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Neighbor-isolated scattering number of graphs

Zongtian Wei* and Weijie Fu

abstract

Let G = (V,E) be a graph. For a vertex u of V (G), its closed neighborhood, N [S], is

de�ned as N [u] = {u} ∪ {v|v ∈ V (G), v ̸= u, u and v are adjacent in G}. A vertex subset

S of V (G) is called a subversion strategy of G if each of the vertices in N [S] is deleted

from G. By G/S we denote the survival subgraph G−N [S]. A subversion strategy S is

called a cut strategy of G if G/S is disconnected, or is a clique, or is empty. In this paper,

we revise the de�nition of neighbor-isolated scattering number, which was introduced by

Aslan, as NIS(G) = max{i(G/S) − |S|}, where S represents a cut strategy of G such

that every component of G/S is an isolated vertex or a clique, and i(G/S) represents the

number of the components of G/S. We discuss the relationship between this parameter

and the structure of graphs. Some tight bounds and extremal graphs with given order

and neighbor-isolated scattering number are determined.

Keywords: graph, neighbor-isolated scattering number, neighbor connectivity, neighbor

toughness, extremal graph

2020 Mathematics Subject Classi�cation: 68M10.

1. Introduction

We use Bondy and Murty [2] for terminology and notation not de�ned here and consider

only �nite simple graphs.

In 1978, Gunther and Hartnell [5] introduced the idea of modeling a spy network by a

graph whose vertices represent the stations and whose edges represent lines of communi-

cation. If a station is destroyed, the adjacent stations will become useless to network as

a whole. Therefore, considering the question of not only removing some vertices but also

of removing all of their adjacent vertices, Cozzens and Wu introduced vertex-neighbor

∗ Corresponding author.

Received 06 May 2025; Revised 25 Dec 2025; Accepted 08 Jan 2026; Published Online 12 Feb 2026.

DOI: 10.61091/um126-07
© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC

BY license (https://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.61091/um126-07
https://www.combinatorialpress.com/um
https://doi.org/10.61091/um126-07
https://creativecommons.org/licenses/by/4.0/


160 wei and fu

connectivity [8] and vertex-neighbor integrity [4] to measure the invulnerability of a spy

network. In recent years, Wei et al. [7] introduced vertex-neighbor scattering number VNS

and vertex-neighbor toughness VNT. These parameters consider not only the amount of

work done to damage the network but also how badly the network is damaged.

Let G = (V,E) be a graph and S ⊂ V (G). The open neighborhood of S, N(S), is de�ned

as {u|uv ∈ E(G), v ∈ S and u ̸∈ S}, and the closed neighborhood of S, N [S], is N(S)
⋃

S.

A vertex v of G is said to be subverted when N [v] is deleted from G. A vertex set S is

called a subversion strategy of G if each of the vertex in S has been subverted from G. The

survival subgraph is denoted by G/S. We call S a cut strategy of G if G/S is disconnected,

or is a clique, or is ϕ. The vertex neighbor connectivity of G (V NC), K(G), is the minimal

number of vertices whose subversion results in a disconnected graph or results in the trivial

graph K1. A graph G is called k-vertex neighbor connected if K(G) ≥ k.

Let G be a connected noncomplete graph. The vertex-neighbor scattering number of

G is de�ned V NS(G) = max{ω(G/S) − |S|: ω(G/S) ≥ 1}, where the maximal is taken

over all S, the cut-strategy of G, and ω(G/S) is the number of components of G/S. A

cut-strategy of G, S∗, is called a V NS−set of G if V NS(G) = ω(G/S∗)− |S∗|.
In 2015, Aslan declared that his work re�ne the concept of VNS [1]. He de�ned a new

parameter, called neighbor-isolated scattering number, as NIS(G) = max{i(G/S)− |S|:
i(G/S) ≥ 1}, where the maximal is taken over all S, the cut strategy of G, and i(G/S) is

the number of components which are isolated vertices of G/S. In fact, it is only a slight

modify of VNS. This parameter does not count the whole components of G/S, nor does

it require each component of G/S must be a clique. Therefore, it lacks rationality, let

alone re�nement.

