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abstract

As a generalization of vector spaces over �nite �elds, we study vector spaces over �nite

commutative rings, and obtain Anzahl formulas and a dimensional formula for subspaces.

By using these results, we discuss normalized matching (NM) property of a class of sub-

space posets.
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1. Introduction

Let R be a �nite commutative ring and R∗ denote its unit group. Throughout the paper,

R always contains the identity 1 ̸= 0. Let Rm×n be the set of all m × n matrices over

R, and Rn = R1×n. A matrix in Rn is also called an n-dimensional row vector over

R. Let Ir (I for short) be the r × r identity matrix, 0m,n (0 for short) the m × n zero

matrix and 0n = 0n,n. The set of all n×n invertible matrices forms a group under matrix

multiplication, called the general linear group of degree n over R and denoted by GLn(R).

Let A ∈ Rm×n. Denote by Ik(A) the ideal in R generated by all k × k minors of A.

Let AnnR(Ik(A)) = {x ∈ R : xa = 0 for all a ∈ Ik(A)} denote the annihilator of Ik(A).

The McCoy rank of A, denoted by rk(A), is max{k : AnnR(Ik(A)) = {0}}. For m ≤ n,

let Rm×n(m) denote the set of all m× n matrices of McCoy rank m over R.

For A ∈ Rm×n and B ∈ Rn×m, if AB = Im, we say that A has a right inverse and

B is a right inverse of A. The free module Rn of rank n is called the n-dimensional row

vector space over R. Let αi ∈ Rn for each i ∈ [m] := {1, . . . ,m}. The vector subset

{α1, α2, . . . , αm} is called unimodular if the matrix (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤ has a right inverse,
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where X⊤ is the transpose of X. Let V ⊆ Rn be a linear subset (i.e. R-module). A largest

unimodular vector subset of V is a unimodular vector subset of V which has maximum

number of vectors. The dimension of V , denoted by dim(V ), is the number of vectors in a

largest unimodular vector subset of V . If a linear subset X of Rn has a unimodular basis

with m vectors, then X is called an m-dimensional vector subspace (m-subspace for short)

of Rn. We de�ne the 0-subspace to be {01,n}. By Lemma 2.9 below, X is an m-subspace

of Rn if and only if X is a free submodule of Rn of rank m.

Let Fq be a �nite �eld with q elements. Let Fn
q be one of the n-dimensional classical

spaces over Fq, and let Gn be the corresponding classical group of degree n, see Wan's

monograph [12]. Wan determined the orbits of subspaces of Fn
q under the action of Gn,

discussed the following questions and found their the answers: (i) How should the orbits be

described? (ii) What are the lengths of the orbits? (iii) What is the number of subspaces

in any orbit contained in a given subspace? (iv) What is the number of subspaces in any

orbit containing a given subspace?

As generalizations, Wang, the �rst present author and Li [17, 18] studied problems

(i)-(iv) in the singular linear space over Fq; Huang, Lv and Wang [9] studied problems

(ii)-(iv) in the vector space over the residue class ring Zps , where p is a prime number;

The �rst present author [6] studied problems (ii)-(iv) in the vector space over the residue

class ring Zm; Sirisuk and Meemark [11] studied a problem (ii) by using a lifting technique

in the vector space over the commutative ring R.

In this paper, we study problems (i)-(iv) in the vector space over the commutative ring

R by using a matrix method, and discuss NM property of subspace posets. The structure is

as follows. In Section 2, we obtain Anzahl formulas of matrices over R for later references.

In Section 3, we �nd the answers of problems (i)-(iv) in the vector space (Theorems 3.1, 3.3

and 3.4), and obtain the dimensional formula for subspaces (Theorem 3.5). In Section 4,

we �nd the answers of problems (i)-(iv) in the singular linear space (Theorems 4.1-4.3).

Given a �nite graded poset, knowing whether the poset has the NM property is crucial

in understanding the combinatorics of the poset. As an application, the NM property of

subspace posets in the vector space Rn (Theorem 5.2) is discussed in Section 5.

For convenience, we have compiled the main notations in Table 1.

2. Matrices over commutative rings

Suppose that R is a �nite commutative ring. In this section, we obtain an equivalent

condition for A ∈ Rm×n with rk(A) = m, and compute the number of m× n matrices of

McCoy rank m over R by using the matrix method, see Lemma 2.8 and Corollary 2.12.

We begin with a useful proposition.

Proposition 2.1. (See [3]). Let A ∈ Rm×n. Then

(i) 0 ≤ rk(A) ≤ min{m,n}.
(ii) rk(A) = rk(PAQ) for all P ∈ GLm(R) and Q ∈ GLn(R).

(iii) If m ≤ n, then rk(A) = m if and only if the set of all the rows of A is linearly

independent.
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Table 1. Notation

Rm×n the set of all m× n matrices over the ring R.

Rm×n(m) the set of all m× n matrices of McCoy rank m over R.

GLn(R) the general linear group of degree n over R.

GLn+k,n(R) the singular general linear group of degree n+ k over R.

π the natural surjective homomorphism from the local ring R to

the quotient ring R/M , where M is the maximal ideal of R.

ρi the projection map from the commutative ring R1×R2×· · ·×Rℓ

to the local ring Ri for all i ∈ [ℓ].

MR(m,n) the set of all the m-subspaces of Rn.

NR(m,n) the size of MR(m,n).

MR(m, s;n+ k, n) the set of all the (m, s)-subspaces of the singular linear space

Rn+k.

NR(m, s;n+ k, n) the size of MR(m, s;n+ k, n).

⟨m, s⟩ the set MR(m, s;n, n− k) in the singular linear space Rn.

wG0(⟨m, s⟩) the size of ⟨m, s⟩, i.e. NR(m, s;n, n− k).

Pn(R) the poset formed by all the subspaces of Rn ordered by inclusion.

Pn(R)m the set of all the m-subspaces in Pn(R).

2.1. Over local rings

A local ring is a commutative ring which has a unique maximal ideal. For a local ring R,

its unique maximal ideal is M = R \ R∗, and the residue �eld of R is the quotient ring

R/M . In this subsection, we always assume that R is a local ring.

Let π be the natural surjective homomorphism from (R,+, ·) to (R/M,+, ·), i.e. π(r) =
r+M for all r ∈ R. For A = (auv) ∈ Rm×n, let π(A) = (π(auv)). For matrices A ∈ Rm×n

and B ∈ Rn×k, it is easy to see that

π(AB) = π(A)π(B). (1)

Lemma 2.2. (See [2, Lemma 2]). Let A ∈ Rm×n. Then rk(A) = rk(π(A)).

Observe that {α} is unimodular, where α = (r1, . . . , rn) ∈ Rn, if and only if the ideal

generated by r1, . . . , rn is equal to R. So, we obtain the following result.

Lemma 2.3. (See [11, Proposition 1.1]). Let α = (r1, . . . , rn) ∈ Rn. Then the following

statements are equivalent.

(i) {α} is unimodular.

(ii) ri is a unit for some i ∈ [n].

(iii) {α} is linearly independent.

