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ABSTRACT

A supermagic labeling (often also called vertex-magic edge labeling) of a graph G(V, E)
with |E|= ¢ is a bijection from F to the set of first k positive integers such that the sum
of labels of all incident edges of every vertex x € V is equal to the same integer c¢. An
existence of a supermagic labeling of Cartesian product of two cycles, C,,.LC,,, for n,m > 4
and both n,m even and for any C,,[JC,, with n > 3 was proved by Ivanco. Ivanco also
conjectured that such labeling is possible for any C,,1JC,, with n,m > 3. We prove his
conjecture for all n, m odd that are not relatively prime.

Keywords: magic-type labeling, vertex-magic labeling, supermagic labeling, group edge
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1. Introduction

A labeling of a graph G with vertex set V' of order p and edge set E of order ¢ is a bijection
ffrom V| E, or VUE to theset {1,2,...,s} where s = p, q, or p+q, respectively, assigning
to each element a of V, E, or V U E its label f(a).

The weight of an element is defined as the sum of labels of all adjacent or incident
elements (or both), sometimes including the label of the element itself.

A magic type labeling is one in which the weight of every vertex or edge of G is equal
to the same integer c, called the magic constant. Recently many authors studied also
labelings using Abelian groups rather than sets of consecutive integers. Such labelings
are then usually called I'-labelings.

Probably the longest studied magic type labeling is the supermagic labeling, also called
the vertex-magic edge labeling. To maintain consistency with previous results on Cartesian
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172 D. FRONCEK

product of two cycles, we use the former.

Definition 1.1. Let G be a graph with vertex set V and edge set E of order ¢, and f a
bijection from E to the set of integers {1,2,...,q}, called labels. Define the weight w(x)
of a vertex x € V' as the sum of labels of all edges incident with x. It the weight os every
vertex is the same, that is, there is a positive integer c called the magic constant such that

w(x) = Z flzy) =c forall z € V,

zyelE

then the mapping f is called a supermagic labeling or supermagic labeling of graph G.

There are too many papers studying the supermagic labelings of graphs to be listed
here. For a comprehensive overview, we refer the interested reader to Gallian’s survey [7].
Vertex-transitive graphs are some of most interesting classes in this context. Ivanco
studied Cartesian products of two cycles.

Definition 1.2. The Cartesian product G = GG of graphs G and G5 with disjoint
vertex and edge sets Vi, Vo, and Ey, Es, respectively, is the graph with vertex set V =
V1 x V5 where any two vertices u = (uy,us) € G and v = (v, v2) € G are adjacent in G if
and only if either u; = v; and wusy is adjacent with vy in G4 or, us = v, and u, is adjacent
with v, in G.

In [8], Ivan¢o proved the following results.

Theorem 1.3 (Ivanco [8]). The Cartesian product C,,0C,, has a supermagic labeling for
any n > 3.

Theorem 1.4 (Ivanco [8]). Let n,m > 2 be integers. Then the Cartesian product
Cs,10C5,, has a supermagic labeling.

Ivanco also conjectured that the Cartesian product C,,[JC},, allows a supermagic labeling
for any n,m > 3.

Conjecture 1.5 (Ivanco [8]). The Cartesian product C,,0C,, has a supermagic labeling
for any n,m > 3.

It turns out that when the labeling is performed in a cyclic group Zs,, rather than in
positive integers, the conjecture is true.

Definition 1.6. A T'-supermagic labeling of a graph G(V, E) with |E|= ¢ is a bijection
f from E to an Abelian group I' of order k such that the sum of labels of all incident
edges of every vertex x € V|, called the weight of x and denoted w(x), is equal to the same
element p € I', called the magic constant. That is,

w(z) =Y flay) = p

zyelE
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for every vertex x € V.
Froncek, McKeown, McKeown, and McKeown in [3] proved the following.

Theorem 1.7 ([3]). The Cartesian product C,00C,, admits a Zopy,-supermagic labeling
for all n,m > 3.

