 , v′′2 , . . . , v′′n}. For i, j = 1, 2, . . . , n,

the (v′i, v
′
j)-th entry of I(G) = the (v′′i , v

′′
j )-th entry of I(G) =


2α, if i = j and vi

α∼ vj;

β, if i ̸= j and vi
β∼ vj;

0, otherwise;

the (v′i, v
′′
j )-th entry of I(G) = the (v′′j , v

′
i)-th entry of I(G) =

{
γ, if vi

γ→ vj;

0, otherwise.

The spectrum of I(G) is called the I-spectrum of G. The eigenvalues of I(G) are called

the I-eigenvalues of G. Since I(G) is real symmetric, it's eigenvalues are real and so they

can be arranged in a non-increasing order. We denote them as λ1(G),λ2(G), . . . ,λ2n(G)

and without loss of generality we assume that λ1(G) ≥ λ2(G) ≥ · · · ≥ λ2n(G).

By arranging the rows and columns of I(G) in the order v′1, v
′
2, . . . , v

′
n, v

′′
1 , v

′′
2 , . . . , v

′′
n,

I(G) can be viewed as a 2× 2 block matrix

I(G) =

[
A(Gu) A⃗(Gd)

A⃗(Gd)
T A(Gu)

]
. (1)

The associated graph of G, denoted by GA, is a graph, which is de�ned as follows. Let

VGA = {v′1, v′2, . . . , v′n, v′′1 , v′′2 , . . . , v′′n}. Make adjacency among the vertices of GA using the

following rules: For i, j = 1, 2, . . . , n,

(i) v′i
k∼ v′j and v′′i

k∼ v′′j in GA if and only if vi
k∼ vj in G;

(ii) v′i
k∼ v′′j in GA if and only if vi

k→ vj in G.
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It is clear that A(GA) = I(G). So the I-spectrum of G is the same as the spectrum of

A(GA). From the construction of GA it is easy to observe that if G is simple, then GA is

a simple graph.

A mixed graph G is said to be r-regular if d+(u) = d−(u) and d(u) + d+(u) = r for all

u ∈ VG. It is easy to verify that G is r-regular if and only if r is an eigenvalue of I(G)

with corresponding eigenvector 12n.

A mixed graphG is said to have the associated-bipartite property (shortly, AB property),

if it has no cycle of odd length and no alternating cycle of odd length with even number

of arcs.

Let G be a mixed graph with at least one arc. A walk in G is said to be an alternating

walk if starting from the �rst arc it's subsequent arcs are in alternating directions irre-

spective of the edges. An alternating walk W in G is said to be an alternating path if it

satis�es the following conditions:

(i) Each vertex in W occurs at most twice.

(ii) If a vertex in W occurs twice, then in between them there must be an odd number

of arcs.

(iii) Each edge in W occurs at most twice.

(iv) If an edge in W occurs twice, then in between them there must be an odd number

of arcs.

(v) Each arc in W occurs exactly once.

An alternating walk in G is said to be an alternating cycle if it satis�es the above

conditions (iii)-(v) and it's starting vertex and it's ending vertex are the same.

A submixed graph G′ of a mixed graph G having at least one arc is said to be a special

submixed graph of G, if it satis�es the following conditions.

(i) Any two distinct vertices of G′ are joined by an alternating walk;

(ii) If a component H of G′
u has at least one vertex having in-arc in G′ and at least one

vertex having out-arc in G′, then for each vertex v of H, there exists a closed alternating

walk in G′ which starts and ends at v and containing odd number of arcs.

A submixed graph G′ of a mixed graph G is said to be a mixed component of G if it

satis�es one of the following three conditions.

(i) G′ is a component of Gu and each vertex of G′ has out-degree zero in G.

(ii) G′ is a component of Gu and each vertex of G′ has in-degree zero in G.

(iii) G′ is a maximal special submixed graph of G.

It is shown in [9, Theorem 6.1] that there is a 1-1 correspondence between the multiset

of all mixed components of a mixed graph G and the set of all components of GA. The

unique component ofGA associated to each mixed componentH ofG, which we henceforth

refer to as the corresponding component of H.

Let G be a mixed graph and let H be a mixed component of G. Let BH = {v ∈
VH | there exits an alternating path in H which contains v twice} and CH = {e ∈ EH |
there exits an alternating path in H which contains e twice}. H is said to have the asso-

ciated path property (shortly AP property) if H is either a path or H has an alternating

path which contains (i) each vertex v of H exactly twice if v ∈ BH , otherwise exactly

once, (ii) all the arcs of H, and (iii) each edge e of H exactly twice if e ∈ CH , otherwise
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exactly once.

A mixed graph G is said to be uniconnected if G has exactly one mixed component.

Lemma 2.1. ( [9, Lemma 6.2]) A mixed graph G is uniconnected if and only if GA is a

connected graph.

3. Integrated Laplacian matrix of a mixed graph

In this section, we introduce the integrated Laplacian matrix of a mixed graph, explore

its properties, and examine the connection between its eigenvalues and the structural

characteristics of the mixed graph.

De�nition 3.1. Let G be a mixed graph with VG = {v1, v2, . . . , vn}. For i = 1, 2, . . . , n,

let v′i and v′′i be two copies of vi. We de�ne the integrated degree matrix of G, denoted

by ID(G), as the diagonal matrix of order 2n, with rows and columns are indexed by the

elements of the set {v′1, v′2, . . . , v′n, v′′1 , v′′2 , . . . , v′′n}. For i = 1, 2, . . . , n, the (v′i, v
′
i)-th entry

of ID(G) = d(vi) + d+(vi), and the (v′′i , v
′′
i )-th entry of ID(G) = d(vi) + d−(vi).

De�nition 3.2. The integrated Laplacian matrix of a mixed graph G, denoted by IL(G),

is de�ned as IL(G) = ID(G)− I(G).

Notice that each loopless mixed graph can be determined from its integrated Laplacian

matrix. The eigenvalues of IL(G) are called the IL-eigenvalues of G. These eigenvalues

are denoted by νi(G) for i = 1, 2, . . . , 2n. Since IL(G) is real symmetric, its eigenvalues

can be arranged, without loss of generality, as ν1(G) ≥ ν2(G) ≥ · · · ≥ ν2n(G).The

spectrum of IL(G) is called the IL-spectrum of G. Notice that ID(G) = D(GA) and

therefore IL(G) = L(GA). This implies that the IL-spectrum of G is identical to the

spectrum of L(GA).

Using (1), IL(G) can be viewed as a 2× 2 block matrix

IL(G) =

[
L(Gu) +D1 −A⃗(Gd)

−A⃗(Gd)
T L(Gu) +D2

]
, (2)

where D1 = diag(d+(v1), d
+(v2), . . . , d

+(vn)) and D2 = diag(d−(v1), d
−(v2), . . . , d

−(vn)).

3.1. Results

We start with the following.

Observation 3.3. If G is a graph, then IL(G) = I2 ⊗ L(G). The eigenvalues of IL(G)

are identical to those of L(G), but each appears with twice their multiplicities.

Theorem 3.4. Let G be a simple mixed graph with VG = {v1, v2, . . . , vn}. Then the

following assertions hold:

(i) IL(G) is positive semi-de�nite.
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(ii) The rank of IL(G) equals 2n−k, where k is the number of mixed components of G.

(iii) The row sum and the column sum of IL(G) are zero, so zero is an eigenvalue of

IL(G).

(iv) IL(G) is a singular matrix.

(v) The cofactor matrix of IL(G) has identical entries throughout.

Proof. Part (iii) follows directly from the de�nition of IL(G), and part (iv) follows from

part (iii). Since IL(G) = L(GA), parts (i) and (v) follow directly from the properties of

the Laplacian matrix of a simple graph (c.f. [4, Lemma 4.3]). Finally, part (ii) follows

from [9, Corollary 6.1]: �The number of mixed components of a mixed graph G is equal

to the number of components of GA�.

Theorem 3.5. For a mixed graph G on n vertices,
2n∑
i=1

νi(G) = 4e(G) + 2a(G).

Proof. � `latex Since
2n∑
i=1

νi(G) = tr(IL(G)) = tr(ID(G)−I(G)) = tr(ID(G))− tr(I(G)),

we have

2n∑
i=1

νi(G) =
n∑

i=1

[d+(vi) + d(vi)] +
2n∑

i=n+1

[d−(vi−n) + d(vi−n)]−
n∑

i=1

4l(vi)

=
n∑

i=1

[2d(vi) + d+(vi) + d−(vi)]− 4l(G). (3)

By substituting the values
n∑

i=1

d(vi) = 2e(G)+2l(G), and
n∑

i=1

d+(vi) = a(G) =
n∑

i=1

d−(vi)

(c.f. [9, Proposition 4.1]) in (3), we obtain the result. Let G be a mixed graph. For

a ∈ E⃗G, G− a denotes the mixed graph obtained by deleting the arc a from G.

