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ABSTRACT

For a connected graph G of order at least two, a total monophonic set of a graph G is
a monophonic set S such that the subgraph G[S] induced by S has no isolated vertices.
The minimum cardinality of a total monophonic set of GG is the total monophonic number
of G and is denoted by m;(G). We determine bounds for it and characterize graphs
which realize the lower bound. Also, some general properties satisfied by this concept are
studied. It is shown that for positive integers a, b such that 3 < a < b with b < 2a, there
exists a connected graph G such that m(G) = a and m;(G) = b. Further, if p,a,b are
positive integers such that 4 < a < b < p, then there exists a connected graph G of order
p with m;(G) = a and m.(G) = b, where m.(G) is the connected monophonic number of

G.

Keywords: monophonic set, monophonic number, total monophonic set, total monophonic
number
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1. Introduction

By a graph G = (V, E) we mean a finite undirected connected graph without loops or
multiple edges. The order and size of GG are denoted by p and ¢, respectively. For basic
graph theoretic terminology we refer to Harary |5|. For vertices z and y in a connected
graph G, the distance d(x,y) is the length of a shortest z — y path in G. An z — y path
of length d(x,y) is called an x — y geodesic [1]. The neighborhood of a vertex v is the set
N(v) consisting of all vertices u which are adjacent with v. A vertex v of G is called an
extreme vertez if the subgraph induced by its neighbors is complete. A vertex v of G is
called a support vertex of GG if it is adjacent to an end-vertex of G.
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A chord of a path P is an edge joining two non-adjacent vertices of P. A path P is
called a monophonic path if it is a chordless path. A set S of vertices of G is a monophonic
set of G if each vertex v of G lies on a z — y monophonic path for some elements = and y
in S. The monophonic number of G is the minimum cardinality of its monophonic sets
and is denoted by m(G). The monophonic number of a graph and its related concepts
were studied by several authors in |2, 3, 4, 6, 9]. A connected monophonic set of G is a
monophonic set S such that the subgraph G[S] induced by S is connected. The minimum
cardinality of a connected monophonic set of G is the connected monophonic number of G
and is denoted by m.(G). The connected monophonic number of a graph was introduced
and studied in [10]. There are useful applications of these concepts to protected facility
location problems in real life situations, and also to security based communication network
designs [10].

For any two vertices v and v in a connected graph G, the monophonic distance d,,(u, v)
from u to v is defined as the length of a longest © — v monophonic path in G. The
monophonic eccentricity e,(v) of a vertex v in G is e, (v) = max {d,(v,u) : u € V}.
The monophonic radius, rad,,(G) of G is rad,,(G) = min {e,(v) : v € V} and the
monophonic diameter, diam,,(G) of G is diam,,(G) = max {e,,(v) : v € V'}. The mono-
phonic distance was introduced in [7] and further studied in [8]. This paper explores
total monophonic sets as a structural extension of monophonic sets, examining proper-
ties and comparisons with other graph parameters. Future work could explore specific
applications.

The following theorems will be used in the sequel.

Theorem 1.1. |9| Every extreme vertex of a connected graph G belongs to every mono-
phonic set of G. In particular, if the set S of all extreme vertices of G is a monophonic
set, then S is the unique minimum monophonic set of G.

Theorem 1.2. 9] Let G be a connected graph with cut-vertices and S a monophonic set
of G. If v is a cut-vertex of G, then every component of G — v contains an element of S.

Theorem 1.3. |9] For the complete graph K, (p > 2), m(K,) = p.

Theorem 1.4. [10] Every cut-vertex of a connected graph G belongs to every connected
monophonic set of G.

Theorem 1.5. |L0] For the complete graph K, (p > 2), m.(K,) = p.

Throughout this paper, G denotes a connected graph with at least two vertices.