Let G be a connected non-complete graph. The neighbor-isolated scattering numberNIS

of G should be de�ned NIS(G) = max{i(G/S) − |S|: i(G/S) ≥ 1}, where S is a cut

strategy of G such that every component of G/S is a clique, and i(G/S) is the component

number of G/S. If i(G/S∗) − |S∗|= NIS(G), then S∗ is a neighbor-isolated scattering

set, denoted NIS-set.

It is well known that the role of a clique in a neighbor situation is equivalent to a vertex

in a non-neighbor situation. In this de�nition, a NIS-set represents one of the most

thorough damage strategy for a network in neighbor sense. That is, there are no other

types of component except cliques(include isolated vertices) in the survival subgraph.

The rationality of our de�nition can also be illustrated by the following example. In Fig-

ure 1, NIS(G1) = 2, NIS(G2) = 1. This shows that NIS can distinguish their structural

di�erences. However, the parameter de�ned by Aslan cannot do this.

Fig. 1. Two graphs with di�erent NIS

In this paper, based on an investigation of the relationship between NIS and other in-
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vulnerability parameters, some maximal and minimal 0-neighbor-isolate scattered graphs

with prospected order and NIS are given. We use ⌊x⌋ for the largest integer not greater
than x and ⌈x⌉ for the smallest integer not smaller than x, and consider only simple

undirected graphs.

2. Some Bounds of neighbor-isolated scattering number

In this section, we discuss the relationship between NIS and the structure of graphs by

lower and upper bounds of NIS.

By the de�nitions, a vulnerable graph has high V NS or NIS, and vice versa. A

complete graph is very vulnerable to attack, since subverting any one vertex will betray

the entire graph. So, de�ne V NS(Kn) = 1 and NIS(Kn) = 1. It is easy to know that

NIS(G) ≤ V NS(G) for any graph G. At the same time, there are many graphs such

that NIS < V NS. For example, the VNS of the wheel graph W1,11(see [5]) is 2, but its

NIS is 1. More similar examples can be found in paths and cycles, such as P8, C11, C12,

etc.

Theorem 2.1. Let G be a non-complete connected graph of order n(≥ 4). Then NIS(G) ≤
n− 3, and NIS(G) = n− 3 if and only if G is a star.

Proof. Let S be a NIS-set of G. Since G is non-complete and connected, |S|≥ 1 and

i(G/S) ≤ n−2. Therefore, NIS(G) ≤ (n−2)−1 = n−3. The second result is trivial.

De�nition 2.2. [6] Let G be a non-complete connected graph. The vertex-neighbor

toughness of G is de�ned as tV N(G) = min{ |S|
ω(G/S)

}, where the minimal is taken over

all S, the cut-strategy of G, ω(G/S) stands for the number of components of G/S. A

cut-strategy S∗ is called a tV N -set of G if tV N(G) = |S∗|
ω(G/S∗)

. Specially, for the complete

graph and empty graph G, de�ne tV N(G) = 0.

De�nition 2.3. [3] Let G be a non-complete connected graph. The vertex-neighbor

integrity of G is de�ned V NI(G) = min{|S|+m(G/S) : S ⊆ V (G)}, where the minimal

is taken over all subversion strategy of G, and m(G/S) stands for the order of a maximal

component of G/S. A subversion strategy S∗ is said to be a V NI-set of G, if V NI(G) =

|S∗|+m(G/S∗).

Theorem 2.4. Let G be a non-complete connected graph of order n, NIS(G) = s, tV N(G) =

t(≤ 1). Then s ≤ (n−1)(1−t)
1+t

.