Lemma 2.4. Let m ≤ n and A ∈ Rm×n. Then rk(A) = m if and only if there exists an
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S ∈ GLn(R) such that AS = (Im, 0m,n−m).

Proof. If there exists an S ∈ GLn(R) such that AS = (Im, 0m,n−m), by Proposition 2.1,

rk(A) = rk(Im, 0m,n−m), which implies that rk(A) = m.

Suppose rk(A) = m. Let A = (aij) = (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤. By Proposition 2.1 (iii),

{α1, α2, . . . , αm} is linearly independent, which implies that {α1 = (a11, a12, . . . , a1n)} is

linearly independent. Without loss of generality, by Lemma 2.3, we may assume that a11
is a unit. Then

S1 =


a−1
11 −a−1

11 a12 · · · −a−1
11 a1n

1
. . .

1

 ∈ GLn(R),

such that

AS1 =

(
1 01,n−1

B1 B2

)
,

where B1 = (a−1
11 a21, . . . , a

−1
11 am1)

⊤ and B2 ∈ R(m−1)×(n−1). By Proposition 2.1 (ii),

rk(AS1) = m, which implies that the set of all the rows of AS1 is linearly indepen-

dent. It follows that {β2, . . . , βm} is linearly independent, where B2 = (β⊤
2 , . . . , β

⊤
m)

⊤. By

Proposition 2.1 (iii), rk(B2) = m− 1. By induction, there exists an S2 ∈ GLn−1(R) such

that

B2S2 =
(
Im−1 0m−1,n−m

)
.

Then

AS1

(
1 01,n−1

0n−1,1 S2

)
=

(
1 01,m−1 01,n−m

B1 Im−1 0m−1,n−m

)
.

Write

S3 =

 1 01,m−1

−B1 Im−1

In−m

 .

Then

S = S1

(
1 01,n−1

0n−1,1 S2

)
S3 ∈ GLn(R),

and AS = (Im, 0m,n−m). Therefore, the desired result follows.

Lemma 2.5. Let m ≤ n and A = (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤ ∈ Rm×n. Then the following

statements are equivalent.

(i) rk(A) = m.

(ii) {α1, α2, . . . , αm} is linearly independent.

(iii) There exists an S ∈ GLn(R) such that AS = (Im, 0m,n−m).

(iv) {α1, α2, . . . , αm} is unimodular.
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Proof. (i) ⇔ (ii) ⇔ (iii). By Proposition 2.1 (iii) and Lemma 2.4.

(iii) ⇔ (iv). If there exists an S ∈ GLn(R) such that AS = (Im, 0m,n−m), then A =

(Im, 0m,n−m)S
−1. Choose

B = S

(
Im

0n−m,m

)
.

Then AB = Im. So, {α1, α2, . . . , αm} is unimodular.

Conversely, if {α1, α2, . . . , αm} is unimodular, then there exists some B ∈ Rn×m such

that AB = Im. By (1), π(Im) = π(AB) = π(A)π(B), which implies that rk(π(A)) = m

since R/M is a �eld. By Lemma 2.2, rk(A) = m. So, there exists an S ∈ GLn(R) such

that AS = (Im, 0m,n−m) by Lemma 2.4.

For T ∈ GLm(R), S ∈ GLn(R) and M ⊆ Rm×n(m), we write TM = {TA : A ∈ M}
and MS = {AS : A ∈ M}.

Lemma 2.6. Let 0 ≤ m ≤ n. Then

|Rm×n(m)|= |R|
m(m−1)

2

m−1∏
i=0

(|R|n−i−|M |n−i).

In particular,

|GLn(R)|= |R|
n(n−1)

2

n−1∏
i=0

(|R|n−i−|M |n−i).

Proof. Let A = (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤ ∈ Rm×n(m). We enumerate how many A's there

are. By Lemma 2.5, {α1, α2, . . . , αm} is linearly independent, which implies that {α1} is

linearly independent. By Lemma 2.3, there are |R|n−|M |n choices for α1. Once α1 is

chosen, let

Rm×n(m,α1) =

{(
α1

A2

)
∈ Rm×n(m) : A2 ∈ R(m−1)×n(m− 1)

}
.

Similar to the proof of Lemma 2.4, there exists S1 ∈ GLn(R) such thatRm×n(m,α1)S1 =

Rm×n(m, e1), where e1 is the row vector in Rn in which 1st coordinate is 1 and all other co-

ordinates are 0. Then |Rm×n(m,α1)|= |Rm×n(m, e1)|, which implies that |Rm×n(m,α1)|
is independent of the particular choice of α1. Without loss of generality, we may as-

sume that α1 = e1 and A2 = (α⊤
2 , . . . , α

⊤
m)

⊤. Since {e1, α2} is linearly independent, by

Lemma 2.3 again, there are |R|(|R|n−1−|M |n−1) choices for α2. Proceeding in this way,

�nally after α1, . . . , αm−1 are chosen, there are |R|m−1(|R|n−m+1−|M |n−m+1) choices for

αm. Therefore,

|Rm×n(m)|=
m−1∏
i=0

|R|i(|R|n−i−|M |n−i) = |R|
m(m−1)

2

m−1∏
i=0

(|R|n−i−|M |n−i),

as desired.
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2.2. Over commutative rings

In this subsection, we always assume that R is a commutative ring. It is well known that

R is a product of local rings (cf. [1]). Write (R,+, ·) = (R1 × R2 × · · · × Rℓ,+, ·), where
R1, R2, . . . , Rℓ are local rings with maximal ideals M1,M2, . . . ,Mℓ, respectively. Let

ρi : R −→ Ri,

(r1, r2, . . . , rℓ) 7 −→ ri

be the projection map for all i ∈ [ℓ]. For A = (auv) ∈ Rm×n and B ∈ Rn×k, let ρi(A) =

(ρi(auv)) for all i ∈ [ℓ]. Then

ρi(AB) = ρi(A)ρi(B) for all i ∈ [ℓ]. (2)

From [10], we deduce that

(GLn(R), ·) ∼= (GLn(R1)×GLn(R2)× · · · ×GLn(Rℓ), ·), (3)

and

(Rm×n,+) ∼= (Rm×n
1 ×Rm×n

2 × · · · ×Rm×n
ℓ ,+). (4)

Lemma 2.7. (See [11, Proposition 1.3]) Let α1, α2, . . . , αs ∈ Rn. Then {α1, α2, . . . , αs}
is linearly independent over R if and only if {ρi(α1), ρi(α2), . . . , ρi(αs)} is linearly inde-

pendent over Ri for all i ∈ [ℓ].

For convenience, we write the identity (resp. the zero) of Ri as 1 (resp. 0) for all i ∈ [ℓ],

and the identity and the zero of R also as 1 and 0,1 respectively.

Lemma 2.8. Let m ≤ n and A ∈ Rm×n. Then rk(A) = m if and only if there exists an

S ∈ GLn(R) such that AS = (Im, 0m,n−m).

Proof. If there exists an S ∈ GLn(R) such that AS = (Im, 0m,n−m), then rk(A) =

rk(Im, 0m,n−m) = m by Proposition 2.1.

