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ABSTRACT

In a graph, a vertex is said to dominate itself and all its neighbors. A subset S C V(G)
is a double dominating set of a graph G, if every vertex of V is dominated by at least
two vertices of S. The double domination number denoted by 7.4 (g) is the minimum
cardinality of a double dominating set. Graph operations are fundamental in graph theory
and have various applications across different fields including network analysis, parallel
computing and electrical circuit design. This paper studies the problem of finding the
double domination number under unary and binary operations of graphs. We investigate
the double domination number of graphs under unary operations such as inflation and
cubic inflation. Also, we introduced two new unary operations inspired from inflation
operation and studied the impact of these operations on double domination number.
Further, we explore the double domination number of edge corona and neighborhood
corona of two graphs. Additionally, we study the double domination number of various
corona operations of two graphs combined with subdivision of a graph and R—graph.
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1. Introduction

All graphs we considered are finite, simple and undirected. Let G = (V, E) be a simple
graph with no isolated vertices. The number of vertices, |V (G)| is called the order of
G and the number of edges |E(G)| is called the size of G. The open neighborhood of a
vertex v € V(G) is the set N(v) = {u € V(G)|uv € E(G)} and the closed neighborhood
of v is the set N[v] = N(v) Uv. A vertex of degree one is called a pendant vertex and the
vertex adjacent to a pendant vertex is called a support vertex. A vertex that is adjacent
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to all other vertices of a graph is called a universal vertex of the graph. For graph theory
terminology and notation, we in general follow [1, 25]. A dominating set of a graph G
is a subset D C V such that every vertex of V' — D is adjacent to at least one vertex in
D. The domination number, v(G) is the minimum cardinality of a dominating set of G.
For more details we refer the books, Fundamentals of domination in graphs and Topics
in domination in graphs|15, 14].

Depending upon various applications, different variations of domination have appeared
in the literature. Among them k—tuple domination is well studied variation of domination.
Frank Harary and Teresa Haynes [13, 12] introduced the concept of k—tuple domination
in graphs. The case k£ = 2 corresponds to 2—tuple domination or double domination.
A double dominating set of a graph G is a subset D C V such that every vertex in V'
is dominated by at least two vertices in D. The double domination number denoted by
Yax (G) is the minimum cardinality of a double dominating set of G. Equivalently, if
|IN[v] N D|> 2¥v € V(G), then D is a double dominating set of G.

A detailed survey on double domination in graphs can be found in [15]. The double
domination number of trees have been explored in [3, 5]. The double domination problem
has been studied under various binary operations such as corona, tensor, join, lexico-
graphic, shadow and rooted products of two graphs in [7, 6, 4, 24|. It has also been
studied under various unary operations in [23].

1.1.  Related Work

The inflation of a graph is an unary operation which increases the order and the size of
the graph but preserves the degree sequence of the graph. The cubic inflation of a graph
is an unary operation that converts any connected graph with minimum degree at least
two into a cubic graph. The inflation operation of a graph was introduced by Favaron in
[9]. Inflation have been studied under various domination parameters in [16, 19, 18]. The
cubic inflation operation was introduced in [2].

The corona of two graphs was first introduced by Frucht and Harary [10]. Let G; and G,
be two graphs on disjoint sets of n; and ny vertices, respectively. The corona of G; and G5,
denoted by G105, is defined as the graph obtained by taking one copy of G; and n; copies
of G5, and then joining the i** vertex of G to every vertex in the i* copy of G5. Hou and
Shiu [17] and Gopalapillai [11] introduced the two variants of the corona operation, namely
the edge corona and the neighborhood corona respectively. The subdivision operation
denoted by S(G) of a graph G is the graph obtained by splitting each edge of G by
introducing a new vertex [I]. In [23] we obtained the double domination number of
subdivision of some classes of graphs. The two new operations on subdivision graphs,
namely, subdivision-vertex corona and subdivision-edge corona were introduced by Lu and
Miao [22]. Liu and Lu [21] introduced two new graph operations based on subdivision
graphs, namely, the subdivision vertex neighborhood corona and the subdivision edge
neighborhood corona. The R—graph of G, denoted by R(G) is the graph obtained from
G by adding a vertex v to every edge e of G and joining v to the end vertices of e [8].
Observe that R(G) is just the edge corona of G and K. In [23] we proved that the double
domination number of R—graph of any graph G is the order of G. Lan and nZhou[20)]
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defined four new graph operations based on R—graphs, namely the R—vertex corona,
R—edge corona, R—vertex neighborhood corona and R—edge neighborhood corona.

Although the double domination number of various unary operations and vertex corona
has been explored, the double domination number of inflation, cubic inflation, edge
corona, neighborhood corona and various corona operations combined with subdivision
and R—graph has not been examined so far. This inspired us to study the double domi-
nation problem under inflation and various corona operations.

The rest of the paper is organized as follows. In Section 2, we obtain the double
domination number of inflation, cubic inflation and two new unary operations of graphs.
In Section 3, we determine the double domination number of edge corona, neighborhood
corona and various corona operations of two graphs combined with subdivision of a graph
and R—graph respectively.

1.2.  Preliminary results

Observation 1.1. [24] Every double dominating set of a graph must contain all its leaves
and support vertices.

Theorem 1.2. [24] For a connected graph G, 2. (G) = 2 if and only if G has at least
two universal vertices.

Theorem 1.3. [24] For a connected graph G, v2x (G) = |V(G)| if and only if every vertex
of the G 1is either a leaf or a support vertex.

Theorem 1.4. [24] If G is a graph without isolated vertices then Yoy (G) > —A(é’;ﬂ.

Theorem 1.5. [24| Let G be a cycle graph of order n. Then v, (Cy) = [2].

Theorem 1.6. [24]| Let G be a path graph of order n. Then . (P,) = {@W

2. Double domination under unary operations

2.1.  Double domination in inflated graphs

Definition 2.1. The inflation of G or inflated graph G; is obtained as follows: every
vertex © € V(G) of degree d(z) is replaced by a clique X = Ky(,) and each edge zy is an
edge between two vertices x and y of the corresponding cliques X and Y of GG; in such a
way that the edges of GG; which come from the edges of G form a matching.

As an obvious consequence of the definition of inflation, n(G;) = >  d(z;) = 2m(G)
wZGV(G)
and A(Gr) = A(G) and 6(Gy) = §(G). For the notations of inflated graphs we follow [9].

A graph G and its inflated graph G| are shown in Figure 1.
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(a) ®)

Fig. 1. (a) G and (b) G

Theorem 2.2. Let G be a graph of order n with no isolated vertices. Thenn < o, (Gy) <
2n.

Proof. Let {v;;1 <14 < n} be the vertices of G. Let Ky,);v; € V(G) be the cliques of
G7. Let S be the minimum double dominating set of G;. Then S must contain at least
one vertex from each of the cliques in GG, because a vertex v in GG; has only one neighbor
outside Ky,). Since, there are n cliques in Gi7, to double dominate every vertex of G we
need at least n vertices. This implies, |S|> n.

Every clique Ky, has at least two universal vertices and thus by Theorem 1.2, we

have, vo, (Kg, ) = 2 for each i;1 <4 < n. Hence, 7. (G) < Y Yox (Ka,) = 2n. ]
i=1

Theorem 2.3. Let G be a graph without isolated vertex. Then vox (Gy) > 2l(G), where
[(G) is the number of leaves in G with equality if and only if every vertex of G is either
a leaf or a support verterz.

