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ABSTRACT

As a generalization of vector spaces over finite fields, we study vector spaces over finite
commutative rings, and obtain Anzahl formulas and a dimensional formula for subspaces.
By using these results, we discuss normalized matching (NM) property of a class of sub-
space posets.
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1. Introduction

Let R be a finite commutative ring and R* denote its unit group. Throughout the paper,
R always contains the identity 1 # 0. Let R™*™ be the set of all m x n matrices over
R, and R* = RY™™. A matrix in R" is also called an n-dimensional row vector over
R. Let I, (I for short) be the r x r identity matrix, 0,,, (0 for short) the m x n zero
matrix and 0,, = 0,,,,. The set of all n X n invertible matrices forms a group under matrix
multiplication, called the general linear group of degree n over R and denoted by GL,(R).

Let A € R™ ™. Denote by I;(A) the ideal in R generated by all & x k minors of A.
Let Anng(l;(A)) = {x € R:2za =0 for all a € I;(A)} denote the annihilator of I;(A).
The McCoy rank of A, denoted by rk(A), is max{k : Anng(Ix(A4)) = {0}}. For m < n,
let R™*"(m) denote the set of all m x n matrices of McCoy rank m over R.

For A € R™"™ and B € R™™, it AB = I,,, we say that A has a right inverse and
B is a right inverse of A. The free module R" of rank n is called the n-dimensional row

vector space over R. Let a; € R" for each ¢ € [m]| := {1,...,m}. The vector subset
{ag, s, ...,y } is called unimodular if the matrix (o ,ag,..., ) )T has a right inverse,
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where X T is the transpose of X. Let V C R" be a linear subset (i.e. R-module). A largest
unimodular vector subset of V' is a unimodular vector subset of V' which has maximum
number of vectors. The dimension of V', denoted by dim(V), is the number of vectors in a
largest unimodular vector subset of V. If a linear subset X of R™ has a unimodular basis
with m vectors, then X is called an m-dimensional vector subspace (m-subspace for short)
of R™. We define the 0-subspace to be {0y, }. By Lemma 2.9 below, X is an m-subspace
of R™ if and only if X is a free submodule of R" of rank m.

Let F, be a finite field with ¢ elements. Let F) be one of the n-dimensional classical
spaces over Iy, and let GG, be the corresponding classical group of degree n, see Wan’s
monograph [12]. Wan determined the orbits of subspaces of F; under the action of G,,,
discussed the following questions and found their the answers: (i) How should the orbits be
described? (ii) What are the lengths of the orbits? (iii) What is the number of subspaces
in any orbit contained in a given subspace? (iv) What is the number of subspaces in any
orbit containing a given subspace?

As generalizations, Wang, the first present author and Li |17, 18] studied problems
(i)-(iv) in the singular linear space over F,; Huang, Lv and Wang [9] studied problems
(ii)-(iv) in the vector space over the residue class ring Z,:, where p is a prime number;
The first present author [6] studied problems (ii)-(iv) in the vector space over the residue
class ring 7Z,,; Sirisuk and Meemark [11] studied a problem (ii) by using a lifting technique
in the vector space over the commutative ring R.

In this paper, we study problems (i)-(iv) in the vector space over the commutative ring
R by using a matrix method, and discuss NM property of subspace posets. The structure is
as follows. In Section 2, we obtain Anzahl formulas of matrices over R for later references.
In Section 3, we find the answers of problems (i)-(iv) in the vector space (Theorems 3.1, 3.3
and 3.4), and obtain the dimensional formula for subspaces (Theorem 3.5). In Section 4,
we find the answers of problems (i)-(iv) in the singular linear space (Theorems 4.1-1.3).
Given a finite graded poset, knowing whether the poset has the NM property is crucial
in understanding the combinatorics of the poset. As an application, the NM property of
subspace posets in the vector space R™ (Theorem 5.2) is discussed in Section 5.

For convenience, we have compiled the main notations in Table 1.

2. Matrices over commutative rings

Suppose that R is a finite commutative ring. In this section, we obtain an equivalent
condition for A € R™*"™ with rk(A) = m, and compute the number of m x n matrices of
McCoy rank m over R by using the matrix method, see Lemma 2.8 and Corollary 2.12.
We begin with a useful proposition.

Proposition 2.1. (See [3]). Let A € R™*". Then

(i) 0 <1k(A) < min{m,n}.

(ii) rk(A) = rk(PAQ) for all P € GL,,(R) and Q € GL,(R).

(iii) If m < n, then rk(A) = m if and only if the set of all the rows of A is linearly
independent.
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Table 1. Notation

R the set of all m x n matrices over the ring R.

R™ ™ (m,) the set of all m x n matrices of McCoy rank m over R.

GL,(R) the general linear group of degree n over R.