Proof. Let S be a NIS-set of G. Then S is a cut strategy of G, and ω(G/S)+ |S|≤ n−1.

By the de�nition of vertex-neighbor toughness, |S|≥ tω(G/S). So, we have ω(G/S) ≤
n−1
1+t

. Therefore,

s = i(G/S)− |S|≤ ω(G/S)− |S|
≤ ω(G/S)− tω(G/S)
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≤ (n− 1)(1− t)

1 + t
.

The proof is completed.

Remark 2.5. The star graphs achieve the upper bound of Theorem 2.4, so it is the best

possible.

Theorem 2.6. Let G be a non-complete connected graph of order n, NIS(G) = s, V NI(G) =

I. Then s ≤ n− I − 1.

Proof. Let S be a cut strategy of G. By the de�nition of vertex-neighbor integrity,

|S|+m(G/S) ≥ I. Then we have

i(G/S) ≤ ω(G/S) ≤ n− |S|−m(G/S)

= n− (|S|+m(G/S))

≤ n− I.

Furthermore, since |S|≥ 1, we have i(G/S) − |S|≤ n − I − 1. By the de�nition of

neighbor-isolated scattering number, we have NIS(G) = s ≤ n− I − 1.

The proof is completed.

Remark 2.7. The upper bound in Theorem 2.6 is tight. This can be shown by the star

graphs.

De�nition 2.8. [7] Let n be an integer at least 3. Construct a class of graphs with order

n, denoted by Gn, as follows.

(1) If ⌊n⌋2 ≤ n < ⌊n⌋⌈n⌉, decompose n = n1 + n2 + ...+ n⌊n⌋ such that |ni − nj|≤ 1 for

i ̸= j. Replace each vertex of the complete graph K⌊
√
n⌋ by a clique Kn1 , Kn2 , ..., Kn⌊

√
n⌋ ,

respectively, then add edges such that

(a) Kni
and Knj

(i ̸= j) are joined by an edge exactly.

(b) Each vertex in Kni
is incident to, at most, one edge not entirely contained in

Kni
, i = 1, 2, ..., ⌊

√
n⌋.

(2) If ⌊n⌋⌈n⌉ ≤ n < ⌈n⌉2, decompose n = n1 + n2 + ...+ n⌈n⌉ such that |ni − nj|≤ 1 for

i ̸= j. Replace each vertex of the complete graph K⌈
√
n⌉ by a clique Kn1 , Kn2 , ..., Kn⌈

√
n⌉ ,

respectively, then add edges as in (1) (a) and (b).

For example, when n = 13, we decompose 13 = 3 + 3 + 3 + 4. A graph in G13 is shown

in Figure 2.

Theorem 2.9. Let G be a graph in Gn. Then

NIS(G) =

{
2− ⌊

√
n⌋, if⌊n⌋2 ≤ n < ⌊n⌋⌈n⌉;

2− ⌈
√
n⌉, if⌊n⌋⌈n⌉ ≤ n < ⌈n⌉2.
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Fig. 2. A graph in G13

Proof. Similar to the proof of Theorem 8 in [5], we have

K(G) =

{
⌊
√
n⌋ − 1, if⌊n⌋2 ≤ n < ⌊n⌋⌈n⌉;

⌈
√
n⌉ − 1, if⌊n⌋⌈n⌉ ≤ n < ⌈n⌉2,

and for any cut strategy S of G, |S|≥ K(G), i(G/S) ≤ 1. Then NIS(G) ≤ 1−K(G).

On the other hand, it is easy to �nd a cut strategy S in G such that |S|= K(G) and

G/S is a clique. Therefore,

NIS(G) = 1−K(G) =

{
2− ⌊

√
n⌋, if⌊n⌋2 ≤ n < ⌊n⌋⌈n⌉;

2− ⌈
√
n⌉, if⌊n⌋⌈n⌉ ≤ n < ⌈n⌉2.

The proof is complete.