Proof. Let S be the minimum double dominating set of GG;. Let z; be a leaf adjacent to
y;. Since every vertex v € V(G) is replaced by a clique of size deg(v), a leaf in G remains
as a leaf in G;. Also each leaf in G is adjacent to a unique vertex in Gj. Therefore, to
double dominate every leaf of GG;, we need every leaf and its support vertex to be in the
minimum double dominating set S of G;. Hence, |S|> 2I(G).

Suppose |S|= 2[(G) be a minimum double dominating set of G;. Let u be the vertex
which is neither a leaf nor a support vertex in G. Then by definition of G; u cannot
be adjacent to any of the support vertex in G;. Thus w is not dominated even once,
contradicting the fact that S is the minimum double dominating set of G7.

Conversely, suppose every vertex in the graph G is either a leaf or a support vertex.
Then by observation 1, and by the fact that every leaf of G; is adjacent to a unique support
vertex, S contains every leaf and support vertex of G; to double dominate them. O

Theorem 2.4. Let G = C,, be the cycle graph of order n. Then v2x (Gr) = {%’ﬂ

Proof. The inflation of cycle of order n is again a cycle of order 2n. Therefore by Theorem
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15, 12 (Gr) = [%]- O

Theorem 2.5. Let G = P, be the path graph of order n. Then . (Gr) = {@—‘

Proof. The inflation of path of order n is again a path of order 2(n — 1). Therefore by

Theorem 1.6, vo5 (G}) = {@-‘ O

Theorem 2.6. Let G = W, be the wheel graph of order n. Then 2. (Gy) = [@-‘ +
n—1
(=5

Proof. Let {v;;1 < i < n} be the vertices of G. Let v, be the universal vertex of G.
Then each v;;1 < i < n—1 are replaced by a clique of size 3 and v, is replaced by a clique
of size deg(v,) in Gj. Let {v;1,v;2,0v;3;1 < i < n — 1} be the vertices of the cliques,
K,,;;1 <i <n—1 corresponding to the vertices v;;1 <i <n—1. Let {v;5;1 <i<n-—1}
be the vertices adjacent to the vertices in the clique, K,, corresponding to v, in G;. Then
the vertices {v;1,v;9;1 <i <n— 1} form a cycle of length 2(n — 1). Let S be the double
dominating set of G;. We pick the minimum double dominating set {v; j;1 <i <n—1;j =
1,2;i4j # 0 mod 3} of the cycle to be in S. Then the vertices in this cycle are dominated
at least twice. Observe that, S contains two vertices from cliques K,;;1 <i<n—-1;i =1
mod 3 and exactly one vertex from the cliques K,;1 <i<n—1;9i# 1 mod 3. Hence, S
dominates vertices in K,,;1 <7 <n—1;7 =1 mod 3 at least twice. Now there are VT_IW
vertices, {v; 3} of the cliques K,,;;1 <i <n—1;i # 1 mod 3 that are adjacent to the
vertices in the clique K, that is dominated only once by S. Hence, we include the vertices
{vni;1<i<n-—1;i# 1 mod 3} from K,, that are the neighbors of the vertices {v; 3} of
the cliques K,;;1 <i<n—1;i#1 mod3in S. Thisset S={v; ;51 <i<n—-1;7#0
mod 3} U{v,:;;1 <i<n-—1;i#1 mod 3} dominates every vertex of G at least twice

and |S|= {@ + [251]. Now, we need to prove S is the minimum double dominating
set of GG;. Since the double domination number is the minimum among cardinality of all
the double dominating sets of G; we have Y2, (Gy) < |S|= [@—‘ + (”T_W

To dominate every vertex of G at least twice we need to include two vertices from
each clique that is 2n vertices which is greater than |S|. Otherwise we need to include the
minimum dominating set {v; ;;1 <i<n—1;7=1,2;j =¢ mod 3} of the cycle of length
2(n—1). Then Let S” = S—{u} for any win S. This set S’ dominates every vertex of G at

least twice except the neighbors of . This implies, Yo (G) > {2(%1)" +[24] = |S]. This

3

proves S is the minimum double dominating set of G and vo5 (Gf) = {@W + (”T’W . O

Theorem 2.7. Let G = K, be the complete graph of order n. Then vox (Gr) = 2(n—1).

Proof. Let {v;;1 < i < n} be the vertices of G and K, be the cliques corresponding
to the vertex v;. Let {v;4;1 < j < m;1 < i,k < d(v;)} be the vertices of the cliques
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K1 <i<n. Let S ={v11,021,0;:3 <j<n;1 <k <d(v)} where vj;, € {N(v1;1)U
N(va1)} — {K.,, UK,,} and (vy1,v21) € E(Gy). This set S dominates every vertex of
G at least twice. Therefore, S is the double dominating set of Gy and |S|= 2(n — 1).
Now we need to prove S is minimum. From the definition of double domination number
it is obvious that yox (Gr) < |S|= 2(n — 1). Observe that every vertex in a clique has a
unique neighbor from another clique. This implies, no two vertices of a clique K,, have a
common neighbor outside K,,. Therefore, to dominate all the vertices of a clique at least
twice, we need to include two vertices from each clique or one vertex from the clique and
its neighbor from another clique. In both the cases, v2. (G;) = 2n > |S|= 2(n—1). Thus,
S is a minimum double dominating set of G;. Hence 724 (Gr) = 2(n — 1). O

Theorem 2.8. Let G = K,,,, be the complete bipartite graph of order m + n. Then
Y2 (Gr) = 2(m +n —1).

Proof. The proof of this theorem is similar to the proof of the previous theorem. Let
{vi,v;;1 <i <m;1 < j < n} be the vertices of G and K, K, be the cliques correspond-
ing to the vertex v; and v; respectively. Let {vy;;1 <k <m;1 <[ <d(v;)} be the vertices
of the cliques K,, and {v,;;m+1<p <mn;1 <gq <d(vj)} be the vertices of the cliques
Ky, Let S = {v11,021, 000, 050;3 <k <m;1 <1< 2im+1<p<nl <q<dw)}
where v, , € {N(v11) UN(ve1)} — {K,, UK,,}. This set S dominates every vertex of G
at least twice. Therefore, S is the double dominating set of G; and |S|= 2(m +n — 1).
Now we need to prove S is minimum. From the definition of double domination number it
is obvious that yox (G) < |S|=2(m +n — 1). Observe that every vertex in a clique has a
unique neighbor from another clique. This implies, no two vertices of a clique K, have a
common neighbor outside K,,. Therefore, to dominate all the vertices of a clique at least
twice, we need to include two vertices from each clique or one vertex from the clique and its
neighbor from another clique. In both the cases, v (Gr) = 2(m+n) > |S|=2(m+n—1).
Thus, S is a minimum double dominating set of G;. Hence, vo5 (G;) =2(m+n—1). O

Theorem 2.9. Let G = K, and G' = S, be a star graph and a double star graph of
order n + 1 and r + t respectively. Then vou (G) = 21(G) and 2% (G}) = 21(G") where
[(G) is the number of leaves in G.

Proof. The proof follows from the Theorem 2.3. O

Observe that the inflation operation increases the double domination number as the
number of vertices and edges increases. Also the gap between v, (G) and 72« (G) can
be arbitrarily large. For example, 7o (K,,) = 2 but yox (K,r) = 2(n — 1).

2.2.  Double domination in cubic inflated graphs

Definition 2.10. Let GG be a connected graph without isolated vertices. The cubic infla-
tion of graph G denoted by CI(G) is obtained as follows: First we replace every vertex
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v with a cycle @, of length twice the degree of v and then replace every edge uv of G by
two edges joining @), and Q,.

A graph G and its cubic inflation CI(G) are shown in Figure 2. From the definition

we have n(CI(G)) = eVZ(G) 2deg(v) = 4m(G) [2].