Theorem 3.6. Let G be a simple mixed graph on n vertices. Let H = G − a for some

a ∈ E⃗G. Then 0 = ν2n(H) = ν2n(G) ≤ ν2n−1(H) ≤ ν2n−1(G) ≤ · · · ≤ ν2(G) ≤ ν1(H) ≤
ν1(G).

Proof. Notice that HA = GA − e, where e is the edge of GA corresponding to the arc a

in G. Since νi(G) = νi(G
A) and νi(H) = νi(H

A) for i = 1, 2, . . . , 2n, the result follows

from an interlacing relation between the Laplacian spectra of a graph and its subgraph

(c.f. [7, Theorem 7.1.5]).

Theorem 3.7. The Laplacian spectrum of an r-regular mixed graph G on n vertices is

given by 0 = r − λ1(G) ≤ r − λ2(G) ≤ · · · ≤ r − λ2n(G).

Proof. Since G is r-regular, we have IL(G) = rI2n − I(G) and λ1(G) = r. Hence the

result follows.
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Theorem 3.8. (i) The IL-spectrum of KM
k(m) is 0

(1), (2mk)(k−1), (2mk − 2m)(2mk−k).

(ii) The IL-spectrum of KD
k(m) is (2mk−2m)(1), 0(1), (mk)(k−1), (mk−2m)(k−1), (mk−

m)(2km−2k).

Proof. It is clear that KM
k(m) and KD

k(m) are 2m(k− 1) and m(k− 1)-regular, respectively.

Therefore, the results follow from Theorem 3.7 and [9, Theorem 5.3]: �The I-spectrum of

KM
k(m) is (2mk−2m)(1), (−2m)(k−1), 0(2mk−k), and the I-spectrum of KD

k(m) is (mk−m)(1),

(m−mk)(1), m(k−1), (−m)(k−1), and 0(2km−2k)�.

Corollary 3.9. (i) The IL-spectrum of KM
n is 0(1), 2n(n−1), (2n− 2)(n).

(ii) The IL-spectrum of KD
n is (2n− 2)(1), 0(1), n(n−1), (n− 2)(n−1).

Proof. By taking k = n and m = 1 in Theorem 3.8, the result follows.

Theorem 3.10. (i) If G is the oriented graph of Pn (n ≥ 2) with all its arcs have the

same direction, then the IL-spectrum of G is 2(n−1), 0(n+1).

(ii) If G is the oriented graph of Cn (n ≥ 3) with all its arcs have the same direction,

then the IL-spectrum of G is 2(n), 0(n).

(iii) If G is the oriented graph of Cn (n ≥ 4) with all its arcs have the alternating

direction, then the IL-spectrum of G is 0(n), and (2− 2 cos 2πk
n
)(1) for k = 1, 2, . . . , n.

Proof.

(i) Here GA is the union of (n−1)K2, and two isolated vertices. Therefore, the spectrum

of L(GA) is 2(n−1), 0(n+1).

(ii) Here GA = nK2 and so the spectrum of L(GA) is 2(n), 0(n).

(iii) Here GA is the union of Cn, and n isolated vertices. So the spectrum of L(GA) is

0(n), and (2− 2 cos 2πk
n
)(1) for k = 1, 2, . . . , n.

Since the spectrum of IL(G) and L(GA) are the same, we get the results.

Theorem 3.11. Let G be a uniconnected mixed graph on n vertices. If G has an alter-

nating cycle of length 2n that includes all vertices, all arcs, and each edge of G exactly

twice, then the IL-spectrum of G is 2− 2 cos πk
n

for k = 1, 2, . . . , 2n.

Proof. Notice that GA is 2-regular. Therefore, by [9, Lemma 6.1]: �Let G be a mixed

graph. Then G is r-regular if and only if GA is r-regular�, it follows that G is also

2-regular. Under the assumptions given, it is shown in [9, Theorem 6.3(iii)] that the

I-spectrum of G is 2 cos πk
n

for k = 1, 2, . . . , 2n. Consequently, the result follows directly

from Theorem 3.7.
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3.1.1. Bounds.

Theorem 3.12. For a simple mixed graph G on n vertices,

ν2n−1(G) ≤ 4e(G) + 2a(G)

2n− 1
≤ ν1(G).

Proof. Since ν2n(G) = 0, it follows from Theorem 3.5 that
2n−1∑
i=1

νi(G) = 4e(G) + 2a(G).

Additionally, since ν2n−1(G) ≤ νi(G) ≤ ν1(G) for i = 1, 2, . . . , 2n − 1, we have the

inequality (2n− 1)ν2n−1(G) ≤
2n−1∑
i=1

νi(G) ≤ (2n− 1)ν1(G). Thus, the result follows.

Let G be a mixed graph with VG = {v1, v2, . . . , vn}. Consider the multiset

{x | x = d(vi) + d+(vi) or x = d(vi) + d−(vi) for i = 1, 2, . . . , n}

If we arrange the elements of this multiset in decreasing order, denoted as

d1 ≥ d2 ≥ · · · ≥ d2n,

then we have the following:

Theorem 3.13. For a simple mixed graph G on n vertices,
k∑

i=1

νi(G) ≥
k∑

i=1

di for k =

1, 2, . . . , 2n with equality hold when k = 2n.

Proof. Notice that d1 ≥ d2 ≥ · · · ≥ d2n is the decreasing sequence of the vertex degrees of

GA. Since νi(G) = νi(G
A) for i = 1, 2, . . . , 2n, the result follows from [7, Theorem 7.1.3]

which states:

Theorem 3.14. Let G be a simple mixed graph on n vertices. Then

ν1(G) ≤ 2ν1(Gu) +max
u∈VG

d+(u) +max
u∈VG

d−(u).

Proof. We consider IL(G) as mentioned in (2). Setting M = IL(G), P = L(Gu) +D1,

Q = −A⃗(Gd) and R = L(Gu)+D2 in [7, Proposition 1.3.16], we obtain ν1(G)+ν2n(G) ≤
λ1(L(Gu) + D1) + λ1(L(Gu) + D2). Using [4, Lemma 3.19]: �If A and B are symmetric

n× n matrices with real entries, then λ1(A+B) ≤ λ1(A) + λ1(B)�, we derive

λ1(L(Gu) +D1) ≤ ν1(L(Gu)) +
n

max
i=1

d+(vi),

and

λ1(L(Gu) +D2) ≤ ν1(L(Gu)) +
n

max
i=1

d−(vi).

Since ν2n(G) = 0, the result follows.
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Theorem 3.15. Let G be a mixed graph on n vertices. Then

ν2n−1(G) ≤ 2a(G)

n
≤ ν1(G).

Proof. We consider IL(G) as mentioned in (2). The sums of the entries of L(Gu) +D1,

L(Gu) + D2 and −A⃗(Gd) are a(G), a(G) and −a(G), respectively. From [7, Corol-

lary 1.3.13], the eigenvalues 2
n
a(G) and 0 of the matrix 1

n
a(G)(2I2 − J2) interlace the

eigenvalues of IL(G). This completes the proof.

If G1 and G2 are two simple mixed graphs, then the union of G1 and G2, denoted

by G1 ∪ G2, is the mixed graph with VG1∪G2 = VG1 ∪ VG2 , EG1∪G2 = EG1 ∪ EG2 , and

E⃗G1∪G2 = E⃗G1 ∪ E⃗G2 .

De�nition 3.16. A simple mixed graph G is said to be a factorization of its two spanning

submixed graphs G1 and G2 if G = G1 ∪ G2, with EG1 ∩ EG2 = ∅ and E⃗G1 ∩ E⃗G2 = ∅.
This is denoted as G = G1 ⊕G2.

Theorem 3.17. If G = G1 ⊕G2 is a factorization of a simple mixed graph G, then

(i) ν2n−1(G) ≥ ν2n−1(G1) + ν2n−1(G2),

(ii) max{ν1(G1),ν1(G2)} ≤ ν1(G) ≤ ν1(G1) + ν1(G2).

Proof. Since G = G1 ⊕ G2, we have GA = GA
1 ⊕ GA

2 . Since νi(G) = νi(G
A), νi(G1) =

νi(G
A
1 ) and νi(G2) = νi(G

A
2 ) for i = 1, 2n − 1, the proof follows from [11, Theorem 3.3],

which states: �Let G = G1 ⊕ G2 be a factorization of a graph G. Then νn−1(G) ≥
νn−1(G1) + νn−1(G2) and max{ν1(G1), ν1(G2)} ≤ ν1(G) ≤ ν1(G1) + ν1(G2)�.

Corollary 3.18. Let G be a simple mixed graph on n vertices. If H is a spanning

submixed graph of G, then ν2n−1(H) ≤ ν2n−1(G) and ν1(H) ≤ ν1(G).