Suppose rk(A) = m. Let A = (aij) = (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤. By Proposition 2.1 (iii),

{α1, α2, . . . , αm} is linearly independent overR. By Lemma 2.7, {ρi(α1), ρi(α2), . . . , ρi(αm)}
is linearly independent over Ri for all i ∈ [ℓ]. For every i ∈ [ℓ], by Lemma 2.5, there exists

an Si ∈ GLn(Ri) such that ρi(A)Si = (Im, 0m,n−m). From (3), we deduce that there exists

the unique S ∈ GLn(R) such that ρi(S) = Si for all i ∈ [ℓ]. By (2), we obtain

ρi(AS) = ρi(A)ρi(S) = (Im, 0m,n−m) = ρi(Im, 0m,n−m) for all i ∈ [ℓ].

By (4), AS = (Im, 0m,n−m).

1 In fact, the identity and the zero of R are (1, . . . , 1)︸ ︷︷ ︸
ℓ

and (0, . . . , 0)︸ ︷︷ ︸
ℓ

, respectively.
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Lemma 2.9. Let m ≤ n and A = (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤ ∈ Rm×n. Then the following

statements are equivalent.

(i) rk(A) = m.

(ii) {α1, α2, . . . , αm} is linearly independent.

(iii) There exists an S ∈ GLn(R) such that AS = (Im, 0m,n−m).

(iv) {α1, α2, . . . , αm} is unimodular.

Proof. (i) ⇔ (ii) ⇔ (iii). By Proposition 2.1 (iii) and Lemma 2.8.

(iii) ⇒ (iv). The proof is similar to that of Lemma 2.4, and will be omitted.

(iv) ⇒ (iii). If {α1, α2, . . . , αm} is unimodular, then there exists some B ∈ Rn×m such

that AB = Im. By (2), Im = ρi(Im) = ρi(AB) = ρi(A)ρi(B) for all i ∈ [ℓ], which

implies that {ρi(α1), ρi(α2), . . . , ρi(αm)} is unimodular for all i ∈ [ℓ]. By Lemma 2.5,

{ρi(α1), ρi(α2), . . . , ρi(αm)} is linearly independent over Ri for all ∈ [ℓ], which implies

that {α1, α2, . . . , αm} is linearly independent over R by Lemma 2.7. From (ii) ⇔ (iii), we

deduce that there exists an S ∈ GLn(R) such that AS = (Im, 0m,n−m).

By Lemmas 2.5, 2.7 and 2.9, we obtain the following result.

Corollary 2.10. Let m ≤ n and A = (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤ ∈ Rm×n. Then the following

hold.

(i) rk(A) = m if and only if rk(ρi(A)) = m for all i ∈ [ℓ].

(ii) {α1, α2, . . . , αm} is linearly independent over R if and only if {ρi(α1), ρi(α2), . . . , ρi(αm)}
is linearly independent over Ri for all i ∈ [ℓ].

(iii) There exists an S ∈ GLn(R) such that AS = (Im, 0m,n−m) over R if and only if

there exists an Si ∈ GLn(Ri) such that ρi(A)Si = (Im, 0m,n−m) over Ri for all i ∈ [ℓ].

(iv) {α1, α2, . . . , αm} is unimodular over R if and only if {ρi(α1), ρi(α2), . . . , ρi(αm)} is

unimodular over Ri for all i ∈ [ℓ].

Lemma 2.11. Let m ≤ n and α1, α2, . . . , αm ∈ Rn. If {α1, α2, . . . , αm} is linearly inde-

pendent, then {α1, α2, . . . , αm} can be extended to a unimodular basis of Rn.

Proof. Since {α1, α2, . . . , αm} is linearly independent, by Lemma 2.9, there is an S ∈
GLn(R) such that A = (Im, 0m,n−m)S

−1, where A = (α⊤
1 , α

⊤
2 , . . . , α

⊤
m)

⊤. Then

Ã =

(
A

(0n−m,m, In−m)S
−1

)
= S−1,

is invertible. Write Ã = (α⊤
1 , . . . , α

⊤
m, α

⊤
m+1, . . . , α

⊤
n )

⊤. Then {α1, . . . , αm, αm+1, . . . , αn}
is a unimodular basis of Rn.

By (3), (4), Lemma 2.6 and Corollary 2.10, we obtain the following result.

Corollary 2.12. Let 0 ≤ m ≤ n. Then

|Rm×n(m)|= |R|
m(m−1)

2

ℓ∏
j=1

m−1∏
i=0

(|Rj|n−i−|Mj|n−i).
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In particular,

|GLn(R)|= |R|
n(n−1)

2

ℓ∏
j=1

n−1∏
i=0

(|Rj|n−i−|Mj|n−i).

3. Vector spaces

Suppose that R = R1×R2×· · ·×Rℓ is a commutative ring, where R1, R2, . . . , Rℓ are local

rings with maximal ideals M1,M2, . . . ,Mℓ, respectively. In this section, we obtain Anzahl

formulas and a dimensional formula for subspaces of Rn by using the matrix method, see

Theorems 3.1, 3.3-3.5.

Let {α1, α2, . . . , αm} ⊆ Rn, and ⟨α1, α2, . . . , αm⟩ denote the R-module generated by

α1, α2, . . . , αm. If {α1, α2, . . . , αm} is linearly independent, then X = ⟨α1, α2, . . . , αm⟩
is an m-subspace of Rn by Lemma 2.9, and the matrix (α⊤

1 , α
⊤
2 , . . . , α

⊤
m)

⊤ is called a

matrix representation of X. The matrix representation is not unique. We use an m × n

matrix A with rk(A) = m to represent an m-subspace of Rn. For A,B ∈ Rm×n with

rk(A) = rk(B) = m, both A and B represent the same m-subspace if and only if there

exists a T ∈ GLm(R) such that B = TA. For convenience, if A is a matrix representation

of an m-subspace X, then we write X = A.

For an m-subspace X of Rn, by Lemma 2.9, there exists an S ∈ GLn(R) such that X

has matrix representations

X = (Im, 0m,n−m)S = T (Im, 0m,n−m)S for all T ∈ GLm(R). (5)

There is an action of GLn(R) on Rn de�ned as follows:

Rn ×GLn(R) −→ Rn,

((r1, . . . , rn), S) 7 −→ (r1, . . . , rn)S.

The above action induces an action on the set of subspaces of Rn; i.e., a subspace P is

carried by S ∈ GLn(R) to the subspace PS.

For 0 ≤ m ≤ n, let MR(m,n) denote the set of all the m-subspaces of Rn, and let

NR(m,n) denote the size of MR(m,n). Sirisuk and Meemark [11] determined the size of

MR(m,n) by using a lifting technique.

Theorem 3.1. MR(m,n) is non-empty if and only if 0 ≤ m ≤ n. Moreover, if MR(m,n)

is non-empty, then it forms an orbit of subspaces under the action of GLn(R) and

NR(m,n) =
ℓ∏

j=1

m−1∏
i=0

|Rj|n−i−|Mj|n−i

|Rj|m−i−|Mj|m−i
.

Proof. Clearly, MR(m,n) is non-empty if and only if 0 ≤ m ≤ n. For any m-subspace

P ∈ MR(m,n), by Lemma 2.9, there exists an S ∈ GLn(R) such that PS = (Im, 0m,n−m).