Recently, Froncek, Paananen and Sorensen |5, 6] expanded the result to general Abelian
groups.

Theorem 1.8 ([, 6]). The Cartesian product C,0C,, admits a T'-supermagic labeling
for any Abelian group of order 2nm when n,m > 1 are both odd, or n,m > 2 are both
even.

We will show that Ivanco’s conjecture is true for cycles of odd lengths that are not
relatively prime by proving the following.

Theorem 1.9. Let n,m be odd positive integers with ged(n, m) > 1. Then there exists a
supermagic labeling of the Cartesian product C,[1C,, with the magic constant ¢ = dnm—+2.

The construction is based on a similar one used for Zy,,,-labeling of C,,00C,, in [1] by
Froncek and McKeown.

Since Ivanco’s proof in [8] was strictly existential and did not provide a construction of
a particular labeling, we also present a labeling for the case covered by Theorem 1.4.

For completeness we also mention that analogous results for distance magic and I'-
distance magic labeling of C,0C,, (where we label vertices rather than edges and the
weight of a vertex x is the sum of labels of all neighbors of x) were proved in [10], [2],
and [1].

2. Construction for n, m odd

We use the following notation. Vertices will be denoted z;; for ¢ = 1,2,...,n and
J=1,2,...,m. Every vertex z;; is then incident with two wertical edges x(_1);x;; and
TijT(i+1); and two horizontal edges x;j_1)r;; and x;;x;j11) where the subscripts are com-
puted modulo n and m, respectively, with 0 replaced by n and m as appropriate. This
means in particular that vertices w;, are incident with horizontal edges ;(,—1)Zim and
TiymT;1 and similarly vertices x,; are incident with vertical edges x(,_1);2,; and z,;z1;.

By a diagonal D’ we mean a cycle consisting alternately of horizontal and vertical edges
containing the horizontal edge z1;21(j41).

More precisely, in terms of edges we have

D’ = (T15T1(4+1)s T1G+1) T2 +1)> T2+1) T2(j+2) T2(G+2)T3(j+2) - - - » TnjT15)-

Or, in terms of vertices we can write

Jj
D) = w5, 1(j11), Tagi41)s T2(j+2)> T3(j+2)5 - - - > Tnjs T1j-
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We observe that each diagonal D7 is a cycle of length 2/, where | = lem(n,m). To
see that, we notice that to get back to x1; we need to pass through am horizontal edges
and bn vertical edges, where a, b are positive integers. Because the number of horizontal
and vertical edges in the diagonal is the same, we must have am = bn = [ and the
conclusion follows. Since each diagonal has 2 edges, the number of diagonals, call it d, is
d =2nm/2l = nm/l = ged(n, m).

To avoid complicated notation in vertex subscripts, we just denote the horizontal edges

in D7 consecutively as h{, hé, cee h{ and the vertical ones by v{, v, ... ,vlj. All diagonals

will start at vertex z,;, that is, h{ = T1T1(j+1), v] = T1(j+1)T2(j+1) and so on. We will also
call the pair of consecutive edges (h),v]) the HV -corner and the pair (v]_,, h]) the VH-
corner. In particular, the pairs will be called the k-th HV-corner and k-th V H-corner,
respectively. Note that the first HV-corner is (b}, v]) while the first V H-corner is (v], I}).

We present examples for C3[1Cy with three diagonals of length 9 and Cs[1C' 5 with four
diagonals of length 24 in Figures 1 and 2, respectively.

hi h3 —<i>

2
— hg

2 1
hg — hg

—/zé

Fig. 2. Diagonals D'-D* in Cs0OC 5

Construction 2.1. We construct a supermagic labeling f of C,00C,, for 3 < n < m,
where n,m are odd and ged(n,m) > 1.
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Since n, m are odd, we have both [ and d odd and because we have assumed that n and
m are not co-prime, we have d > 3. We set [ = 2I' + 1.

We label each diagonal D7 for j = 1,2, ..., d—1 alternately with two sets of [ consecutive
integers. The horizontal edges will be labeled in increasing order and the vertical ones in
decreasing order. The last diagonal D? will be labeled differently.