Proof. Let G = H ⊕ H ′, where H ′ is the spanning submixed graph of G with EH′ =

EG \ EH and E⃗H′ = E⃗G \ E⃗H . Then by Theorem 3.17, we have ν2n−1(H) + ν2n−1(H
′) ≤

ν2n−1(G) and max{ν1(H),ν1(H
′)} ≤ ν1(G). Since ν2n−1(H) ≤ ν2n−1(H)+ν2n−1(H

′) and

ν1(H) ≤ max{ν1(H),ν1(H
′)}, the result follows.

Corollary 3.19. If G1 and G2 are two simple mixed graphs having the same vertex set,

then max{ν1(G1),ν1(G2)} ≤ ν1(G1 ∪G2) ≤ ν1(G1) + ν1(G2).

Proof. We can write G1 ∪ G2 = G1 ⊕ G′
1, where G′

1 is the spanning submixed graph

of G2 with EG′
1
= EG2 \ EG1 and E⃗G′

1
= E⃗G2 \ E⃗G1 . Since G1 and G2 are spanning

submixed graphs of G1 ∪ G2, from Corollary 3.18, we have ν1(G1) ≤ ν1(G1 ∪ G2) and

ν1(G2) ≤ ν1(G1 ∪ G2). So, the �rst inequality of the result holds. By Theorem 3.17, we

have ν1(G1 ∪G2) ≤ ν1(G1) + ν1(G
′
1) ≤ ν1(G1) + ν1(G2). Thus, the second inequality of

the result holds.
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Let G be a mixed graph and let u, v ∈ VG. If there is no edge joining u and v in G, then

we denote this by u ̸∼ v. Similarly, if there is no arc from u to v in G, then we denote

this by u ̸→ v.

Theorem 3.20. Let G be a simple mixed graph on n vertices, and let u, v ∈ VG. Then

we have the following.

(i) If u ̸∼ v in G, then ν2n−1(G) ≤ 1
2
(d(u) + d(v) + d+(u) + d+(v)) and ν2n−1(G) ≤

1
2
(d(u) + d(v) + d−(u) + d−(v)).

(ii) If u ̸→ v in G, then ν2n−1(G) ≤ 1
2
(d(u) + d(v) + d+(u) + d−(v)).

Proof. (i) If u ̸∼ v in G, then u′ ̸∼ v′ and u′′ ̸∼ v′′ in GA, where u′ and u′′ (resp. v′

and v′′) are the vertices of GA corresponding to the vertex u (resp. v) of G. By [7,

Theorem 7.4.4] , we have ν2n−1(G
A) ≤ 1

2
(d(u′)+ d(v′)) and ν2n−1(G

A) ≤ 1
2
(d(u′′)+ d(v′′)).

Since ν2n−1(G
A) = ν2n−1(G) and d(u′) = d(u) + d+(u), d(v′) = d(v) + d+(v), d(u′′) =

d(u) + d−(u) and d(v′′) = d(v) + d−(v), the result follows.

(ii) If u ̸→ v in G, then u′ ̸∼ v′′ in GA. From [7, Theorem 7.4.4], we have ν2n−1(G
A) ≤

1
2
(d(u′) + d(v′′)). Since ν2n−1(G

A) = ν2n−1(G) and d(u′) = d(u) + d+(u) and d(v′′) =

d(v) + d−(v), the result follows.

Theorem 3.21. Let G be a simple mixed graph on n vertices. Then for any U ⊂ VG, we

have ν2n−1(G) ≤ ν2k−1(G− U) + 2|U |, where k = |VG|−|U |.

Proof. Let VG = {v1, v2, . . . , vn}. Without loss of generality, let U = {v1, v2, . . . , vk},
where k ∈ {1, 2, . . . , n− 1}. Then U ′ = {v′1, v′2, . . . , v′k, v′′1 , v′′2 , . . . , v′′k} is the set of vertices
in GA corresponding to U . Since U ′ ⊂ VGA , from [7, Theorem 7.4.5]: we have ν2n−1(G

A) ≤
ν2k−1(G

A−U ′)+ |U ′|, where k = |VG|−|U |. Since ν2n−1(G) = ν2n−1(G
A), ν2k−1(G−U) =

ν2k−1(G
A − U ′), and |U ′|= 2|U |, the result follows.

Theorem 3.22. Let G be a simple mixed graph with EG ̸= ∅ or E⃗G ̸= ∅. Then ν1(G) ≥
max{∆1(G),∆2(G)}+ 1.

Proof. Since EG ̸= ∅ or E⃗G ̸= ∅, the graph GA has at least one edge. Since ν1(G) =

ν1(G
A) and max{∆1(G),∆2(G)} = ∆(GA), the proof follows from [4, Theorem 4.12]: �

ν1(G) ≥ ∆(G) + 1 for any simple graph G having at least one edge".

We refer to a mixed graph G as plain if it has no multiple edges and no multiple arcs.

Lemma 3.23. A loopless mixed graph G is plain if and only if GA is simple.

Proof. Let G be a loopless plain mixed graph. Since G has no loops, GA also has no

loops. Moreover, since G has no multiple edges and no multiple arcs, the construction

of GA ensures that GA has no multiple edges. Therefore, GA is simple. By retracing the

argument, we can prove the converse of this result.
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Theorem 3.24. For a loopless plain mixed graph G with n vertices, the bound ν1(G) ≤ 2n

holds. Equality is attained if and only if G is a uniconnected mixed graph whose adjacency

graph complement is disconnected.

Proof. Under the assumptions, it follows from Lemma 3.23 that GA is a simple graph

on 2n vertices. Since ν1(G) = ν1(G
A), the result can be derived using Lemma 2.1 and [7,

Proposition 7.3.3].

Theorem 3.25. For any simple mixed graph G, ν1(G) ≤ maxA, where A = {x | x =

d(u) + d(v) + d+(u) + d+(v) or x = d(u) + d(v) + d−(u) + d−(v) for u, v ∈ VG and u ∼
v} ∪ {x | x = d(u) + d(v) + d+(u) + d−(v) for u, v ∈ VG and u→ v}.

Proof. From [7, Theorem 7.3.4], we have ν1(G
A) ≤ max{d(u)+d(v) | u, v ∈ VGA and u ∼

v}. Since ν1(G) = ν1(G
A), and the set {d(u) + d(v) | u, v ∈ VGA and u ∼ v} coincides

with the set A de�ned in the theorem, the result follows.

Theorem 3.26. Let G be a simple mixed graph with VG = {v1, v2, . . . , vn}. Let I(G) =
(aij). Then

ν1(G) ≥max

({√
(d(vi) + d+(vi)− d(vj)− d+(vj))2 + 4aij | 1 ≤ i, j ≤ n, i ̸= j

}
∪
{√

(dvi + d+(vi)− d(vj−n)− d−(vj−n))2 + 4aij | 1 ≤ i ≤ n, n+ 1 ≤ j ≤ 2n

}
∪
{√

(d(vi−n) + d−(vi−n)− d(vj)− d+(vj))2 + 4aij | n+ 1 ≤ i ≤ 2n, 1 ≤ j ≤ n

}
∪
{√

(d(vi−n) + d−(vi−n)− d(vj−n)− d−(vj−n))2 + 4aij | n+ 1 ≤ i, j ≤ 2n, i ̸= j

})
.

Proof. The vertex degrees of GA are d(v1) + d+(v1), d(v2) + d+(v2), . . . , d(vn) + d+(vn),

d(v1)+d−(v1), d(v2)+d−(v2), . . . , d(vn)+d−(vn). If we denote the maximum in the right

hand side of the inequality of this theorem as m, then from [7, Theorem 7.3.6], we have

ν1(G
A) ≥ m. Since ν1(G) = ν1(G

A), the result follows.

Let G be a mixed graph on n vertices v1, v2, . . . , vn. We denote for i = 1, 2, . . . , n,

mi := avg
{{

d(vk) + d+(vk) | vi ∼ vk
}
∪
{
d(vk) + d−(vk) | vi → vk

}}
,

Mi := avg
{{

d(vk) + d−(vk) | vi ∼ vk
}
∪
{
d(vk) + d+(vk) | vi ← vk

}}
,

where avg S denotes the average of the numbers in the set S.

Theorem 3.27. If G is a simple mixed graph with V (G) = {v1, v2, . . . , vn}, then

ν1(G) ≤ max

({
x | x =

(di + d+i )(di + d+i +mi) + (dj + d+j )(dj + d+j +mj)

di + d+i + dj + d+j
or
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x =
(di + d−i )(di + d−i +Mi) + (dj + d−j )(dj + d−j +Mj)

di + d−i + dj + d−j
for vi ∼ vj

}

∪

{
x | x =

(di + d+i )(di + d+i +mi) + (dj + d−j )(dj + d−j +Mj)

di + d+i + dj + d−j
for vi → vj

})
,

where di = d(vi), d
+
i = d+(vi), and d−i = d−(vi) for i = 1, 2, . . . , n.

