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ABSTRACT

IOur focus is on the set of lower-triangular, infinite matrices that have natural operations
like addition, multiplication by a number, and matrix multiplication. With respect to
addition this set forms and abelian group while with respect to matrix multiplication, the
invertivle elements of the set form a group. The set becomes an algebra (non-commutative
in fact) with unity when all three operations are considered together. We indicate impor-
tant properties of the algebraic structures obtained in this way. In particular, we indicate
several sub-groups or sub-rings. Among sub-groups, we consider the group of Riordan
matrices and indicate its several sub-groups. We show a variety of examples (approxi-
mately 20) of matrices that are composed of the sequences of important polynomial or
number families as entries of certain lower-triangular infinite matrices. New, significant
relationships between these families can be discovered by applying well-known matrix
operations like multiplication and inverse calculation to this representation. The paper
intends to compile numerous simple facts about the lower-triangular matrices, specifically
the family of Rionian matrices, and briefly review their properties.
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1. Introduction, notation and elementary observations

df
Let A = [(ln’j]ij07
with entries belonging to C, in general. For reasons that will be obvious in the sequel, let

with a,; = 0 for all j > n > 0, be a lower-triangular infinite matrix
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56 P. J. SZABLOWSKI

us agree that both index entries will start from 0.

To avoid convergence issues, let us agree (following [13]), that every infinite lower-
triangular matrix will be understood as a sequence {A,,} of finite matrices A,, organized
in such a way that the matrix A,, is a sub-matrix of A, .; and we have in terms of a block
structure

A, 0
el 2]

a, Qpnp

where a? is certain row vector of dimension n+1 and oy, certain complex number. Since
index n within this paper runs usually from 0 and traditionally indices of row and columns
within the matrix run from 1, we notice that within this paper A, will usually denote a
(n+1) x (n+ 1) matrix.

We will denote such sequences of matrices by A ={A,,}, meaning that we deal with a
lower-triangular infinite matrix A whose (n + 1) X (n + 1) matrices in their upper left cor-
ners are matrices A,,, n = 1,.... This understanding of infinite lower-triangular matrices
helps address some of the reviewer’s concerns about the existence and convergence of ma-
trix operations, since all operations on lower-triangular matrices of infinite dimensions can
be understood as operations on sequences of finite matrices or vectors. No convergence
considerations are necessary. Notice also that in accordance with our index convention,
we have A} = agp 4 ap. Let us extend this convention and denote all diagonal elements
an, by a single index that is a,, if of course A =][ay;]. The notation A = [amj]n,jzo, and
A ={A,}, where A, = [ayj|n j=o,. n shall be used alternatively,

In the sequel, we will use the simplified convention: A, = [ak ;|- It is elementary
to notice that such matrices equipped with scalar multiplication and matrix addition,
constitute a linear space. Similarly, the set of infinite, lower-triangular matrices is a
non-commutative, associative algebra that uses both matrix addition and multiplication,
as well as scalar multiplication. More precisely, we have aA+0B =|aa, ; + Bb, ;| if

A =Ja,;] and B = [b,j], a, B € C and AB = i ankbi ;|- Let us notice that the
k=j

set of diagonal matrices makes a commutative sub-algebra of our algebra. Let us agree
that diagonal matrices will be denoted in the following way. Namely, [{3,}] will denote
diagonal matrix with 3, as its (n+1) x (n+ 1) entry. Notice that with respect to matrix
addition and matrix multiplication the set of lower-triangular matrices constitutes a non-
commutative ring. Among these diagonal matrices the ones with all entries equal to zero
serve as the zero element of the ring and the diagonal matrix [{1}] (i.e., with all diagonal
elements equal to 1) as the ring’s "one", the unity. These special matrices will be denoted
respectively 0 and 1. Let us denote by S the whole algebra of lower-triangular matrices
and by D the sub-algebra of all diagonal matrices.

Another important sub-algebra of S comprises of all lower-triangular with zeros on
their diagonal. Moreover, this sub-algebra considered as a sub-ring is an ideal.

Finally, let us consider lower-triangular matrices |a, ;] with a, ; = 0 whenever n — j is
an odd number. Let us denote the set of such matrices by S€. To complete introducing
the notation let us agree that matrices of the size n x 1, i.e., columns will also be called
vectors and the infinite column (raw) vector a will be also understood as sequence {a,},~,
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of (n+ 1) x 1 vectors a,. All .finite and infinite vectors will be denoted generally by the
bold lower case letters, , i.e., a, b, and so on. The symbol 7 denotes transposition of a
matrix. For example a’ denotes a row matrix of the size 1 x n.

We have an elementary observation:

Proposition 1.1. S& is a sub-algebra of S.

Proof. Multiplication by a number retains the property of an entry of being 0 whenever

n — j is odd. Similarly, with the sum of such matrices. Now let us recall that " a,, ;b ;
k=j

is a (n, j)—th entry of a product of two matrices [a, ;] and [b,;]. Observe that n —j =

n—k+k—jforall j <k <n. Now,if n—jis odd then either n — k or kK — 7 must

also be odd. Hence, if [a, ;] and [b, ;] both belong to SE their product must also belong

to SE. O]

Examples of this sub-algebra are presented in Subsubsection 41.1.4.

As mentioned above, with respect to the addition of matrices, S is not only a com-
mutative (i.e., Abelian) group but also a linear space, if one considers also multiplication
by a number. However, with respect to the matrix multiplication those lower-triangular
matrices form a non-commutative monoid ( i.e., magma with associative operation and
identity). Notice that the identity of this monoid it is matrix 1 , i.e., the diagonal matrix
with 1 on its diagonal.

Using this observation and the well-known formulae for the block multiplication of
matrices we see that

A, O]{Bn 0}_[ A, B, 0 1)

A, B, = .
e [aT o, |bL B, alB, + a,bl  a,f,

n
It is also elementary to notice that ring S has divisors of zero. Hence, it is not a domain.
The following two matrices are the examples of the left and right divisors of zero in this
ring with non-zero elements on the diagonal:

a 0 0O 0 0 0
aq 0 0 y 0 bl 0
a9 0 0 b2 bg b4

On the other hand, matrices having a non-zero element on the (0,0) position, i.e., in
the upper left corner cannot be right divisors of zero.