All diagonals except D! will start at vertex x1j. Hence, we have h{ = T1;T1(j+1)5 v{ =
T1(j+1)%2(;+1) and so on. For D', we start at vertex x1(441), obtaining hi = x1(a41)%1(d42), v1
T1(d+2)T2(d+2) and so on. Recall that the first HV-corner is (h),v]) while the first V H-
corner is (v, hl).

For all diagonals except the last two we use the same pattern. We assign an increasing
sequence with common difference one on the horizontal edges, and a decreasing sequence
on the vertical edges. The sequences on horizontal edges start at edge x1;71(j+1) = h{ for
J odd and at x9jz9(j41) = h% for j even. On the vertical edges, the sequence starts at edge
T+ T2(j41) = v{ for all diagonals D’,1 < j < d — 2. This guarantees that the partial
corner weights will be constant except at the starting vertex z; ; for 7 odd.

The odd diagonals except the last one will be labeled as follows.

Fh) = (G =Dl +k,
D’ for j odd, j <d
fl)=2nm—(j— 1) —k+1.

Now we look at the partial weights created by the labels in each D7. At the k-th
HV-corner, we have the partial weight w};, of the appropriate vertex of D’ equal to

Wiy (@) = f(h}) + f(1})
=((-DI+k)+2nm—(G—-1)l—k+1)=2nm+1, (1)

where s =k mod n and t = k£ mod m.
At the first V H corner for j = 1 we have

wi g (@) = f(0) + f(h1) = 2nm — 1+ 1) +1=2nm — [ + 2, (2)

and for 3 < 57 < d — 2 we have
whg(w15) = f(0]) + f ()
=2mm—-G-DI=1+1)+((j-1l+1)=2nm—-1+2, (3)
as well. At the k-th V H-corner for 2 < k <[ the partial weight w{'/H is

w{}H(Ist) = f(“iq) + f(hi)
=2nm—-(G-Dl—(k—1+1)+((j—1l+k)=2nm+2, (4)

regardless of the value of j.
Now we want to label the even diagonals so that their V' H-corners would have partial
weights equal to 2nm + 1, the weights of HV-corners would be 2nm or 2nm + [ (at one
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“exceptional” corner) and the vertices with exceptional weights would be aligned. To do
so, we need to shift the horizontal edge labels by one position down, while labeling the
vertical edges as before. Namely, for j < d — 1 we have

f(hy) = (G =Dl+1=jl,

D’ for j even f(hi):(j—l)l+k—1fork>1,

fl)=2nm —(j — 1)l —k+1.
The partial weights at the first (exceptional) HV-corner are then

why (1) = f(B]) + fo]) = (G = DI+ D) + 2nm — (j = 1)) = 2nm + 1, (5)

and at the k-th HV-corner for £ > 1 we have

why () = f(h]) + f(v])
—((j=Di+k=1)+2nm— (-1l —k+1) =2nm. (6)

At the k-th V H-corner the partial weight w?,,; is

whg (@) = f(ul_y) + f(h)
=C2om—-G-DI—-k-1D+1D)+(({-DI+k—-1)=2nm+1, (7)

for any value of j. The last even diagonal D?! is labeled in a similar way except that
the vertex with exceptional partial weight is shifted. We recall that the exceptional
vertices on the seams between consecutive even and odd diagonals were all placed on the
first horizontal cycle C,,. That is, at the first HV-corner. In the case of the last even

diagonal, we place it roughly in the middle of the diagonal, at the (I’ 4+ 2)-nd corner.
Namely, we have

FREY =(d—2)l+k+1 —1for k<I'+2

pi-1 fIYy=(@d—-2)l+k—1U—2fork>1+3
FOi Y =2nm—(d—2)l—k—1'+1for k<I'+1
fOiYy =2nm — (d—2)l—k+1U +2for k>0 +2.