2. Total monophonic number

Definition 2.1. A total monophonic set of a graph G is a monophonic set S such that
the subgraph G[S] induced by S has no isolated vertices. The minimum cardinality of a
total monophonic set of G is the total monophonic number of G and is denoted by m,(G).
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Example 2.2. For the graph G given in Figure 1, it is clear that S = {u,z} is the
unique minimum monophonic set of G and so m(G) = 2. Since the subgraph induced
by S has the isolated vertices v and z, S is not a total monophonic set of G. Also for
any x € V — 5, S U {z} is not a total monophonic set of G. Clearly, S; = S U {v,y}
is a total monophonic set of G and so m;(G) = 4. Since the subgraph induced by S;
is not connected, S; is not a connected monophonic set of G. Note that S; U {w} is
a minimum connected monophonic set of G and so m.(G) = 5. Thus the monophonic
number, the total monophonic number and the connected monophonic number of a graph
G are different.

Fig. 1. G

Theorem 2.3. All the extreme vertices and support vertices of a connected graph G belong
to every total monophonic set of G. If the set S of all extreme vertices and support vertices
of G is a total monophonic set, then it is the unique minimum total monophonic set of

G.

Proof. Since every total monophonic set of GG is a monophonic set of GG, by Theorem
1.1, every extreme vertex belongs to every total monophonic set of G. Since a total
monophonic set of G contains no isolated vertices, it follows that every support vertex of
G also belongs to every total monophonic set of G. Thus, if S is the set of all extreme
vertices and support vertices of G, then m;(G) > |S|. On the other hand, if S is a total
monophonic set of G, then m;(G) < |S|. Therefore m;(G) = |S| and S is the unique
minimum total monophonic set of G. O]

Corollary 2.4. For the complete graph K,(p > 2), mi(G) = p.

Remark 2.5. The converse of Corollary 2.4 need not be true. For the path Py, every
vertex of Py is either an extreme vertex or a support vertex. By Theorem 2.3, V(P;) is
the unique minimum total monophonic set of Py and so m(P;) =4 = p.

Theorem 2.6. Let G be a connected graph with cut-vertices and let S be a total mono-
phonic set of G. If v is a cut-vertex of G, then every component of G — v contains an
element of S.

Proof. Since every total monophonic set of GG is a monophonic set of GG, the result follows
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from Theorem 1.2. O

Theorem 2.7. For a connected graph G of order p, 2 < m(G) < my(G) < p.

Proof. Any monophonic set of G needs at least two vertices and so m(G) > 2. Every
total monophonic set of G is also a monophonic set of G so that m(G) < m(G). Since
V(G) induces a total monophonic set of G, it is clear that m;(G) < p. Hence 2 < m(G) <
my(G) < p. [

Corollary 2.8. Let G be a connected graph. If m,(G) = 2, then m(G) = 2.

The converse of Corollary 2.8 need not be true. For the cycle C5, m(Cs) = 2 and
mt(C5) = 3.

Remark 2.9. The bounds in Theorem 2.7 are sharp. For the complete graph G =
K5, m(G) = 2 and for the path Py, my(P;) = 4 = p. For the graph G given in Figure 2 of
order p = 7, it is clear that no 2-element subset of V(G) is a monophonic set of G. Note
that the set S = {vg, v, v7} is @ minimum monophonic set of G and so m(G) = 3. Since
the subgraph induced by S has an isolated vertex vy, S is not a total monophonic set of
G. Clearly, S; = S U {v;} is a minimum total monophonic set of G and so m;(G) = 4.
Thus, we have 2 < m(G) < my(G) < p. Hence all the inequalities in Theorem 2.7 are
strict.

U3 U4 y U6

Us
(%2

U1 y U7

Fig. 2. G

Theorem 2.10. For any non-trivial tree T, the set of all end-vertices and support vertices
of T is the unique minimum total monophonic set of T.

Proof. Since the set of all end-vertices and support vertices of T' form a total monophonic
set, the result follows from Theorem 2.3. n

The next theorem gives a characterization of graphs G for which m;(G) = 2.

Theorem 2.11. For any connected graph G, my(G) = 2 if and only if G = K.
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Proof. If G = K, then my(G) = 2. Conversely, let m;(G) = 2. Let S = {u,v} be a
minimum total monophonic set of G. Then uv is an edge. A vertex different from v and
v cannot lie on a u — v monophonic path and so G = K. O

Theorem 2.12. Let G be a connected graph with at least 2 vertices. Then m(G) <
2m(G).