By (5), MR(m,n) forms an orbit of subspaces under the action of GLn(R).

Recall that Rm×n(m) is the set of all the m× n matrices of McCoy rank m over R. By
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Corollary 2.12 and (5),

NR(m,n) =
|Rm×n(m)|
|GLm(R)|

=
ℓ∏

j=1

m−1∏
i=0

|Rj|n−i−|Mj|n−i

|Rj|m−i−|Mj|m−i
,

as desired.

Example 3.2. (See [12, Theorem 1.7], [9, Theorem 3.5] and [6, Theorem 3.5]).

(i) If R is the �nite �eld Fq, then

NFq(m,n) =
m−1∏
i=0

qn−i − 1

qm−i − 1
.

(ii) If R is the residue class ring Zps , where p is a prime number, then

NZps
(m,n) = p(s−1)m(n−m)

m−1∏
i=0

pn−i − 1

pm−i − 1
.

(iii) If R is the residue class ring Zpsqt , where p and q are two distinct prime numbers,

then

NZpsqt
(m,n) = p(s−1)m(n−m)q(t−1)m(n−m)

m−1∏
i=0

(pn−i − 1)(qn−i − 1)

(pm−i − 1)(qm−i − 1)
.

For a �xedm-subspace P of Rn, letMR(m1,m, n) denote the set of all them1-subspaces

contained in P , and let NR(m1,m, n) denote the size of MR(m1,m, n). By Theorem 3.1,

NR(m1,m, n) is independent of the particular choice of the subspace P .

Theorem 3.3. MR(m1,m, n) is non-empty if and only if 0 ≤ m1 ≤ m ≤ n. Moreover,

if MR(m1,m, n) is non-empty, then

NR(m1,m, n) = NR(m1,m) =
ℓ∏

j=1

m1−1∏
i=0

|Rj|m−i−|Mj|m−i

|Rj|m1−i−|Mj|m1−i
.

Proof. By Theorem 3.1, we may assume that the �xed m-subspace P = (Im, 0m,n−m).

Then NR(m1,m, n) = NR(m1,m).

For a �xedm1-subspace P of Rn, letM′
R(m1,m, n) denote the set of all them-subspaces

containing P , and let N ′
R(m1,m, n) denote the size of M′

R(m1,m, n). By Theorem 3.1,

N ′
R(m1,m, n) is independent of the particular choice of the subspace P .

Theorem 3.4. M′
R(m1,m, n) is non-empty if and only if 0 ≤ m1 ≤ m ≤ n. Moreover,

if M′
R(m1,m, n) is non-empty, then

N ′
R(m1,m, n) = NR(m−m1, n−m1) =

ℓ∏
j=1

m−m1−1∏
i=0

|Rj|n−m1−i−|Mj|n−m1−i

|Rj|m−m1−i−|Mj|m−m1−i
.
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Proof. By counting the number of couples (P,Q), where P ∈ MR(m1, n) and Q ∈
MR(m,n) with P ⊆ Q, by Theorems 3.1 and 3.3,

N ′
R(m1,m, n) =

NR(m,n)NR(m1,m, n)

NR(m1, n)
= NR(m−m1, n−m1).

Therefore, the desired result follows.

Let X and Y be two subspaces of Rn. The set of vectors belonging to both X and

Y is a linear subset of Rn, called the intersection of X and Y and denoted by X ∩ Y .

The set of vectors which can be written as sums of a vector of X and a vector of Y

is also a linear subset of Rn, called the join of X and Y and denoted by X + Y . In

general, the intersection and the join of two subspaces in Rn are not subspaces. Note that

X ∩ Y = Y ∩X,X + Y = Y +X, and X ∩ Y = X,X + Y = Y if X ⊆ Y .

Theorem 3.5. (Dimensional formula). Let A and B be two subspaces of Rn. Then the

following hold.

(a)

max{dim(A), dim(B)} ≤ dim(A+B) ≤ min{n, dim(A) + dim(B)− dim(A ∩B)}.

(b) The following statements are equivalent:

(i) dim(A+B) = dim(A) + dim(B)− dim(A ∩B);

(ii) A+B is a subspace of Rn;

(iii) A ∩B is a subspace of Rn.

Proof. Suppose dim(A∩B) = t, dim(A) = m1, dim(B) = m2 and dim(A+B) = k, where

both A ∩B and A+B are linear subsets of Rn.

(a). By A + B ⊆ Rn, k ≤ n. Since dim(A ∩ B) = t, there is a largest unimodular

vector subset {α1, . . . , αt} of A∩B. By Lemma 2.9, {α1, . . . , αt} is linearly independent.

By Lemma 2.11, {α1, . . . , αt} can be extended to a unimodular basis {α1, . . . , αm1} of A

and a unimodular basis {α1, . . . , αt, βt+1, . . . , βm2} of B. Then

A+B = ⟨α1, . . . , αm1 , βt+1, . . . , βm2⟩. (6)

Let {γ1, . . . , γk} be a largest unimodular vector subset ofA+B. WriteA1 = (α⊤
1 , . . . , α

⊤
m1

,

β⊤
t+1, . . . , β

⊤
m2

)⊤ ∈ R(m1+m2−t)×n and A2 = (γ⊤
1 , . . . , γ

⊤
k )

⊤ ∈ Rk×n. Since {γ1, . . . , γk} ⊆
A+B, there exists a k×(m1+m2−t)matrixM such that A2 = MA1. Since {γ1, . . . , γk} is
unimodular, by Lemma 2.9, there is an n× k matrix D2 such that A2D2 = Ik. Therefore,

we haveM(A1D2) = Ik, which implies that rk(M) = k by Lemma 2.9. By Proposition 2.1,

k ≤ m1 + m2 − t. So, k ≤ min{n,m1 + m2 − t}. Since A ⊆ A + B and B ⊆ A + B,

dim(A+B) ≥ max{dim(A), dim(B)}.
(b). Suppose that A1, A2 and M are as the above.

(i) ⇔ (ii). Suppose k = m1 + m2 − t. Then M is invertible, which implies that

M−1A2 = A1. If X ∈ Rk such that XA1 = XM−1A2 = 01,n, then XM−1 = 01,k since

A2D2 = Ik. Therefore, X = 01,k and {α1, . . . , αm1 , βt+1, . . . , βm2} is linearly independent.

From (6), we deduce that A+B is a k-subspace.
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Conversely, suppose that A + B is a k-subspace of Rn. By Theorem 3.1, there is an

S ∈ GLn(R) such that (A+B)S = (Ik, 0k,n−k). So, we may assume that

AS =

 α1

...

αm1

S = (Im1 , 0m1,n−m1),

and

BS =



α1

...

αt

βt+1

...

βm2


S =

(
It 0t,m1−t 0t,n−m1

0m2−t,t B2 B3

)
,

where B2 ∈ R(m2−t)×(m1−t), B3 ∈ R(m2−t)×(n−m1) and rk(B2, B3) = m2 − t. Then It
Im1−t

−B2 Im2−t

A1S =

(
Im1 0m1,n−m1

0m2−t,m1 B3

)
.