Fig. 2. (a) G and (b) CI(G)

Theorem 2.11. Let G be a connected graph of order n and size m, with 6(G) > 2. Then

Proof. Let {v;;1 < i < n} be the vertices of CI(G). Let C,, be the cycles of order
2deg(v;) in CI(G) corresponding to the vertices v;. Let {v; ;;1 <7 <mn;1 < j < 2deg(v;)}
be the vertices of the cycles C,,. Let S be the double dominating set of CI(G). We
pick the vertices {v;;;1 < i < n;j = even} from each cycle C,, to S in such a way
that (v;;,vx;) € E(CI(G));1 < i,k < n;i # k. That is we pick deg(v;) vertices from

each cycle and there are n cycles. Therefore, |S|= Y deg(v;) = 2m. From Theorem 1.1,
i=1

we have v, (CI(G)) > % = 22 — 2m. This implies, S is the minimum double

dominating set of CI(G) and hence v, (C1(G)) = 2m. O

2.3.  Double domination under a-operation

Definition 2.12. Let G be a connected graph of order n. Let G, be the graph obtained
after applying « - operation on GG. The operation is defined as follows: every vertex
v € V(G) is replaced by the independent set, I, of cardinality deg(v) and every vertex of

I, is adjacent to every vertex of [, if uv € E(G). G, has ) deg(v;) vertices.
=1

(2

A graph G and the graph G, obtained after applying « - operation on G are shown in
Figure 3.



36 MAGIMA AND RAGUKUMAR

Fig. 3. (a) G and (b) G,

Theorem 2.13. Let G be a connected graph of order n and with a universal vertex or
two vertices u and v such that N[u] U N[v] = V(G). Then vax(Gq) = 4.

Proof. Let {v;;1 < i < n} be the vertices of G. Then each vertex v; is replaced by an
independent set I, of size deg(v;) in G,. Let v, be the universal vertex of G and I,
be the independent set corresponding to the vertex v,. Since v, is a universal vertex,
every vertex in [, is connected to every vertex in [,;;1 < ¢ < n — 1. Therefore, any
two vertices from the independent set [,,, will dominate every vertex of G, at least twice
except the vertices in I, . Since vertices in [,, share no edges between them, in order to
double dominate the vertices in [,,, choose any two vertices from any of the independent
sets I,,;1 < i <n —1. This implies, 75x (G,) = 4.

Similarly, let u and v be two vertices of G such that N[u|UN[v] = V(G) and [, and I,
be the independent sets corresponding to the vertices u and v respectively. In this case,
any two vertices from each of the independent sets [, and I, will dominate every vertex
of G, at least twice. Hence, 124 (G,) = 4. O

Theorem 2.14. Let G = C,, be the cycle graph of order n. Then Yoy (Gy) = n.

Proof. Let {v;;1 < i < n} be the vertices of G. Each v; is replaced by an independent
set I, of size 2 in G,. Let {v;1,v:2;1 < @ < n} be the vertices of G,. Let the set
S = {wvi1;1 <i < n}. This set S dominates every vertex of G, at least twice because
these vertices form a cycle of length n and the vertices {v;2;1 < i < n} are adjacent to
exactly two vertices of S. Therefore S is a double dominating set of G,. Now we need to
prove S is minimum. From the definition of double domination number it is obvious that
Y2x (Ga) < |S|= n. In G,, each vertex is replaced by an independent set of size 2 and
the resulting graph is a 4-regular graph. The vertices in each independent set have four
neighbors in common. But these four neighbors share no edges among them. Therefore,
to dominate every vertex at least twice we need to include the vertex and one of its
neighbors or two of the neighbors of each vertex and one more vertex common to these
two neighbors. In both the cases, we need at least n vertices to dominate every vertex
of G, at least twice. This implies, S is the minimum double dominating set of G, and
hence 724 (Go) = n. O
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Theorem 2.15. Let G =2 P, be the path graph of order n. Then ,

72X(Ga> =

n—1, n=1 mod 3,

n, otherwise.

Proof. Let {v;; 1 <i < n} be the vertices of G. Each v;;2 <i <n — 1 is replaced by an
independent set [, of size 2 and the vertices vy, v,, are replaced by the independent sets
L, I, ofsize 1 in G,. Let {vy1,v,1,0;1,0i2;2 < i <n— 1} be the vertices of G,.

Case 1. When n # 1 mod 3.

Let us consider the set S = {va1,V22,Un—11,Vn-12,0i1,Vi412;2 < §,< n —3;1 = 2
mod 3}. This set S dominates every vertex of G, at least twice. Therefore, S is a double
dominating set of G,. Now we need to prove S is minimum. From the definition of
double domination number it is obvious that Y2y (G,) < |S|= n. In G,, each vertex is
replaced by an independent set of size 2 except for the vertices v; and v,,. The vertices in
each independent set [,,;3 <7 < n — 2 have four neighbors in common. But these four
neighbors share no edges among them. Therefore, to dominate every vertex at least twice
we need to include the vertex and one of its neighbors or two of the neighbors of each
vertex and one more vertex common to these two neighbors. In both the cases, we need
at least n vertices to dominate every vertex of GG, at least twice. This implies, S is the
minimum double dominating set of G,. Hence, 15, (G,) = |S|= n.

Case 2. When n =1 mod 3.

In this case consider the set S = {va1, V22, Un—11, Un—12, Vi1, Viy12;2 < i,j <n—3;1 =2
mod 3} — {v,_32}. This set S dominates every vertex of G, at least twice. Therefore, S
is a double dominating set of G,,. Now we need to prove S is minimum. The same set as
in the previous case without the vertex v,_3 9 acts as the minimum double dominating set
for this case. This implies, S is the minimum double dominating set of G, with |S|=n—1.
Hence, 72« (Go) = |S|=n — 1. O

2.4.  Double domination under 3 - operation

Definition 2.16. Let G be a connected graph of order n. Let Gz be the graph obtained
after applying [ - operation on G. The operation is defined as follows: every vertex
v € V(G) is replaced by the path, P, of order deg(v) and every vertex of P, is adjacent

to every vertex of P, if uv € E(G). G has ) deg(v;) vertices.
i=1

In Figure 4, we present a graph G and the graph Gj obtained after applying 3 -
operation on G.

Theorem 2.17. Let G be a connected graph of order n and with a universal vertex or
two vertices w and v such that N{u| U N[v] = V(G). Then for n > 6, v2x(Gg) = 4.

Proof. The proof is similar to the proof of Theorem 2.13. Let {v;;1 < i < n} be the
vertices of G. Then each vertex v; is replaced by a path P,, of order deg(v;) in Gs. Let v,
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be the universal vertex of G and P, be the path corresponding to the vertex v,. Since v,
is a universal vertex, every vertex in P, is connected to every vertexin P,;1 <7 <n—1.
Therefore, any two vertices from the path P, will dominate every vertex of Gz at least
twice except the vertices in P, . Since vertices in P, is a path of order deg(v;), any two
vertices of P, is not sufficient to double dominate the vertices in P, . Therefore, choose
any two vertices from any of the paths P,,;1 <4 <n — 1. This implies, 724 (Gp) = 4.
Similarly, let u and v be two vertices of G such that N[u] U N[v] = V(G) and P, and
P, be the paths corresponding to the vertices u and v respectively. In this case, any two
vertices from each of the paths P, and P, will dominate every vertex of G at least twice.
Hence, 72 (Gp) = 4. O

Fig. 4. (a) G and (b) Gg

Corollary 2.18. Let G be a connected graph of order n and with a universal vertezx or
two vertices w and v such that N{u] U N[v] = V(G). Then for n <6, y2x(Gs) = 3.