Notice also that diagonal matrices with the same number, say «, on the diagonal, i.e.,
[{a}] can be identified with this number since from the formula (1) it follows that

[ansll{a}] = [aay].

Now, let us discuss the set of matrices A which are invertible, i.e., such matrices for
which there exists a matrix (called inverse) and denoted by A~! such that

AATT=ATTA=1.
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Notice, that if a matrix from S, say A has representation {A,} then the diagonal
elements of each of the matrices A,, are their eigenvalues. Consequently, each matrix A,
having non-zero elements on the diagonal is invertible. So the set of invertible elements
of S defined by the conditions: A = [a,, ;] is invertible iff Vj > 0 :

CL]'7£O.

Let us denote by Z the set of invertible matrices. It is elementary to notice that set
of all invertible matrices forms a linear cone, i.e., if A is in Z then all matrices of a form
A[{B}] € T for all B # 0. The family of such matrices forms the so-called skew field
(or a division ring) with the the skew field operations being the ordinary matrix addition
(commutative) and (usually non-commutative) multiplication.

The other properties of elements of S considered as linear operators, i.e., their eigenvec-
tors and some decompositions at least for the special, more precisely Riordan matrices,
are presented in a recently published paper [1].

Thus, naturally all elements of S that have non-zero elements on their diagonal, form
a group if we confine ourselves to multiplication. We denote this group by L.

As it follows from, Wikipedia (inverted blockwise formula), also e.g. from [3] or from
direct calculation following (1), the formula for inversion of block matrices applied to the
special case when lower-right-most corner matrix has dimension 1 x 1 yields

Al 0

T A -1 —1
—a, At o, a

-1
An+1 -

(2)

As a corollary we have the following observation.

Remark 1.2.
1. If matrix A has all integer entries and moreover it has 1 on its diagonal, then matrix
A1 has also integer entries and 1’s on its diagonal.

2. Tf matrix A has polynomial entries except for the diagonal whose entries are num-
bers, then its inverse also has polynomial entries.

3. If A =Ja,;] and A™! = [b,;], then also the following two matrices are inverses of
one another:

3a. VA € C: F(\)=[a,;A" 7] and B(X\) = [b,; A" 7] .
3b. Suppose {an}nzm an #0: A= [anay, ;] and B= b, /0] .

Howm ] lan ;] {1853 = [anan,;B5]

In particular
e} an] {as}) ™" = [andin, /], (3)

where @, ; is defined by the relationship [an,j]_l = [an,;]-
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5. Suppose A = [d,_;], for some sequence {d;}, with dy = 1, then A~ = [e,,_;], where
sequence {e;} is defined by the recursion:

k—1
eo=1, e =— E dp_s€s.
s=0

Further the paper contains Section 2 devoted to the definition of the formal power
series and presentation of some of its properties, Section 3 devoted to the presentation
of the group of Riordan matrices and some of its subgroups. Finally we have Sections 4
containing many subsections in which examples are grouped with respect to their source.
The last Section 5 contains glossary of various algebraic terms and symbols use in the

paper.

2. Formal power series

In the sequel, we will consider also some sequences and their generating functions. In
general, these sequences as well as variables in the formal power series being the expansion
of these GF can be complex. However, in almost all cases, we will work with real sequences
as well as real GF’s. That is why we will assume that all variables and numbers will be
real. We will also be aware that without any difficulty the results can be extended to the
complex case.

In order to move further, let us extend the usual definition of the so-called generating
function (GF) of a sequence {a,},-,. Since we will mostly deal with infinite matrices pre-
dominantly lower-triangular, let us express the notion of GF in terms of matrix operation.
This perspective is not very revolutionary, however, it simplifies, in the author’s opinion,
many concepts and ideas. Hence, the ordinary sequence {a,},-, will be viewed either
as a column vector with a, as its n + 1—st entry or as the diagonal matrix [{a,}]. The
modification of the notion of the GF is as follows. First, let us fix the so-called "reference
sequence" or the so-called "denominator sequence " {¢,}, -, i.e., some sequence such that
co =1 and ¢, # 0, for n > 1. Then, by the generating function (GF) of a sequence {a,},
given the reference sequence {c,}, (or briefly {¢,} -GF) the formal power series

Fi(x) = Zanx"/cn.

n>0

Remark 2.1. Let us fix the reference sequence {¢,}. Let us consider two sequences {a,, }
and {b,} with {c,} -GF’s respectively F¢(z) and Ff(x), then F(x)F¢(z) is the {c,} -GF

Cn

n
of the following sequence Zo <’;>Cajbn_j , where we have denoted <’;>c =
J:

We will call <T;>c the {c,} -binomial coefficient. Let us set also <?>C =0 for j > n and
J < 0. We will also call the following power series C(z) = Y 2" /c,, the reference GF,

n>0
that is briefly RGF.
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Remark 2.2. If ¢, =1, n > 0 and |z| < 1, the RGF C(z) = 1/(1 — z), when ¢, =
n! we get C(z) = exp(z) while when ¢, = 1/[];_,(1 — ¢/), for some ¢ € (=1,1), n > 1
and [z| < 1, then C(z) = 1/[]}Z,(1 — 2¢’) as it follows from the so-called g—binomial
theorem.

Notice that this formal power series can be obtained as the result of the ordinary matrix
operations. Namely, we have

F(z) = Zan‘r Jen =1 {an}] [{1/en}] x,

n>0

where we denoted by 1 and x the column vectors with n—th entries respectively 1 and
z". When, ¢, = 1 then we talk about ordinary GF or simply GF of the sequence {a,},
when ¢, = n! then we talk about "exponential” GF of the sequence {a,}, finally when ¢,
=II_,(1—¢’), or co = ([[}-;(1—¢’))/(1 —q)" for n > 0,and some ¢ € (—1,1), then we
talk about ¢ GF of the sequence {a,}. Notice, that lim, ;- ([]/_,(1—¢’))/(1 —q)" = n!.
This and many other facts concerning g—series can be found in first chapter of |9].