Write B3 = (B31, B32), where B31 ∈ R(m2−t)×(k−m1) and B32 ∈ R(m2−t)×(n−k). Since

all the rows of (0m2−t,m1 , B3) are contained in the subspace (Ik, 0k,n−k), there exists an

(m2 − t) × k matrix M1 such that (0m2−t,m1 , B3) = M1(Ik, 0k,n−k), which implies that

B32 = 0m2−t,n−k. Similarly, there exist a (k−m1)×m1 matrixM2 and a (k−m1)×(m2−t)

matrix M3 such that

(0k−m1,m1 , Ik−m1 , 0k−m1,n−k) = (M2,M3)

(
Im1 0m1,k−m1 0m1,n−k

0m2−t,m1 B31 0m2−t,n−k

)
,

which implies that M2 = 0k−m1,m1 and M3B31 = Ik−m1 . By Lemma 2.9, there exists a

T ∈ GLm2−t(R) such that

TB31 =

(
Ik−m1

0m1+m2−t−k,k−m1

)
.

Then

(
It

T

)
BS =

 It 0t,m1−t 0t,k−m1 0t,n−k

0m2−t,t B21 Ik−m1 0k−m1,n−k

0m1+m2−t−k,t B22 0m1+m2−t−k,k−m1 0m1+m2−t−k,n−k

 ,

where TB2 =

(
B21

B22

)
. From rk(B2, B3) = m2 − t, we deduce that rk(B22) = m1 +

m2 − t − k. It follows that t = dim(A ∩ B) = dim(AS ∩ BS) ≥ m1 + m2 − k. Since

k ≤ m1 +m2 − t, k = m1 +m2 − t.
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(i)⇔ (iii). Suppose k = m1+m2−t. From (6), we deduce that {α1, . . . , αm1 , βt+1, . . . , βm2}
is a unimodular basis of A+B. For any α ∈ A∩B, there exist r1, . . . , rm1 , s1, . . . , sm2 ∈ R

such that

α =

m1∑
j=1

rjαj =
t∑

j=1

sjαj +

m2∑
j=t+1

sjβj.

It follows that
t∑

j=1

(rj − sj)αj +
m1∑

j=t+1

rjαj −
m2∑

j=t+1

sjβj = 01,n. Since {α1, . . . , αm1 , βt+1,

. . . , βm2} is linearly independent, rj = sj for all 1 ≤ j ≤ t, rj = 0 for all t + 1 ≤ j ≤ m1

and sj = 0 for all t + 1 ≤ j ≤ m2. So, α =
t∑

j=1

rjαj ∈ ⟨α1, . . . , αt⟩. Therefore, A ∩ B =

⟨α1, . . . , αt⟩ is a t-subspace of Rn.

Conversely, suppose that A∩B is a t-subspace of Rn. Then {α1, . . . , αt} is a unimodular

basis of A∩B. If
m1∑
i=1

riαi+
m2∑

j=t+1

sjβj = 01,n, then
m1∑
i=1

riαi = −
m2∑

j=t+1

sjβj ∈ A∩B, and there

exist s1, . . . , st ∈ R such that
t∑

i=1

siαi +
m2∑

j=t+1

sjβj = 01,n. Since {α1, . . . , αt, βt+1, . . . , βm2}

is a unimodular basis of B, s1 = · · · = sm2 = 0. It follows that
m1∑
i=1

riαi = 01,n, which

implies that r1 = · · · = rm1 = 0 since {α1, . . . , αm1} is a unimodular basis of A. Therefore,

{α1, . . . , αm1 , βt+1, . . . , βm2} is linearly independent. By (5), A + B is an (m1 +m2 − t)-

subspace and k = m1 +m2 − t.

Remark 3.6. Let A and B be two subspaces of Rn. If R is a �eld, then dim(A + B) =

dim(A) + dim(B)− dim(A∩B) always holds. Suppose that R is not a �eld. Since R is a

�nite ring, each non-zero element in R\R∗ is a zero divisor. Let 1 ≤ m1 ≤ m2,m1+m2 ≤ n

and a ∈ R\R∗ be a �xed non-zero element. Pick A = (0m1,n−m1−m2 , aIm1 , 0m1,m2−m1 , Im1)

and B = (0m2,n−m2 , Im2). Then dim(A + B) = m2 and dim(A ∩ B) = 0. So, dim(B) =

m2 = dim(A+B) < m1 +m2 = dim(A) + dim(B)− dim(A ∩B).

4. Singular linear spaces

In this section, we always assume that R = R1 × R2 × · · · × Rℓ is a commutative ring,

where R1, R2, . . . , Rℓ are local rings with maximal ideals M1,M2, . . . ,Mℓ, respectively.

For two non-negative integers n and k, Rn+k denotes the (n+k)-dimensional row vector

space over R. The set of all (n+ k)× (n+ k) invertible matrices over R of the form(
T11 T12

0k,n T22

)
,

where T11 ∈ GLn(R) and T22 ∈ GLk(R), forms a group under matrix multiplication, called

the singular general linear group of degree n+k over R and denoted by GLn+k,n(R). There

is an action of GLn+k,n(R) on Rn+k de�ned as follows:

Rn+k ×GLn+k,n(R) −→ Rn+k,

((x1, x2, . . . , xn+k), T ) 7 −→ (x1, x2, . . . , xn+k)T.
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The vector space Rn+k together with the above group action, is called the (n + k)-

dimensional singular linear space over R.

For 1 ≤ i ≤ n + k, let ei denote the row vector in Rn+k in which ith coordinate is

1 and all other coordinates are 0. De�ne E = ⟨en+1, en+2, . . . , en+k⟩. Then E is a k-

subspace of Rn+k. An m-subspace P of Rn+k is called an (m, s)-subspace if P ∩ E is an

s-subspace. Let MR(m, s;n + k, n) denote the set of all the (m, s)-subspaces of Rn+k,

and let NR(m, s;n+ k, n) denote the size of MR(m, s;n+ k, n).

Theorem 4.1. MR(m, s;n+k, n) is non-empty if and only if 0 ≤ s ≤ k and 0 ≤ m−s ≤
n. Moreover, if MR(m, s;n+k, n) is non-empty, then it forms an orbit of subspaces under

the action of GLn+k,n(R) and

NR(m, s;n+ k, n) = |R|(m−s)(k−s)NR(m− s, n)NR(s, k),

where NR(m− s, n) is given by Theorem 3.1.

Proof. If 0 ≤ s ≤ k and 0 ≤ m − s ≤ n, then ⟨e1, . . . , em−s, en+1, . . . , en+s⟩ is an

(m, s)-subspace, which implies that MR(m, s;n+k, n) is non-empty. Conversely, suppose

P ∈ MR(m, s;n+k, n). Since P ∩E is an s-subspace of E, it has a matrix representation

(0s,n, P22), where P22 ∈ Rs×k(s). So, 0 ≤ s ≤ k. By Lemma 2.11, P has a matrix

representation

P =

(
P11 P12

0s,n P22

)
, (7)

where P11 ∈ R(m−s)×n and P12 ∈ R(m−s)×k. By Theorem 3.5 and (5), P + E is an

(m− s+ k)-subspace and has a matrix representation(
P11 0m−s,k

0s,n Ik

)
,

where P11 ∈ R(m−s)×n(m− s). So, 0 ≤ m− s ≤ n.