Conjecture 2.10. Let G be a non-complete connected graph of order n. Then

NIS(G) ≥
{

2− ⌊
√
n⌋, if⌊n⌋2 ≤ n < ⌊n⌋⌈n⌉;

2− ⌈
√
n⌉, if⌊n⌋⌈n⌉ ≤ n < ⌈n⌉2.

The upper bounds of VNS are upper bounds of NIS, and the lower bounds of NIS are

also the lower bounds of VNS. Theoretically, there are graphs that reach an upper bound

of VNS, but their NIS are relatively small, and graphs that reach a lower bound of NIS,

but their VNS is relatively large. It is interesting to construct such graphs, but it seems

di�cult.

3. The maximally s-neighbor-isolate scattered graphs

In this section, we investigate some maximally s-neighbor-isolate scattered graphs, that

is, given order and neighbor-isolated scattering number, construct a class of graphs with

maximal number of edges.

De�nition 3.1. A graph G is maximally s-neighbor-isolate scattered, if NIS(G) = s

and there does not exist a super spanning graph H of G with NIS(H) = s.

In other words, adding any edge to a maximally s-neighbor-isolate scattered graph, the

NIS of the resulting graph will be no longer s.

Let n, s be two given integers. We construct a class of graphs with order n(≥ 3), denote

G (n, s), such that for any graph G ∈ G (n, s), NIS(G) = s.
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(1) When s ≥ 0, the graph is Kn−s−2 ∨ K̄s+2.

(2) When s ≤ −1, (i) divide n into 2 − s integers such that n1 = n2 = · · · = n1−s =

1−s, n2−s = n−(1−s)2, construct a graph G∗ as that in De�nition 2.8. (ii) Add edges to

G∗. When n2−s > 1− s, denote the vertices of clique Ci as vij, where i, j = 1, 2, · · · , 1− s,

and the vertices of clique C2−s as u2−s,j, where j = 1, 2, · · · , n − (1 − s)2. Let the two

end-vertices of the edge joining clique Ci and clique C2−s be vi1 and u2−s,i, where i =

1, 2, · · · , 1 − s. Join u2−s,k to vi1, where u2−s,k ∈ C2−s and k ≥ 2 − s, i = 1, 2, · · · , 1 − s.

When n2−s = 1− s, that is n = 2− s(1− s), add no edges to G∗.

Two examples are shown as follows (Figures 3 and 4).

Fig. 3. The graphs in G (n, s) with NIS ≥ 0

Fig. 4. A graph in G (n, s) with NIS = −2 and order n = 14

Theorem 3.2. Let G be a graph in G (n, s). Then G is a maximally s-neighbor-isolate

scattered graph with order n(≥ 3), and size is{
1
2
(n2 − n− s2 − 3s)− 1, if s ≥ 0;

1
2
(s4 − 3s3 + (2− 2n)s2 + 2ns+ n2 − n), if s ≤ −1.

Proof. Let n(≥ 3) and s be two given integers. We distinguish two cases on the value of

NIS.

Case 1. s ≥ 0.

Let G be a maximally graph with order n and NIS(G) = s. Suppose that S is a

NIS-set of G, the components of G/S are cliques C1, C2, · · · , Cp, and the order of Cj is

nj, j = 1, 2, · · · , p. Let |S|= x, |N(S)|= y. Then x and y are positive integers, we have

p∑
j=1

nj = n− x− y, (1)
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and

s = p− x. (2)

It is not di�culty to know that, the size of G is

|E(G)|= max

{(
x

2

)
+

(
y

2

)
+ x(y − x) + x+

p∑
j=1

(
nj

2

)
+ y

p∑
j=1

nj

}
. (3)

If there exists some cliques, say Ck, such that nk ≥ 2, then move any vertex from Ck

to N(S), the size of the resulting graph increases x+
p∑

j=1

nj − nk, contradicting that G is

maximal. Therefore, G/S is p isolated vertices, and
p∑

j=1

(
nj

2

)
= 0,

p∑
j=1

nj = p. By (1), (2)

and (3), we have

|E(G)|= max

{
−5

2
x2 +

(
3

2
− 2s

)
x

}
+

1

2
n(n− 1)− 1

2
s2 +

1

2
s.