Let us notice that for every lower-triangular matrix, say A = [a,;]€S and let us fix the
reference sequence {c,},~,. We can define now a formal power series

szyanz Czcn Zl‘gz /Cza

=0 n=1

where ¢;(y) = Y. y™ani/c, is the GF of the i—th column of the matrix A. A(x,y) will

n>i

be called a GF of the matrix A.
The notation used in formal power series theory (FPS) will be utilized in the sequel.
Namely, if p(x) = > p,a™ is a FPS, then p, is often denoted by: [[z"]] p(x).

n>0

In particular, we have ) x"[[z"]](p(z) = p(x). We are using a double square bracket
n>0
here to denote "coefficient operator" in order to minimize confusion. Recall that we use

a single square bracket to denote infinite matrices.

3. Riordan arrays

One of the most important subgroups of § is the so-called Riordan group R defined in
many positions of literature through the properties of generating functions (GF) of the
entries of elements of S. Let us fix the reference sequence {c,},-,. The Riordan group
is characterized by the fact that the GF of the i-th column has a form Vi > 0 : gi(y) =

f(y)h'(y)/ci, for some formal power series f(y) = fo+ > f;v//c; and h(y) = > hjy’ /c;,

Jj=21 j=1
with fo, hy # 0. For a lower-triangular infinite matrix being an element of the Riordan

group, we thus have

y) inhi(y)/c‘j = J()C(zh(y)),
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where C'(z) is the RGF. Hence, the Riordan matrix is characterized by the two generating
functions f and h. It is traditionally denoted as (f, h). With the Riordan matrix (f,h)
we associate the following lower-triangular matrix [d,, ;|, where

dnj = callz")|f (@)W () /<.

Indeed, we get the following function as GF of the j—th column

Y dngafen =Y @@ f (@) (@) /e; = fa)h (2) ey

n>j n>0

It is well-known that the product of two Riordan matrices is a Riordan matrix. Hence,
the Riordan matrices form a subgroup R of group S. Unfortunately, R is not a ring since
in general a sum of two Riordan matrices is not Riordan. Many papers have been written
about Riordan matrices over the years. They presented many features of this group. To
ensure completeness in the paper, we will revisit some of these results, particularly those
related to the group structure of the Riordan group.

We start with the following well-known, old result.

Theorem 3.1 (Roman). Suppose we have two Riordan matrices: (a(z),b(z)) and (c(x),
d(x)) where functions a,b,c,d are such that a(0) # 0 # ¢(0), b(0) = d(0) = 0 and V' (0) #
0 # d'(0). Then their product is a Riordan matriz (a(z)c(b(x)), d(b(x)) and its inverse the
Riordan matriz (a(z),b(z)) is equal to (1/a(b(z),b(x)), where the function b is defined by
the relationship: b(b(z)) = b (b(z)) = =.

Proof. The proof for ¢,, = 1 is presented in [11], p.43. The proof for the general reference
sequence {c,} is presented in [6]. O

Below, we present a list of known and newly identified subgroups of the R group. The
most common and the most important reference sequence is {1}. That is why it will be
considered in the sequel. The other cases of the reference sequence will be clearly under-
lined. One of the nontrivial examples of usage of the "exponential” reference sequence is
given in Proposition 4.7 in Section 4. The facts presented in the list below are predom-
inantly known and scattered through the literature. We recall them for completeness of
the paper. It should be noted that the subgroup ZP(p, 5, «) and several of its subgroups
listed in the initial positions below are believed to be unknown and are being introduced
for the first time.

List of subgroups of some subgroups of the Riordan group

(a) Riordan matrices of the form (p(x), fz/(1 — ax)), for some reals «, 3, f # 0 and a
formal power series p (z) such that p(0) # 0 forms a subgroup of R. The multiplication
rule within this subgroup is the following:

(e w2em) (o0 ) = (0 (@20) = mm)
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We will denote this subgroup by ZP(p, 3, «).

(b) Notice, that Riordan matrices from ZP(p, 1, @), i.e., Riordan matrices of the form
(p(x),z/(1 — ax)), for some real «, and a formal power series p (x) such that p(0) # 0,
form another subgroup of R. The multiplication rule within this subgroup is the following:

() ) (0 =) = (o (=) )

We will denote this subgroup by P(p,«) and call matrices of this form a generalized
Pascal matrices (briefly GP). Recall that the name of a Pascal matrix is attributed
traditionally to the matrix (1/(1 —z),z/(1 —x)), hence a particular element of the group
P(p, ).

(c) Notice that also matrices from ZP(p,a,0), i.e., Riordan matrices of the form

(p(x),ax), for some real a and a formal power series p(z) such that p(0) # 0, form
another subgroup of R. The multiplication rule within this subgroup is the following:

(p1(x), a12) (p2(x), acx) = (p1(x)p2(arz) , arasz).

We will denote this subgroup by L(p,a). Obviously, ZP(p,a,0) = L(p,a). It has a
subgroup L(p,1) which we will denote by A (called Appell subgroup) or A(p), if one
wants to underline the dependence on the formal power series p. Moreover, A has a
subgroup consisting of elements such that p(0) = 1. Let us denote it by O. Notice that,
if p(x) = 1 then this particular element, i.e., matrix (1, x) plays the role of 1 in all these
groups and subgroups.

(d) Riordan matrices of the form (1, p(x)) make another subgroup of R ( called associ-
ated, sometimes called also iterations (see [6]) subgroup or simply Lagrange (denoted by
C)) with the following multiplication rule:

(1, pr(2)) (L, pa()) = (1, p2(pr(2)))-

(e) The Bell subgroup can be formed by Riordan matrices of the form (g(z),zg(x)) or
(f(z)/z, f(x)), with the following multiplication rule:
(91(2), 291(2)) (92(7), 292(7)) = (91(2)g2(x91(2)), 91 (x) g2 (791 (7))).

(f) The Riordan matrices of the form (f’ (z), f(z)) make also the subgroup (called the
derivative subgroup with the following multiplication rule:

(f (), f (@) (¢ (), g9 (x)) = (f (x) g (f" (%)), 9 (f ().