Proof. Let S = {vy,vs,...,v;} be a minimum monophonic set of G. Let u; € N(v;) for
i=1,2,...,k and let T = {uy,ug,...,ur}. Then S UT is a monophonic set because
S C SUT, and every vertex already lies on a monophonic path between two vertices of S
also the subgraph induced by S UT has no isolated vertices because every v; is adjacent
to u;(1 < i < k). Hence SUT is a total monophonic set of G so that m;(G) < [SUT|<
2k = 2m(G). O

Theorem 2.13. For a connected graph G of order p, 2 < my(G) < m.(G) < p.

Proof. Any total monophonic set of G needs at least two vertices and so m.(G) > 2.
Since every connected monophonic set of GG is also a total monophonic set of G, it follows
that m;(G) < m.(G). Since V(G) induces a connected monophonic set of G, it is clear
that m.(G) < p. Hence 2 < my(G) < m.(G) < p. O

Remark 2.14. The bounds in Theorem 2.13 are sharp. For the complete graph G =
Ky, mi(G) = 2 and for any path P,(n > 2), m.(P,) = n. For the graph G given in Figure
2 of order p = 7, Remark 2.9 shows that S} is a minimum total monophonic set of G and
so my(G) = 4. Since the subgraph induced by S is not connected, S is not a connected
monophonic set of G. It is clear that, S; U {vs} is a minimum connected monophonic
set of G and so m.(G) = 5. Thus, we have 2 < m;(G) < m.(G) < p. Hence all the
inequalities in Theorem 2.13 are strict.

Theorem 2.15. For any connected graph G, the following are equivalent
(i) G =K,
(ii) me(G) =2
(iil) my(G) = 2.

Proof. The result follows from Theorems 2.11 and 2.13. OJ

Theorem 2.16. For any connected graph G, m(G) = 3 if and only if m.(G) = 3.

Proof. If m.(G) = 3, then my(G) = 2 or 3. By Theorem 2.15, if m;(G) = 2 then
me(G) = 2. Hence, we have m;(G) = 3. Conversely, suppose that m,;(G) = 3. Let
S = {x,y,z} be a minimum total monophonic set of G. Since S is a total monophonic
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set of G, the subgraph induced by S has no isolated vertices and so 6(G[S]) > 1. Also,
hence |S|= 3, S is a connected monophonic set of G. Hence m.(G) = 3. O

Next, we determine the total monophonic number for some standard graphs.
Theorem 2.17. For the cycle C,(n > 4), my(C,,) = 3.

Proof. Let C,, : vy, 09, v3, ..., v, v1 be a cycle of length n. Any 2-element subset of V(C,,)
is not a total monophonic set of C),. Any set of three consecutive vertices of C, is a
minimum total monophonic set of C,, so that m,(C,,) = 3. O

Theorem 2.18. For the wheel W, = K; + C,,_1(n > 4),

mu(W,) = {4 g

3 if n>5h.
Proof. Let W, = K; + C,_1(n > 4) be the wheel with V(C,_1) = {v1,v,
Vg, V1,01 } and V(K7) = {z}. If n = 4, then W, is the complete graph K,, and
so by Corollary 2.4, my(Wy) = 4. For n > 5, any set S of two non-adjacent vertices of W,
is a minimum monophonic set of W,,. Since the subgraph induced by S has an isolated
vertex, S is not a total monophonic set of W,,. Any set of three consecutive vertices of
Cp—1 in W, is a minimum total monophonic set of W,, and so m;(W,,) = 3. O

Theorem 2.19. For the complete bipartite graph K, ,(2 < m <n),

(Kon) 3 if2=m<n
m mmn) —
aem 4 if3<m<n.

Proof. Let Vi = {xy, x9,..., z,} and Vo ={y1, ya,...,yn} be the partite sets of K, , = G.
When m = 2, S = V] is the unique minimum monophonic set of GG. Since the subgraph
induced by S has the isolated vertices x1 and x5, S is not a total monophonic set of G.
It is clear that for any vertex y; € Vo, SU{y;} for some i (i <i < n), is a minimum total
monophonic set of G and so m;(G) = 3.

