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ABSTRACT

The study of piecewise differential systems appears in various scientific topics and serves
as an important tool for modeling many phenomena in contemporary research. Moreover,
the existence and maximum number of limit cycles in such systems represent one of
the most difficult problems in mathematics. This paper examines the existence and the
maximum number of crossing limit cycles for the 3 D-discontinuous piecewise differential
system formed by a linear differential center and relay system separated by cylinder.
Firstly we consider the right circular cylinder C; = {(z,y,2) € R® : 22 + y*> = 1} as
a switching manifold. Secondly we separate the entire space by the parabolic cylinder
Co ={(z,y,2) e R®: z = y*}.
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1. Introduction and statement of the main results

In 1930, Andronov et al. [1] established the first concepts of discontinuous piecewise differ-
ential systems through the study of electrical and mechanical oscillators. Later, Filippov
|7] expanded the theoretical concepts of discontinuous systems by studying differential
equations with discontinuous right-hand sides.

Recently, discontinuous piecewise differential systems have played an important role
due to their contributions to several scientific fields, including physics, electronics, and
biology [6, 2]. According to the qualitative theory of Filippov, see [7], there are two
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types of limit cycles: the sliding and the crossing. A crossing limit cycle of a piecewise
differential system is an isolated periodic orbit that intersects the discontinuity surface at
two distinct crossing points. The study of the relative position and maximum number of
these limit cycles in polynomial vector fields of degree n is the second part of the famous
open problem in mathematics known as the 16th Hilbert’s problem, see [8], which remains
unsolved for these classes of differential systems.

Many studies examine the upper bounds of the maximum number of limit cycles for
discontinuous piecewise differential systems in the plane, where the authors have studied
the variation of these upper bounds for different cases; depending on the number of regions,
the separating curve, whether it is algebraic or not, a straight line or a non-regular line,
etc, and also the choice of systems in each region. See [10, 12, 13] and the references
therein. Nevertheless, this problem is an open question in R3.

Nowadays, researchers try to examine the extension of the relative position and the
maximum number of limit cycles for three-dimensional differential systems. In [9], Jimenez
et al. studied the discontinuous piecewise differential systems formed by two arbitrary
three-dimensional linear differential centers separated by a paraboloid and proved the
existence of one limit cycle. For a similar discontinuous piecewise differential system,
Baymout and Benterki determined the existence of four limit cycles, but they considered
the unit sphere as a switching manifold; see [1]. Baymout al. also investigated investigated
the existence of limit cycles for the discontinuous piecewise differential system generated
by two arbitrary three-dimensional linear differential centers separated by two intersecting
planes in [5]. In [14] the authors studied the upper bounds of the maximum number of
limit cycles for a class of discontinuous piecewise differential systems in R? formed by
two Karabut systems and having one of the cylinders C} = {(z,y,2) € R3;2* +¢y* =1}
or Cy = {(x,y,2) € R® 2 =1y?} as switching manifolds. In [3] the authors examined
the maximum number of limit cycles for the discontinuous piecewise differential systems
formed by a relay system and three-dimensional centers separated by quadric surfaces.
However, Hilbert’s 16th problem remains open for these classes of piecewise differential
systems.

This paper investigates the maximum number of crossing limit cycles for a three-
dimensional discontinuous piecewise differential system consisting of two vector fields:
a relay system and a three-dimensional linear differential center. These two systems are
separated by a single switching manifold, taken to be either the right circular cylinder C;
or the parabolic cylinder C,.

The switching manifolds are defined by

Ci={(z,y,2) eR’: fi(w,y,2) = 2 +y* = 1 =0},

and
Cg = {(I>y72) € Rs : fg(.I,y,Z) = Z_y2 = 0}

Each surface C;, i = 1,2, divides the phase space into two regions

Rzl = {(I7y7 Z) S Rg : fi(x,y,z) 2 0}7 RzQ = {(‘r7y7 Z) € R?) : fi(x,y,z) S O}
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The relay system is given by

t=y, Y=z 2z=sign(zr)y, (1)
where
1, x>0,
sign(z) =40, =0,
-1, x=<0.

The relay system admits two independent first integrals, given by
H11($7y72)222+927 H12<x>yvz):'z+xv 1f{[‘>0,

and
H/n(%y’Z)ZZQ—yZ, 7'[/12(116734,2) =T —Zz, if x <0.

The three-dimensional linear differential center is defined by
t=-y, y=ux, 2=0, (2)
and admits the first integrals
Hor(z,y, 2) = 2 + 1%, Hoo(z,y,2) = 2.

Although the relay system exhibits a discontinuity at the hyperplane x = 0 due to the
sign function, this set is not treated as a switching manifold in the present work. Indeed,
the discontinuity at = 0 is intrinsic to the relay dynamics, and neither sliding motion
nor Filippov dynamics are defined along this hyperplane.

The discontinuous piecewise differential system studied in this paper is governed by a
single smooth switching manifold ¥, where either ¥ = C; or ¥ = Cy, which separates R?
into two regions R} and R5. The associated piecewise vector field is defined by

X*(p), peRL,
X(p)z{ 7<) ;
X (p)a p€R27

where X corresponds to the relay system restricted to the half-space x > 0, and X~
corresponds to the three-dimensional linear differential center defined in (2).

The restriction to the half-space x > 0 is justified by the fact that all periodic orbits
considered in this work intersect ¥ at points satisfying x # 0; hence their trajectories
never reach the hyperplane z = 0, and the relay discontinuity at x = 0 plays no role in
the dynamics under study.