(g) The Riordan matrices of the form (f, g), where f is even while g odd function form
another sub-group (called Checkerboard) with the following multiplication rule:

(f1,91) (f2,92) = (f1fa(91), 921 ())) -

This is so, since fi (—2)) fa(gr (—2)) = i (2) fo (=01 (2)) = Fi(2) o (g1 (2)) i even
if only fi, fo are even and g¢; is odd. Similarly, we have go (g1 (—2)) = g2 (—g1 (2)) =
—¢g2 (g1 (x)). Hence, g2 (g1) is odd if only g5 and ¢; are odd.

We have the following couple of simple observations concerning subgroups of R.
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Remark 3.2.
1. We have:
SDORDIP(p,a,a)DPlp,a)d Alp)D Op), R DC.

Notice also that in general O 2 D unless elements of D are of the form [{r"}] for
some 7.

2. We have immediately
(CL (ZE) ,ZL‘) (17 b ([E)) = (a (ZL’) ;b ([E)) .

That is, every Riordan matrix can be decomposed as a product of an Appell and
an associated matrices.

Proof. The proof is elementary, based entirely on the Theorem 3.1. ]

Remark 3.3. In |7], it was shown that Appell subgroup is normal in R.

Remark 3.4. Notice also, following [7], that every Riordan matrix (g(z), f(x)) can be
presented as the product of an Appell matrix and a Bell one. Namely, we have

(xg(x)/ f(x), ) (f(x)/z, f(x)) = (g(x), f(x))-

Remark 3.5. Since the matrix (1, x) plays the role of a neutral element in the Riordan
group we see that the inverse of (p(z),z/(1 — ax)) ™" is equal to (pi(z), z/(1 + ax)) where

p1(x) is such that py(z/(1 — ax)) = 1/p(x).

Remark 3.6. All subgroups mentioned on the List of subgroups ...3 except for the gen-
eralized Pascal subgroup are known and mentioned, e.g., in |7] or even earlier, like, e.g.,
the associated subgroup is mentioned in [12].

Hence, let us analyze subgroup P(p, @) in more detail.

Proposition 3.7. Let us consider a generalized Pascal matriz (p(x),z/(1 — ax)). Let us
take o € R and that p (z) has the following expansion in the FPS p(x) = > p,a™ with

po # 0. We have then =
1.
n—k .
[ p(2) (¢/(1 — az))* = ;pg’a”‘k—j (n ;5 1)7
2.

J

0o s—1
_ifs—1
p(x/(l—aa:))Zpo+ZxSij+1of ! J( , )
s=1 7=0



64 P. J. SZABLOWSKI

Proof. 1. Let us find [[z"]] p(z) (z/(1 — az))*. To do this, let us expand (z/(1 — az))"
as the power series. It is easy, noticing that for o = 0 the series is finite and consists of
only one element, while for o # 0 we have

) L I ) o (1

n>k

by the well-known binomial theorem. Now applying Cauchy rule of multiplication of
series, we get

(@) (/1 — )" = p () (Of DS ;) <ax>”)

(1 - ax) Z ij (s—j—l—k‘).

Hence, further we get, after some snnple algebra:

) pla) (2/(1 — )" an (T
S pja"’“”("_k_;_ﬁk)
::ikpjanw(”;i;l).

2. Let us analyze also what is the formal power series (FPS) of p(z/(1 — ax)) provided
FPS of p(x) is given by: > p;a?.

Jj=0
We have, after some elementary algebra:

ipja—j<1i‘zx> (1—ax ijszxk k(]+]€>
=0

=(1—ax)) z° pjozs_j( i )
s=0  j=0 57

_p0+z ij <8_j)—aix5“ipja5_j( ° )

S _
5=0 §=0 J

Further, we get also after some snnple algebra:

00 . S o S m _ m_]_
pla/t = a0) =+ 30 g () = e Y g (M)
s=1  j=0 j

o] s—1 s—1
“nt Y a Spaa (1),
s=1 7=0

<

We have also the following immediate observations:
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Remark 3.8. 1. If we set a = 0 in assertion 1. of the Proposition 3.7, then ob-
viously [[z"]] p(z)z* = p,_x. Further, if we set @« = 1 = p; for all j > 0 then

o

[[z"]) p(z) (z/(1 — 2))* = i (") = (1), ie., we deal with the so-called Pascal
i=0
matrix. That’s why we call the Riordan matrix (p(x),z/(1 — ax)) a generalized

Pascal matrix.

2. Given an infinite sequence {p, }j>0 the following infinite sequence { > (?) pjaI }

- §=0 n>0
is called the sequence of generalized binomial transforms (GBT(«)) of the sequence
{pj};50- In the case of & = 1, simply the binomial transform. It is well known
that GBT(«) and GBT(—a) are mutually inverse, that is GBT(—«) applied to

GBT(«) of a sequence {p,} recovers this sequence. Besides GF of the sequence

{A wf E ( pjo } is equal to

7=0 n>0
1 x
1—04xp l—az/’

hence

and consequently

o (= )=ﬁn—aﬁn_1.

3. Observe that

@) () (/1 — ) ij S

("‘1> 2 (15 o (57)

J

As a corollary, we have the following observations:

Corollary 3.9. 1. Suppose we have two Riordan matrices (a(x),b(x)) and (d(z),x).
Then, we have

and

In particular, we have the following form of multiplication by the Pascal matriz:

(1 ST _xw) (d(z),z) = (D@»a% ; _xw) , (4)
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where we denoted d, = [[z"]]d(z), d, (o) = Zn: ()a"d;, D(x,a) = i (o) 2d,

2. For o € R:

(1 —1a:c’ 1 _xw) <d(x)’ 1 —I—Iax) = (D(@,0),7),

where D(z) is defined as above.

Proof. The only thing that requires justification is (4). Following Theorem of Roman,

(1ix’1f:€) (d(z), @) = (1ixd<1f:c)’1f:c)'

Now, let us recall that

we have

7=0 7=0 n=j
o0 n n
:(1—1’)Zx” dj( )
n=0 7=0 J
Now it is elementary to notice that -d(y%) = 3 a"d, “I D(2) O
n=0

Remark 3.10. As a by-product of assertion 2. of the Lemma 3.9 we see that every Appell
matrix can be decomposed as the product of two generalized Pascal matrices. Namely,
we have for all a.