Proof. Since n < 6, the degree of the universal vertex u will be less than or equal to 4.
Therefore, the order of the path P, replaced instead of u will be less than or equal to
4. Therefore, any two vertices from P, will dominate every vertex of Gz at least twice
but the vertices in the path P, corresponding to u is dominated only once by those two
vertices. To dominate these vertices at least twice its enough to pick any vertex of G
other than the vertices in P,. Therefore, for n < 6, 125 (G3) = 4.

Similarly, let v and v be two vertices such that N[u] U N[v] = V(G). Then for n < 6,
Y2x(Gg) = 3. [

Theorem 2.19. Let G = C,, be the cycle graph of order n. Then v2x(Gg) = Y2x (G).

Proof. Let {v;;1 < i < n} be the vertices of G. Each wv; is replaced by a path P,
of order 2 in Gs. Let {v;1,v,2;1 < i < n} be the vertices of Gg. Note that the set
Se = {v;1 < i < nji Z 0 mod 3} is the minimum double dominating set of G and
Y2x(G) = [3]. Now consider the set Sg, = {vi1;1 <@ < n;i # 0 mod 3}. This set
dominates every vertex of Gz at least twice because, these vertices form a cycle of length n
and the vertices {v;2;1 <14 < n} are adjacent to exactly two vertices of Sg, and therefore
Sg, is a double dominating set of G4 and [S|= (%ﬂ = Yax(c)- Now we need to prove Sg,
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S 200G) _ an _ m
= NG+l 6 3"
is the minimum double dominating set of G5 and hence Yo« (Gg) = Y2x (G). O

is minimum. From Theorem 1.4, we have o, (Gp) This implies,

Sa

B

Theorem 2.20. Let G =2 P, be the path graph of order n. Then,

2(”;'1) -1, n=0 mod 3,

72x(Gg) = 2(n+1)
3 )

otherwise.

Proof. Let {v;;1 < i < n} be the vertices of G. Each v;;2 <1i <n — 1 is replaced by a
path P, of order 2 and the vertices vy, v, are replaced by the path P, , P, of size 1 in
Gp. Let {v11,0n1,0i1,02:2 <i <n— 1} be the vertices of Gg.

Case 1. When n # 0 mod 3.

Let us consider the set S = {v91,v22,Vn-11,Vn-12,0i1,0i2;3 < i < n—3;i = 2
mod 3}. This set S dominates every vertex of G at least twice. Therefore, S is a
double dominating set of Gz. Now to prove S is minimum. From the definition of double
domination number it is obvious that v, (Gg) < |S|= {@W In Gg, each vertex is
replaced by a path of order 2 except for the vertices v; and v,. The vertices in each path
P,;3 <1 < n — 2 have five neighbors in common. But these five neighbors share no
edges among them. Therefore, to dominate every vertex at least twice we need to include
the vertex and one of its neighbors or two of the neighbors of each vertex and one more
vertex common to these two neighbors. In both the cases, we need at least n vertices
to dominate every vertex of Gg at least twice. This implies, S is the minimum double
dominating set of G. Hence, 724 (Gp) = |S|= {@-‘

Case 2. When n =0 mod 3.

In this case, the same set S = {U2,17U2,2»Un—1,17Un—l,Qan,lan,Q;3 S Z,] S n — 3,2 =2
mod 3} dominates every vertex of Gjg at least twice but |S|= P("H)W —1. Therefore, S'is a

3

double dominating set of Gz which is minimum. Hence, v24(G3) = |S|= [%”THW —-1. O

3. Double domination under binary operations

3.1.  Edge corona of two graphs

Definition 3.1. [17| Let G; and G2 be two graphs on disjoint sets n; and ny vertices, m;
and ms edges respectively. The edge corona G| ¢ (G5 is defined as the graph obtained by
taking one copy of G| and m; copies of G5 and joining two end vertices of i** edge of G to
every vertex in the i copy of Gy. G 0G5 has ny +m ny vertices and my + 2ming +mims
edges. For example consider the edge corona graph of a cycle of order 3 and a path of
order 2, C3 ¢ P, see Figure 5.

Theorem 3.2. Let G; and Gy be two graphs of order ny and no and size my and mo
respectively. Then Yoy (G © G2) = ny.
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Proof. Let G; and G5 be two graphs of order ny and ny respectively. Then G;0G5 has ni+
myng vertices. Let |E(Gy)|=m; and |E(G2)|= ma. Let {vy,vq, -, vy, } be the vertices of
G1 and {ey, e, -, em, } be the edges of G. Consider the set S = {vy,v9, -+, v,, }. This
set dominates every vertex of G ¢ Gy at least twice. Therefore, S is a double dominating
set of G1 ¢ G5 and |S|= n;. Now we need to prove S is minimum. Since S is a double
dominating set of G; ¢G5 and |S|= n; and the minimum double dominating set of a graph
is the minimum cardinality among all the double dominating sets of a graph, we have,
Yax (G1 0 Go) < ny = |S|. In G ¢ G4, to double dominate every vertex of each copy of G
we either need to include the minimum double dominating set of each copy of G5 or the
minimum dominating set of each copy of G5 and one of the endpoints of each edge of G;.
In both the cases, [S|> ny. Observe that every vertex of each copy of Gy is adjacent to
exactly two vertices of G7 in G ¢ GG5. Therefore, we need all the vertices of GG to double
dominate every vertex of each copy of Gy. This proves S = {vy,vq, -+, v,, } is minimum.
Hence, 72 (G1 ¢ G2) = |S|=n;. O

3.2.  Neighborhood corona of two graphs

Definition 3.3. [11] Let G; and Gy be two graphs on n; and ny vertices, m; and mso
edges respectively. Then the neighborhood corona GG is the graph obtained by taking
ny copies of Gy and for each ¢, making all vertices in the i copy of G5 adjacent with
neighbors of v;, 1 = 1,2, ..., nq.

G1 * Gy has ny + nyny vertices and my(2ny + 1) + nymsy edges. For example, consider
the neighborhood corona of cycle of order 3 and path of order 3, C5 x P, see Figure 6.

Theorem 3.4. Let Gy be a graph of order ny whose vertices are either a pendant or a
support verter and let Gy be a graph of order ny. Then vou (G1 xGa) = ny +1.y(Gy) where
[ is the number of pendant vertices in (.

Proof. Let G; be a graph whose vertices are either pendant or a support vertex. Observe
that the pendant vertices have only one neighbor and so every vertex in the copies of Go
with respect to the pendant vertices of (G; are adjacent to exactly one vertex of G; in
GG1x(G5. But the vertices in the copies of G5 with respect to the support vertices of G are
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adjacent to at least two vertices of G1. Therefore, the set S = {v;;1 <i < n;} dominates
every vertex of G1 x Gy at least twice but the vertices in the copies of GGy with respect to
the pendant vertices are dominated only once by S. Therefore, we include the minimum
dominating set of each copy of G5 with respect to the pendant vertices to S. This S
dominates every vertex of G x Gy at least twice. Therefore, S is the double dominating
set of G1 * Go which is minimum. Hence, 7o« (G1 * G3) = ny + L.y(Ga). O

Fig. 6. Cg *Pg

Theorem 3.5. Let G be a graph with at least two universal vertices and of order ny and
Gy be a graph of order ny. Then o (G % Go) = 3.