The partial weights at the first I’ +1 HV-corners are

wiy (wse) = f(R ) + fv )
=(d=2I+E+TI'-1)+2nm —(d—-2)l —k—-1"+1)
= 2nm, (8)
and at the (I’ 4+ 2)-nd HV-corner we get the exceptional weight

wipy (Ts) = f(hp) + f(0p5a)
=((d=-2l+U+2)+!'-1)+2nm—(d—2)—(I"+2)+1"+2)
=((d=2)l+1)+ 2nm — (d — 2)l) = 2nm + L. (9)
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At the remaining HV-corners for k = 1"+ 3,1’ +4,...,[ the weights are again

wi]\/l(xst) f(h;1'+12) f(vl’ )
=((d=2)l+k—=0U'=-2)+2nm—(d—2)l —k+1'+2)

= 2nm.

At the V H-corners, the partial weights wf/_Hl are as follows. For k = 1 we have

Wit (@1a-1) = fo 1) + f(h{)
=2nm—(d-2)l —1+U'4+2)+((d—2)l+1+1—1)
=2nm—1+2'+2=2nm+1,

and for k =2,3,...,I' +2 we have

wirgt (we) = f(oi=)) + f(RT)
=Cnm—(d-2)l—(k=1)=U'"41)+((d=2)l+k+1'-1)
=2nm + 1.

For k=101+3,I'"+4,...,1,

wfl;l{l(xst) :f(vk 1)+f(hd 1)
=2nm—(d—-2)—(k—=1)4+1I'"+2)+((d—2)l+ k-1 —2)
=2nm+ 1,

as in all previous cases.

(10)

(11)

(12)

(13)

We present an example of non-exceptional corners in Figure 3. The blue edges belong

to an odd diagonal other than D¢ and the green edges to an even diagonal.

hi, j

2nm —jl—(k—1)+1

l Jl+k

Fig. 3. Typical k-th HV- and V H-corners for j odd (L) and j even (R)

—_ (jl)]Jr/cT

2nm — (j— Dl —k+1
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The remaining odd diagonal, D¢, is labeled in a different way. We define

f(hf) = di

Jh)y=(d—-1)+2k—-2for2<k<l+1
D* S f(hd) = (d—2)l + 2k — 2 for k > I' + 2

fhH =2nm—(d—1)l—2k+2for k<I'+1

L f(uh) = 2nm — (d — 2)1 — 2k + 2 for k> 1' + 2.

The partial weight at the first HV-corner is

Wiy (T1ga+n) = f(RT) + f (o))
=dl+ (2nm— (d—1)l — 2+ 2)
=2nm+1, (14)

and at the k-th HV-corner for k =2.3,...,I' +1 as

wiry (xs) = f(hi) + f(v})
=((d-1DIl+2k—-2)4+ (2nm — (d — 1)l — 2k + 2)
= 2nm. (15)

At the remaining HV-corners for k = 1"+ 2,1’ + 3,...,1 the weights are
wiry (o) = F(h) + f(vf)

=((d=2)l+2k—-2)+ (2nm — (d — 2)l — 2k + 2)
= 2nm, (16)

as well. At the V H-corners, the partial weights w,; are as follows. For k = 1 we have
wig(zia) = f(of) + f(hY)

= (2nm — (d —2)l — 2l + 2) 4 dI
=2nm + 2, (17)

and for k = 2,3,...,I' +1 we have

wyp (@) = f(vi_y) + f(hE)
— (2nm — (d— D) —2(k — 1) +2) + ((d — 1) + 2k — 2)
= 2nm + 2, (18)

as well. For k =1’ + 2 we obtain the exceptional weight

Wi (Tst) = F(0i) + F(Ri4)
=@2nm—(d-1)l-2(I"+1)+2)+ ((d—2)l +2(I' +2) — 2)
= (2nm — (d— 1) —2") + ((d — 2)l + 2I' 4+ 2)
=2nm — [+ 2. (19)
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Recall that by (9) the HV-corner at vertex xs (where where s = (I’ +2) mod n and
t = (I'+2) mod m) is formed by edges hj_ 5 and vj_ with wf, (z) = 2nm+ 1. Finally,
for k=10+430'+4,...,1,