Remark 3.11. Since we have

(@) () = ()

as it follows from assertion 2. of the List of subgroups ...3, we see that there exists

_z
’l-ax
multiplication as group operation and the group of complex numbers with addition as

a homomorphism between the group of Riordan matrices {(1 )}ae c with matrix

group operation.
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Besides notice that

Gl s),

as it follows from assertion 1. of Proposition 3.7 with py = 1 and p; = 0 for j > 0.

Remark 3.12. To complete presentation of simple subgroups of the Riordan group let
us notice that [{a"}] = (1,ax). Consequently we observe that (1,vx) (a(z),b(x)) =

(a(yz),b(yx)), and (a(z),b(z)) (1,72) = (a (z),7b(2)).

Why do we study the lower-triangular representation of some sequences? Well, to get,
for example, some nontrivial identities.

To see what we mean let us consider several examples. Most of them would concern
Riordan matrices of the form (d(z), ), i.e., Appell matrices, since these matrices have a
form easy to deal with. Besides, there exist in the literature many examples of matrices of
this form whose entries are polynomials. Moreover, there are also ready-to-use formulas
for the inverses of such matrices. In the sequel, we often use matrix operation as defined
by (3). We we will denote the result of such operation on the matrix, say A as [{a,}]
transform of A.

4. Examples

This section focuses on analyzing well-known identities and sequences of numbers or poly-
nomials using lower-triangular matrices, with most of them being of Riordan type. One
has to underline that this is not the only approach to this problem. One can use simply
the GF techniques like it was done in [2]| or linear difference equations as it was presented
in [8] and [5]. Most of the examples will be Riordan matrices of the form (d(z,vy),y),
with d(z,y) being a GF of the sequence {d,(z)}, -, consisting either of numbers or poly-
nomials in z. By assertion 1. of the Remark 3.8 we see that [d,_;(z)] is the Riordan
matrix (d(z,y),y) . Two examples will refer to the concept of ZP(p, 8, ) class of Riordan
matrices introduced at position (1) of the List of subgroups ...3. The sub-algebra S&
introduced in the paper’s first section is demonstrated in the subsubsection 4.1.4.

4.1.  Bernoulli and Fuler polynomials and numbers

4.1.1. Bernoulli & Euler Polynomials. Let us recall that Bernoulli and Euler polynomials
(denoted respectively B,(z) and E,(z), for n—th polynomial) are defined respectively by
the expansions:

texp(at)/fesp(t) ~ 1) = 37 LB (o), (6a)
2exp(at)/(exp(t) + 1) = 3 gEn(m). (6b)
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Hence, we have the following identity

> %Bn(x) =2t exp(2xt) / (exp(2t) — 1)

t" t"
(i) (i)
—Z tk Z( ) Ek n( )

k>0 'no

Comparing polynomials by ¢" and dividing both sides by k! we end up with the identity.

k

2" By (2)/k!= ") (Bu(x)/n!) (Bion(2)/(k —n)!). (7)

n=0

Let us define the following lower-triangular infinite matrices [B,_;(x)/(n — j)!] and
[En_j(x)/(n—j)!]. Hence, the Eq. (7) is now reflected in the following relationship
between these matrices:

[Bu—j(x)/(n = 0] [Enj(@)/(n = )] = {2 [Baj(2)/(n = )] [{277}] . (8)

Remark 4.1. Notice that, following definition of Appell matrix, we deduce that [B,,_;(z)/
(n—7)!] and [E,—;(2)/(n — j)!] are two Riordan matrix of an Appell type. More precisely,
for every z € R :

zexp(zr)
B _ — | g
B2/ 1] = ( 29250 o)
2 exp(zx)
E _ —_ ' pr—
B0 = 1] = ( 22250 )
Moreover, (8) is just the example of the position (3). of the List of subgroups ...3,

above. Namely, we have

B0 = M By 0= 1] = (Z22E ) (29260 )

exp(x) exp(x) + 1’
(

2 exp(2zx)
/AN 10 x )
exp(2z) — 1

where 289E22) _ S~ yn—jon—iB _(z)/(n — j)!.

exp(2z)—1 s

4.1.2. Laguerre polynomials. Let L%a)(:c) denote n—th Laguerre polynomial, the member
of the family of polynomials which are orthogonal with respect to measure z= exp(—x)
for x > 0 and aw # 1,2, ... . Let us define the following family of orthogonal polynomials:
L(z) = LT (—g).

n
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J—m

Proposition 4.2. For alla # 1,2,... n>m >0: ) Lfﬁjj(x)ﬂ“) (x) = 0, Conse-
j=m
quently, we have
(@ (] ()
@] = e @)].

Besides, we know that we deal with the Riordan matrix of the Appell type

20,0)] = (o0 (155 ) ra =0 0),

since Y t"Ly(z) = exp (—1%) /(1 —1).

320

n—m
Proof. First, notice that the we can take k = j —m and prove the identity > LSL“_)m_k(x)
k=0
E,(:) (x) = 0. We are now using the concept of generating functions and asserting Remark
3.5. Consequently, we realize that our identity is equivalent to the fact that the generating
function of the polynomials {ﬁ,(f)(x)} is equal to the inverse of the generating function

of the Laguerre polynomials. But it is well-known that

nrla 1 tr

n>0

Hence, it remains to notice that :

St L (@) = (1 - )™ exp <1tf t) .

n>0

4.1.3. Hermite polynomials. Following an identity presented in, say [l4](unnumbered
formula below (8.17)), we have

[He,j(w)/(n = )] = [i" 7 Heny(ix) /(n — 5)!]

where 7 is an imaginary unit, and He, (x) n—th so-called probabilistic Hermite polynomial,
i.e., the ones orthogonal with respect to the measure with the density exp(—22/2)/v/2m.