Proof. The vertex degrees of GA are d1 + d+1 , d2 + d+2 , . . . , dn + d+n , d1 + d−1 , d2 + d−2 , . . . ,

dn + d−n . Observe that mi and Mi represent the average degrees of the neighbors of the

vertices v′i and v′′i in GA, respectively. Let s denotes the maximum value on the right hand

side of the inequality stated in the theorem. Then from [7, Theorem 7.3.5], we conclude

that ν1(G
A) ≤ s. Since ν1(G) = ν1(G

A), the result follows.

4. Integrated signless Laplacian matrix of a mixed graph

In this section, we de�ne the integrated signless Laplacian matrix of a mixed graph,

investigate its properties, and analyze the relationship between its eigenvalues and the

structural features of the mixed graph.

De�nition 4.1. The integrated signless Laplacian matrix of a mixed graph G, denoted

by IQ(G), is de�ned as IQ(G) = ID(G) + I(G).

Notice that each mixed graph can be determined from its integrated signless Laplacian

matrix. The eigenvalues of IQ(G) are referred to as the IQ-eigenvalues of G. We denote

them by ξi(G) for i = 1, 2, . . . , 2n. Since IQ(G) is real symmetric, its eigenvalues can be

arranged, without loss of generality as ξ1(G) ≥ ξ2(G) ≥ · · · ≥ ξ2n(G). The spectrum

of IQ(G) is called the IQ-spectrum of G. Observe that IQ(G) = Q(GA), which implies

that the spectrum of IQ(G) is identical to the spectrum of Q(GA). Moreover, IQ(G) is

positive semi-de�nite because Q(GA) is positive semi-de�nite.

Observe that using (1), IQ(G) can be viewed as a 2× 2 block matrix

IQ(G) =

[
Q(Gu) +D1 A⃗(Gd)

A⃗(Gd)
T Q(Gu) +D2

]
, (4)

where D1 = diag(d+(v1), d
+(v2), . . . , d

+(vn)) and D2 = diag(d−(v1), d
−(v2), . . . , d

−(vn)).

4.1. Results

Observation 4.2. Let G be a mixed graph on n vertices. Then we have the following.

(i) G is r-regular if and only if 2r is an eigenvalue of IQ(G) with corresponding eigen-

vector 12n.

(ii) If G is a graph, then IQ(G) = I2 ⊗ Q(G). The eigenvalues of IQ(G) are identical

to those of Q(G) but with twice their multiplicities.
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Theorem 4.3. Let G be a mixed graph on n vertices. Then

2n∑
i=1

ξi(G) = 4e(G) + 8l(G) + 2a(G).

Proof. Let VG = {v1, v2, . . . , vn}. Then
2n∑
i=1

ξi(G) = tr(IQ(G)) = tr(ID(G) + I(G)) =

tr(ID(G)) + tr(I(G)) =
n∑

i=1

(2d(vi) + d+(vi) + d−(vi)) +
n∑

i=1

4l(vi). In this equations, by

substituting the values
n∑

i=1

d(vi) = 2e(G) + 2l(G), and
n∑

i=1

d+(vi) = a(G) =
n∑

i=1

d−(vi) (c.f

[9, Proposition 4.1]), the result follows.

Theorem 4.4. Let G be a simple mixed graph having AB property. Then the character-

istic polynomial of IQ(G) coincides with the characteristic polynomial of IL(G).

Proof. Since IQ(G) = Q(GA) and IL(G) = L(GA), the result follows from [9, Lemma 4.1]:

�Let G be a mixed graph. G has AB property if and only if GA is bipartite� and [7,

Proposition 7.8.4].

As an immediate consequence of the previous theorem, we get the following.

Corollary 4.5. For any simple bipartite mixed graph G, the characteristic polynomial of

IQ(G) coincides with the characteristic polynomial of IL(G).

Theorem 4.6. If G is a simple mixed graph that is r-regular, then r is given by r =
1
2
ξ1(G). Furthermore, the multiplicity of ξ1(G) equals the number of mixed components

in G.

Proof. From [9, Lemma 6.1]: �Let G be a mixed graph. Then G is r-regular if and only

if GA is r-regular�, we know that GA is an r-regular simple graph. According to [7, Theo-

rem 7.8.6], we conclude that r = 1
2
ξ1(G

A) = 1
2
ξ1(G), and the multiplicity of ξ1(G

A) equals

the number of components of GA. Thus, the result follows from [9, Corollary 6.1]: �The

number of mixed components of a mixed graph G is equal to the number of components

of GA�.

Corollary 4.7. If G is an r-regular simple uniconnected mixed graph, then ξ2(G) <

ξ1(G) = 2r.

Proof. Since G is uniconnected, it contains exactly one mixed component. Therefore,

from Theorem 4.6, we know that ξ1(G) = 2r with multiplicity 1. This implies that

ξ1(G) ̸= ξ2(G), so we can conclude that ξ2(G) < ξ1(G).
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Theorem 4.8. The IQ-spectrum of an r-regular mixed graph G on n vertices is given by

2r = r + λ1(G) ≥ r + λ2(G) ≥ · · · ≥ r + λ2n(G).

Proof. Since G is r-regular, we have IQ(G) = rI2n + I(G) and λ1(G) = r. Hence the

result follows.

Theorem 4.9. Let G be a mixed graph on n vertices. Then G is (r, s)-regular if and

only if 2(r + s) and 2r are IQ-eigenvalues of G with corresponding eigenvectors 12n and[
1T
n −1T

n

]T
, respectively.

Proof. Suppose that G is (r, s)-regular. Then by [9, Theorem 5.1], r + s and r − s are

eigenvalues of I(G) with corresponding eigenvectors 12n and
[
1T
n −1T

n

]T
, respectively.

Observe that IQ(G) = (r + s)I2n + I(G). Therefore, 2(r + s) and 2r are eigenvalues of

IQ(G) with corresponding eigenvectors 12n and
[
1T
n −1T

n

]T
, respectively.

Conversely, we assume that 2(r+s) and 2r are eigenvalues of IQ(G) with corresponding

eigenvectors 12n and
[
1T
n −1T

n

]T
, respectively. Then d(u)+d+(u) = r+s, d(u)+d−(u) =

r + s and d(u) = r for all u ∈ VG. These implies that d(u) = r and d+(u) = d−(u) = s

for all u ∈ VG. So G is (r, s)-regular.

Theorem 4.10. (i) The IQ-spectrum of KM
k(m) is (4mk−4m)(1), (2mk−4m)(k−1), (2mk−

2m)(2mk−k).

(ii) The IQ-spectrum of KD
k(m) is (2mk−2m)(1), 0(1), (mk)(k−1), (mk−2m)(k−1), (mk−

m)(2km−2k).

Proof. From Theorem 4.8, the result can be proved similar to the proof of Theorem 3.8.

Corollary 4.11. (i) The IQ-spectrum of KM
n is (4n− 4)(1), (2n− 4)(n−1), (2n− 2)(n).

(ii) The IQ-spectrum of KD
n is (2n− 2)(1), 0(1), n(n−1), (n− 2)(n−1).

Proof. By taking k = n and m = 1 in Theorem 4.10, the result follows.

Theorem 4.12. (i) If G is an oriented graph of Pn (n ≥ 2) with all its arcs have the

same direction, then the signless Laplacian spectrum of G is 2(n−1), 0(n+1).

(ii) If G is an oriented graph of Cn (n ≥ 3) with all its arcs have the same direction,

then the signless Laplacian spectrum of G is 2(n), 0(n).

(iii) If G is an oriented graph of Cn (n ≥ 4) with all its arcs have the alternating

direction, then the signless Laplacian spectrum of G is 0(n), and (2 + 2 cos 2πk
n
)(1) for

k = 1, 2, . . . , n.

Proof. Proof is similar to the proof of Theorem 3.10.
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Theorem 4.13. Let G be a uniconnected mixed graph on n vertices. If G has an alter-

nating cycle of length 2n such that it contains all the vertices, all the arcs and two times

all the edges of G, then the IQ-spectrum of G is 2− 2 cos πk
n

for k = 1, 2, . . . , 2n.

Proof. From Theorem 4.8, the result can be proved similar to the proof of Theorem 3.11.

Theorem 4.14. Let G be a uniconnected simple mixed graph on n vertices. Then G has

AB property if and only if ξ2n(G) = 0, and is a simple eigenvalue.

Proof. By Lemma 2.1, GA is a non-trivial, simple, connected graph on 2n vertices. Since,

ξ2n(G) = ξ2n(G
A) with the same multiplicity, the proof follows from [9, Lemma 4.1]:

�Let G be a mixed graph. G has AB property if and only if GA is bipartite� and [7,

Theorem 7.8.1].

Lemma 4.15. Let G be a mixed graph. Then a non-trivial mixed component of G has

the AB property if and only if GA has a bipartite component.