Let f(x) = −5
2
x2 + (3

2
− 2s)x, x ∈ Z+. It is easy to know that f(x) reaches its

maximal value at x = 1. Therefore, the size of G is f(1) + 1
2
n(n − 1) − 1

2
s2 + 1

2
s =

1
2
n2 − 1

2
n− 1

2
s2 − 3

2
s− 1, and G = Kn−s−2 ∨ K̄s+2. It is easy to know that Kn−s−2 ∨ K̄s+2

is a maximally s-neighbor-isolate scattered graph of order n.

Case 2. s ≤ −1.

Let G be a graph with order n and NIS(G) = s. Let S be a NIS-set of G. By

the de�nition of NIS and Conjecture 2.10, n ≥ 6 and |S|≥ 2. Since the structure of a

maximal graph is di�erent from that in the case 1, our method will be based on De�nition

2.8 and Theorem 2.9. According to Conjecture 2.10, we only consider s ≥ 2−⌊
√
n⌋ when

⌊
√
n⌋2 ≤ n < ⌊

√
n⌋⌈

√
n⌉; or s ≥ 2− ⌈

√
n⌉ when ⌊

√
n⌋⌈

√
n⌉ ≤ n < ⌈

√
n⌉2.

To �nding a maximal graph G, our work will be carried out in the following two steps.

(1) Divide n as n1 = n2 = · · · = n1−s = 1− s, n2−s = n− (1− s)2, construct a graph as

that in De�nition 2.8. Let G∗ be a graph constructed above. By the proof of Theorem 2.9,

we are easy to know that its NIS is s. The size of G∗ is ϵ1 = −1
2
s(1− s)2 + 1

2
n2−s(n2−s −

1) + 1
2
(2− s)(1− s).

If n2−s > 2− s, we move a vertex from the biggest clique(with order n2−s) to any other

clique, the size of the resulting graph is ϵ′ = 1
2
s2(1−s)+1

2
(n2−s−1)(n2−s−2)+1

2
(2−s)(1−s).

Since ϵ1 − ϵ′ = −1
2
s(1− s) + n2−s − 3

2
> 0, replace n2−s by n− (1− s)2 in ϵ1, the size

of G∗ is

ϵ1 =
1

2
(1− s)(2− 2s+ s2) +

1

2
(n2 − n− (2n− 1)(1− s)2 + (1− s)4). (4)

(2) Add edges to G∗.

Without loss of generality, assume n2−s > 1 − s. Denote the vertices of clique Ci

as vij, where i, j = 1, 2, · · · , 1 − s, and the vertices of clique C2−s as u2−s,j, where j =

1, 2, · · · , n − (1 − s)2. Let the two end-vertices of the edge joining clique Ci and clique
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C2−s are vi1 and u2−s,i, where i = 1, 2, · · · , 1 − s. Join u2−s,k to vi1, where u2−s,k ∈ C2−s

and k ≥ 2− s, i = 1, 2, · · · , 1− s.

It is easy to know that the number of the added edges is

ϵ2 = (n2−s − (1− s))(1− s) = (n− (1− s)2 − 1 + s)(1− s) = s3 − 4s2 + (5− n)s+ n− 2.

(5)

The size of the �nal graph, denoted by G, is

ϵ = ϵ1 + ϵ2 =
1

2
(s4 − 3s3 + (−2n+ 2)s2 + 2ns+ n2 − n). (6)

Now, we prove G is maximally s-neighbor-isolate scattered.