Recall also that the GF function of the Hermite polynomials is exp(yz — y*/2) that is
we have (see e.g. Wikipedia, [9])

Z Z—THen(:U) = exp(yx — y*/2).

n>0

Remark 4.3. Now we see that [He,_;(z)/(n — j)!] is an Riordan matrix of the Appell
type given by the formula (exp(yz — y?/2), ).
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4.1.4. Numbers. We will also use the following notation:

g(n):{o if nisodd H(x):{o if <0,

1 if niseven ’ 1 if >0,
1 if x=0,
H2(z)=H(x)+ H(x—-2)—2H(zx—-1)=¢ -1 if z=1,

0 if otherwise,

H3(z)=H(x)— H(x—1)— H(x —2) + H(x — 3).

and {E,}, and {B,} denote respectively n—th Euler and Bernoulli numbers.

We have
G =[C)) O = [ ()
[H(n = )] = [H2(n = j)], [e(n = j)H(n = j)] " = [H3(n — j)],

for some real \. Let us recall that matrix [(?)} it is a well know Pascal matrix mentioned

already above. Hence, we have for example, for all n > j

() -

Remark 4.4. Notice also that [H[n —j] = (1/(1 —x),x), hence naturally we have
[H (n—j)] " = (1 —x,x), as it follows from the List of subgroups ...3, 3.

As shown in [13] we have

Ozl =[] fr-a()] =[()m]

Thus we have for all n > j:
u n k kaj —0
—~\k)\J n—k+1

Sroa-n(()()

Notice that performing the following matrix multiplications on the first of the identities

(9):
| (3 g w6, tamy | (7)o =] T,

n—7j3+1
we end up with the rather unexpected identities:
[1/(n =) = [(=1)"7/(n= )], (10)
[1/(n =+ D" = [Bay/(n = )], (11)
G =)/ =) = 1B/ (G = )] (12)
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Remark 4.5. Let us notice that [1/(n — j)!], [1/(n — 7+ )], [e(5 —1)/(F — )], [Bn—j/
(n—g)!, [Ej—i/(j — i)!] are Riordan matrices and [1/(n — j)!] = (exp(z),z), [1/(n—j +
D] = (exp(x)—=1,2), [e(j —i)/(F — )!] = (cosh(x), ), [Bn—;/(n — j)!] = (zexp(z)/(exp
(2) —1),2), [Ej_i/(j — )] = (2exp(z)/(exp(z) + 1), z) . Besides we see that [(g)En_j] ,

[5(71 - j)(?)] ez =9/ =) ,[Ej—i/(j —i)!] are the examples of the elements of the
sub-algebra S€.

As shown also in [13] we have further
Q)] - [QE
j)n—j+1] i) =\ k
S
G =[G
K%) I R (2n> gy (2n - Qj) .
2i)2(n—j+1] — |\2) = k g

Hence, in particular we have Vs > 1 :

i (2,:)316/(25 —k+1)=0.

k=0

Notice that we have changed the order of summation to get the second identity and use
the following, elementary to prove, identity:

- 25 — %~

2% —2m 1) = —o
2. (Qm—l)/(s mtD = o
m=[1/2]

Again, performing right hand side and left-hand side multiplications by matrices [{1/n! }]
and its inverse we get the following also unexpected identities:

(i —d)/G—i+ 1] = iQkBjik/(k! (J—i—k) )] , (13)
1/(25 = 2001 = [Bayoai/ (25— 20)1], (14)
[1/(2j —2i+ 1) = ]Z 2" By./ (k! (2] — 2i — k)! )] : (15)

L k=0

Remark 4.6. Again notice that [e(n —j)/(n — 7+ D], [1/(2n —2j)!],[1/(2n — 2i +
)], [Eaj_2:/(25 — 2i)!] are Riordan matrices respectively: (sinh(z)/xz,z), (cosh(v/z), x),

(sinh(y/z) /v/z, ), (\/x/sinh (1/z) , z). Consequently we deduce that [:g;?“Bj_i_k/(k! (j—
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2j—2i

i—k)! )], [ S 28By/(k!(2j — 2i — k)!')| are also Riordan matrices respectively: (z/sinh(z),
k=0

z) and (y/z/sinh (x),z). Again notice that the lower-triangular infinite matrices [5(n —

7)) = ] and [e(j —i)/(j — i+ 1)!] belong to the sub-algebra SE.

7/ n—j3+1

4.2.  Pochhammer symbol - rising factorials

We will use the following notation. For x € C let us denote
@)y =2(x—1)...(x —n+1). (16)
This polynomial in x will be called falling factorial while the following polynomial
()™ =z(@+1)...(x+n—-1), (17)

will be called rising factorial. The n—th rising factorial is also called the Pochhammer
symbol. In both cases, we set 1 when n = 0.
It is also well-know that

(@) = (=1)"(=2)", and ()™ = (=1)"(~2) ). (18)

Recall, that we have also the so-called binomial theorem stating that for all complex
|z| < 1 we have

(1—2)* =) (=a)(a)/il= Yo’ (=) /j!. (19)

Jj=0 Jj=0
Notice that from this expansion, by the (so-called exponential) generating function
method we get the following identity which is true for all «, 8 € C:

n

s =3 (1) @ @), 20

=0 \J
(o + ﬁ)(n) = go (?) (&>(n—j) (ﬁ)(]’) - (21)

The following is our initial observation:

Proposition 4.7. i) VC >z #0:
i(n (x)(n) -1 i(n (I)(n)
=) (y) (a:)(j)] B [(_1) (y) (a:)(j)] | 22)

gl -frog)

iii) For the reference sequence ¢, = n!, we have

[<—1>f (") Eii; ] — (0= ).

i) VCox#0:
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Thus, it belongs to a class TP(p, —1,1) (compare position (1) of the List of subgroups

Q
veed.