Wi (a) = f(vi_y) + F(hY)
=2nm—(d—2)-2(k—1)4+2)+ ((d—2)l + 2k — 2)
=2nm+ 2 (20)

as in all previous cases except k = [I' + 2.
O
We present a labeling of C5;UC5 in Figure 4. Exceptional vertices are in solid colors.
The odd diagonals except D° are blue, the even ones are green. The last odd diagonal
D5 is red. It can be readily checked that the magic constant is

c=4nm—+ 2 =102
as shown in Construction 2.1.

D1 D3 D5

4

36 27

|
16
1 ‘T o—11 )
|
30 50
l 22

s
.

28 49 39
—lS—T ()—21—"1‘) S—f (L—lf_’»—
38 26 48

Fig. 4. Diagonals D'-D? in C500Cj

We summarize the partial weights depending on the parity of the diagonals in the table
below. We specifically point out the exceptional vertices.
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parity range wy (@) | wen (@) | w(zg)
reg | 7 odd j<d 2nm + 1 2nm+1 | 4dnm + 2
exc | j even k=1 2nm+1 | 2nm — 1+ 2 | dnm + 2
reg |[jeven |j<d—12<k<I 2nm 2nm+2 | 4dnm + 2
reg |jeven |j=d—1,k#1'+2 2nm 2nm +2 | dnm + 2
exc|jeven |j=d—1k=0U4+2|2nm+1 |2nm—1+2|4nm + 2
exc | 7 odd j=d,k=1 2nm+1 | 2nm — 1+ 2 | dnm + 2
reg | 7 odd j=d,2< k<l 2nm 2nm+2 | 4nm + 2

3. Construction for n, m even

The construction for n, m even is based on the same idea and is actually much simpler.

Construction 3.1. We construct a supermagic labeling f of C,00C,, for 4 < n < m,
where n, m are even.

Because we have n, m both even, the number of diagonals d = ged(n, m) is also even.
This fact simplifies matters a lot. The construction is very similar to the previous one.
The only difference is that because we have an even number of diagonals, we will not need
the exceptional one.

We label all odd diagonals as follows, which is the same as the first odd diagonals in
Construction 2.1. The only difference is that we start each diagonal D7 at zy;, including
D', which will then of course start at zi;.

f(hl) = (G — D)l +k,
D7 for j odd, j <d

fl)=2nm —(j — 1)l —k+1.
The partial weights at the HV-corners are by (1) again equal to
Wiy () = 2nm + 1. (21)

At the first V H-corner for we have

whn(e1y) = f(0]) + f(h)
=2nm—-(G-DI—=1+1)+((G-DI+1)=2nm—1+2, (22)

for every odd j. At the k-th V H-corner for 2 < k < I the partial weight w?,, is by (3)
Wi (Tst) = 2nm + 2, (23)

for every odd j.
We again label the even diagonals so that their V' H-corners have partial weights equal
to 2nm + 1, the weights of HV-corners are 2nm or 2nm + [ (at the “exceptional” corner)
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and the vertices with exceptional weights match.

fhi) = (G = Dl+1=jl,
D’ for jeven ¢ f(hl)=(j— 1)l +k—1fork>1,
fl)=2nm—(j — 1)l — k+1.

The partial weights at the first HV-corner are then (5)
w%v(xl(jﬂ)) =2nm + 1, (24)
as in Construction 2.1 and similarly at the k-th HV-corner for k£ > 1 we have by (6)
whyy (24) = 2nm. (25)

At the k-th V H-corner the partial weight wi,, is

wi, g (24) = 2nm + 1, (26)
for any even value of j, as follows from (7). O
D! D?
2‘9 E‘l
o—l—T .Q‘T
32 24