For each P ∈ MR(m, s;n + k, n) has a matrix representation as in (7) with P11 ∈
R(m−s)×n(m− s) and P22 ∈ Rs×k(s). By Lemma 2.9 and (5), P11 is an (m− s)-subspace

of Rn, and P22 is an s-subspace of E. By Theorem 3.1, there exist T11 ∈ GLn(R) and

T22 ∈ GLk(R) such that P11T11 = (Im−s, 0m−s,n−m+s) and P22T22 = (Is, 0s,k−s). Let

T1 =

(
T11 0n,k
0k,n T22

)
.

Then PT1 has a matrix representation

PT1 =

(
Im−s 0m−s,n−m+s 0m−s,s P14

0s,m−s 0s,n−m+s Is 0s,k−s

)
.

Let

T2 =


Im−s −P14

In−m+s

Is
Ik−s

 .
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Then T1T2 ∈ GLn+k,n(R) and

PT1T2 =

(
Im−s 0m−s,n−m+s 0m−s,s 0m−s,k−s

0s,m−s 0s,n−m+s Is 0s,k−s

)
.

Therefore,MR(m, s;n+k, n) forms an orbit of subspaces under the action ofGLn+k,n(R).

Denote by nR(m, s;n + k, n) the number of all the matrices P of the form (7) with

P11 ∈ R(m−s)×n(m − s) and P22 ∈ Rs×k(s). Suppose that P and Q represent the same

subspace, then there is an m×m invertible matrix S such that SP = Q. It follows that

S is necessarily of the form

S =

(
S11 S12

0s,m−s S22

)
∈ GLm,m−s(R).

Moreover, if SP = P , then S = Im. Consequently,

NR(m, s;n+ k, n) =
nR(m, s;n+ k, n)

|GLm,m−s(R)|
.

By Corollary 2.12 and Theorem 3.1, the desired result follows.

For a �xed (m, s)-subspace P of Rn+k, let MR(m1, s1;m, s;n+ k, n) denote the set of

all the (m1, s1)-subspaces contained in P , and let NR(m1, s1;m, s;n+k, n) denote the size

of MR(m1, s1;m, s;n + k, n). By Theorem 4.1, NR(m1, s1;m, s;n + k, n) is independent

of the particular choice of the subspace P .

Theorem 4.2. MR(m1, s1;m, s;n+ k, n) is non-empty if and only if

0 ≤ s1 ≤ s ≤ k and 0 ≤ m1 − s1 ≤ m− s ≤ n. (8)

Moreover, if MR(m1, s1;m, s;n+ k, n) is non-empty, then

NR(m1, s1;m, s;n+ k, n) = |R|(m1−s1)(s−s1)NR(m1 − s1,m− s)NR(s1, s),

where NR(s1, s) is given by Theorem 3.1.

Proof. Suppose that P is a �xed (m, s)-subspace of Rn+k. Then we may assume that

P =

(
Im−s 0m−s,n−m+s 0m−s,s 0m−s,k−s

0s,m−s 0s,n−m+s Is 0s,k−s

)
.

By Theorem 4.1,

MR(m1, s1;m, s;n+ k, n) ̸= ∅ ⇔ MR(m1, s1;m,m− s) ̸= ∅,

and

NR(m1, s1;m, s;n+ k, n) = NR(m1, s1;m,m− s).

Therefore, the desired result follows.

For a �xed (m1, s1)-subspace P of Rn+k, let M′
R(m1, s1;m, s;n + k, n) denote the set

of all the (m, s)-subspaces containing P , and let N ′
R(m1, s1;m, s;n+ k, n) denote the size

of M′
R(m1, s1;m, s;n + k, n). By Theorem 4.1, N ′

R(m1, s1;m, s;n + k, n) is independent

of the particular choice of the subspace P .
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Theorem 4.3. M′
R(m1, s1;m, s;n+k, n) is non-empty if and only if (8) holds. Moreover,

if M′
R(m1, s1;m, s;n+ k, n) is non-empty, then

N ′
R(m1, s1;m, s;n+k, n) = |R|(k−s)(m−s−m1+s1)NR(m−s−m1+s1, n−m1+s1)NR(s−s1, k−s1),

where NR(s− s1, k − s1) is given by Theorem 3.1.

Proof. By counting the number of couples (P,Q), where P ∈ MR(m1, s1;n + k, n) and

Q ∈ MR(m, s;n+ k, n) with P ⊆ Q, by Theorems 4.1 and 4.2,

N ′
R(m1, s1;m, s;n+ k, n) =

NR(m, s;n+ k, n)NR(m1, s1;m, s;n+ k, n)

NR(m1, s1;n+ k, n)
.

Therefore, the desired result follows.

5. NM properties of subspace posets

The structure of this section is as follows: (i) de�ne the restricted poset PR[t, P0;n] in

(9), (ii) pass PR[t, P0;n] to the quotient poset PR[t, n] in (10), (iii) reduce NM property

of PR[t, P0;n] to the inequality (11), and (iv) prove (11) via Lemmas 5.6-5.9.

Let P be a �nite graded poset, i.e., there is a function r : P → N with r(x) = 0 if x is

minimal in P , and r(y) = r(x) + 1 if y covers x, where N is the set of all the nonnegative

integers. A chain of P is a subset of P whose elements are totally comparable. The

maximum length of a chain of P is called the rank of P , denoted by r(P ). An antichain

is a subset A of P which no two elements are comparable in P . A k-family is a subset of

P that contains no chains of length k. For i = 0, 1, . . . , r(P ), let Pi = {x ∈ P : r(x) = i}.
Clearly, each Pi is an antichain in P , and each union of k rank sets of P is a k-family.

As stated in [4], some extremal problems can be considered in a weighted poset (P,w),

which is a poset P together with a function w : P → N. The weight w(A) of a subset A

of P is de�ned by w(A) =
∑
a∈A

w(a). Every poset P can be considered a weighted poset

(P,w) with w ≡ 1, that is, w(x) = 1 for all x ∈ P .

We say a weighted poset (P,w) has the k-Sperner property if a union of k rank sets

of P is a maximal-weighted k-family of P . We say P has the strong Sperner property if

it has the k-Sperner property for all k. We say (P,w) has the LYM property if, for any

antichain A in P , the following inequality holds

r(P )∑
i=0

w(A ∩ Pi)

w(Pi)
≤ 1.

We say (P,w) has the normalized matching (NM) property if, for any subset A of Pi,

the following inequalities hold

w(∇(A))

w(A)
≥ w(Pi+1)

w(Pi)
, 0 ≤ i ≤ r(P )− 1,
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where ∇(A) = {b ∈ Pi+1 : a ≤ b for some a ∈ A}. It is well known that the LYM property

and the NM property are equivalent [5], which implies the strong Sperner property.