Proof. Let H be a non-trivial mixed component of G that possesses the AB property,

and let H ′ denote the associated component of H in GA. Then H ′ is non-trivial. By [9,

Lemma 4.1]: �Let G be a mixed graph. G has AB property if and only if GA is bipartite�,

HA is bipartite. As H ′ is a subgraph of HA, it is also bipartite. Thus, H ′ is a bipartite

component of GA.

Conversely, suppose GA has a bipartite component H ′. Let H be the mixed component

in G corresponding to H ′. Then H is non-trivial. The bipartiteness of H ′ implies it has

no odd cycles. Consequently, H has no odd cycles and no odd alternating cycles with an

even number of arcs. This ensures that H has AB property. Therefore, G has a non-trivial

mixed component having the AB property.

Theorem 4.16. For any simple mixed graph G, the multiplicity of 0 as an IQ-eigenvalue
of G is equal to the number of mixed components of G that possess AB property.

Proof. From Lemma 4.15, the number of trivial mixed components of G having the AB

property is the same as the number of bipartite components of GA. Additionally, the

number of trivial mixed components of G matches the number of trivial components of

GA. It is evident that trivial mixed components of G exhibit the AB property. Since

IQ(G) = Q(GA), the result follows directly from [7, Corollary 7.8.2].

Corollary 4.17. For a simple bipartite mixed graph G with n vertices, the eigenvalue

ξ2n(G) is zero, and its multiplicity corresponds to the number of mixed components in G.
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Proof. Since G is a simple bipartite mixed graph on n vertices, each mixed component

of G has AB property. So, the result follows from Theorem 4.16.

Theorem 4.18. Let G be a simple mixed graph on n vertices and let a ∈ E⃗G. If H =

G− a, then 0 ≤ ξ2n(G
′) ≤ ξ2n(G) ≤ · · · ≤ ξ2(H) ≤ ξ2(G) ≤ ξ1(H) ≤ ξ1(G).

Proof. Since H = G−a, we have HA = GA− e, where e is the edge in GA corresponding

to the arc a in G. Since ξi(G) = ξi(G
A) and ξi(H) = ξi(H

A) for i = 1, 2, . . . , 2n, the

proof follows from [7, Theorem 7.8.13].

4.1.1. Bounds.

Theorem 4.19. For a mixed graph G on n vertices,

ξ2n(G) ≤ 2e(G) + 4l(G) + a(G)

n
≤ ξ1(G).

Proof. By Theorem 4.3,
2n∑
i=1

ξi(G) = 4e(G)+8l(G)+2a(G. Since ξ2n(G) ≤ ξi(G) ≤ ξ1(G)

for i = 1, 2, . . . , 2n, it follows that 2nξ2n(G) ≤
2n∑
i=1

ξi(G) ≤ 2nξ1(G). Therefore, the

inequalities in this theorem are satis�ed.

Theorem 4.20. For any simple mixed graph G, we have

min{δ1(G), δ2(G)} ≤ 1

2
ξ1(G) ≤ max{∆1(G),∆2(G)}.

For a uniconnected mixed graph G, equality is achieved in either case if and only if G

is regular.

Proof. Since ξ1(G) = ξ1(G
A), min{δ1(G), δ2(G)} = δ(GA) and max{∆1(G),∆2(G)} =

∆(GA), the inequalities in this theorem hold from [7, Proposition 7.8.14].

From [9, Lemma 6.1]: �Let G be a mixed graph. Then G is r-regular if and only if GA

is r-regular� and Lemma 2.1, the remaining assertion of this theorem holds.

Let G be a mixed graph with VG = {v1, v2, . . . , vn}. Consider the multiset of values

{x | x = d(vi) + d+(vi) + 2l(vi) or x = d(vi) + d−(vi) + 2l(vi) for i = 1, 2, . . . , n}.

Arrange these values in decreasing order to form the sequence d1 ≥ d2 ≥ · · · ≥ d2n.

Observe that dis are the diagonal entries of the matrix IQ(G). Then the following result

holds:

Theorem 4.21. For a mixed graph G with n vertices, the inequality
k∑

i=1

ξi(G) ≥
k∑

i=1

di

holds for k = 1, 2, . . . , 2n, with equality attained when k = 2n.
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Proof. Applying [7, Theorem 1.3.2] to the positive semi-de�nite matrix IQ(G), we deduce

that the sum of the k largest diagonal entries of IQ(G) is a lower bound of
k∑

i=1

ξi(G).

Moreover,
2n∑
i=1

ξi(G) = tr(IQ(G)) =
2n∑
i=1

di. This completes the proof.

Theorem 4.22. Let G be a simple mixed graph on n vertices. Then

ξ1(G) + ξ2n(G) ≤ 2ξ1(Gu) +max
u∈VG

d+(u) +max
u∈VG

d−(u).

Proof. We consider IQ(G) as mentioned in (4). By taking M = IQ(G), P = Q(Gu)+D1,

Q = A⃗(Gd) and R = Q(Gu) +D2 in [7, Proposition 1.3.16], we get

ξ1(G) + ξ2n(G) ≤ λ1(Q(Gu) +D1) + λ1(Q(Gu) +D2). (5)

From [4, Lemma 3.19], it follows that

λ1(Q(Gu) +D1) ≤ ξ1(Q(Gu)) + max
vi∈VG

d+(vi) (6)

and

λ1(Q(Gu) +D2) ≤ ξ1(Q(Gu)) + max
vi∈VG

d−(vi). (7)

The result follows by substituting (6) and (7) into (5).

Theorem 4.23. Let G be a mixed graph on n vertices. Then ξ2n(G) ≤ 4

n
(e(G)+ l(G)) ≤

ξ2(G) and ξ2n−1(G) ≤ 2

n
(2e(G) + 2l(G) + a(G)) ≤ ξ1(G).

Proof. Consider IQ(G) as mentioned in (4). The sums of the entries of Q(Gu) + D1,

Q(Gu) + D2, and A⃗(Gd) are 4e(G) + 4l(G) + a(G), 4e(G) + 4l(G) + a(G), and a(G),

respectively. From [7, Corollary 1.3.13], the eigenvalues 2
n
(2e(G) + 2l(G) + a(G)) and

4
n
(e(G) + l(G)) of the matrix 4

n
(e(G) + l(G))I2 +

1
n
a(G)J2 interlace the eigenvalues of

IQ(G). This concludes the proof.

Theorem 4.24. If a simple mixed graph G on n vertices has a factorization G = G1⊕G2,

then the following hold:

(i) max{ξ1(G1), ξ1(G2)} ≤ ξ1(G) ≤ ξ1(G1) + ξ1(G2),

(ii) ξ2n(G1) + ξ2n(G2) ≤ ξ2n(G).

Proof. Since G = G1⊕G2, we have IQ(G) = IQ(G1)+IQ(G2). Let X be a column vector

in R2n with the usual Euclidean norm. Then by extremal representation of eigenvalues:

ξ1(G) =max
||X||=1

XTIQ(G)X
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=max
||X||=1

(XTIQ(G1)X +XTIQ(G2)X)

≤max
||X||=1

XTIQ(G1)X + max
||X||=1

XTIQ(G2)X

=ξ1(G1) + ξ1(G2).

Moreover, since

ξ1(G) = max
||X||=1

(XTIQ(G1)X +XTIQ(G2)X),

and both IQ(G1) and IQ(G2) are positive semi-de�nite, we also have

ξ1(G) ≥ max
||X||=1

XTIQ(G1)X = ξ1(G1),

and

ξ1(G) ≥ max
||X||=1

XTIQ(G2)X = ξ1(G2).

Thus, part (i) is established.

For part (ii), using the extremal representation of the smallest eigenvalue, we have:

ξ2n(G) = min
||X||=1

XTIQ(G)X

= min
||X||=1

(XTIQ(G1)X +XTIQ(G2)X)

≥ min
||X||=1

XTIQ(G1)X + min
||X||=1

XTIQ(G2)X

=ξ2n(G1) + ξ2n(G2).

This completes the proof of part (ii).

Corollary 4.25. Let G be a simple mixed graph on n vertices. If H is a spanning

submixed graph of G, then ξ1(H) ≤ ξ1(G) and ξ2n(H) ≤ ξ2n(G).

Proof. We can express G = H ⊕ H ′, where H ′ is the spanning submixed graph of

G with EH′ = EG \ EH and E⃗H′ = E⃗G \ E⃗H . The result then follows directly from

Theorem 4.24.

Corollary 4.26. If G1 and G2 are two simple mixed graphs having the same vertex set,

then

max{ξ1(G1), ξ1(G2)} ≤ ξ1(G1 ∪G2) ≤ ξ1(G1) + ξ1(G2).