Solutions are understood in the Filippov sense (equivalently, in the Carathéodory). A
point p € Y is a crossing point if the Lie derivatives of a defining function f of ¥ with
respect to the vector fields satisfy X~ and X+

(XTHP #0, (X Hp) #0,  (XTHEUX f)p) >0,

which guarantees transversal crossing and excludes sliding and tangential motion on .
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A crossing periodic orbit is a periodic trajectory of X that intersects X transversally
and only at crossing points. A crossing limit cycle is an isolated crossing periodic orbit
in the set of all crossing periodic orbits.

Before providing the main result of our work, we perform the general affine change of
variables (x — ayx+asy+asz+aq,y — bix+bay+bsz+by, 2 — c1x+coy+c3z+cy) where
the real parameters a;, b;, and ¢;, © = 1,...,4, are required to satisfy the non-degeneracy
condition aybycs — a1bsco — asbics + asbscy + asbico — asbacy # 0, which ensures that the
transformation is invertible, i.e., that the determinant of its linear part is nonzero.

Applying the affine change of variables to system (1) for z > 0, we obtain the equivalent

system
T mi1 Mz M3 z 71
y| = |ma mox mo3 yl+ 171, (3)
z m31 M3z M33 z V3

where the entries of the matrix and the vector are given by

my1 =azbiba — azbibz — bibscay + azcicy + bibacz — agcycs,
M1y =azbs — agbabs — babscy + ascy + bics — ascacs,
M1z =asbobs — asbs — bacy + babscs + ascacs — ascs,
My =azb? — aybibs — bibscy + ascs + bics — ajcics,
Moo =asbiby — a1bobs — babscy + azcico + bibacs — ajcocs,
Moz =asb by — alb?,, — b%cl + bibscs 4+ agcics — alcg,
msay :a2b% — a1b1by — bibacy + G2C§ + 5%02 — a1C1C2,
May =aab1by — a1by — bacy + bibycy + ascico — ayc;,
M3 =agb1b3 — a1b2b3 — babscy + bibscay + ascics — ajcacs,
71 =a3baby — azbzby — b3byco + babycz + azcacy — ascsey,
Y2 =a3biby — arbzby — b3bscy + bibycz + azcicy — arczey,
3 =Gob1by — a1baby — babycy + bibyco + ascicy — aycocy.
The first integrals of system (3) are
Hii(z,y, 2) =(c12 + oy + c32 + c4)® + (b2 + by + bzz + by)?,
Hio(z,y, 2) =(a1 + c1)x + (a2 + c2)y + (as + c3)z + as + cq.
We next apply a second affine change of variables (r — oz + gy + azz + ay,y —
prx+ Poy+ B3z + B4, 2 — 012+ 02y + 32+ d4) where the parameters are required to satisfy

the non-degeneracy condition ayf203 — ap8103 — 18302 + ai3fB102 + o830 — 35201 # 0.
Under this transformation, system (2) takes the form

> !/ / /
y J— / / /

Yl = Mo My Moy yltlw ], (4)
2 / !/ /

where

mi, =003 — ajagds — B18302 + B15203,
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mhy, =303 — asasdy — B28302 + B30,
My =aaa30s — a3y — 305 + Bafsds,
my =aiasdy + 1301 — afds — 7,
Moy =301 + 23301 — ayads — [15203,
miyy =301 + G301 — aragds — Bifsds,
miy =onasdy + 1261 — aidy — 102,
My =301 + G301 — arady — BB,

My =301 + PaB301 — anada — B15302,

and

w1 =0paiy03 — ai3augds — 338409 + B2 403,
Wy =30401 + P38401 — ayids — 18403,
Wy =e0y01 + Pafs01 — anagdy — [154905.

Its first integrals are

Hot (2,9, 2) =(au + a1z + asy + a3z)* + (Bs + Brz + Boy + B52)7,
Hoo(x,y, 2) =04 + 01 + doy + 032.

The affine change of variables introduced above establish a direct correspondence be-
tween the original parameters of the relay system and the linear center on the one hand,
and the coefficients appearing in systems (3) and (1) on the other. The transformed coef-
ficients are not free parameters; rather, they satisfy algebraic relations that are inherited
from the structure of the original systems and remain invariant under the transformations.

The main result of this paper concerns the maximum number of crossing limit cycles
for the discontinuous piecewise differential system generated by the relay system (3) and
the three-dimensional linear differential center (4), and is stated in the following theorem.

Theorem 1.1. he discontinuous piecewise differential system (3)—(4) has at most:
(i) four crossing limit cycles if the switching manifold is the right circular cylinderCy,
(ii) two crossing limit cycles if the switching manifold is the parabolic cylinder Cs.
Moreover, these upper bounds are sharp, in the sense that there exist particular choices
of parameters for which the maximum number of crossing limit cycles is achieved.

In order to prove Theorem 1.1, we make use of the following lemma, which provides a
sharp upper bound on the number of real zeros of a real polynomial.

Lemma 1.2. Consider p+1 linearly independent functions f; :U CR =R, i=1,...,p
(i) Given p arbitrary values x; € U, i = 1,...,p there exist p+ 1 constants C;, 1 =

1,...,p such that
p+1

flz) = Zcifi(x)a (5)
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is not the zero function and f(x;) =0 fori=1,...,p.

(ii) Furthermore, if all f; are analytical functions on U and it exists j € {1,...,p} such
that f;|U has constant sign, it is possible to get an f given by (5), such that it has at least
p simple zeroes in U.

For a proof, see Proposition 1 of [11].