Proof. Let {v;;1 < i < ny} be the vertices of G; and let v;,v; for any 4,5;1 < 4,5 <
ni;i # 7 be the two universal vertices. Observe that every vertex of each copy of G is
adjacent to two universal vertices of G; in G * GG5. But the vertices in the copy of G,
with respect to the universal vertices are adjacent to only one vertex of G;. Note that
every vertex of G; x4 are dominated at least twice by the universal vertices itself but the
vertices in the copy of Gy with respect to the two universal vertices are dominated only
once by the universal vertices. Consider the set S = {v;,vj,v5;1 < 4,5,k <mny;i # j # k}
where v; and v; are two universal vertices and vy is any vertex of Gy which is included
in S to double dominate the vertices in the copy of G5 with respect to the universal
vertices. This set dominates every vertex of G; x G5 at least twice. Therefore, S is a
double dominating set of G1 x G5 which is minimum. Hence, 79 (G1 x G3) = |S|=3. O

Theorem 3.6. Let G be a cycle of order ny and Gy be any graph of order ny. Then
’}/QX(Gl * G2> =nNi.

Proof. Let G be a cycle of order n; and Gy be any graph of order ny. Let {v;;1 < i < ny}
be the vertices of G;. Observe that every vertex of i copy of G5 is adjacent to exactly
two vertices of G;. Consider the set S = {vy,vq,- -, vy, }. This set dominates every vertex
of G x G5 at least twice. Therefore, S is a double dominating set of Gy x Gs. It is clear
that S is minimum because, to dominate every vertex of each copy of G5 at least twice
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we need to include one of their neighbors from G; and minimum dominating set of each
copy of Gy or minimum double dominating set of each copy of GG;. In both the cases
’}/QX(Gl * Gz) Z ny = ‘S| Hence, ’}/QX(Gl *GQ) = ’S|: ni. Il

Theorem 3.7. Let G1 be a path graph of order ny and G be a graph of order ny. Then
Yox (G1 x G2) = ny + 2v(Gy).

Proof. The proof is similar to the proof of previous theorem. Let G; be a path graph
of order n; and Go be any graph of order ny. Let {v;;1 < i < n;} be the vertices of Gy
where v; and v, are the pendant vertices of G;. Observe that every vertex of i*" copy of
(G5 is adjacent to exactly two vertices of GGy except the first and last copy of G5 which
are adjacent to only one vertex of Gy. Consider the set S = {vy,vq, -+, vy, }. This set
dominates every vertex of G; x GGy at least twice but the vertices in first and last copy
of G are dominated only once by S. In order to double dominate them we include the
minimum double dominating sets of first and last copies of G5 to S. This set S will
dominate every vertex of G; x G5 at least twice. Thus S is a double dominating set of
GG1 * Gy. This set S is minimum because to dominate every vertex of each copy of G5 at
least twice we need to include one of their neighbors from G; and minimum dominating
set of each copy of G5 or minimum double dominating set of each copy of Gy. In both
the cases, Yax (G x G2) > ny + 2v(G3) = |S].

Hence, 724 (G1 * G2) = |S|= n1 + 27(G2). O

Theorem 3.8. Let G be a complete bipartite graph of order m +mn; m,n > 2 and Gy be
any graph of order n'. Then o (G1x G3) = 4.

Proof. Let GG; be a complete bipartite graph of order m+n and G5 be any graph of order
n’. Then G; * Gy has (m + n) 4+ (m + n)n’ vertices. Observe that every vertex of each
copy of Gy is adjacent to at least m vertices of Gy. Let {vy,va, -+, Uy, us, ug, -+, Uy} be
the vertices of G1. Then Ga1,Ga9, -, Gom,Ga1, -+, Ga,, are the m + n copies of Go in
G1 x G9. Observe that every vertex of Gg;;Vi,1 <17 < m is adjacent to n vertices of G
and every vertex of Gg;;Vi,1 < i < n is adjacent to m vertices of G; in Gy x G3. Let
S = {vi,vj, up,w } for any i, j|i # j; 1 <4,j < m and for any k,[|1 <k, <n;k # (. This
set dominates every vertex of G x G at least twice. Therefore, S is a double dominating
set of G x G5 which is minimum.

Hence, ’j/QX(Gl * GQ) = |S|: 4. O

Theorem 3.9. Let Gy be a wheel graph of order ny +1 and Gy be any graph of order ns.
Then ’yQX(Gl * GQ) = ’_%-‘ + 1.

Proof. Let G be a wheel graph of order n; + 1 and Gy be any graph of order ny. Then
G Gg has (ny + 1) + (ny + 1)ny vertices. Let w be the universal vertex of G;. Here,
every vertex of each copy of G5 has at least three neighbors in G in Gy x G3. Also,
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u is the common neighbor to every vertex of each copy of G5 except the copy of G,
corresponding to u in Gy x Go. Let {u,v,v,, -+, v, } be the vertices of G;. Consider
the set S = {u,v;,v;1Vi = 2k + 1,k = 0,2,..., |5 |}. This set dominates every vertex of
G1%G3 at least twice. Therefore, S is a double dominating set of Gy xG5 and |S|= 1+ {%w
Now we need to prove S is minimum. From the definition of double domination number
Yax (G1 % Gg) < (%W + 1. The vertex v, dominates every vertex of GG; x G5 exactly once
except the copy of Gy corresponding to v,. The vertices in copies of GGy corresponding to
the vertices v;; 1 <1 < n—11is adjacent to exactly two vertices other than v,,. To dominate
them at least twice we need to include for each copy of G, a vertex v;;1 < i < n — 1.
Also, observe that two copies of Gy have exactly one common neighbor. This implies, to
dominate every vertex of each copy of G5 at least twice, we need at least (%W + 1 vertices.
Thus, Yox (Gy x Go) > {”—ﬂ + 1. Therefore, S is a minimum double dominating set of
G1+ Gy. Hence, vo, (G x Go) = |S|= [%W + 1. O

4. Double domination number of variants of corona combined
with subdivision of a graph

Let GG; and Gy be two vertex disjoint graphs of order n; and ny and size m; and mao
respectively. Let I(G) be the new vertices added in the S(G) to divide each edge of G.
The subdivision-vertex corona of G7 and G5, denoted by Ggs) ® Go, is the graph obtained
from S(G;) and |V (G))] copies of Gs, all vertex disjoint, and joining the i vertex of G,
to every vertex in the i copy of Gy. The subdivision-edge corona of G and Gy, denoted
by Ggs) © Go, is the graph obtained from S(G;) and m; copies of G, all vertex disjoint,
and joining the " vertex of I(G}) to every vertex in the i copy of Go, where I(G) is
the set of new vertices added to S(G1). The subdivision-vertex neighborhood corona of Gy
and Gq, denoted by G§S> [J Gy, is the graph obtained from S(G7) and |V(Gy)| copies of
(5, all vertex disjoint, and joining the neighbors of the i'* vertex of G to every vertex in
the i copy Gs.

The subdivision-edge neighborhood corona of G; and G4, denoted by Ggs) H G, is the
graph obtained from S(G;) and m; copies of G, all vertex disjoint, and joining the
neighbors of the it vertex of I(G}) to every vertex in the i'" copy of Gy. Figure 7 show
the examples of Subdivision vertex corona, Subdivision- edge corona, subdivision vertex
neighbourhood corona and subdivision edge neighbourhood corona of graphs C); and P.

\
' . = ] ' '

A\

cPop cPon P op P BpR

Fig. 7. Subdivision-vertex corona, Subdivision-edge corona, Subdivision-vertex neighbourhood corona
and Subdivision-edge neighbourhood corona of graphs C; and P»
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Theorem 4.1. Let Gy and Gy be two graphs of order ni and no respectively. Then
72x (G © Ga) = m (14 7(G)).