Proof. Since G1 and G2 are spanning submixed graphs of G1∪G2, it follows from Corol-

lary 4.25 that ξ1(G1) ≤ ξ1(G1 ∪G2) and ξ2(G1) ≤ ξ1(G1 ∪G2). Thus, the �rst inequality

in the result holds. We can write G1∪G2 = G1⊕G′
1, where G

′
1 is the spanning submixed

graph of G2 with EG′
1
= EG2 \ EG1 and E⃗G′

1
= E⃗G2 \ E⃗G1 . From Theorem 4.24, we have

ξ1(G1 ∪ G2) ≤ ξ1(G1) + ξ1(G
′
1) ≤ ξ1(G1) + ξ1(G2). Hence, the second inequality of the

result also holds.
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Theorem 4.27. Let G be a simple mixed graph. Then we have the following.

(i)ξ1(G) = 0 if and only if G has no edges and arcs;

(ii) ξ1(G) < 4 if and only if each mixed component of G has AP property;

(iii) for a uniconnected mixed graph G, ξ1(G) = 4 if and only if G has an alternating

cycle with even number of arcs such that it contains all the vertices, all the arcs and two

times all the edges of G.

Proof. From [7, parts (i), (ii), (iii) of Proposition 7.8.16], the following results hold:

(i) GA has no edges if and only if ξ1(G
A) = 0.

(ii) All the components of GA are paths if and only if ξ1(G
A) < 4.

(iii) When GA is connected, GA is a cycle or K1,3 if and only if ξ1(G
A) = 4.

Since ξ1(G) = ξ1(G
A) and G has no edges and arcs if and only if GA has no edges,

part (i) follows.

From [9, Lemma 7.2]: �Let G be a mixed graph. A mixed component of G has AP

property if and only if the corresponding component of GA is a path�, part (ii) follows.

Nowsuppose G is uniconnected. By Lemma 2.1, GA is connected. This implies that G

has an alternating cycle with an even number of arcs that includes all vertices, all arcs,

and two instances of every edge of G if and only if GA is a cycle. Additionally, for any

mixed graph G, it can be veri�ed that GA ̸= K1,3. Thus, part (iii) follows.

De�nition 4.28. A mixed graph G is said to be directed loop complete if for any two

distinct vertices u, v ∈ VG, u
1∼ v, u

1→ v and v
1→ u, and for each vertex u ∈ VG, u

1→ u.

Lemma 4.29. A mixed graph G is directed loop complete if and only if GA is complete.

Proof. Let G be a directed loop complete mixed graph with VG = {v1, v2, . . . , vn}. It is
clear that EG and E⃗G are sets and so, G is plain. As G is loopless, from Lemma 3.23, GA is

simple. For i = 1, 2, . . . , n, we have d(vi) = n−1, d+(vi) = n and d−(vi) = n. This implies

that for i = 1, 2, . . . , n, d(v′i) = d(vi)+d+(vi) = 2n−1 and d(v′′i ) = d(vi)+d+(vi) = 2n−1

in GA. That is each vertex of GA has degree 2n− 1. Thus GA is complete. By retracing

the above arguments, the converse of this theorem can be proved.

Theorem 4.30. For a uniconnected loopless plain mixed graph G on n vertices, 2 +

2 cos π
2n
≤ ξ1(G) ≤ 4n − 2. Equality in the lower bound occurs if G satis�es the AP

property, while the upper bound is reached when G is a directed loop-complete graph.

Proof. Since ξ1(G) = ξ1(G
A), the inequalities in this theorem hold from Lemma 2.1

and [7, Proposition 7.8.17]. From [9, Lemma 7.2]: �Let G be a mixed graph. A mixed

component of G has AP property if and only if the corresponding component of GA is a

path� and Lemma 4.29, the remaining assertion of this theorem hold.
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5. Normalized integrated Laplacian matrix of a mixed graph

In this section, we introduce the normalized integrated Laplacian matrix of a mixed

graph, study its properties, and analyze the relationship between its eigenvalues and the

structural characteristics of the mixed graph.

De�nition 5.1. Let G be a mixed graph with VG = {v1, v2, . . . , vn}. For i = 1, 2, . . . , n,

let v′i and v′′i be two copies of vi. We de�ne the normalized integrated Laplacian matrix

of G, denoted by IL(G), as the square matrix of order 2n, with rows and columns are

indexed by the elements of the set {v′1, v′2, . . . , v′n, v′′1 , v′′2 , . . . , v′′n}. For i, j = 1, 2, . . . , n,

the (v′i, v
′
j)-th entry of IL(G) =


1− 2l(vi)

di+d+i
, if i = j and di + d+i ̸= 0;

−β√
(d+i +di)(d

+
j +dj)

, if i ̸= j and vi
β∼ vj;

0, otherwise;

the (v′′i , v
′′
j )-th entry of IL(G) =


1− 2l(vi)

di+d−i
, if i = j and di + d−i ̸= 0;

−β√
(d−i +di)(d

−
j +dj)

, if i ̸= j and vi
β∼ vj;

0, otherwise;

the (v′i, v
′′
j )-th entry of IL(G) = the (v′′j , v

′
i)-th entry of IL(G) =


−γ√

(d+i +di)(d
−
j +dj)

, if vi
γ→ vj ;

0, otherwise,

where di = d(vi), d
+
i = d+(vi), d

−
i = d−(vi).

Let G be a mixed graph on n vertices v1, v2, . . . , vn. Note that G has no trivial mixed

components if and only if, for each i = 1, 2, . . . , n, at least one of the following holds:

(i) d(vi) ̸= 0; or

(ii) d+(vi) ̸= 0 and d−(vi) ̸= 0.

Since the diagonal entries of ID(G) are d(vi) + d+(vi) and d(vi) + d−(vi) for i =

1, 2, . . . , n, it follows that G has no trivial mixed components if and only if ID(G) is

non-singular. Therefore, for a mixed graph G having no trivial mixed components, by

maintaining the same order in the indices of ID(G) and IL(G), the normalized integrated

Laplacian matrix of G can be written as:

IL(G) = ID(G)−
1
2IL(G)ID(G)−

1
2 .

Notice that each simple mixed graph can be determined from its normalized integrated

Laplacian matrix. The eigenvalues of IL(G) are referred to as the IL-eigenvalues of

G. These eigenvalues are denoted by ν̂1(G) for i = 1, 2, . . . , 2n. Since IL(G) is a real

symmetric matrix, its eigenvalues can be arranged, without loss of generality, in non-

increasing order as: ν̂1(G) ≥ ν̂2(G) ≥ · · · ≥ ν̂2n(G). The spectrum of IL(G) is called the

IL-spectrum of G. Observe that IL(G) = L̂(GA) and therefore, the spectrum of IL(G) is

identical to the spectrum of L̂(GA).
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5.1. Results

Observation 5.2. Let G be a mixed graph. Then we have the following.

(i) IL(G) is positive semi-de�nite, since L̂(GA) is positive semi-de�nite.

(ii) The least eigenvalue of IL(G) is 0, since the least eigenvalue of L̂(GA) is 0.

(iii) If G is a graph, then IL(G) = I2 ⊗ L̂(G). The eigenvalues of IL(G) are the same

as those of L̂(G), with each eigenvalue having twice its algebraic multiplicity.

(iv) If G is r-regular, then 0 is an eigenvalue of IL(G), with corresponding eigenvector

1.

Theorem 5.3. Let G be a loopless plain mixed graph on n vertices. Then the following

statements hold:

(i)
2n∑
i=1

ν̂i(G) ≤ 2n, with equality if and only if G has no trivial mixed component.

(ii)
2n∑
i=1

ν̂i(G) = 2n− k, where k is the number of trivial mixed components of G.

(iii) If G is not directed loop complete, then ν̂2n−1(G) ≤ 1.

(iv) If G has no trivial mixed component, then ν̂2n−1(G) ≤ 2n
2n−1

, with equality occurring

if and only if G is directed loop complete.

(v) If G has no trivial mixed component, then ν̂1(G) ≥ 2n
2n−1

, with equality is achieved

if and only if G is directed loop complete.

(vi) ν̂1(G) ≤ 2, with equality if and only if G has a non-trivial mixed component, which

has the AB property. In this case, the multiplicity of ν̂1(G) = 2 equals the number of

non-trivial mixed components of G having the AB property.

Proof. Notice that G has no trivial mixed component if and only if GA has no isolated

vertices. From [7, Theorem 7.7.2(i)], we have
2n∑
i=1

ν̂i(G
A) ≤ 2n with equality holds if and

only if GA has no isolated vertices. Since IL(G) and L̂(GA) have the same spectrum,

part (i) follows.

To prove (ii), let G has k ≥ 0 trivial mixed components. This implies that GA has k

isolated vertices. By removing these k isolated vertices from GA, we obtain a subgraph G′

of GA, having 2n− k vertices. From [7, Theorem 7.7.2(i)], we have
2n−k∑
i=1

ν̂i(G
′) = 2n− k.

Also,
2n∑
i=1

ν̂i(G) =
2n∑
i=1

ν̂i(G
A) =

2n−k∑
i=1

ν̂i(G
′).

Hence part (ii) follows.