Now, let m > 3. Then S’ = {x1,22,41,y2} is clearly a total monophonic set of G,
and it follows that m,(G) < 4. It is enough to show that no 3-element subset of V(G)
forms a total monophonic set of G. Let X be a 3-element subset of V(G). If m = 3
and X C Vi, then it is clear that X is a monophonic set of G and the subgraph induced
by X has isolated vertices. Hence X is not a total monophonic set of G. If m > 4 and
X C V4. Since X contains three elements from V;, there exists an element v € V; and
u ¢ X. Since the vertex u is not an internal vertex of any v — w monophonic path, for
some elements v and w in X, X is not a monophonic set of G. Therefore, we may take
that X NVy = {z;,z;} and X NV, = {y,}. It is clear that X is not a total monophonic
set of G.
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If n =3 and X C V5, then it is clear that X is a monophonic set of G and the subgraph
induced by X has isolated vertices. Hence X is not a total monophonic set of G. If n > 4
and X C V5. Since X contains three elements from V5, there exists an element v € V5
and v ¢ X. Since the vertex v is not an internal vertex of any r — s monophonic path,
for some elements r and s in X, X is not a monophonic set of G. Therefore, we may take
that X NV} = {z;} and X NV, = {y;,y;}. It is clear that X is not a total monophonic
set of G. Thus X is not a total monophonic set of G. m

Theorem 2.20. Let G be a connected graph of order p > 3. If G = K, + H where H is
a graph of order p — 2 and K is the complement of Ky, then m,(G) = 3.

Proof. If G = K, + H, where H is a graph of order p — 2. Let S = V(K5) = {u,v}. It
is clear that S is a monophonic set of G. Since the subgraph induced by S has isolated
vertices u and v, S is not a total monophonic set of G. Also, it can be easily verified
that any 2-element subset of V(G) is not a total monophonic set of G. Then, for any
r € V(H), SU{z} is a total monophonic set of G and so m;(G) = 3. O

3. Realisation Results

Theorem 3.1. For positive integers a,b such that 3 < a < b with b < 2a, there exists a
connected graph G such that m(G) = a and m(G) = b.

Proof. We prove this theorem by considering two cases.

Case 1. 3 < a =0. By Theorem 1.3 and Corollary 2.4, the complete graph K, has the
desired properties.

Case 2. 3 < a <b. Letb=a+k, where ]l <k < a. For k = 1, the star K, has
the desired properties. Now, let & > 2. Let C; : v;1,0i2,0;3, 04,01 (1 <1 < k —1)
be (k — 1) copies of Cy. Let H be the graph formed by identifying the vertices v; 4 of
Ci(1 < i < k—1), say x the identified vertex and also joining the vertices v;; and
vi3(1 <i<k—1). Let G be the graph obtained from H by adding the a — k + 1 new
vertices uy, Us, ..., Ug_k+1 and joining each w;(1 < i < a— k+ 1) with . The graph G
is shown in Figure 3. Let S = {uy,ug, ..., Ug—g+1,V1,2,V22, -, Vk_12} be the set of all
extreme vertices of G. By Theorem 1.1, every monophonic set of G contains S. It is clear
that S is the unique minimum monophonic set of G and m(G) = a. Since S; = S U {z}
is the set of all extreme vertices and support vertex of GG, by Theorem 2.3, every total
monophonic set of G contains S;. Since S; is a monophonic set of G and the subgraph
induced by S; has the isolated vertices vy 2,v29, -, Vk_1,2, S1 is not a total monophonic
set of G. Note that any set S” of G with cardinality atmost b— 1 is not a total monophonic
set of G. Clearly, Sy U{v11,v21, -+, Uk—11} I8 a minimum total monophonic set of G and
somy(G) =a+k=0. O

In view of Theorem 2.13, we have the following realisation result.
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Fig. 3. G

Theorem 3.2. If p,a,b are positive integers such that 4 < a < b < p, then there exists a
connected graph G of order p with mi(G) = a and m.(G) = b.

Proof. We prove this theorem by considering four cases.

Case 1. 4 < a=0b=p. Let G = K,. Then by Corollary 2.4 and Theorem 1.5, we have
mi(G) = m.(G) = p.