2. Proof of Theorem 1

This section is devoted to the proof of Theorem 1.1. Specifically, we determine the
maximum number of crossing limit cycles that the discontinuous piecewise differential
system (3)—(1), separated by the switching manifold C; or C; can exhibit. To get an answer,
we consider the relay system (3), defined in the region R} and the three-dimensional linear
differential center (4) defined in the regions R% with ¢ = 1,2.The proof is divided into
two parts according to the choice of switching manifold. In the first part, we treat the
case where the switching manifold is the right circular cylinder Cy, and in second part, we
treat the case of the parabolic cylinder Cs.

To establish this result, we characterize the crossing periodic orbits using the first
integrals of the two subsystems, thereby reducing the problem to an algebraic system on
the switching manifold. Recall that a crossing periodic orbit intersects the components
Ci (i = 1,2) at two points, M;(x1,y1,21) and My(xs, ya, 22)-

Lemma 2.1. Consider the discontinuous piecewise system defined by system (3) for x > 0
in the regions R: and in Ry by linear differential center (4), separated by the cylinder C;,
with 1 =1,2.

(1) If a crossing periodic orbit exists and intersects C; transversely at two distinct points
My = (z1,11,21) and My = (x9,ya, 22), then the first integrals of each subsystem take the
same values at My and My, that is, Hi;(My) = Hii(Ms),  Hoi(My) = Hai(Ms), and both
points satisfy fi(x;,yi,z;) =0, where i =1,2.

(ii) Conwversely, if there exist two distinct points My, My € C; at which the first integrals
of the subsystems in R} and RY coincide, and if the vector fields are transverse to C;
and the corresponding level sets are reqular at My and Ms, then these points generate a
crossing periodic orbit intersecting C; exactly at My and M.

Proof of statement (i) of Theorem 1.1. If the discontinuous piecewise differential

system (3)—(1) exhibits a crossing limit cycle, this orbit must intersect the switching

manifold at two distinct points, namely M (z1,y1,21) and My(zs, Y2, 22). Consequently,
these coordinates must satisfy the following algebraic system:

Eq; = Hu(z1, 91, 21) —
Eqy = Hia(w1, 41, 21) — Hio
Eqs = Hoi(21,y1,21) —
Eq, = Haa(z1,91,21) —
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Eqs =27 +y; —1=0,
Eqe =23 +y5 —1=0. (6)

Direct calculation yields the following algebraic system:

Eq, =(0.X1 +by)* + (. X1 +c4)® — ((0.X5 +by)* + (. Xy +¢4)?) = 0,

Eqy, =(a+¢).(X; — X3) =0,

Eqs =(a.X1 + as)® + (B.X1 + B4)* — (. Xz + a)® + (B.X2 + B4)*) =0,

Eqy :5-(X1 - X2) =0,

Bs =21 +y; —1=0,

Eqg :xg + ?/g —1=0, (7)

where Xl = (xlvylvzl)T7X2 = (:EQ)yQa 22)T7a = <a17a2aa'3>T7b = (b17b27b3)T7c = (01702a 03)T
o = (Oé17a27a/3)Ta6 = (/61762aﬁ3>T7 and 5 = (51752753)T‘

Solving the system of equations Eq, = Eq, = 0 for the variables x; and y; we get

1
r1 = 51((12 n 02) — 52(a1 n Cl) (51(@2 + 02) — (52(CL1 + Cl)>ZL’2 + (53(&2 + CQ) — (52(CL3
+c3))(22 — 21),
1
v = (61(ag + c2) = da(ar + ¢1))y2 + (01(az + c3) — d3(an

01(ag + ¢c2) — da(ar + 1)
+Cl))(22 — Zl).

Accordingly, the analysis branches into two distinct cases depending on whether d;(ay +
Cg) — (52<Cl1 + Cl) =0or 51(&2 + CQ) — (52(CL1 + Cl) 7£ 0.

Case 1. Assume that d1(as + ¢3) — d2(a; + ¢1) # 0. Then substituting the expressions
for z; and y; in the equations Eq; = 0 for j = 1,3,5,06, we get the following system

HIE) =(21 — 22) F1(21, T2, Y2, 22) = 0,
E3 =(21 — 20) Fo(21, 2, Y2, 22) = 0,
E5 :P(Zl, x2,Y2, 22) = Oa
Ee =15 +y, —1=0. (8)
Note that
Fi(z1, 2, Y2, 22) = Agl) + A§2)21 + Agg)b + AYDQQ + A(15)Z2,
Fy(z1,x9,Ys, 22) = Aél) + A§2)z1 + A;g)xg + A§4)y2 + A(25)z2,
are linear functions, where A(lj) and Agj ) are highly complex algebraic constants with
j=1,...,5 and P(z1, 2,1, 22) is a quadratic polynomial function.
Now we deal with the new system (8), if we set z; = z5 then E; = E3 = 0, which means

that system (6) will be reduced to the unique equation in two variables E = z2+y3—1 = 0,
which has a continuum of solutions. Consequently, we have a continuum of periodic orbits



266 B. BRAHIMI AND R. BENTERKI

for the discontinuous piecewise differential system (3)-(4), so we have no limit cycles in
this case.

If z; # z9 by solving the system of equations Fi(z1, T2, Yo, 22) = Fo(21, T2, Yo, 22) = 0 for
the variables x5 and yo we get the linear functions xo = Fi(21, 22) and yo = Fo(21, 22).

We substitute x5 and ys in the equations E5; = 0 and Eg = 0 which yield a new system
formed by two quadratic equations in z; and zs.