GLyikn(R) the singular general linear group of degree n + k over R.

s the natural surjective homomorphism from the local ring R to
the quotient ring R/M, where M is the maximal ideal of R.

Di the projection map from the commutative ring Ry X Ry X --- X Ry
to the local ring R; for all i € [(].

Mpg(m,n) the set of all the m-subspaces of R™.

Ng(m,n) the size of Mg(m,n).

Mpg(m, s;n+ k,n) | the set of all the (m,s)-subspaces of the singular linear space
R

Ng(m,s;n+k,n) | the size of Mg(m,s;n+ k,n).

(m, s) the set Mpg(m,s;n,n — k) in the singular linear space R".

we, ((m, s)) the size of (m, s), i.e. Ng(m,s;n,n —k).

Pn(R) the poset formed by all the subspaces of R" ordered by inclusion.

Pu(R)m, the set of all the m-subspaces in P,(R).

2.1.  Qwver local rings

A local ring is a commutative ring which has a unique maximal ideal. For a local ring R,
its unique maximal ideal is M = R\ R*, and the residue field of R is the quotient ring
R/M. In this subsection, we always assume that R is a local ring.

Let 7 be the natural surjective homomorphism from (R, +,-) to (R/M,+, ), i.e. w(r) =
r+ M for all r € R. For A = (au) € R™*", let m(A) = (7(auy)). For matrices A € R™*"
and B € R™**_ it is easy to see that

7(AB) = w(A)7(B). (1)
Lemma 2.2. (See |2, Lemma 2|). Let A € R™*". Then rk(A) = rk(n(A)).

Observe that {a} is unimodular, where a = (ry,...,7,) € R", if and only if the ideal
generated by rq,...,7, is equal to R. So, we obtain the following result.

Lemma 2.3. (See |11, Proposition 1.1]). Let a = (r1,...,7r,) € R". Then the following
statements are equivalent.

(i) {a} is unimodular.

(ii) r; is a unit for some i € [n].

(iii) {a} is linearly independent.

Lemma 2.4. Let m <n and A € R™*™. Then rk(A) = m if and only if there exists an
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S € GL,(R) such that AS = (I, 0 n—m)-

Proof. If there exists an S € GL,,(R) such that AS = (I, 0mn—m), by Proposition 2.1,
rk(A) = rk(Zm, O n—m), which implies that rk(A) = m.

Suppose tk(A) = m. Let A = (a;;) = (o] ,9,...,a,)". By Proposition 2.1 (iii),
{ai,as,...,ay} is linearly independent, which implies that {oy = (a11,a12,...,a1,)} is
linearly independent. Without loss of generality, by Lemma 2.3, we may assume that a;;

is a unit. Then

ay | —ajan --- —agan
5 = : € GLW(R),
1
such that
1 01
Aslz(B1 E;),
where B, = (aji'asi,...,a;; am)’ and By € RM=YUx(=L_ " By Proposition 2.1 (ii),

rk(AS;) = m, which implies that the set of all the rows of AS; is linearly indepen-
dent. It follows that {8, ..., 3, } is linearly independent, where By = (3, ,...,5,})". By
Proposition 2.1 (iii), rk(B2) = m — 1. By induction, there exists an Sy € GL,,_1(R) such
that

BQS2 = ( Imfl Omfl,nfm ) .

Then
1 01 n—1 1 01 m—1 01 n—m
AS ’ = ’ ’ )
! ( Onfl,l SQ ) ( Bl [mfl Omfl,nfm )
Write
1 Ol,m—l
Ss=| —B1 Iy
| -
Then
S=25 L Ons Sy € GL,(R)
— 1 On_l,l 52 3 n 9
and AS = (I, 0y n—m). Therefore, the desired result follows. O

Lemma 2.5. Let m < n and A = (o] ,aq9,...,a])T € R™".  Then the following

statements are equivalent.
(i) rk(A) = m.

(ii) {1, g, ..., } is linearly independent.
(iii) There exists an S € GL,(R) such that AS = (I, Opmn—m)-
(

iv) {ag,ag, ...,y } is unimodular.
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Proof. (i) < (ii) < (iii). By Proposition 2.1 (iii) and Lemma 2.4.
(iii) < (iv). If there exists an S € GL,(R) such that AS = (I, 0 n—m), then A =

(]mvom,n—m)s_l- Choose
I
B= mo Y
S( Onfm,m )

Then AB = I,,,. So, {a, s, ..., qn} is unimodular.