Proof. To prove this identity, we have to show that Vn > j:

L@ kY @)

=X (1) e () e

(@O ()
-(7) P D ey T

But this is obvious in the face of the above calculations.
ii) We apply right-hand side multiplication of a lower triangular infinite matrix by a
diagonal matrix {(—1)7} as described in Remark 1.2,4. getting on one hand

[(—1)j (7;) %} H(—l)]H = [(7;) ((Z))((j))} . On the other hand since

1

(rCyeslton) ot [ )]

iii) Following (19), we get for the j—th column

n\ (z)™ yn Y (4 q
gi(w,y) = Z(—l)j( ) ((x))(” fﬂ — (—1P L Zyn—](ﬂ—

n2j J

]

Now, taking o« = z and = —z in (20) and then in (21) and finally using the standard
trick with multiplication by the diagonal matrix [{n!}] and its inverse (compare Remark
1.2,4.), we arrive at the following identities

-1

(@2 Jn =] = [ Jm =],
(@ /0= 31] " = [0y 0= 3)1]

Similarly, setting z = 1 in (22,i)), we get
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Similarly, setting = = 1 in (23), we get

[(n (%) ] . [(—1)”-j<n (%)

Remark 4.8. It is elementary to notice that [(a:)("fj) /(n—7)!| is equal to the Rior-

dan matrix of Appell type((1 — y)™%,y). Further let us note, that [(—1)j(n —J)! (’;)2]
is a Riordan matrix (ﬁ, 1-5)- Finally, combining the fact that [(—1)j(n —J)! (;‘)2} is a

Riordan matrix (ﬁ, 1), the fact that

[<n ) (?)] . [(—nﬂ(n ~ ) (?)] (0

and the observations contained in the Remark 3.12, we deduce the [(n —J)! (’;) 2] is the
Riordan matrix of the Pascal type equal to (ﬁ, ﬁ)

Recently, in [16] several lower-triangular matrices involving rising factorials of two vari-
ables have been defined. Let us present these matrices and some relationships they are
involved in. Let us remark that the matrices presented below are not Riordan matri-
ces. However, since they have rather complicated structure, they can be used to obtain

non-trivial relationships involving Pochhammer symbols of two variables.
1.

E(a,b) =

. L1 —1
(a+b+n—1)9 (b+ j)nD
7! (n—j)!

Ela.b) = B-(a,b) [<_1)Mn! (b+ )" (a+b+2j — 1)]

(n—5)a+b+j—1)""

i N (g — b)Y (g n— 10 F_
E(a,b)E(b,b) = _(—1>n_j o) (nb)_ ! ((Qb_:,bj_‘__ 1)(ni)1) CAL 1)] :
E(b,)E (b,b) = [(~1)"] E(a, b) E(b,b) | (1]
_ (b4 5) "D (a—b)"D(a+b+n—1)0)(204 25 — 1)}
i (n— ) (2b+j — 1)(n+D) ’
E(b,b)E(a,b) = (E(a,b)E(b,b))~"
_ '(_1)%]4 b+ D20 4+n—1)D(b—a)" D (a+b+ 25 — 1)]
i (n—j)(a+b+j—1)n+D ’
E (b,b) E(b,a) = [(~1)"] E(b,0)E(a,) |(~1)']
[+ )"0+ - )OO0 —a)" P (a+ b+ 25 — 1)]
(n—jN(a+b+j—1)+) '
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E(a, a)E(b,b):
e(n—j)(26+2j—1)(2a+n—1)( (a—b) (b+]) (n— j)m(a—l-(n+])/2) nei)/2)
((n—j)/2)1(2b+j — 1)+

4.3.  Examples coming from q—series theory

4.3.1. Introduction and notation. Let us introduce a few elementary notions of the so-
called g—series theory.

q is a parameter. Generally, we will assume that —1 < ¢ < 1, unless otherwise stated.
However, sometimes we will consider the case ¢ = 1, not always directly, but as a left-hand
side limit ( i.e.,g — 17). We will point out these cases.

We will use traditional notations of the g—series theory i.e.,

0], =0, [n],=1+q+.. '=T] 1, with [0],!=1,

q
J=1

[n],!
m _ ) mommy o n2k=20,
K g 0 , otherwise.

(Z) will denote the ordinary, well known binomial coefficient. It turns out that m , are
polynomials in ¢ (called Gauss polynomials).
It is useful to use the so-called g—Pochhammer symbol for n > 1 :

|
—
>

n

(alg), = (1 — aqj) . (ar,aq,...,ak]q), H (ajlq),, (24)

J=1

.
Il
=)

with (alg), =1

Although the formula below was known much earlier we cite [10] because of its nice

proof. Namely, we have
(ala), = (a1 (25)
=0 q

This formula is often referred to as a finite g—binomial formula, that will be generalized
just below.

Often (alq), as well as (a1, as,...,a|q), will be abbreviated to (a), (not to be con-
fused with the falling factorial defined above) and (a1, as,...,ax),, if it will not cause
misunderstanding.

We will also use the following symbol |n| to denote the largest integer not exceeding
n.

It is worth to mention the following two formulae, that are well known. Namely, the
following formulae are true for || < 1, |g] < 1 (derived already by Euler, see [1] Corollary
10.2.2)

1 ¢k
e~ 20

§>0 Q)k



76 P. J. SZABLOWSKI

(0 = Y (-1 L 1)
oo — - q\2
k>0 (@)
It is easy to notice that (¢), = (1 —¢)" [n],! and that
|: :| — (Dp—r(@p - =7 (28)
k q 0 , otherwise.

The above-mentioned formula is just an example where direct setting ¢ = 1 is senseless
however, the passage to the limit ¢ — 1~ makes sense.
Notice that, in particular,

), =n, [n],!=nl, ml - (Z) (@) =1—a, (a|l), =(1-a)", (29)

and

1 if n>1 n 1 if n=0
= - ': — — )

4.3.2. Examples concerning important in g—series theory families of polynomials. To
proceed further, let us prove some auxiliary results.