Case 2. 4 <a<b=p. Let P,_,y3: uy,Us,...,Uy_qr3 beapath of order b—a+3. Add a—3
new vertices vy, Vs, . .., Va_3 t0 Py_,13 and join each v;(1 < i < a—3) with up_,3, thereby
producing the graph G in Figure 4 of order b = p. Let S = {uy, vy, v9, ..., Va_3, U2, Up—_ai3}
be the set of all extreme vertices and support vertices of G. By Theorem 2.3, every
total monophonic set of G contains S. It is clear that S is the unique minimum total
monophonic set of G and so m(G) = a.

Uy U U3 L. Ub—aq+2 Up—a+3

Fig. 4. G

Note that V(G) is the set of all extreme vertices and cut-vertices of G. Then by
Theorems 1.1 and 1.4, V(@) is the unique minimum connected monophonic set of G' and
so m.(G) = b =p.

Case 3. 4 < a = b < p. The graph G is obtained from the cycle C,_,43 @ vy,
Vg, ,Up_qt3, U1 Of length p —a + 3 by adding a — 3 new vertices u,ug,- -, uq—3 and
joining each u;(1 < i < a—3) to the vertex vy of C,_,43. The graph G of order p is shown
in Figure 5. Let S = {uy,ug, - - -, u,—3} be the set of all extreme vertices and S" = SU{v; }
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be the set of all extreme vertices and cutvertices of G. Since v, is the unique support
vertex of any vertex in .S, by Theorem 2.3, S’ is a subset of any total monophonic set of
G and so my(G) > |S'|= a — 2. Since no vertex in C,_,13 other than v; does not lie on
any monophonic path joining any two vertices in S’, S” is not a total monophonic set of
G. Hence my(G) > a — 1. Let 8" = §'U{z}, where x € V(Cp_ny3) — {v1}. If z = vy
O T = Vp_qt3, then the vertex v;(3 < i < p—a+ 2) does not lie any monophonic path
joining any two vertices in S”. If = v;(3 < i < p — a + 2), then its supporting vertices
v;_1 and v;;1 do not lie on S”. Hence S” is not a total monophonic set of G and so
mi(G) > |S"|=a— 1. Let 8" = 5" U{va, vp_as3}. It is clear that every vertex of G lies
on a monophonic path joining any two vertices in S”” and no vertex in S” is isolated, S"”
is a total monophonic set of G. Hence m;(G) = a. In a similar way we can easily verify
that S” is a minimum connected monophonic set of G and so m.(G) = a.

Uy e Ug—3

Up—a+3

Up—a+2

Fig. 5. G

Case 4. 4 < a < b < p. Let H be the graph obtained from the path P, .3 :
Uy, Usg, ..., Up_qr3 Of order b — a + 3 by adding a — 3 new vertices vy, v, -+, v,_3 and
joining each v;(1 <1i < a — 3) to the vertex uy of P,_,43. If p—b =1, the graph G is ob-
tained from H by adding a new vertex u and joining the vertex u to the both the vertices
uy, uz of H. The graph G is of order p. Let S = {vy, v, +, V4 3, Up_a13, Up—qi2, U1} DE
the set of all extreme vertices of G and support vertices of G. By Theorem 2.3, every total
monophonic set of G contains S. It is clear that S is the unique minimum total mono-
phonic set of G and m;(G) = a. Let S} = {v1,v9, ..., V4 3, Up_a13, U1, U3, Usg, - .., Up_ai2}
be the set of all extreme vertices and cut-vertices of G. By Theorems 1.1 and 1.4, every
connected monophonic set of G contains S;. Since S; is a monophonic set of G and the
subgraph induced by 57 is not connected, S; is not a connected monophonic set of G. For
any x € V — 51, S1U{z} is a minimum connected monophonic set of G and so m.(G) = b.