Let P be a �nite graded poset and G a group acting on P which preserves the order

relation and the weight on P , that is, for every g ∈ G, x ≤ y in P implies g(x) ≤ g(y)

and w(g(x)) = w(x). For x ∈ P , let Gx = {g(x) : g ∈ G}, which is a G-orbit. Then

we have the quotient poset (P/G,wG), where P/G consists of all the G-orbits ordered as

follows: Gx ≤ Gy in P/G if there exist x′ ∈ Gx and y′ ∈ Gy such that x′ ≤ y′ in P , and

the weight function wG is given by wG(Gx) = |Gx|w(x) = |Gx|. Wang discovered the

relationship between the NM property of a graded poset and that of its quotient posets.

Theorem 5.1. (See [13]). (P,w) has the NM property if and only if (P/G,wG) does.

Let Fn
q be the n-dimensional row vector space over the �nite �eld Fq. The linear lattice

Ln(q) consists of all subspaces of Fn
q ordered by inclusion. The NM property of subposets

of Ln(q) was studied in [7, 8, 14, 16, 15].

Recall that Rn is the n-dimensional row vector spaces over the �nite commutative ring

R. Then all the subspaces of Rn form a poset ordered by inclusion, denoted by Pn(R).

For 0 ≤ t ≤ k ≤ n− 1, let P0 be a �xed k-subspace of Rn, and

PR[t, P0;n] := {Q ∈ Pn(R) : Q ∩ P0 ∈ Pn(R), dim(Q ∩ P0) ≥ t}. (9)

Then PR[t, P0;n] is a subposet of Pn(R).

In this section, we obtain the following result.

Theorem 5.2. The poset PR[t, P0;n] (resp. Pn(R)) has the NM property, which implies

that PR[t, P0;n] (resp. Pn(R)) has the strong Sperner property and the LYM property.

For convenience, we assume that P0 = (0k,n−k, Ik) and write ⟨m, s⟩ = MR(m, s;n, n−k)

in this section. Let G0 = GLn,n−k(R). Then P0G0 = {P0}, and G0 induces an order

preserving permutation group acting on PR[t, P0;n]. Using (9) and Theorem 4.1, we �nd

PR[t, P0;n] =
⋃

t≤s≤k
0≤m−s≤n−k

⟨m, s⟩,

which implies that

PR[t, n] := PR[t, P0;n]/G0 = {⟨m, s⟩ : t ≤ s ≤ k, 0 ≤ m− s ≤ n− k}. (10)

By Theorems 4.2 and 4.3, ⟨m, s⟩ ≤ ⟨m′, s′⟩ in PR[t, n] if and only if s ≤ s′ and m− s ≤
m′ − s′.

Lemma 5.3. PR[t, P0;n] (resp. PR[t, n]) is a �nite graded poset.

Proof. De�ne the function

r : PR[t, P0;n] −→ N,
A 7 −→ dim(A)− t.
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Clearly, r(A) = 0 if A ∈ ⟨t, t⟩. Let A ∈ ⟨m, s⟩ and A′ ∈ ⟨m′, s′⟩ such that A′ covers A.

Then m′ ≥ m+ 1, and s ≤ s′ and m− s ≤ m′ − s′ by Theorems 4.2 and 4.3. In order to

prove that PR[t, P0;n] is graded, we only need to show m′ = m+1. Suppose m′ ≥ m+2.

By Lemma 2.11, we may assume that {α1, . . . , αm, αm+1, . . . , αm′} is a unimodular basis

of A′ such that {α1, . . . , αm} is a unimodular basis of A. Then B = ⟨α1, . . . , αm, αm+1⟩ ∈
⟨m + 1, s⟩ ∪ ⟨m + 1, s + 1⟩ satis�es A < B < A′, a contradiction since A′ covers A. It

follows that m′ = m+ 1.

Since the groupG0 preserves the order relation of PR[t, P0;n], the quotient poset PR[t, n]

is also a �nite graded poset.

Next, we prove that Pn(R) has the NM property. We begin with a useful result.

Theorem 5.4. (See [13]). Let P be a �nite graded poset and G a group acting on P

which preserves the order relation on P . Then for every i with 1 ≤ i < r(P ), there is a

subset A of Pi which is invariant under the action of G and

|∇(A)|
|A|

= min

{
|∇(B)|
|B|

: B ⊆ Pi

}
.

Theorem 5.5. The graded poset Pn(R) has the NM property.

Proof. By Theorem 3.1, the group GLn(R) acts transitively on each set of subspaces with

the same dimension in Pn(R), which implies that Pn(R)m has no proper subset invariant

under the action of GLn(R). By Theorem 5.4, for all B ⊆ Pn(R)m, we have

|∇(B)|
|B|

≥ |∇(Pn(R)m)|
|Pn(R)m|

,

as desired.

In the rest of this section, we always assume that 0 ≤ t ≤ k. We shall show that

PR[t, P0;n] has the NM property by considering its quotient poset PR[t, n].

For each ⟨m, s⟩ ∈ PR[t, n], we have wG0(⟨m, s⟩) = NR(m, s;n, n − k). For t ≤ m ≤ n,

let Cm = PR[t, n]m−t.

By Theorem 5.1, in order to prove that PR[t, P0;n] has the NM property, it su�ces to

show that for any subset M of Cm,

wG0(∇(M))

wG0(M)
≥ wG0(Cm+1)

wG0(Cm)
(t ≤ m ≤ n− 1). (11)

Lemma 5.6. For i = 1, 2, let ⟨m, si⟩, ⟨m + 1, si⟩, ⟨m + 1, si + 1⟩ ∈ PR[t, n]. If s1 ≤ s2,

then

wG0(⟨m+ 1, s1⟩)
wG0(⟨m, s1⟩)

≤ wG0(⟨m+ 1, s2⟩)
wG0(⟨m, s2⟩)

and
wG0(⟨m+ 1, s1 + 1⟩)

wG0(⟨m, s1⟩)
≥ wG0(⟨m+ 1, s2 + 1⟩)

wG0(⟨m, s2⟩)
.

Proof. Write θ = n− k −m. By Theorem 4.1,

wG0(⟨m+ 1, si⟩)
wG0(⟨m, si⟩)

= |R|k−si

ℓ∏
j=1

|Rj|θ+si−|Mj|θ+si

|Rj|m+1−si−|Mj|m+1−si
,
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wG0(⟨m+ 1, si + 1⟩)
wG0(⟨m, si⟩)

=
1

|R|m−si

ℓ∏
j=1

|Rj|k−si−|Mj|k−si

|Rj|si+1−|Mj|si+1
.

Therefore,

wG0
(⟨m+1,s1⟩)

wG0
(⟨m,s1⟩)

wG0
(⟨m+1,s2⟩)

wG0
(⟨m,s2⟩)

= |R|s2−s1

ℓ∏
j=1

(|Rj|θ+s1−|Mj|θ+s1)(|Rj|m+1−s2−|Mj|m+1−s2)

(|Rj|θ+s2−|Mj|θ+s2)(|Rj|m+1−s1−|Mj|m+1−s1)
≤ 1,

and

wG0
(⟨m+1,s1+1⟩)

wG0
(⟨m,s1⟩)

wG0
(⟨m+1,s2+1⟩)

wG0
(⟨m,s2⟩)

= |R|s1−s2

ℓ∏
j=1

(|Rj|k−s1−|Mj|k−s1)(|Rj|s2+1−|Mj|s2+1)

(|Rj|k−s2−|Mj|k−s2)(|Rj|s1+1−|Mj|s1+1)
≥ 1,

as desired.