Let v be a vertex of G. Since G/{v} and G have the same structure, and (i) G/{v}
has 1− s cliques, (ii) the order of the smallest clique is not less than −s, (iii) the degree

of any vertex is not less than −s, we have NIS(G) = s.

On the other hand, if add any edge to G, at least one of the following situations will

occur, resulting in an increase in NIS.

(a) A vertex v(∈ Ci) and j such that |V (Cj)|−|NCj
(v)|< −s, where i ̸= j, V (Cj) is the

order of clique Cj, NCj
(v) is the neighborhood of v in clique Cj;

(b) Two vertices u(∈ Ci) and v(∈ Cj) such that dG/{v}(u) < −s;

(c) A vertex u such that there exist no edges between some two cliques in G/{u}.
Let's take Figure 3 as an example. If join v11 to v42 or v43, then the degree of v43 or v42

in G/{v11} is 1, (a) and (b) occur; if join v13 to v41, then the degree of v12 in G/{v41} is

1, (a) and (b) occur; if join v32 to v42, then the degree of v31 in G/{v42} is 1, (a) and (b)

occur, or there exist no edges between C2 and C4 in G/{v32}, (c) occur. Similarly, other

cases are not di�cult to verify.

When n2−s = 1−s, n = (1−s)(2−s), G∗ is (1−s)-regular, (1−s)-neighbor connected,

adding any edge will increase its NIS. Replace n by (1− s)(2− s) in (4), we have ϵ = ϵ1 =
1
2
(1− s)(s2 − 3s+ 2). This result is consistent with the formula (6).

Therefore, G is a maximally s-neighbor-isolate scattered graph. The proof is completed.

4. The minimally s-neighbor-isolate scattered graphs

In this section, we investigate the minimally s-neighbor-isolate scattered graphs, that is,

given order and neighbor-isolated scattering number, construct the graphs with minimal

number of edges.

De�nition 4.1. A comet, denote Cn,k, is a graph obtained by identifying one end of a

path Pn−k with the center of a star S1,k(k ≥ 2). The center of S1,k is called the center of

Cn,k.

De�nition 4.2. A graph G is minimally s-neighbor-isolate scattered, if NIS(G) = s and

there does not exist a proper spanning subgraph H of G with NIS(H) = s.
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In other words, deleting any edge of a minimally s-neighbor-isolate scattered graph, the

NIS of the resulting graph will be no longer s.

Let n, s be two given integers. We construct a class of graphs with order n(≥ 3), denote

H (n, s), such that for any graph H ∈ H (n, s), NIS(H) = s. We distinguish 5 cases on

the value of NIS.

(1) s ≤ −1. This means n ≥ 6. If s = −1 and n = 7, 11, then H = Cn. Otherwise, let

⌊ n
2−s

⌋ = k, and n = (2− s)k + r, where 0 ≤ r < 2− s. Divide n into 2− s integers, i.e.,

n = k(2− s− r) + (k + 1)r, construct graph H as that in De�nition 2.8.

(2) s = 0.

(i) n = 3, 4, 8. H = Pn.

(ii) n = 6. Let V (H) = {v0, v1, ..., v5}, E(H) = {v0v2, v3v5, vivi+1 : i = 0, 1, 2, 3, 4}.
(iii) n = 7. Let V (H) = {v0, v1, ..., v6}, E(H) = {v0v3, v1v3, vivi+1 : i = 0, 1, 2, 3, 4, 5}.
(iv) n = 11. The graph H is constructed by add an edge between any two vertices with

distance 2 to the cycle C11.

(v) n ̸= 3, 4, 6, 7, 8, 11. Let H = Cn.

(3) s = 1. This means n ≥ 4.

(i) n = 4. Let H = S1,3.

(ii) n = 8. Let H = C8,2.

(iii) n ̸= 4, 8. Let H = Pn.

(4) 2 ≤ s ≤ n− 4.