By Bézout’s Theorem (see, e.g., [15]), a system of two bivariate polynomial equations
of degree two has at most 2 x 2 = 4 complex intersections. Consequently, this system
possesses at most four real solutions. Each real solution corresponds to a unique pair
of intersection points on the switching manifold, which implies that the discontinuous
piecewise differential system (3)—(4) separated by the cylinder C; admits at most four
crossing limit cycles.
da(ay + 1)

Case 2. 61(az+ca) —09(as +¢1) = 0 which implies that 6; =
g + C2

. We distinguish
two subcases: as + co = 0 and as + ¢ # 0.
Subcase 2.1. as+cy # 0, then in system (6), by solving Eq, = Eq, = 0 for the variables
y1 and z; we find
1
as + ¢y

Y1 = Ys — (a1 +c1)(xy —22) and 2z = 2.

We substitute y; and z; in the remaining equations of system (6) it becomes

E; =(z1 — 22)G1(21, 22, 42, 22) =0,
Ez =(21 — 22)Go(21, T2, Y2, 22) = 0
Es ZQ($1,$2,?/2) =0,

E¢ =13 +y5 — 1 =0, (9)

Y

where

Gl(wla X2, Y2, 22) = Bg) + B£2)I1 + B£3)ZE2 + B§4)y2 + B§5)22a
GQ(xla X2, Y2, Z2) = Bél) + B§2)I1 + ng)xQ + B§4)y2 + B§5)227

are linear functions, while

Q(z1,22,92) = ( (=147 + (a1 + ) (@1 — xa) = (ag + 2)y2)?)

ao + 62)2

is a quadratic function. According to system (9) if 2y = x9, then the system reduces to the
unique equation of two variables E5 = Eg = 23 + y3 — 1 = 0. Similarly, the discontinuous
piecewise differential system separated by the cylinder C; has no limit cycles.

Assume that x; # xo, then solving G(z1,xs, Y2, 20) = Go(w1, X2, Y2, 29) = 0 for the
variables xo and y, gives their linear expressions zo = Gy(21,22) and yo = Go(z1, 22)
depending on the variables x; and 2z, whose explicit formulations are omitted here for
brevity due to their complexity.

Substituting these expressions for zs and ¥, into equations E5 = 0 and Eg = 0 we
obtain a new system formed by two quadratic equations. According to Bézout’s theorem,
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we know that its maximum number of solutions is the product of the degrees of these
equations. As a result, the system (6) has at most four real solutions, which means that
the discontinuous piecewise differential system (3)-(1) separated by the cylinder C; has at
most four 3D-limit cycles.

Subcase 2.2. as = —cy then d9(a; + ¢1) = 0 we distinguish two subcases.

2.2.1. ) = 0 and a; + ¢; # 0, then from the system Eq, = 0 and Eq, = 0 we get
1 = x9 and z; = z5. According to this result, system (6) becomes

Er =(y1 — y2) L1(y1, ¥2, Y2, 22) = 0,

Es =(y1 — y2)La(y1, T2, Yo, 22) = 0,

Es =25 +y1 —1=0,

E¢ =23 +y5 — 1 =0, (10)

where L; and L, are linear functions defined by

Ly (y1, T2, Y2, 22) =b3(y1 + y2) + 2ba(by + biws + b3za) + 2(2¢4 + 2135 + c2(y1 + ¥2)
+ 2c329),

Lo (y1, T2, Yo, 22) =3 (y1 + o) + 2aa(ag + anmg + a3zo) + Ba(284 + 28122 + Ba(1n
+ y2) + 20322).

If y; = yo, system (10) collapses to the unique equation E5 = Eg = 22 + y2 — 1 = 0.
Because this yields a continuum of non-isolated periodic solutions, no limit cycles exist
for the discontinuous piecewise differential system (3)—(1).

If y; # yo, then solving the linear system L; = Ly = 0, with respect to the variables
o and ys and substituting its solutions in the remaining equations E5 = Eg = 0 we
obtain two quadratic equations in the variables y; and z5. So, the discontinuous piecewise
differential system (3)-(4) has at most four limit cycles.

2.2.2. 3 # 0 and a; = —cq, then solving Eq, = Eq, = 0 with respect to the variables
z1 and y; gives

)
21 =2z and Yy =y — 6—1(171 - 932)-
2

Substituting these expressions in the remaining equations of system (6) we obtain

Ey =(z1 — o) K1 (21, T2, Y2, 22) = 0,
Esj 2(561 - 12)K2<$17CC27192, 22) =0,
1
Es=—1+a3+ ﬁ((sl(xl — x3) — 0ay2)? = 0,
2
Eg=—1+22+19y2=0. (11)

The explicit formulations of the linear functions K; and Ky are omitted here due to
their algebraic complexity. Clearly, if 1 = xo then system (11) will be reduced to the
unique equation E; = Eg = —1 + 23 + y2 = 0. Consequently, the discontinuous piecewise
differential system (3)-(1) separated by the cylinder C; has no limit cycles.
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Otherwise, if 21 # x9, we solve the system formed by equations K;(z1,%2,ys,22) = 0
and Ks(xq, 22,9, 22) = 0 with respect to x5 and ys to obtain the new linear functions
Lo = f 1

system

—~

x1,22) and ys = fo(xy, 22). After replacing x5 and y, in Eq; = 0 and Eqg = 0, the
11) is equivalent to a new system composed of two quadratic equations. Therefore,
system (11) has at most four real solutions, namely, the discontinuous piecewise differential

system

—~

11
3)-(4) separated by the cylinder C; exhibits at most four 3D-limit cycles. O

Proof of statement (ii) of Theorem 1.1.. In order to establish the second part of
Theorem 1.1, we parameterize the parabolic cylinder Cy = {(z,y,2) € R® : 2 = ¢y*} by
performing the change (z,y,2) = (u,v,v?).