Proof. Let {v;;1 < i < ny} be the vertices of G;. Let S be the double dominating
set of G§S> ® Gy. Consider the set S; = {v;;1 < i < ny}. This set S; will dominate
every vertex in I(G1) exactly twice but the vertices of G; and the vertices in each copy
of G5 is dominated only once by S;. Since every " vertex of G; is adjacent to every
vertex in the i copy of Gy, we include the minimum dominating set {D;;1 <i < n;} of
each copy of G in S to double dominate every vertex of (G§S> ©® G2). Therefore, the set
S ={S1UD;;1 <i < ny} will dominate every vertex of Ggs) ® G4 at least twice and S'is a
double dominating set and |S|= n;(y(G2) + 1). Now we need to prove S is the minimum
double dominating set. Observe that every vertex in I(G4) is adjacent to exactly two
vertices of G; and every vertex in the each copy of G is adjacent to exactly one vertex
of G;. To dominate them at least twice we need to include either both the neighbors of
vertices in /(1) and the minimum dominating set of each copy of Gy or every vertex in
I(G1) and one of their neighbors and minimum double dominating set of each copy of Gb.
In both the cases nyX(Ggs) ©® Gi) > |S|= n1(y(G2) + 1). This proves S is the minimum
double dominating set of (G¥ ® Gs). Hence, 7ox (G ® G3) = ny (1 + v(G2)). O

Theorem 4.2. Let Gy and Gy be two graphs of order nq and ny and of size mq1 and mo
respectively. Then

mi(v(Ga) +1) + 1y if 0(Gy) =1,

2 ( 1 2) m1(7(G2>+1); otherwise,

where 1y 1s the number of leaves in G

Proof. The proof is similar to the proof of previous theorem.

Case 1. When 6(G) > 2, in (Ggs) © G2) every vertex in each copy of Gs is adjacent
to exactly one vertex of I(Gy). Let S be the double dominating set of (GES) © Gsq). Let
I(G1) € S. Now S dominates every vertex of G at least twice but the vertices in I(G)
and the vertices of each copy of G is dominated only once by S. Since every " vertex of
I(G)) is adjacent to every vertex of i copy of G, we include the minimum dominating set
{D;;1 <i < my} of each copy of G in S to double dominate every vertex of (Ggs) © Go)
at least twice and thus S = I(G;) U D; for 1 < i < n is a double dominating set of
(G@ © G2) which is minimum. Hence, %X(G&q) © Ga) = my(v(Gs2) + 1).

Case 2. When 6(G1) = 1, a pendant vertex of G; remains as a pendant vertex in
(Ggs) © G3). Therefore, the set S = I(G1) U D; for 1 < i < n dominates every vertex of
(Ggs) © G9) at least twice, but the pendant vertices are dominated only once by S. By
observation 1, we need to include all the pendant vertices to S. Hence, WX(G@ O Gq) =
m1(Yax () + 1) 4+ 11 where, [; is the number of pendant vertices in G;. O

Theorem 4.3. Let Gy be a graph of order ny whose vertices are either a pendant vertex or
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a support vertex and Gy be a graph of order ny. Then WQX(GSS) BOGs) = mi +1(1+7(Gs))
where | is the number of pendant vertices in G;.

Proof. In G§S> [J G4 the pendant vertices of G remain as pendant vertices. Let {v;;1 <
i < ny} be the vertices of Gy and {u;j; 1 < j < my} be the vertices of I(G;). Consider the
set S = {uj,v5;1 <j <my;1 <k <} This set dominates every vertex of G§S) (1 Gy at
least twice. Therefore, S is the double dominating set of G(ls) [1G5. Now we need to prove
S is minimum. From the definition of double domination number, %X(Gf) HGy) <S5
By Observation 1.1, we need to include all the pendant vertices and support vertices
of Ggs) [J Go in the double dominating set. This dominates every vertex of G§5> L Gy
at least twice but the vertices in copies of G5 corresponding to the pendant vertices
are dominated only once by S. To dominate them at least twice we need to include
the minimum dominating set of each copy of G5 corresponding to the pendant vertices.
Hence, Yox (G1*) [ Gy) = my + 1(1 +7(Ga)). O

Theorem 4.4. Let Gy be a cycle graph of order ny and size my and G be a graph of
order ny and size mo. Then vgx(Ggs) HGy) =my + (%W

Proof. In Ggs) (1G4 every vertex in each copy of Go is adjacent to exactly two vertices of
G1. Let S be the double dominating set of G&S) [0 Gs. Let I(G1) € S. Now S dominates
every vertex of Ggs) [J G, at least twice but the vertices in I(G7) are dominated only once
by S. Let {u;;1 < j < my} be the vertices in I(G1) and {v;;1 <7 < ny} be the vertices
of G1. Each vertex in /(G1) has exactly two neighbors in G; and two consecutive vertices
ui, uir1 of I(Gy) have exactly one common neighbor. Therefore, to dominate the vertices
in I(G,) at least twice we include the vertices {v;;¢ =1 mod 2;1 < i <ny} to S. Thus
the set S = I(G1)U{v;;i =1 mod 2;1 < i < n;} is a double dominating set of G\*) B Gy
which is minimum. Hence, 7o, (G\¥) B Gy) = |S|=my + E3E O

Theorem 4.5. Let G1 be a path graph of order ni and size m, and G5 be a graph of
order ny and size ms. Then ’ng(Ggs) HGy) =my + (%W + 29(Gy).

Proof. The proof is similar to the previous theorem. In Ggs) [] G5 every vertex in each
copy of (G5 is adjacent to exactly two vertices of (G; but the two copies of G5 corresponding
to the pendant vertices of Gy is adjacent to only one vertex of G;. Let v; and v,, be
the pendant vertices of Gy and Gg“) and G;v"l) be the copies of Gy corresponding to
the pendant vertices respectively. Let S be the double dominating set of Ggs) [1Gs. Let
I(G4) € S. Now S dominates every vertex of Ggs) [J Gy at least twice but the vertices in
I(G1) and vertices in GS“) and vanl) are dominated only once by S. Let {u;;1 <i < my}
be the vertices in I(G7) and {v;;1 < i < ny} be the vertices of G;. To dominate the
vertices in I(G) and vertices in val) and G;”l) at least twice, we include the vertices
{vi;i =1 mod 2;1 < i < ny} and the minimum dominating sets D; and D,,, of val) and
Gg)"l) to S. Thus the set S = I(G1)U{v;;1 < i < [2]}UD;UD,, is a double dominating
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set of GY¥ G, which is minimum. Hence, 7o, (G1Y 0Gy) = |S|=my + (B +2v(G). O

Theorem 4.6. Let G be a wheel graph of order ny and size my and Gy be a graph of
order ny and size ma. Then Yox (GVY [ Gy) = oy [l mel] g,

Proof. In Ggs) [1 G, every vertex in each copy of GG, is adjacent to exactly three vertices
of Gy. Let {v;;1 <1 < ny} be the vertices of G; where v,,, is the universal vertex of G;.
Let {u;;1 < j < my} be the vertices in I(G1) where {u;;1 < j < %1} are the vertices
corresponding to the edges in the outer cycle of Gy and {u;; 5t +1 < j < my} be the
vertices corresponding to the edges inside the cycle of G;. Consider the set S = {u;,v;;1 <
i <%i=0 mod 2,1 <i<n—1}U{u;; 5 +1<j<my;j=1 mod 2}U{v,, }. This
set S dominates every vertex of Gﬁ{?) (] G, at least twice. Thus S is a double dominating
set of Gg{?) [1G5. Now we need to prove S is the minimum double dominating set. Observe
that the vertices in each copy of Gy are adjacent to the vertices in I(G;) only. Also, the
every vertex of I(G1) is adjacent to exactly two vertices in G;. Therefore, to dominate the
vertices of 1((G1) and every vertex of each copy of G at least twice we need to include every
vertex of I(G1) and one of the neighbors of each vertex in /(G;) or both the neighbors
of each vertex of I(G;) and the minimum double dominating set of each copy of G5. In
both the cases v, (G’gf) [0Gs) > |S|= 2t + [24] + [ | + 1. Hence, S is the minimum
double dominating set and 'ng(Ggs) 0Gy) =2 4[] + B ] + 1. O

Theorem 4.7. Let Gy be a complete graph of order ny and size my and G5 be a graph of
(

order ny and size mq. Then 'sz(Gls) HGy) =2n;y.