Proposition 4.9. 1. Vx,y,q € C,|q|,|y| < 1:

- y_j _ (y2)y
Z(Q)j - ’

J=0

2. Ve,qe C,x #0,|¢gl <1,n>1
Zm (2),_; 2 (1/z); = 0. (31)

Proof. 1. Using (25), we get

R S 2PV R o A ()%
2 g, TV L

by (26) and (27).
2. Now notice that using assertion 1. with y substituted by xy we get

1) W2)s = (9,
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Let us denote d,(z|q) = > [?]q (%),_; 27 (1/z); and let us find its generating function.
j=0
We have
X _; @) (1)),
> g el §:y§: ]
n=0 (q)n j=0 (q)n -7 (q)]
ijj 1/£L' Y
E: s
n=j n=j
_ (y)oo (yx)oo _1
()0 () oo
Hence d,(z|q) = 0 for n > 1. O

We also have the following almost elementary observation:
Following (25) for n > 0 and a = 1 we have he following identity, true for n > 1 :

As a corollary we have the following relationship:

Corollary 4.10. 1. Vz,q € C,|q| # 1:

[ /(@) = [0 f(g)s]

In particular, taking x =1 — q, we have

n—j+1

(1=t = [0 7aCE ) - g, 1]
Further multiplying from the left-hand side by the matriz [{(q),}] and from the right-
hand side by the matriz [{(q)?l}] , we get the following relationship:

)] - [erenf]]

J
2. Following (391), we get for all z,y € C:

v @ /@] = e (e, @)

and after applying similar trick with diagonal matric multiplication we get

PHBL@WJIZPHWﬁmJ”“Hl

Proof. We start with the assertion of Proposition 32 and multiply both sides of this
identity from the left-hand side by [{(q)gl}} and from the right-hand side by [{(q)y}]
and then apply assertion 4. of Remark 1.2. On the way we utilize the definition of [?]q
given by (28). O
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Remark 4.11. Notice that when passing with ¢ to 1 in the last assertion of the Corollary
1.10 we get (10).

Remark 4.12. Notice also that some of the relationships mentioned in the Corollary
1.10 refer to Riordan matrices of the Appell type. Namely, we have [2"77/(q)n—;] =

(1) ) and obviously [(~1)"72"~3q("+") /(q)5| = ((t2) 1) [y (2),-; /()]
= ((tzy) /(ty),, ,t) as it follows from Proposition 4.9, 1. somewhat less obvious is the
relationship

2 (1), /@)y | = () /(b))

Recall, e.g., following [14], that the following polynomials

Ratel) =Y [

=0

are called Rogers-Szegd polynomials and they play an important role in the g—series
theory. Following, e.g., [14], we know that the generating function of the polynomials
{R} are given by the following formula:

t* 1

s>0

Hence, by simple operation of series multiplication and making use of the formula (27)
we deduce that the following family of polynomials:

R (]q) = (—-1)" i m qx8q<5>+<"?‘>,

s=0
defined for n > 0 satisfy the following identity:

n

> qua‘(ﬂflqmn—j(ﬂq) = 0np.

J=0

Consequently, we have

Roci@l0)/(@),y] = [Frues(ala)/ ), )

Following [14], formulae (3.16), (4.10), and (5.15), and the proceeding each of these
formulae definitions, we have

i@/l = 3,1 | = [bns(@la)/ln = 3, ]
hocs(wla,a) /= 31,1 = [hasyela )/In— i1,1]
Qustalabia)/in =11, = [Quesolaba)/In = 1,1
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where {h,(z|q¢}, {hn(z]a,q)}, {Qn(x|a,b,q)}, are respectively the so-called g—Hermite,
big ¢g—Hermite, Al-Salam—Chihara polynomials. They constitute a part of the so-called
Askey-Wilson scheme of orthogonal polynomials defined by their three-term recurrences
given by the formulae respectively (3.1), (4.1), (5.1) in [14]. The families of polynomials
{bn(z]q)}, {ﬁn(ﬂa, q)}, {Qn(x]a, b, q)} are defined by their three-term recurrences given
by the formulae respectively (3.14), (4.9) and unnumbered formula proceeding (5.15).
Although these families of polynomials were defined for real x, a, b, ¢ all from the segment
[—1, 1], we can extend their ranges to all complex numbers since they are polynomials.

Remark 4.13. Let us denote the following infinite product
en(wla) = 1/] [ v(tlad?’),
=0

defined for all |t|,|a|,|q| < 1. where v (z]|a) = 1 — 2ax + a®. Tt is known (see e.g. |9], or
[15], (3.6)) that GF of the sequence {h,(z|q} is equal to ¢p(x|t). That is we have

> oh(ala) = eulzi).

defined for all [¢|,|z|,|q| < 1.Similarly, following either [9], or [15](4.7) we see that
the GF of the family {h,(z|a,q)} is (at)_ ¢n(z|t). Finally following the same refer-
ences we observe that the GE of the family {Q,(x|a,b,q)} is (at,bt)  on(x|t). Hence, we

observe that [hn_j(x]q)/[n —j]q!] = [hn_j(x|q)/(q)n_j} [{(1 = ¢)’}] and consequently
that is a Riordan matrix having the form of a product (¢n(z|t),t) (1, (1 — ¢)t). Simi-
larly [hn_j (zla,q)/[n — 4], } is a Riordan matrix of a form ((at)_ on([t), ) (1, (1 — ) ¢)
and [Qn,j(:c]a,b, q)/[n —j]q!} is also a Riordan matrix of a form ((at,bt)  n(z|t),?)
(1,(1 —q)t). All these considerations are true for ||, |z|, |a|, |b],|q| < 1.

5. Glossary
L. [an;l, 5, With an; = 0 for all j > n > 0, lower-triangular infinite matrix with
entries belonging to C,
S -the algebra of lower- triangular matrices .
D -the sub-algebra of all diagonal matrices.

[{B.}] -diagonal matrix with (3, asits (n + 1) X (n + 1) entry.

ool W N

SE -sub-ring of lower-triangular matrices [a, ;] with @, ; = 0 whenever n — j is an
odd number.

6. L -the group of lower-triangular matrices.
7. R -the sub-group of Riordan matrices.

8. IP(p, B, ), P(p,«a), L(p,a), A, C -various Riordan subgroups defined in the List of
subgroups ...3 ,



80 P. J. SZABLOWSKI

9. B,(z), E,(z) -respectively Bernoulli and Euler polynomials defined by (6a) and
(6b).

10. L,(x), He,(z) -Laguerre and Hermite (more precisely the so-called probabilistic
Hermite polynomials)

11, () (z)™ respectively falling and rising factorials.

12. (z|q),, the so-called g—Pochhammer symbol (defined by (24), often also denoted by
(x), when ¢ is well defined.

13. GF-generating functions.
14. RGF -reference generating function.
15. FPS -formal power series.

16. GBT(«) -generalized binomial transformation defined in Remark 3.8.
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