If the discontinuous piecewise differential system (3)-(41) has a crossing limit cycle, then
it must intersect the switching manifold Cy at two distinct points, namely N (u, v, v?) and
Ny(r, s,s%). Clearly, these points fulfill the system formed by the four below following
equations.

Recall that Hq; with i=1,2, are the first integrals of the relay system (3) for z > 0 and
Ho; with i=1,2 are the first integrals of the three-dimensional center system (1), we obtain
the following system when the four equations are polynomials in variables r, s, u and v

Eq, =H11(u,v,v?) — Hyi(r, s,5%) =0,
Eqy =Hiz(u,v,0?) — Hia(r, s,5%) =0,
Eqz =Hai (u,v,v?) — Hay(r, 5,5%) = 0,
Eq, =Has(u,v,v*) — Haa(r,s,5%) =0 (12)
Equivalently
qu (bX/ -+ b4) (CX{ + 04)2 — (bXé + b4)2 — (CX; -+ C4>2 = O,
Eqy =(a +¢)(X] — X3) =0,
Bqy =(aX] + a@)® + (BX] + B4)° — (aXj + ay)® — (BX5 + 64)? = 0,
Eq4 :5(X{ - X2> = 07
where X| = (r,s,5?)7, X} = (u,v,0v?)T and the coefficients a,b,c, o, 3, and § are the
parameter vectors defined in (7). Solving equation Eq, = 0 with respect to the variable
u we get
1 2 2 2 2
U= (@17 + 17 4 ags + €28 + azs” + €387 — gV — CU — azv” — c3v7).
a; + ¢

Due to the expression of the solution u, we distinguish two cases.
Case 1. ay + c¢; # 0 then substituting the expression of u in the remaining equations
Eq, = 0,Eq; = 0 and Eq, = 0 to obtain the new system

El (S - U)Pl(r7 S, 'U) = 07

Ey=(s —v)Ps(s,v) =0, (13)
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where P; and Py are cubic polynomials in the variables r, s and v, while P3 is a linear
function given by

7)3(8, U) :(a251 + 0251 - (11(52 — 01(52 + CL3518 + 63518 — a1538 — 01538 + CL351U

+ C3(51U — CL1(53U — C1(53’U).

In system (13), if s = v, then F; = F3 = F; = 0 which holds an infinite number of
solutions. Hence, the discontinuous piecewise differential system (3)-(1) separated by the
parabolic cylinder Cy has no limit cycles.

Otherwise, if s # v, solving the linear equation P3 = 0 with respect to the variable v
yields

01538 — agél — 02(51 + CL1(52 + 0152 — a3518 — 63513 + CZ153$
B azd; + c36 — a3 — 103 .
Depending on whether the denominator v vanishes, we discuss the following two sub-
cases.
Subcase 1.1. azdi + c307 — a103 — 103 # 0, then replacing the value of v in the equations
P; = 0 and P, = 0 we obtain new cubic equations Pi1(r, s) = 0 and Pay(r, s) = 0.
Computing Resultant|Py;, Pas, r|, the resultant of the two polynomials Py;(r, s) and

Poa(r, s), which produces a quartic polynomial in s given by
Resultant[P;, Pyy, 7] = Ag + Ais + Ays® + Ass® + Ays?,

such that A; (i =0,...,4) are functions of the parameters ay, by, ¢y, g, Bk, O, With k =
1,...,4.

Since the rank of the Jacobian matrix of the function A = (A, A, Az, Az, Ay) with
respect to its parameters has maximal rank (equal to 3), applying Lemma 1.2 ensures that
the resultant polynomial Resultant (P11, Pag, ) = 0 possesses at most two real solutions.
Consequently, the discontinuous piecewise differential system (3)-(1) separated by the
parabolic cylinder Cy exhibits at most two 3D-limit cycles.

(a3 + c3)d

a; + ¢
This substitution reduces the remaining conditions of system (13) to

Subcase 1.2. azd; + c301 — a103 — ¢103 = 0, then 03 =

Pi(r,s,v) =0, Pa(r,s,v) =0,
&152 + 61(52 - agél — 02(51 =0. (14)

If a109 4109 —as01 — 007 # 0, the system has no solutions. Therefore, the discontinuous
piecewise differential system (3)-(1) separated by Cy has no limit cycles.
If @102+ c105 — azd; — 9y = 0, then system (14) reduces to two equations in three variables
Pi(r,s,v) = 0 and Py(r,s,v) = 0. Thus there are no limit cycles for the discontinuous
piecewise differential system (3)-(4) separated by Cs.