Proof. Let {v;;1 < i < n;} be the vertices of G; and {u;;1 < j < my} be the vertices
in I(G;) where {u;;1 < j < ny} be the vertices dividing the edges in outer cycle of Gj.
Consider the set S = {v;,u;;1 <i <ny;1 <j <mny}. This set dominates every vertex of
Ggs) LG at least twice. Therefore, S is a double dominating set of G’gs) [JGs. We need to
prove S is minimum. In Ggs) [1G,, every vertex in each copy of (G5 is adjacent to exactly
n — 1 vertices of I(G;) and each vertex in I(G;) is adjacent to exactly two neighbors of
(. Observe that every vertex dividing the edges inside of the cycle {uj;n1+1 < j < my}
share no common vertices of G;. To dominate every vertex of G§S) 1G5 at least twice we
need to include either two of the neighbors of copies of G from I(G;) and two neighbors
of {u;;m1 +1 < j < my} or two of the neighbors of copies of Gy from I(G;) and the
vertices {u;;n1 +1 < j < my} and one of their neighbors from G;. In both the cases,
Yax (G 1 Gy) > 201 = |S]. Hence yox (GY¥) B Gy) = 2n,. O

Theorem 4.8. Let Gy be a complete bipartite graph of order ny +no and size my and Go
be a graph of order ns and size msy. Then vgx(Ggs) [ Go) = ning + min{ny, na}.

Proof. Let {v;;1 < i < ny + no} be the vertices of Gy and {u;;1 < j < my} be
the vertices in I(G;). Consider the set {u;;1 < j < my}. This set of vertices will
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dominate every vertex of each copy of Gy at least twice but the vertices {u;,v;;1 <
j < mq;1 < i < ny+ ny} are dominated only once by I(Gy). Now consider the set
S = {vi,u;;1 < i < min{ny,no}}. This set will dominate every vertex of Ggs) O Gs
at least twice. Therefore, S is the double dominating set of GSS) L] G2. We need to
prove S is minimum. From definition of double domination number, WX(G@ HGy) <
|S|= niny + min{ny,na}. In G§S) [0 G, the vertices in I(G;) are adjacent to exactly
two vertices of GG;. To dominate these vertices at least twice we need to include all the
vertices in /(G1) and one of their neighbors or both the neighbors of I(G;). In first case,
those vertices dominates every vertex of G§S> [ G5 at least twice, but in the latter case,
only the vertices of I(G) are dominate twice and remaining vertices are not dominated
at least twice. Therefore, we need to include two of the vertices from I(G;) for each
copy of G5. In both the cases, fng(GgS) 0 Go) > ning + min{ny,ny} = |S|. Hence,
Yox (Ggs) [0 Gs) = ning + min{ny, na}. O

Theorem 4.9. Let G and Gy be the two graphs of order ny and ny respectively. Then
72X(G7(151') = GQ) =nj + (%—‘ .

Proof. Let {v;;1 < i <mn;} be the vertices of G; and {u;;1 < j < m;} be the vertices of
I(Gy). In Gf{? H G, every vertex in each copy of G5 is adjacent to exactly two vertices
of G;. Consider the set S = {v;;1 < i < ny}. This set dominates every vertex of
(G%SI) B G2) at least twice except the vertices of G;. In order to dominate them at
least twice we include the vertices {u;;7 = 1 mod 2;1 < j < my} to S. Thus the set
S =A{vi,u;;1<i<n;;1<j<mg;j=1 mod 2} dominates every vertex of (G%Sl) HG,)
at least twice. This S is the minimum double dominating set because every vertex of each
copy of Gy and I(G1) are adjacent to exactly two vertices of G1. But the vertices of G are
adjacent to exactly one vertex of I(G7) and adjacent to the vertices of G5. To dominate
them we have to include one of the neighbors of the vertices of (G;. Since, two vertices
of G have a common neighbor from I(G;) to dominate them at least twice, we need to
include at least [21] vertices from I(Gy). This implies, VQX(G%SI) BGy) >ni+ %] =195

2
Hence, ’72><<ng€> BGy) = [S|=n1 + (%W -

Theorem 4.10. Let Gy be a graph of order ny where every vertexr of G is either a
pendant or a support vertex and Go be a graph of order ny. Then VQX(G%? HGs) =ni+1
where | is the number of pendant vertices in G.

Proof. In G,(lsl) H G, every vertex in each copy of GG is adjacent to exactly two vertices
of G1. Let S = {v;;1 < i < ny}. This set dominates every vertex of G;Sl) H G4 at least
twice except the vertices of G;. Let {e;;1 < j < [} be the pendant edges of G; and
{u;;1 < j < I} be the vertices of I(G;) corresponding to the pendant edges. In order
to dominate the vertices of G at least twice we include the vertices {u;;1 < j < [}
to S because these vertices are adjacent to both pendant and support vertices of G.
Therefore, the set S = {v;,u;;1 <i <ny;1 <j <I}is a double dominating set which is
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also minimum. Hence, WQX(GS{?) BGy) =|S|l=n + 1. O

5. Corona based on R-graph

Let G; and G4 be two vertex disjoint graphs. The R-vertex corona of G and Gs, denoted
by GgR) ©® Gy, is the graph obtained from vertex disjoint R(G1) and V(G;) copies of Gs
by joining the i*" vertex of G to every vertex in the i*" copy of Gy . The R-edge corona
of G1 and G, denoted by GgR) © (o, is the graph obtained from vertex disjoint R(G)
and I(G1) copies of G by joining the i vertex of I(G}) to every vertex in the i copy
of Gy, where I(G1) = V(R(G1)) — V(G1). The R-vertex neighborhood corona of G; and
(G4, denoted by GgR) [J G, is the graph obtained from vertex disjoint R(G;) and V(Gy)
copies of G by joining the neighbors of the i'" vertex of G in R(G;) to every vertex in
the i'" copy of Gy. The R-edge neighborhood corona of G and Gy, denoted by GgR) HG,,
is the graph obtained from vertex disjoint R(G4) and I(G;) copies of Gy by joining the
neighbors of the i vertex of I(G;) in R(G1) to every vertex in the i’ copy of Gy. Figure
8 show the examples of R-vertex corona, R-edge corona, R-vertex neighbourhood corona,
R~edge neighbourhood corona of graphs C; and P,.

Vo R P or e R P a R

Fig. 8. R-vertex corona, R-edge corona, R-vertex neighbourhood corona, R-edge neighbourhood corona
of graphs Cy and P,

Theorem 5.1. Let Gy and Gy be two graphs of order ny and no respectively. Then
Tox (G © Ga) = m (1 +7(Ga)).