Conversely, if {ay, aq, ..., an,} is unimodular, then there exists some B € R™™ such
that AB = I,,,. By (1), n(I,,) = m7(AB) = 7n(A)m(B), which implies that rk(7w(A)) = m
since R/M is a field. By Lemma 2.2, rk(A) = m. So, there exists an S € GL,(R) such
that AS = (1,5, 0y p—m) by Lemma 2.4 O

For T € GL,,(R),S € GL,(R) and M C R™"(m), we write TM = {TA: A e M}
and MS = {AS: Ae M}

Lemma 2.6. Let 0 < m <n. Then

m 1
(R (m)|= [R5 [T (R~ ],
=0
In particular,
n 1
n<” n—i n—i
|GLn(R)|= |R] H(|R\ —|M|").
=0
Proof. Let A = (af,aq,...,a,)" € R™"(m). We enumerate how many A’s there
are. By Lemma 2.5, {041, Qg, ..., 0} is linearly independent, which implies that {ay} is

linearly independent. By Lemma 2.3, there are |R|"—|M|" choices for a;. Once oy is
chosen, let

R™"™(m,aq) = {( Zl ) € R™"™(m) : Ay € R"™ X" (1, — 1)} :
2

Similar to the proof of Lemma 2.4, there exists S; € GL,(R) such that R™*"(m, a1)S; =
R™"™(m, ey), where e; is the row vector in R" in which 1st coordinate is 1 and all other co-
ordinates are 0. Then |R™*"(m,aq)|= |R™ ™ (m,e;1)|, which implies that |R™*"(m, ay)|

is independent of the particular choice of a;. Without loss of generality, we may as-

sume that a; = e; and Ay = (ay,...,a, ). Since {e;,ay} is linearly independent, by
Lemma 2.3 again, there are |R|(|R|"'—|M|""!) choices for ay. Proceeding in this way,

finally after ay,...,q,, 1 are chosen, there are |R|™ ' (|R|"~™ " —|M|"~™*1) choices for
Q. Therefore,

m—1 m 1
[R™(m)|= [[IRI(|RI" "= M) = [R5 H(\R!” =M,
=0 =0

as desired. ]
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2.2.  Quer commutative rings

In this subsection, we always assume that R is a commutative ring. It is well known that
R is a product of local rings (cf. [1]). Write (R, +,-) = (R1 X Ry X --- X Ry, +,-), where
Ry, Ry, ..., Ry are local rings with maximal ideals My, My, ..., My, respectively. Let

Pi - R — Ri7
(ri,re, ..., 1) 1—> T;

be the projection map for all i € [{]. For A = (a,,) € R™" and B € R let p;(A) =
(pi(ayy)) for all ¢ € [¢]. Then

pi(AB) = p;i(A)pi(B) for all i € [{]. (2)
From [10], we deduce that
(GLn(R),-) = (GLn(R1) X GLn(R2) X - -+ X GLn(Ry), ), (3)

and
(R™™,4) 2 (RP™ x R - x RBP4, (4)

Lemma 2.7. (See |11, Proposition 1.3|) Let a1, aa,...,as € R". Then {a1,aq,. .., as}
is linearly independent over R if and only if {pi;(a1), pi(aa), ..., pi(as)} is linearly inde-
pendent over R; for all i € [{].

For convenience, we write the identity (resp. the zero) of R; as 1 (resp. 0) for all i € [/],
and the identity and the zero of R also as 1 and 0,' respectively.

Lemma 2.8. Let m <n and A € R™*™. Then rk(A) = m if and only if there exists an
S € GL,(R) such that AS = (L, Opn—m)-

Proof. If there exists an S € GL,(R) such that AS = (I,,0mn—m), then rk(A) =
rk(1y, Oppn—m) = m by Proposition 2.1.

Suppose tk(A) = m. Let A = (a;;) = (af ,9,...,a,))". By Proposition 2.1 (iii),
{a1, a9, ..., ay} is linearly independent over R. By Lemma 2.7, {p;(a1), pi(az), ..., pi(am)}
is linearly independent over R; for all i € [¢]. For every i € [¢], by Lemma 2.5, there exists
an S; € GL,(R;) such that p;(A)S; = (I;m, 0 n—m). From (3), we deduce that there exists

the unique S € GL,(R) such that p;(S) = S, for all i € [¢(]. By (2), we obtain
pi(AS) = pi(A)pi(S) = (I, Omn—m) = Pi(Lm; Om ) for all i € [£].

By (1), AS = (I, Opnma)- O

! In fact, the identity and the zero of R are (1,...,1) and (0,...,0), respectively.
N—— ~——
¢ ¢
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Lemma 2.9. Let m < n and A = (o] ,aq9,...,a))T € R™". Then the following
statements are equivalent.

(i) rk(A) = m.

(ii) {1, g, ..., } is linearly independent.

(ili) There exists an S € GL,(R) such that AS = (I, Oppn—m)-

(iv) {aq, g, ..., an} is unimodular.

Proof. (i) < (ii) < (iii). By Proposition 2.1 (iii) and Lemma 2.8.

(iii) = (iv). The proof is similar to that of Lemma 2.4, and will be omitted.