From Lemma 4.29 and [7, parts (ii), (iii), (iv) of Theorem 7.7.2], we have the following:

(i) If GA is not complete, ν̂2n−1(G
A) ≤ 1.

(ii) ν̂2n−1(G
A) ≤ 2n

2n−1
, with equality holds if and only if GA is complete.

(iii) ν̂1(G
A) ≥ 2n

2n−1
, with equality holds if and only if GA is complete.

Since ν̂2n−1(G) = ν̂2n−1(G
A) and ν̂1(G) = ν̂1(G

A), parts (iii), (iv) and (v) follows.

From [7, Theorem 7.7.2(v)], ν̂1(G
A) ≤ 2, with equality is achieved if and only if GA

has a non-trivial component which is bipartite. Since ν̂1(G) = ν̂1(G
A), from Lemma 4.15,
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�rst assertion of part (vi) follows.

From [7, Theorem 7.7.2(v)], 2 is a simple eigenvalue of L̂(H), for a connected bipartite

graph H. Therefore, if GA has a non-trivial bipartite component, then 2 is an eigenvalue

of L̂(GA), with multiplicity equal to the number of non-trivial bipartite components of

GA which is the same as the number of non-trivial mixed components of G having the

AB property. This completes the proof of part (vi).

Corollary 5.4. If G is a loopless plain bipartite mixed graph having at least one edge or

arc, then ν̂1(G) = 2 with multiplicity equal to the number of non-trivial mixed components

of G.

Proof. If G is a bipartite mixed graph with at least one edge or arc, then each non-

trivial mixed component of Gpossesses the AB property. Consequently, the result follows

directly from part (vi) of Theorem 5.3.

Theorem 5.5. If G is a loopless plain mixed graph on n vertices, then

ν̂2n−1(G) ≤ 2n− k

2n− 1
≤ ν̂1(G),

where k is the number of trivial mixed components of G.

Proof. Given that ν̂2n−1(G) ≤ ν̂i(G) ≤ ν̂1(G) for i = 1, 2, . . . , 2n− 1, we deduce

(2n− 1)ν̂2n−1(G) ≤
2n−1∑
i=1

ν̂i(G) ≤ (2n− 1)ν̂1(G).

Since ν̂2n(G) = 0, part (ii) of Theorem 5.3 implies that
2n−1∑
i=1

ν̂i(G) = 2n−k. Substituting

this in the above inequality completes the proof.

Theorem 5.6. Let G be a simple mixed graph. Then, the number of mixed components

in G is equal to the multiplicity of 0 as an eigenvalue of IL(G).

Proof. Since the spectrum of IL(G) is identical to the spectrum of L̂(GA), the result

follows from [9, Corollary 6.1]: �The number of mixed components of a mixed graph G is

equal to the number of components of GA� and [7, Theorem 7.7.3].

Corollary 5.7. Let G be a simple mixed graph on n vertices with no trivial mixed com-

ponents. Then G has the AB property if and only if ν̂1(G) = 2, with the same multiplicity

as ν̂2n(G) = 0.

Proof. Since G has no trivial mixed components, it has the AB property if and only if

each mixed component of G has the AB property. So from Theorems 5.6 and 5.3(vi), the

result follows.
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Theorem 5.8. Let G be an r-regular simple mixed graph on n vertices.

(i) If λ1(G) ≥ λ2(G) ≥ · · · ≥ λ2n(G) is the I-spectrum of G with corresponding

eigenvectors X1, X2, . . . , X2n, then the IL-spectrum of G is 1− λ1(G)
r
≤ 1− λ2(G)

r
≤ · · · ≤

1− λ2n(G)
r

with corresponding eigenvectors X1, X2, . . . , X2n.

(ii) If µ1(G) ≥ µ2(G) ≥ · · · ≥ µ2n(G) is the IL-spectrum of G with corresponding

eigenvectors X1, X2, . . . , X2n, then the IL-spectrum of G is µ1(G)
r
≥ µ2(G)

r
≥ · · · ≥ µ2n(G)

r

with corresponding eigenvectors X1, X2, . . . , X2n.

(iii) If G is a directed graph such that (u, v) ∈ E⃗G if and only if (v, u) ∈ E⃗G, and the

spectrum of A⃗(G) is λ1 ≥ λ2 ≥ · · · ≥ λn with corresponding eigenvectors X1, X2, . . . , Xn,

then the IL-spectrum of G is 1 − 2λi

r
with corresponding eigenvector

[
XT

i XT
i

]T
for

i = 1, 2, . . . , n, and 1(n) with corresponding eigenvectors
[
XT

i −XT
i

]T
for i = 1, 2, . . . , n.

(iv) If G is a graph and the spectrum of A(G) is λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) with

corresponding eigenvectors X1, X2, . . . , Xn, then the IL-spectrum of G is (1− λi(G)
r

)(2) with

corresponding eigenvectors
[
XT

i 01×n

]T
and

[
01×n XT

i

]T
for i = 1, 2, . . . , n.

(v) If G is a graph and the spectrum of L(G) is µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) with

corresponding eigenvectors X1, X2, . . . , Xn, then the IL-spectrum of G is (µi(G)
r

)(2) with

corresponding eigenvectors
[
XT

i 01×n

]T
and

[
01×n XT

i

]T
for i = 1, 2, . . . , n.

Proof. Since G is r-regular, we have ID(G) = rI2n, which implies ID(G)
1
2 =

1√
r
I2n.

Therefore, IL(G) = I2n −
1

r
I(G). Hence part (i) follows. The remaining parts can be

established in a similar manner.

Theorem 5.9. (i) The IL-spectrum of KM
k(m) is 0

(1), ( k
k−1

)(k−1), 1(2mk−k).

(ii) The IL-spectrum of KD
k(m) is 2

(1), 0(1), ( k
k−1

)(k−1), (k−2
k−1

)(k−1), and 1(2km−2k).

Proof. From Theorem 5.8(i), the results can be proved similar to the proof of Theorem 3.8.

Corollary 5.10. (i) The IL-spectrum of KM
n is 0(1), ( n

n−1
)(n−1), 1(n).

(ii) The IL-spectrum of KD
n is 0(2), ( n

n−1
)(n−1), (n−2

n−1
)(n−1).

Proof. By taking k = n and m = 1 in Theorem 5.9, the result follows.

Theorem 5.11. (i) If G is the oriented graph of Pn (n ≥ 2) with all its arcs have the

same direction, then the IL-spectrum of G is 2(n−1), 0(n+1).

(ii) If G is the oriented graph of Cn (n ≥ 3) with all its arcs have the same direction,

then the IL-spectrum of G is 2(n), 0(n).

(iii) If G is the oriented graph of Cn (n ≥ 4) with all its arcs have the alternating

direction, then the IL-spectrum of G is 0(n), and (1− cos 2πk
n
)(1) for k = 1, 2, . . . , n.
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Proof. The proof is similar to that of Theorem 3.10.

Theorem 5.12. Let G be a uniconnected mixed graph on n vertices. If G has an alter-

nating cycle of length 2n that includes all vertices, all arcs and each edge of G exactly

twice, then the IL-spectrum of G is 1− cos πk
n

for k = 1, 2, . . . , 2n.

Proof. From Theorem 5.8(i), the result can be proved similar to the proof of Theo-

rem 3.11.

Theorem 5.13. Let G be a simple mixed graph, and let u, v ∈ VG be such that u ̸= v

and u ̸∼ v. If H is obtained by identifying u and v into a single vertex, then ν̂2n−1(G) ≤
ν̂2n−3(H).

Proof. Let u′, u′′ and v′, v′′ be the vertices of GA corresponding to the vertices u and v,

respectively. Then HA is a contraction of GA, which is obtained by identifying u′ and v′

into a single vertex, and u′′ and v′′ into a single vertex. This implies that HA has 2n− 2

vertices. From [6, Lemma 1.15]: �Let G be a graph on n vertices. If H is obtained by

contractions from G and H has m vertices, then ν̂n−1(G) ≤ ν̂m−1(H)�, it follows that

ν̂2n−1(G
A) ≤ ν̂2n−3(H

A). Since ν̂2n−1(G) = ν̂2n−1(G
A) and ν̂2n−3(H) = ν̂2n−3(H

A), the

result follows.

De�nition 5.14. Let G be a mixed graph, and let X, Y ⊆ VG. We de�ne

e(X, Y ) = |{{u, v} ∈ EG | u ∈ X and v ∈ Y }|,

and

a(X, Y ) = |{(u, v) ∈ E⃗G | u ∈ X and v ∈ Y }|.

For S ⊆ VG, the mixed volume of S in G is de�ned as

vl(S) =
∑
v∈S

(2d(v) + d+(v) + d−(v)).

Note that in particular, for a graph G, we have vl(S) = 2vol(S).

Lemma 5.15. Let G be a mixed graph, and let X ⊆ VG. Then we have vl(X) = vol(X),

where X denote the set of two copies of the elements of X in GA.