Case 2. a1 + ¢; = 0, then solving equations Eq, = 0 of system (12) with respect to r
gives
1
5
which establishes two subcases.

r = ((51u — 528 + (52’0 — 5382 + (531}2),
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Subcase 2.1. §; # 0, by integrating the value of r in equations Eq; = 0 and Eq; = 0,
system (12) becomes

Eq; =(s —v)Fi(u, s,v) =0,
Eqy =— (s —v)(az + ca + azs + c3s + azv + c3v) = 0,

Eqy =(s —v)Fa(u, s,v) = 0. (15)

With Fi(u,s,v) and Fy(u,s,v) are cubic functions in which we omit their expres-

sions. After solving equation Eg, = 0 with respect to s, it yields s = v or s =
_CLQ + (&) —+ (Cg -+ ag)v

n If s =v, E¢) = Eq; = Eq¢, = 0 produces an infinite number

as C3

of solutions for system (12), which implies that the discontinuous piecewise differential
Q

system (3)-(4) separated by Cy has no limit cycles.
_CLQ + cy + (Cg -+ CLg)U

as + c3
tions Eq; = 0 and E¢; = 0 we obtain a new system defined by the equations Fi;(u,v) =0

Assume that s =

with az + c3 # 0, then replacing s in the equa-

and Fao(u,v) = 0, where Fj; and Fay are cubic functions. To find the maximum num-
ber of solutions, we compute Resultant|F;; , Foo, u] the resultant of Fi; and Foe with
respect to u which gives a quartic polynomial in v, which is written as

Resultant[]—"n, FQQ, U] = BO + Blv + BQUQ + 63713 + B4U4.

Since the rank of the Jacobian matrix of the function B = (B, By, By, B3, By) with
respect to its parameters which appear in their expressions is maximal, i.e. it is 3. In
view of Lemma 1.2, we conclude that the maximum number of real solutions of the
Resultant Resultant[F;, Foo,u] = 0 is at most two. So, the discontinuous piecewise
differential system (3)-(1) separated by Cy has at most two crossing limit cycles.

Otherwise, if ag + ¢3 = 0, then system (15) becomes

Eq{ =(s —v)Gi(u, s,v) =0,

Eqy == ((a2 + c2)(s —v)) =0,

Eqy =(s —v) F3(u, s,v) =0, (16)
with G;(u, s,v) and F3(u,s,v) are cubic polynomials. If ay + c¢o # 0, and since s # v
then system (16) has no solutions. Otherwise, system (16) reduces to two equations in
three variables. In all these cases, the discontinuous piecewise differential system (3)-(4)

separated by Cy has no limit cycles.
Subcase 2.2. 6; = 0 in system (12) we solve equation Eq, = 0 with respect to s, to get

s=wvors= 5—(—(52 — 030).

3
If s = v, then Eq, = 0, and system (12) reduces to

Eq =(u —7)(2(b1by + c1cy) + (02 + &) (r +u) + 2(biby + c1¢0)v + 2(bibs + cic3)v?)
—0,

Eqs =(u—7)(2(aras + 1Bs) + (af + B7)(r + u) + 2v(onas + 152 + (aras + f15s)v))
=0.



THREE-DIMENSIONAL LIMIT CYCLES GENERATED 271

If r = u, then Eq; = Eq; = 0, so system (12) admits infinite number of solutions.
Otherwise, if r £ u, which yields a new system formed by two equations in three variables.
and we mean that system (12) has no solutions.

Hence, s = (5_(_52 — 03v) leads to two subcases. If 03 # 0, substituting s in the
3

remaining equations Eq; = 0, Eq, = 0 and Eq; = 0 of system (12), we obtain a new
system written as

qu :Ql(ua r, U)7

1
Eq2 :5—2(—61352 — 0352 + 612(53 + 0253)(52 + 253U)a
3
Eqz =Qs3(u,r,v). (17)

Here, Q;(u,r,v) and Qs(u,r,v) are cubic polynomials. By solving Fqg, = 0, we get

v = ;72, and then we substitute v in E¢; = 0 and Fg3 = 0 to obtain the system defined
3
as follows;

Eq =(r —u)Ly(r,u),
Eq =(r —u)La(r,u),

where, £ and L, are linear functions. If u = r, we have an infinite number of solutions.
Otherwise, the system formed by the equations £i(r,u) = 0 and Ly(r,u) = 0 does not
have a solution.

If 95 = 0, solving the linear equation Eq, = 0 with respect to the variable s yields s = v.
Substituting this condition into the remaining equations identically satisfies Eq, = 0, and
system (12) reduces to the following simplified system:

Eq, = (u — r)[b3(r + u) + 261 (by + v(ba + bsv)) + c1(2¢4 + c1(r + u) + 2v(cy + c30))]

Eqg = (u—r)[af(r +u) + 200 (s + v(an + asv)) + $1(284 + Bi(r + ) + 2v(B2 + Bav))]
=0.

Consequently, if r = u, then Fq; = Fq3 = 0, so we have an infinite number of solutions
for system (12). Else, if r # u, the last system has no solutions.

As a result, throughout Subcase 2.2, the discontinuous piecewise differential system
(3)-(4) separated by Cy has no limit cycles.

To maintain readability, the explicit expressions of substantial algebraic size have been
omitted. All symbolic computations and algebraic reductions presented herein were per-
formed and verified by the algebraic manipulation tools software Mathematica. O]

3. Examples

Firstly, we introduce four examples concerning the upper bound of the maximum number
of crossing limit cycles for the discontinuous piecewise differential system (3)-(4) separated
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by the right circular cylinder C; = {(z,y,2) € R : 2> +y* = 1}. We give the first example
with exactly one limit cycle.
In the region R{ we define the relay system with its first integrals for z > 0 by taking

(as, by, ;) — 4110901 31 901363 9 14 7 7 19 33 5 3 4
Qj, 04, C; T o0~ 11’ 9no~a ' 1n’ E o’ E) Eo1n Er .
43397 "10° 29873 100 5°2° 5 57100 5
In the region R, the 3D-differential linear center is identified by the following param-

eters
9 _ 30644 17 7 21 9 98293 918408
(aivﬁiaéi) — 27_72a—7_717__7_17_7__a ) )
5 7142857 10 2 57 5741842° 19097
where ¢ = 1,---,4, the unique solution satisfying system (6) with an absolute tolerance
of 1071 is

275777 14897 12614° 213257 26223° 10946

These points are classified as crossing points, since

X+(My) X~ (M) = (—0.58662, —1.723, —2.241)(0.37786, —0.40705, —0.9874) = 2.6937.
X+(N))X~(Ny) = (0.20885, —1.5224, 0.42975)(—0.5761, —1.2971, 0.036223) = 1.87003,

9281 14028 5183 2374 26060 16323
(Ml,Nl) = ($1,y1,21,$27y2,22) = ( ) .

with Xt = (3) and X~ = (4). Therefore, the 3D-discontinuous piecewise differential
system (3)-(4) separated by C; has exactly one crossing limit cycle, see Figure 1.