Proof. Let {v;,u;;1 < i < ny;1 < j < my} be the vertices of GSR). Consider the set
S ={v;;1 <7 < ny}. This set dominates every vertex of (GER) ©® G9) at least twice, but
the vertices in G; and vertices in each copy of G5 are dominated only once by S. In order
to double dominate them we include minimum dominating set D;; 1 <17 < ny of each copy
of G5 to S. Therefore, the set S = {v;;1 < i <n1}U{D;;1 <i < ny} dominates every
vertex of GgR) ® Go at least twice and thus a double dominating set of GgR) © (9. This
set S is a minimum double dominating set because, each u; is adjacent to exactly two
vertices of G1. In (GgR) ® Gq) every vertex of each copy of G5 is adjacent to exactly one
vertex of Gy. The vertices of I(G1) are dominated exactly twice by S but the vertices in
each copy of G5 are dominated only once by S. In order to dominate them at least twice,
we need to include the neighbors of those vertices from GG; and the minimum dominating
set of each copy of Ga. Hence, ’ng(GgR) © G2) = n1 (1 +v9(Ga)). O
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Theorem 5.2. Let G; and Gy be two graphs of order ny and no and size my and mo
respectively. Then

mi(v(Ga) +1) + 515 if 0(Gr) =1,

(G oGy =
Y2 ( 1 2) m1<7<G2)+1); otherwise,

where s1 1s the number of support vertices in G1.

Proof. Case 1. When 6(Gy) > 2.

The proof is similar to the previous theorem. Let {v;,u;;1 <i <nq;1 < j < my} be
the vertices of G{™. Consider the set § = {uj;1 < i < my}. This set dominates every
vertex of (G ® G,) at least twice, but the vertices {u;;1 < 7 < my} and vertices in
each copy of Gy are dominated only once by S. In order to double dominate them we
include minimum dominating set D;; 1 < i < n; of each copy of G5 to S. Therefore, the
set S = {u;;1 <7 <m}U{D;;1 <i < n} dominates every vertex of GgR) ® Gy at
least twice and thus a double dominating set of GgR) ® Go. Now we need to prove S is
minimum. From definition of double domination number 7, (GgR) ® Gy) < |S]. Observe
that each u; is adjacent to exactly two vertices of G;. In (GgR) ©® G3) every vertex of each
copy of G is adjacent to exactly one vertex of I(G;). To dominate them at least twice
we need to include the vertices of I(G;) and the minimum dominating set of each copy
of Go. Hence, 7oy (G © Gy) = |S|= my (1 +~(G>))

Case 2. When §(G;) = 1.

In this case the set S = {u;;1 < j < m}U{D;;1 <i < ny} defined in the previous
case dominates every vertex of G’gR) © G4 at least twice but the pendant vertices of G
are dominated only once by S. Therefore, by observation 1, we include the support
vertices of G to S. Let SP(Gp) be the set of all support vertices of G;. The set
S ={u;;1 <j<m}U{D;;1 <i<n}U{SP(G1)} dominates every vertex of AP oa,
at least twice. Thus S is a double dominating set of GgR) © G2 which is minimum. Hence,
1 (G © Ga) = [8]= ma (1 +7(G2)) + 51, m

Theorem 5.3. Let Gy and Gy be two graphs of order ny and no respectively. Then
G(R) G, =
Yox (G 2) = ni.

Proof. Let {v;,u;;1 < i < ny;1 < j < my} be the vertices of GSR). Consider the set
S = {v;;1 < i < ny}. This set S dominates every vertex of GgR) 1 Gy at least twice.
Therefore, S is a double dominating set of GER) [J G5. This set S is the minimum double
dominating set because every vertex of GgR) [J G5 is adjacent to exactly two vertices of
(G1 and to dominate these vertices at least twice, we need at least n; vertices. Hence,

Yox (G B Go) = . 0

Theorem 5.4. Let Gy and Gy be two graphs of order ny and no respectively. Then
P BG,) =
Yox (G 2) = ni.
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Proof. The proof is similar to the previous theorem. Let {v;,uj;1 <i<ng;1 <j<my}
be the vertices of GgR). Consider the set S = {v;;1 <i <mny}. This set S dominates every
vertex of GgR) H G, at least twice. Therefore, S is a double dominating set of GgR) HGs.
This set S is minimum double dominating set because, in GgR) H G4 every vertex in each
copy of G5 and the vertices {u;;1 < j < m;} are adjacent to exactly two vertices of Gj.
To double dominate them we need at least n;. Hence, 72X(G§R) BGy) = n. O

6. Summary of the main results

The impact of unary operations on double domination number of standard graphs is given

below:
Graph class | Operation Yox
C, Inflation %“
P, Inflation 4("772)
W, Inflation @ + [%W
K, Inflation 2(n—1)
Ko Inflation 2(m+n—1)
Ki, Inflaton 2U(K1y)
Sri Inflation 20(S,4)
Any graph G | Cubic inflation 2m(Q)
C, a—operation n
P, a—operation n—1,n=1 mod 3; n, otherwise
W, a—operation 4
K, a—operation 4
Kin a—operation 4
Ki, a—operation 4
S a—operation 4
Ch [—operation %ﬂ"
P, [S—operation 2("7;1)1 —1,n=1 mod 3; (w—‘, otherwise
W, [—operation 4
K, [—operation 4
Kpn [B—operation 4
Ky, [B—operation 4
St [S—operation 4
G 0Gy Edge corona n(Gy)
C, *x Gy Neighborhood Corona n
P, xGo Neighborhood Corona n+ 2v(Gs)
W, * G Neighborhood Corona ['ﬂ +1
K, Gy Neighborhood Corona 3
Kppn * G Neighborhood Corona 4
Ky, x Gy Neighborhood Corona (n+1)+19(G>)
Syt x Gy Neighborhood Corona (r+1t) +1.9(Gs)
9o a, Subdivision-vertex corona n1(1+v(Gs))
¥ oa, Subdivision-edge corona mi(1+7(G2)) + 1(G1); 6(G1) = 1; mi(1 + v(Gs)); otherwise
P Ea, Subdivision-vertex Neighborhood Corona | m(C,,) + [2]
PP G, Subdivision-vertex Neighborhood Corona | m(P,) + [2] + 27(Ga)
W’,@ LGy Subdivision-vertex Neighborhood Corona m(;V") + ["m’;)_ﬂ + ["M;)_lj +1
K,(LS) [ Gy Subdivision-vertex Neighborhood Corona | 2n
K,(ﬁq; L Ge Subdivision-vertex Neighborhood Corona | mn + min{m,n}
Kﬁ) 0G, Subdivision-vertex Neighborhood Corona | m(Kj2) + (1 + v(G2))
Sf,i) HG, Subdivision-vertex Neighborhood Corona | m(S, ;) + (1 + v(G2))
G(ls) H G, Subdivision-edge Neighborhood Corona ny + ("711
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K{? B G, | Subdivision-edge Neighborhood Corona | (n+ 1) + (K1 ,,)

S,(,j) B G, Subdivision-edge Neighborhood Corona | (1 + t) + 1(S,.¢)

(GgR) ® G3) | R-vertex corona n1(1+~(G2))

(G © Gy) | R-edge corona mi(1+v(G2)) + s1,0(G1) = 1; mi(1 + v(Gz)); otherwise
(GSR) 0 Gs) | R-vertex neighborhood corona n(Gy)

(G(lm B Gs) | R-vertex neighborhood corona n(Gy)

7. Conclusion

This work studies the impact of various unary and binary operations on graphs, including
inflation and cubic inflation and various corona operations on double domination number.
We also defined two new unary operations and explored the impact of these operations
on the double domination number. The inflation and cubic inflation operations increase
the order and size of the graph, and thus the double domination number increases. The
two new operations defined in this paper also increase the order and size of the graph and
thus creates an impact to the double domination number of graphs . Further, we studied
the double domination number of various corona operations of two graphs. These findings
contribute to the better understanding of double domination in various graph structures.
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