If p—b > 2, the graph G is obtained from H and the path P, : wy, ws, -, w,_p by
joining the vertex w; of P,_; to the vertex u; of B,_,y3; and joining the vertex w,_; of
P,_y to the vertex us of Py_,y3. The graph G of order p is shown in Figure 6. Let S =
{v1, V9, , Va3, Up_ar3} be the set of all extreme vertices and let S; = {uy, us, ..., Up_qi2}
be the set of all cut-vertices of GG. Since u; is the unique support vertex any vertex in .S and
Up—qr2 18 the unique support vertex of u,_,43 in G, by Theorem 2.3, 8" = SU{uy, up_qs2}
is a subset of every total monophonic set of G. It is clear that every vertex of G lies on a
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monophonic path joining any two vertices in S” and no vertex of S’ is an isolated vertex.
Hence S’ is a minimum total monophonic set of G and so m;(G) = |S'|= a.

Uy U2 Ua—3

Y U U3 L. Ubgat? Uo—a+3

w1 Wp—b

w9 Jp—b—1

Fig. 6. G

Also, by Theorems 1.1 and 1.4, every connected monophonic set of G contain S U 5.
It is clear that every vertex of GG lies on a monophonic path joining any two vertices in
S'US;. Since the subgraph induced by S'U.S; is not connected, S U.S; is not a connected
monophonic set of G. Hence m.(G) > |SUSi|=b—1. Let Sy = SUS; U{uz}. Then
S, is a monophonic set of G and the subgraph induced by S5 is connected. Hence S5 is a
minimum connected monophonic set of G and m.(G) = b. O

Theorem 3.3. If p,d and k are positive integers such that 2 < d < p—2, k > 4 and
p—d—k+2 >0, then there exists a connected graph G of order p with monophonic
diameter d and m(G) = k.

Proof. We prove this theorem by considering two cases.

Case 1. d = 2. Let G be the graph obtained from the path P; : z,y, z of order 3 by adding
p — 3 new vertices vy, Vg, ..., Vp_g, W1, Wo, . .., Wi—3 and joining each w;(1 <i <k —3) to
y; joining each v;(1 <7 < p — k) with z, y and z; and joining each v;(1 <i<p—Fk —1)
with v;(i +1 < j <p—k). The graph G of order p is shown in Figure 7.

Fig. 7. G

It is clear that for any vertex u € V(G), 1 < e (u) < 2, and e,,(w;) =2 (1 <i < k—3),
the monophonic diameter of G is 2. Let S = {wy, ws, ws,...,w,_3,x,2,y} be the set of
all extreme vertices and support vertex of G. By Theorem 2.3, every total monophonic
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set of G contains §. It is easily verified that S is the unique minimum total monophonic
set of G and so my(G) = k.

Case 2. d > 3. Let G be the graph obtained from the cycle Cyy1 : vy, v9,-- -,
Vg41,v1 of order d + 1 by adding p — d — 1 new vertices wy,wa, -+, Wp—g—k42, U1,
Us, -+, up_3 and joining each w;(1 < i < p —d — k + 2) to the vertices v; and vs;
and joining each u;(1 < i < k — 3) to the vertex v;. The graph G of order p is shown in
Figure 8.

Up—_3 Uz Uy

Wp—d—k+2

Fig. 8. GG

It is clear that e,,(u;) = €, (v3) = epm(ve) = d (1 < i < k — 3) and for any other vertex
u, em(u) = d—1 so that the monophonic diameter of G is d. Let S = {uy,ug,...,ux_3} be
the set of all extreme vertices of G. Since vy is the unique support vertex of every vertex
in S, by Theorem 2.3, S = S U {v;} is subset of any total monophonic set of G and so
m(G) > |S'|= k — 2. Since no vertex in V(G) — S’ does not lie on any monophonic path
joining any two vertices in S’, S” is not a total monophonic set of G. Hence m;(G) > k—1.
Let 8" = S’ U {x}, where x € V(G) — 5. If © € {va, v411, w1, e, ..., Wy_g_kt2}, then
the vertex x does not lie on any monophonic path joining any two vertices in S”. If
r = v;(3 < i < d) then no one of its supporting vertices does not lie on any monophonic
path joining any two vertices in S”. Hence S” is not a total monophonic set of G and so
mi(G) > |9"|=k — 1. Let 8" = 5" U {vg,v411}. It is clear that every vertex of G lies
on a monophonic path joining any two vertices in S”" and no vertex of S is an isolated
vertex. Hence S” is a minimum total monophonic set of G and so m;(G) = |S"|=k. O
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