4

Fig. 1. The unique crossing limit cycle for the discontinuous piecewise differential system (3)-(4)

Retaining the same switching manifold C;, we define the relay system for z > 0 and its
first integrals in the region R{ by choosing

1
711467 59919 3798672 1522033 11,—26,1,—3,27r,3, ﬁv‘%)

iabivi_> - y T ) ) y &
(ai;bi, i) ( 11257 1000 32869 ' 10000 5
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where t: = 1,---,4, e = 2.718281828 - - - . is Euler’s number and 7 ~ 3.14159....
In the region Ri we consider the following parameters

1 43 143 1127 19 19 =29 1 56919 56919 56919

(@i 50 = 15" 70 50" 13848’ 5487 10° 10 *10° 1000° 1000 500 °
1435033
10000 )’
where ¢ = 1,---,4, to obtain the linear differential center with its first integrals. For these

systems, we find two real solutions that satisfy system (6) with an absolute tolerance of
107,

3101 65629 11855 5461 14606 3656
109717 68419° 17224 22923’ 15039 14353) ’
7794 23467 57978 11116 151649 4226

13285" 28978 60295° 21325’ 177701 25979) '

(Mle) = (1317y1721,$11,y117211) = (

(M27N2) = (1‘2,y2,Zz,I22,y22,Z22) = (

The vector fields (3) and (1) have a positive scalar product in the points (M;, N;) with
1 = 1,2 such that;

1
(M) = (—0.95082,0.70097, 0.12492)(—1.8918, 0.59548, 0.64817) = 2.2972,

(M) X~ (M;) = (—1.0981,1.1358, —0.01883)(—2.1785, 0.2857,0.9464) = 2.69908,
(V1
~(N3) = (0.89605,0.6916, —0.79386)(1.8518, 0.42209, —1.1369) = 2.85387.

(

T(Np) X (Ny) = (1.0467,1.0966, —1.0716)(2.1703,0.070315, —1.1203) = 3.54966,
(M) X

(N X

P

Consequently, the discontinuous piecewise differential system (3)-(4) has exactly two
crossing limit cycles. This result is presented in Figure 2.

Fig. 2. Two crossing limit cycles for the discontinuous piecewise differential system (3)-(4)

Now we build an example of three limit cycles. In the region R} and for x > 0, the
relay system is characterized by the following parameters
43 21 29 29

iy Viy Cf y T 99, Uy Ty T 7_7_7_375727_ ) ithi=1---4.
(abc)—>(6 33010 3105 5) with ¢
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In the region R} for the linear differential center we consider the parameters

(0, i, 05) — 3 5 1 13909 27 6 9001 21052 165879 55293 109223

Ay Piy 04 8% 70 a0~ 10’ ) ) ) ) ) ) )
27 100 342877 1075 28206 26295 37768 18884 14921

where ¢ = 1,---,4. According to these systems, we have three real solutions that fulfill

system (6) within an absolute tolerance 10714, given by

253 31381 24887 6415 7919 2707
1649° 31757 27554 31278 8091 31681) ’
17922 27991 2219 4553 29768 39669
445517 305747 295237 9095° 34387 46855) ’
11261 30847 12635 3608 26557 5238
393017 32197’ 307197 10033’ 28461° 13465) ’

These points correspond to a crossing type because the vector fields on both sides of
the switching manifold point in the same direction, satisfying the condition

(Mth) = ($1,y1721,$11,y11;f211) = (

(M27N2) = ($2,y272’2,x22,y22;222) = (

(M3,N3) = (903,93723,9033,?/337233) = (

(
(N7) X~ (V1) = (—0.8482, —1.3628, 1.0540)(—0.80722, —0.11820, 0.5316) = 1.40614.
(M) X~ (Mz) = (0.69392, —0.89152, —0.05974)(0.7354, 0.1536, —0.5027) = 0.40335.

T(Ny) X~ (Ny) = (—0.77643, —0.6030,0.70714)(—0.71911,0.14161, 0.3748) = 0.73797.
( 3

This provides exactly three crossing limit cycles for the discontinuous piecewise differ-
ential system (3)-(4) illustrated in Figure 3.