Fig. 5. Diagonals D'-D* in C,00C,

We again present a labeling of a small example, C4[1C}y in Figure 5. Exceptional vertices
are in solid color. The odd diagonals are blue, the even ones are green. It can be easily
checked that the magic constant is

c=4nm + 2 = 66,
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as shown in Construction 3.1.
The partial weights depending on the parity of the diagonals are shown in the table
below. We again point out the exceptional vertices.

parity range wav () | wer(el) | w(zg)
reg | j odd 1<7<d-1 2nm + 1 2nm+1 | 4dnm + 2
exc | j even k=1 2nm+1 | 2nm — 1+ 2 | dnm + 2
reg |[jeven 2<j<d<k<I 2nm 2nm+2 | 4dnm + 2

4. Main result

Now we are ready to prove our result. First we state a simple lemma tying together two
consecutive diagonals.

Lemma 4.1. For each verter x4, 1 < s <n,1 <t < m, there ezists a unique pair (j, k)
such that xs is the shared corner verter between the edge-pair (hy,,v}) (the k-th HV -corner
of diagonal D7) and the edge-pair (v, Bl (the k-th V H-corner of diagonal Di*'). In
particular,

, t—s—j

j=(t—s) modd and k:s—l-Tn.
Proof. It follows from the definition od diagonal D! that the vertices

T12, 23, - - -5 Ts(s4+1)» - - - » Tn(nt1) Delong to the first n HV-corners formed by pairs of edges

(TaiTi(i1)s Tii 1) V(1) (i41)) = (h}, Uzl)

If m > n, then for any fixed s,1 < s < n also the vertices xy(s4q44+1) Where 1 < g <1—1
are HV-corners of the diagonal D!. Therefore, the vertices Tg(stqd+j) Where 0 < g <[ —1
and 1 < j < d are HV-corners of the diagonal D7.

Now for every vertex xy we can write t =s+qd+jfor0<q¢g<l—1and 1< 75 <d.
Therefore, x4 = x5 (s+4a+j) belongs to the j-th diagonal D7 and because

t—s=s+qd+j—s=qd+ 7,
we have
j=(t—s) modd.

To verify the value of k, we first observe that at the vertex z,4; we have the s-th
HV-corner of the diagonal D’ and at the vertex Ty = Zs(s1qd+j) We have the (s + gn)-th
HYV -corner of the diagonal D’ and

k= s+ qn. (27)

But
t=s+qd+ 7,

which yields
qd =t—s— j7
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and
q=(t—s—7j)/d (28)
Combining equalities (27) and (28), we obtain

t—s—7
—n’
d
as desired. O

k=s+

Having now all tools that we need, we can prove the following.

Theorem 4.2. Let n,m > 2 , be positive integers of the same parity with ged(n,m) > 1.
Then the labeling f described in Constructions 2.1 and 5.1 is a supermagic labeling of the
Cartesian product C,(0C,,, with the magic constant ¢ = 4nm + 2.

Proof. We start by observing that every vertex x4 of C,,[JC,, belongs to two consecutive
diagonals, say D7 and D7*'. Moreover, the edges s —1)xg and Ty (1) form a k-th
HV-corner in D’ for some k while the edges T(s—1)tTst and TguTg41) form a k-th VH-
corner in D7*!. Tt follows that the weight w(xg) is the sum of the partial weights, that
is,

w(Ts) = w%v(fpst) + w{j}} (@st)-

First we look at the case of n,m odd. In Construction 2.1, when j is odd and j < d—2,
it follows from (1) that w}, (z4) in diagonal D7 is always equal to 2nm -+ 1. Similarly, it
follows from (7) for 2 < j+1 < d—3 and from (11), (12), and (13) for j+1 = d —1 that
w{;}; (xs) is always equal to 2nm + 1 as well. Therefore, for j odd, 1 < j < d — 2 we have

w(wa) = why (2) + wly (z4)

= (2nm+ 1)+ (2nm+ 1) = 4nm + 2.

For the remaining odd value of j = d we have diagonal D¢ and the following diagonal is
D*'. At the first HV-corner of D we have from (14) w$y (21(4+1)) = 2nm+1 and from (3)
we have wi ;(21a41)) = 2nm — 1 + 2 (recall that diagonal D' starts at vertex @yi1)).