Proof. Let VG = {v1, v2, . . . , vn}, and without loss of generality, let X = {v1, v2, . . . , vk}
where k ≤ n. Then X = {v′1, v′2, . . . , v′k, v′′1 , v′′2 , . . . , v′′k}. the mixed volume of X given by

vl(X) =
k∑

i=1

(2d(vi) + d+(vi) + d−(vi)),
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and the volume of X is

vol(X) =
∑
v∈X

d(v) =
k∑

i=1

(d(v′i) + d(v′′i )).

Since d(v′i) = d(vi) + d+(vi) and d(v′′i ) = d(vi) + d−(vi) for i = 1, , 2, . . . , k, the result

follows. Let G be a mixed graph. For X ⊆ VG, we denote the complement of X in G

by Xc = VG \X.

Theorem 5.16. Let G be a simple mixed graph on n vertices, having at least one edge

or one arc, and let X,Y ⊆ VG. Then we have

(i)
∣∣∣2e(X, Y ) + a(X, Y )− vl(X)vl(Y )

4e(G)+2a(G)

∣∣∣ ≤ ν̂(G)
√
vl(X)vl(Y );

(ii)
∣∣∣2e(X, Y ) + a(X, Y )− vl(X)vl(Y )

4e(G)+2a(G)

∣∣∣ ≤ ν̂(G)

√
vl(X)vl(Y )vl(Xc)vl(Y c)

4e(G)+2a(G)
,

where ν̂(G) = max
i̸=2n
|1− ν̂i(G)|.

Proof. Let X (resp. Y ) denote the set of two copies of the elements of X (resp. Y )

in GA. Then Xc (resp. Y c) is the set of two copies of the elements of Xc (resp. Y c)

in GA. Since e(X,Y ) = 2e(X, Y ) + a(X, Y ), vol(VGA) = vl(VG) = 4e(G) + 2a(G) and

ν̂i(G) = ν̂i(G) for i = 1, 2, . . . , 2n, result follows from Lemma 5.15 and [6, Theorems 5.1

and 5.2]. As a direct consequence of Theorem 5.16, we get the next result.

Corollary 5.17. Let G be a simple mixed graph on n vertices, and let X ⊆ VG. Then

we have the following.

(i)
∣∣∣2e(X,X) + a(X,X)− (vl(X))2

4e(G)+2a(G)

∣∣∣ ≤ ν̂(G)vl(X)vl(Xc)
4e(G)+2a(G)

≤ ν̂(G)vl(X);

(ii) If G is r-regular, then
∣∣∣2e(X,X) + a(X,X)− r|X|2

n

∣∣∣ ≤ 2rν̂(G)|X|.

De�nition 5.18. Let G be a uniconnected mixed graph. For each distinct pairs of

vertices u, v ∈ VG, we de�ne the distance between u and v, denoted by dG(u, v) as

dG(u, v) = min{d1(u, v), d2(u, v), d3(u, v), d4(u, v)},

and dG(u, u) = 0, where

(i) d1(u, v) denotes the minimum length of a shortest path joining u and v in G if such

a path exists, and the length of a shortest alternating path from u to v that contains an

even number of arcs, with the �rst arc in the forward direction, provided such a path

exists;

(ii) d2(u, v) denotes the length of a shortest alternating path from u to v that contains

an number of arcs, with the �rst arc is in the forward direction;

(iii) d3(u, v) denotes the length of a shortest alternating path from u to v that contains

an odd number of arcs, with the �rst arc is in the backward direction;

(iv) d4(u, v) denotes the minimum of the length of a shortest path joining u and v in

G if it exists, and the length of a shortest alternating path from u to v that contains an
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even number of arcs and, with the �rst arc is in the backward direction, provided such a

path exists.

De�nition 5.19. Let G be a uniconnected mixed graph. For X,Y ⊆ VG, the distance

between X and Y , denoted by d(X, Y ), is de�ned as

d(X, Y ) = min{dG(u, v) | u ∈ X and v ∈ Y }.

Lemma 5.20. Let G be a mixed graph, and let X,Y ⊆ VG. Then we have d(X, Y ) =

d(X,Y ), where X (resp. Y ) denote the set of two copies of the elements of X (resp. Y )

in GA.

Proof. Suppose X ∩ Y ̸= ∅. Then there exists v ∈ X ∩ Y . Since dG(v, v) = 0, we have

d(X, Y ) = 0. moreover, v′, v′′ ∈X ∩Y , where v′ and v′′ are two copies of v in GA. Since

d(v′, v′) = d(v′′, v′′) = 0, we have d(X,Y ) = 0.

Now, suppose X ∩ Y = ∅. Then we have X ∩ Y = ∅. We can write d(X, Y ) = minA,

where A = {d1(u, v), d2(u, v), d3(u, v), d4(u, v) | u ∈ X and v ∈ Y }. Let B = {d(u, v) |
u ∈ X and v ∈ Y }. Then d(X,Y ) = minB. For u ∈ X and v ∈ Y , we have the

following relationships between the distances: d1(u, v) = d(u′, v′), d2(u, v) = d(u′, v′′),

d3(u, v) = d(u′′, v′) and d4(u, v) = d(u′′, v′′), where u′, u′′ ∈ X (resp. v′, v′′ ∈ Y ) are

two copies of u (resp. v) in GA. From this, it is clear that A = B. Therefore, minA =

minB.

Theorem 5.21. Let G be a simple uniconnected mixed graph on n vertices. For X, Y ⊆
VG, we have

d(X, Y ) ≤


cosh−1

√
vl(Xc)vl(Y c)

vl(X)vl(Y )

cosh−1 ν̂1(G)+ν̂2n−1(G)
ν̂1(G)−ν̂2n−1(G)

 .

Proof. Let X (resp. Y ) denote the set of two copies of the elements of X (resp. Y ) in

GA. Then we have Xc (resp. Y c) is the set of two copies of the elements of Xc (resp. Y c)

in GA. Since ν̂1(G) = ν̂1(G) and ν̂2n−1(G) = ν̂2n−1(G), result follows from Lemmas 5.15,

5.20 and[6, Theorem 3.3].

Theorem 5.22. Let G be a simple, uniconnected mixed graph on n vertices. For Xi ⊂

VG, i = 1, 2, . . . , k we have (i) min
i̸=j

d(Xi, Xj) ≤ max
i̸=j


log

√√√√vlXc
i
vlXc

j

vlXivlXj

log 1
1−ν̂2n−k+1(G)

 if 1− ν̂2n−k+1(G) ≥

ν̂1(G)− 1;

(ii) min
i̸=j

d(Xi, Xj) ≤ max
i̸=j


log

√√√√vlXc
i
vlXc

j

vlXivlXj

log
ν̂1(G)+ν̂2n−k+1(G)

ν̂1(G)−ν̂2n−k+1(G)

 if ν̂2n−k+1(G) ̸= ν̂1(G);
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(iii) min
i̸=j

d(Xi, Xj) ≤ min
1≤j<k

max
i̸=j


log

√√√√vlXc
i
vlXc

j

vlXivlXj

log
ν̂j+1(G)+ν̂2n−k+j−1(G)

ν̂j+1(G)−ν̂2n−k+j−1(G)

 if ν̂2n−k+j−1(G) ̸= ν̂j+1(G).

Proof. For i = 1, 2, . . . , k, let Xi denote the set of two copies of the elements of Xi in GA.

Then Xc
i is the set of two copies of the elements of Xc

i in GA. From Lemma 5.20, we have

d(Xi, Xj) = d(Xi,Xj) for i, j ∈ {1, 2, . . . , k}. Since ν̂i(G) = ν̂i(G) for i = 1, 2, . . . , 2n,

result follows from Lemma 5.15 and [6, Theorems 3.10, 3.11, 3.12].

By taking k = 2 in part (ii) of Theorem 5.22, we get the next result.

Corollary 5.23. Let G be a simple uniconnected mixed graph on n vertices. For X,Y ⊂
VG, we have

d(X, Y ) ≤


log

√
vl(Xc)vl(Y c)

vl(X)vl(Y )

log ν̂1(G)+ν̂2n−1(G)
ν̂1(G)−ν̂2n−1(G)

 .

6. Concluding remarks

It is shown in this paper that the integrated Laplacian matrix, integrated signless Lapla-

cian matrix and normalized integrated Laplacian matrix associated for a mixed graph are

respectively identical to the Laplacian matrix, signless Laplacian matrix and normalized

Laplacian matrix of the associated graph. This allowed us to use the spectra of these

matrices as a means to connect the structural properties of the mixed graph with those

of the associated graph.

Some spectral graph theoretic results for simple graphs, utilized in this paper, can be

extended to graphs containing loops and/or multiple edges. Consequently, the results

presented here, initially proved for simple mixed graphs using these spectral graph theo-

retic results for simple graphs, can be generalized to mixed graphs with multiple loops,

multiple directed loops, multiple edges, and/or multiple arcs.
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