Fig. 3. Three crossing limit cycles for the discontinuous piecewise differential system (3)-(4)

Finally, we give an example with exactly four crossing limit cycles.
In the region R} and for z > 0 we define the relay system by choosthe following

parameters

21 14 16
(Cli, bi> Ci) — (E, —E, 10,1,—-1,-9,6,5, —E, 3, —2, 2) , withe=1---4.
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In the other region R}, for the 3D-center, we choose the following parameters

(i, i, 51) — ) 5 120685 60937 55430 30034 7 7 141
ir 0, O 27 77 39008 74434977 7 9029 116849207 100" 572/
where i = 1,---,4. The four real solutions that satisfy system (6) are

38084 5516 31719 38918 16407 48286

45997 10393 44197 43195 37817’ _64513> ’
/10072 11587 29119 24493 40981 15297
)= (13041’ 182417 50148’ 35139’ 57153’ _25282> ’
) = (23433 14887 14213 33745 12471 6398>
= )

(M17N1) = ($1,y1,2’1,$11,y11,2’11) = (

(Ma, No) = (22, Y2, 22, T22, Y22, 222

N2) = _ _ _
(Ms, Ns) = (23, s, 25, 33, Y33, 23) = | 35000° 97783’ 31643’ 04512’ 13351 14443

20867 12823 18219 42311 13279 29479
334147 28599’ 22409’ 434617 58109 35098

(M47 N4) - (:U47 Y4, 24, T4, Y44, 244

For these solutions, we have an absolute tolerance of 107'% and they correspond to
crossing points, since

X

XH(N)X(Ny) = (—1.3966,0.0577,0.17314)(—0.9248, —0.4115,0.1258) = 1.28975.

X+ (M) X~ (M) = (1.94319, —0.2387, —0.2369)(1.29116, —0.2211, —0.1558) = 2.5987.
XH(Ny) X~ (Ny) = (—1.93141,0.0272, 0.2407)(—1.25714, —0.3897, 0.1668) = 2.4576.
XH(M3) X~ (Ms) = (2.32692, —0.2824, —0.2838)(1.5969, —0.0811, —0.1975) = 3.795.
X+(N3) X~ (Ns) = (—2.24631, —0.06717, 0.2824) (—1.47801, —0.4347,0.1956) = 3.40452.
X+(My)
XH(

Consequently, the discontinuous piecewise differential system (3)-(4) has four crossing
limit cycles; see Figure 4.

In order to prove that the second result of Theorem 1.1 is reached we build two examples
with one and two limit cycles. In the region R? and for z > 0 we consider the relay system
and its first integrals by choosing

(as, bi, ;) — 4ldl7 159455 17 3 85 1 25 8
v 20736° 5721308°10° 57 7’67 27 9’27711/

We choose the following parameters

2,1,-6,8, —=, —
0:8 =5 10" 19183" 51630

22 23 _3 89101 29 43071 323269
5 ) 5 Y 7418417 ) Y )

(a, B, 6;) — (

for the 3D-linear center in the region R3, where i = 1,---, 4. System (12) has the unique
solution

4699 13038 24095 59792 19889 5250)

M N - — —
(My, N1) = (@141, 2100, 411, 211) <21884’ 0719 ’ 13389’ 56281’ 38131 19297
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Fig. 4. Four crossing limit cycles for the discontinuous piecewise differential system (3)-(4).

with an absolute tolerance of 10714, and we have

XH(M)X (M) = (1.8647, —0.5896, —0.5155)(1.6859, —0.07019, 0.8422) = 2.75104,
XH(N)X~(N) = (—2.1232,0.0214, 0.9813)(—1.6957, 0.0485, —0.8245) = 2.79244,

namely M; and N; are crossing points that produce only one crossing limit cycle for
the three-dimensional discontinuous piecewise differential system (3)-(1) separated by C,.
See Figure 5.

-2

4

Fig. 5. The unique crossing limit cycle for the discontinuous piecewise differential system (3)-(4)

Now, we construct an example with exactly two crossing limit cycles. In R? and for
x > 0 we consider the relay system by choosing the following parameters

(b ) s (1793098 185677 L1367 763051 o 17 217 54
R 20000 ' 10000 " 20000 ' 1000077 10" 100725
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In the region R3 we take the following parameters
(00, 55, 6) — 2970 23 875 11 227 1 19 17 1743093 193677
Ay Piy 04 T 90909910 100047 A0’ 100’ 10’ 10’ 100 ) )
32383°20° 10994° 10 100" 10 10" 10 20000 ° 10000
193677 733051)

20000 ~ 10000

to obtain the 3D-center and its first integrals, where ¢t = 1,---,4.
For these systems, we get the two real solutions for the system (12) within an absolute
tolerance of 10714

16801 14873 15191 12101 27087 62411

60104 25815 45765  21864° 23821 48268 /)
24066 23004 8221 21510 39643 78014

43915 52519 428507 27673 42450 89453

(M17N1) = (5E17y172’1,$11,y117211) =

(M27N2) = ($2,y2722,$227y227222) =

The scalar product of the vector fields at the points (M;, N;), with i = 1,2 equal to

X+H(My)X~(My) = (—0.2675, —2.0175, —1.6267)(0.02845, —0.4392, —1.1345) = 2.7241.
XH(N)X~(Ny) = (—0.3634, —1.9287, —0.5869)(—0.3772, —1.7422, —0.08919) = 3.549.

X+(My) X~ (Ms) = (—0.1795, —1.3442, —1.0725)(—0.0287, —0.6028, —0.9466) = 1.8308.
No)X~(No) = (—0.2319, —1.11816, —0.1484)(—0.3243, —1.5102, —0.10119) = 1.779.

Thus, we proved the existence of two crossing limit cycles for the discontinuous piecewise
differential system (3)-(1) separated by the parabolic cylinder Cy, see Figure 6.

Fig. 6. Two 3D-limit cycles for the discontinuous piecewise differential system (3)-(4)

Consequently, our examples confirm the result obtained in Theorem 1.1, namely; the
upper bound of the maximum number of the three-dimensional crossing limit cycles of the
discontinuous piecewise differential system (3)-(4) separated by one of the two cylinders

C; or Cy is reached.
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Data Availability Statement

The data sets analyzed during the current study are available from the corresponding
author on reasonable request.
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