(i) n− s = 3, 4, 8. Let Pn−s be a path of order n− s and S be a NIS-set of Pn−s. Add

s 1-paths to an adjacent vertex of one arbitrary vertex in S, this is the graph H.

(ii) n− s ̸= 3, 4, 8. Let Pn−s be a path of order n− s and S be a NIS-set of Pn−s. Add

(s− 2) 1-paths and one 2-path to an adjacent vertex of one arbitrary vertex in S, this is

the graph H.

(5) s = n− 3. Let H be the star K1,n−1.

Theorem 4.3. Let H be a graph in H (n, s). Then H is a minimally s-neighbor-isolate
scattered graph with order n(≥ 3), and its size is

1
2(n(k − 1) + r(k + 1) + (2− s)(1− s)), if s = −1 and n ̸= 7, 11, or s ≤ −2;

n− 1, if n = 3, 4, 8, s = 0, or 1 ≤ s ≤ n− 3;

n, if n = 7, 11, s = −1, or n ̸= 3, 4, 6, 7, 8, 11, s = 0;

n+ 1, if n = 6, 7, 11, s = 0,

where k = ⌊ n
2−s⌋, r = n− (2− s)k.

Proof. By Conjecture 2.10, s ≥ 2 − ⌊
√
n⌋ when ⌊n⌋2 ≤ n < ⌊n⌋⌈n⌉, and s ≥ 2 − ⌈

√
n⌉

when ⌊n⌋⌈n⌉ ≤ n < ⌈n⌉2. We distinguish the following 5 cases to prove H is minimally

s-neighbor-isolate scattered(abbreviated as minimally s-NIS below), and then obtain their

size.

Case 1. The case s = −1 and n = 7, 11 is trivial. If s = −1 and n ̸= 7, 11, or s ≤ −2,

then n ≥ 12.

By the proof of Theorem 2.9, NIS(H) = s. Although the amount of calculation in-

creases with n, it is not di�cult to verify that H is minimally s-neighbor-isolate scattered.
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The size of H is(
k

2

)
(2− s− r) +

(
k + 1

2

)
r +

(
2− s

2

)
=

1

2
(n(k − 1) + r(k + 1) + (2− s)(1− s)).

Case 2. s = 0.

Case 2.1. n = 3, 4, 8.

H = Pn is a tree. So it is minimally 0-NIS, and the size is n− 1.

Case 2.2. n = 6, 7, 11.

It is easy to know that NIS(H) = 0, the size of H is n+ 1, and deleting any edge will

increase NIS of the resulting graph. Therefore, H is minimally 0-NIS.

Case 2.3. n ̸= 3, 4, 6, 7, 8, 11.

Then it is easy to know that the cycle Cn is minimally 0-NIS, and the size is n.

Case 3. s = 1.

This means n ≥ 4. When n = 4 or 8, H is the star S1,3 or the comet C8,2; when n ̸= 4, 8,

H is path Pn. It is easy to know that they are minimally 0-NIS, and the size is n− 1.

Case 4. 2 ≤ s ≤ n− 4.

Since H are trees and NIS(H) = s, the graphs are minimally s-NIS, and the size is

n− 1.

Case 5. s = n− 3.

Obviously, K1,n−1 is the unique minimally s-NIS graph, and the size is n− 1.

5. Conclusion

As discussed in Section 1, our de�nition of neighbor-isolated scattering number is well.

Firstly, it can distinguish structural di�erences of some graphs in the neighbor case.

Secondly, it shows that the de�nition and the name are consistent. Thirdly, it really

re�nes the concept of vertex-neighbor scattering number.

There are still many issues worthy of further investigation regarding this parameter.

We list some issues as follows. (1) Consider the proof of Conjecture 2.10 proposed in

Section 2. (2) Construct connected simple graphs reaching an upper bound of VNS such

that NIS < V NS. (3) Construct connected simple graphs reaching a lower bound of NIS

such that NIS < V NS.
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