Hence,
w(@yas1)) = Wiy (F14) + Wy g (T1040)
= 2nm+1) + 2nm — 1+ 2) = 4nm + 2.
At the remaining HV-corners for k = 2,3,...,1 we have w¥y (z,s) = 2nm from (15)

and (16) and wi 5 (x.s) = 2nm + 2 from (4). Hence,

w(w,,) = w?ﬂ/@%) + w%/H@T‘S)
= (2nm) + (2nm + 2) = dnm + 2.

Next we look at weights of vertices that belong to consecutive diagonals D7 and D7*!
for j even, 2 < j < d — 3, provided d > 3 and such diagonals exist. The partial weight
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at the first HV-corner is wl (v1;11)) = 2nm + 1, as follows from (5), while from (3) we
have wy,  (21¢j+1y) = 2nm — [ + 2. Therefore,

w(x1G41) = Wiy (T1G+1) + W (@141)
= (2nm +1) + 2nm — 1 4 2) = 4nm + 2.

For the remaining vertices from (6) we have w};, (v4) = 2nm and from (1) wiy (v1(541)) =
2nm + 2, and

w(za) = why () + Wiy (2)

= (2nm) + (2nm + 2) = dnm + 2.

Finally, we examine weights of vertices that belong to diagonals D4~! and D?. For the
(I' +2)-nd HV-corner, we have wi} (24) = 2nm +1 from (9) and w () = 2nm —1+2
from (19), and

w(Ts) = w?{_\/l(xst) + w?/H(xst)

= (2nm+1) + 2nm — 1+ 2) = 4nm + 2.

For the remaining vertices we have at HV-corners wi}(xy) = 2nm, as follows from (8)
and (10), while from (17), (18) and (20) we have w{ ;(zs)) = 2nm + 2. This yields

w(ry) = w?fvl (wst) + Wi g (Tst)

= (2nm) + (2nm + 2) = 4nm + 2.

This concludes the case of n,m both odd, as the weight s of all vertices have been
verified.

The case of n, m even is simpler. In Construction 3.1 when j is odd, it follows from (21)
that wi, (zs) in diagonal D7 is always equal to 2nm + 1. Similarly, it follows from (26)
for 2 < j41 < d that w{jb} () is always equal to 2nm + 1 as well. Therefore, for j odd,
1 <j5<d-—1we have
w(Ts) = w?ﬂ/(wst) + w{;}} (zst)

= (2nm+1)+ 2nm+ 1) = 4nm + 2.

Finally, we verify the weights of vertices at the seams between D7 and D7*! for j even.
This also includes the case when j =d and 7+ 1= 1.

From (24) it follows that the partial weight at the first HV-corner is given as
Wiy (21(j+1) = 2nm + 1 and from (22) we have the corresponding partial weight
Wl (21(j41)) = 2nm — [ + 2. Therefore,

w(@rsn) = Wiy (T111) + Wi (T1G10)
= (2nm+1) + 2nm — 1+ 2) = dnm + 2.

For the remaining vertices we have wi,v(xst) = 2nm from (25) and from (23) we have
w%; (21¢j+1)) = 2nm + 2. Hence,

w(ry) = wfqv(xst) + w{f}}(mst) = (2nm) + (2nm + 2) = dnm + 2.
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This concludes the case of n, m both even.
We have now computed weights of all vertices of our graph and concluded that w(xy) =
dnm + 2 for every vertex x4, which completes the proof. O

Our result then reduces the original conjecture by Ivanco to the following open problem.

Open Problem 4.3. Does there exist a supermagic labeling of the Cartesian product
C,0C,, for n odd and m even or for relatively prime odd numbers n,m?

We concur with Ivanco that the answer is affirmative. Our belief is supported by the
existence of supermagic labelings of C3L1Cy, C301C5, and C30Cs found computationally
by Michna [9].
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