For a given positive integer t ≤ m ≤ n − 1, let s∗ = max{t,m + k − n} and s∗ =

min{m, k}. By (10),

Cm = {⟨m, s∗⟩, ⟨m, s∗ + 1⟩, . . . , ⟨m, s∗⟩}. (12)

Lemma 5.7. For 0 ≤ l ≤ s∗ − s∗, let

Sl = {⟨m, s∗ + l⟩, . . . , ⟨m, s∗⟩}, Tl = {⟨m, s∗⟩, . . . , ⟨m, s∗ + l⟩}.

Then

wG0(∇(Ss∗−s∗))

wG0(Ss∗−s∗)
≥ wG0(∇(Ss∗−s∗−1))

wG0(Ss∗−s∗−1)
≥ · · · ≥ wG0(∇(S0))

wG0(S0)
=

wG0(∇(Cm))

wG0(Cm)
,

wG0(∇(T0))

wG0(T0)
≥ wG0(∇(T1))

wG0(T1)
≥ · · · ≥ wG0(∇(Ts∗−s∗))

wG0(Ts∗−s∗)
=

wG0(∇(Cm))

wG0(Cm)
.

Proof. By (12), ∇(Cm) = Cm+1 is one of the following sets:

C (1)
m+1 := {⟨m+ 1, s∗ + 1⟩, . . . , ⟨m+ 1, s∗⟩} if t ≤ m+ k − n and m ≥ k,

C (2)
m+1 := {⟨m+ 1, s∗ + 1⟩, . . . , ⟨m+ 1, s∗ + 1⟩} if t ≤ m+ k − n and m < k,

C (3)
m+1 := {⟨m+ 1, s∗⟩, . . . , ⟨m+ 1, s∗⟩} if t > m+ k − n and m ≥ k,

C (4)
m+1 := {⟨m+ 1, s∗⟩, . . . , ⟨m+ 1, s∗ + 1⟩} if t > m+ k − n and m < k.

For each 1 ≤ l ≤ s∗− s∗− 2, we have ∇(⟨m, s∗+ l⟩) = {⟨m+1, s∗+ l⟩, ⟨m+1, s∗+ l+1⟩}
by (10). It follows that

∇(Sl) = {⟨m+ 1, s∗ + l⟩ ∪̇∇(Sl+1) (1 ≤ l ≤ s∗ − s∗ − 1),

and

∇(Tl) ∪̇ {⟨m+ 1, s∗ + l + 2⟩} = ∇(Tl+1) (0 ≤ l ≤ s∗ − s∗ − 2).
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By Lemma 5.6,

wG0(∇(Sl))

wG0(Sl)
=
wG0(⟨m+ 1, s∗ + l⟩) + wG0(∇(Sl+1))

wG0(⟨m, s∗ + l⟩) + wG0(Sl+1)

≤wG0(∇(Sl+1))

wG0(Sl+1)
(1 ≤ l ≤ s∗ − s∗ − 1),

and

wG0(∇(Tl))

wG0(Tl)
=

wG0(∇(Tl+1))− wG0(⟨m+ 1, s∗ + l + 2⟩)
wG0(Tl+1)− wG0(⟨m, s∗ + l + 1⟩)

≥ wG0(∇(Tl+1))

wG0(Tl+1)
(0 ≤ l ≤ s∗ − s∗ − 2).

In order to prove this lemma, we only need to show that

wG0(∇(S1))

wG0(S1)
≥ wG0(∇(S0))

wG0(S0)
,

wG0(∇(Ts∗−s∗−1))

wG0(Ts∗−s∗−1)
≥ wG0(∇(Ts∗−s∗))

wG0(Ts∗−s∗)
. (13)

If Cm+1 = C (1)
m+1, then∇(S0) = ∇(S1) and∇(Ts∗−s∗−1) = ∇(Ts∗−s∗). If Cm+1 = C (2)

m+1,

then ∇(S0) = ∇(S1) and ∇(Ts∗−s∗−1)∪̇{⟨m+ 1, s∗ + 1⟩} = ∇(Ts∗−s∗). If Cm+1 = C (3)
m+1,

then ∇(S0) = {⟨m + 1, s∗⟩}∪̇∇(S1) and ∇(Ts∗−s∗−1) = ∇(Ts∗−s∗). If Cm+1 = C (4)
m+1,

then ∇(S0) = {⟨m+1, s∗⟩}∪̇∇(S1) and ∇(Ts∗−s∗−1)∪̇{⟨m+1, s∗+1⟩} = ∇(Ts∗−s∗). By

Lemma 5.6, (13) hold in the above four cases.

Lemma 5.8. Let M = {⟨m, s∗ + l⟩, . . . , ⟨m, s∗ + u⟩} be a subset of Cm, where 0 ≤ l ≤
u ≤ s∗ − s∗. Then

wG0(∇(M))

wG0(M)
≥ wG0(Cm+1)

wG0(Cm)
.

Proof. Since M = Sl ∩ Tu and ∇(M) = ∇(Sl) ∩ ∇(Tu), we have Sl ∪ Tu = Cm and

∇(Sl) ∪ ∇(Tu) = Cm+1, which implies that wG0(M) = wG0(Sl) + wG0(Tu) − wG0(Cm)

and wG0(∇(M)) = wG0(∇(Sl)) + wG0(∇(Tu))− wG0(∇(Cm)). By Lemma 5.7, we have

wG0(∇(M))

wG0(M)
=

wG0(∇(Sl)) + wG0(∇(Tu))− wG0(∇(Cm))

wG0(Sl) + wG0(Tu)− wG0(Cm)
≥ wG0(Cm+1)

wG0(Cm)
,

as desired.

Lemma 5.9. The poset PR[t, P0;n] has the NM property.

Proof. By Lemma 5.3, PR[t, n] is a �nite graded poset. For any subset M of Cm, set

M = M0 ∪ M1 ∪ · · · ∪ Ma (a ≥ 1), where Mi = {⟨m, s∗ + li⟩, . . . , ⟨m, s∗ + ui⟩} (i =

0, 1, . . . , a), 0 ≤ l0 ≤ u0 < l1 ≤ u1 < · · · < la ≤ ua ≤ s∗ − s∗. Then Mi ∩ Mi′ = ∅ for

i ̸= i′. Since∇(Mi∩Mi′) = ∇(Mi)∩∇(Mi′), ∇(Mi)∩∇(Mi′) = ∅ for i ̸= i′. It follows that

wG0(M) = wG0(M0)+ · · ·+wG0(Ma) and wG0(∇(M)) = wG0(∇(M0))+ · · ·+wG0(∇(Ma)).

Then (11) holds by Lemma 5.8, and so the desired result follows.

Combining Lemma 5.5 and Lemma 5.9, we complete the proof of Theorem 5.2.
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