(iv) = (iii). If {a1, as, ..., q,} is unimodular, then there exists some B € R™*™ such
that AB = I,,. By (2), I, = pi(In) = pi(AB) = pi(A)p:i(B) for all i € [¢], which
implies that {p;(a1), pi(aa), ..., pi(ay,)} is unimodular for all ¢ € [(]. By Lemma 2.5,
{pi(a1), pi(a2),..., pi(am)} is linearly independent over R; for all € [¢], which implies
that {1, g, ..., a,} is linearly independent over R by Lemma 2.7. From (ii) < (iii), we
deduce that there exists an S € GL,(R) such that AS = (1, 0 1—m)- a

By Lemmas 2.5, 2.7 and 2.9, we obtain the following result.

Corollary 2.10. Let m < n and A = (af ,ag,...,a)" € R™". Then the following
hold.

(i) tk(A) = m if and only if tk(p;(A)) = m for all i € [{].

(ii) {aq, g, ..., am} is linearly independent over R if and only if {p;(a1), pi(aa), ..., pi(am)}
is linearly independent over R; for all i € [{].

(iii) There ezists an S € GL,(R) such that AS = (I, 0mn—m) over R if and only if
there exists an S; € GL,(R;) such that p;(A)S; = (I, Opn—m) over R; for all i € [{].

(iv) {a1, g, ..., an} is unimodular over R if and only if {pi(an), pi(aa), ..., pi(am)} is
unimodular over R; for all i € [(].

Lemma 2.11. Let m < n and oy, o, ..., anp € R If {a1,q0,...,an} is linearly inde-
pendent, then {ay, g, ..., am} can be extended to a unimodular basis of R".
Proof. Since {ay,as,...,a,} is linearly independent, by Lemma 2.9, there is an S €

GL,(R) such that A = (Im, Omn—m)S™Y, where A = (a] ,aq,...,0,)". Then

~ A a1
A= ( (O s In_n)S1 ) =5

is invertible. Write A = (o] ,..., apity--san) . Then {aq, ..., Gy Qs ey }
is a unimodular basis of R". O

By (3), (1), Lemma 2.6 and Corollary 2.10, we obtain the following result.

Corollary 2.12. Let 0 < m <n. Then

? m-—1
mxn m(m i n—i n—i
[B™ " (m)|= |R] LT TT AR =ing ).

j=1 i=0
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In particular,

¢ n—1
n(n=1) n—i n—i
GLu(R)|= R [T TIOR =10 ).
j=1 i=0
3. Vector spaces
Suppose that R = Ry X Ry X - -+ X Ry is a commutative ring, where Ry, R, ..., R, are local
rings with maximal ideals M, My, ..., My, respectively. In this section, we obtain Anzahl

formulas and a dimensional formula for subspaces of R™ by using the matrix method, see
Theorems 3.1, 3.3-3.5.

Let {oq,9,...,an}t € R", and (o, qq,. .., ) denote the R-module generated by

aq, 00, .. . If {ag,a,...,a,,} is linearly independent, then X = (a1, q9,..., )
is an m-subspace of R" by Lemma 2.9, and the matrix (o, aq,...,a))" is called a

matriz representation of X. The matrix representation is not unique. We use an m x n
matrix A with rk(A) = m to represent an m-subspace of R". For A,B € R™" with
rk(A) = rk(B) = m, both A and B represent the same m-subspace if and only if there
exists a T € GL,,(R) such that B = T'A. For convenience, if A is a matrix representation
of an m-subspace X, then we write X = A.

For an m-subspace X of R", by Lemma 2.9, there exists an S € GL,(R) such that X
has matrix representations

X = (LI, Ompneim)S =TIy, Oy i) S for all T € GL,,,(R). (5)
There is an action of GL,(R) on R" defined as follows:

R" % GL,(R) — R",
((r1,...yrn), S) 1— (r1,...,m)5.

The above action induces an action on the set of subspaces of R"; i.e., a subspace P is
carried by S € GL,(R) to the subspace PS.

For 0 < m < n, let Mg(m,n) denote the set of all the m-subspaces of R", and let
Ng(m,n) denote the size of Mg(m,n). Sirisuk and Meemark [11] determined the size of
Mpg(m,n) by using a lifting technique.

Theorem 3.1. Mg(m,n) is non-empty if and only if 0 < m < n. Moreover, if Mg(m,n)
is non-empty, then it forms an orbit of subspaces under the action of GL,(R) and

m—1 ; ;
_ | By | = M|
Vet = 1 g ag

j=1 i=0

Proof. Clearly, Mg(m,n) is non-empty if and only if 0 < m < n. For any m-subspace
P e Mpg(m,n), by Lemma 2.9, there exists an S € GL,(R) such that PS = (1,5, 0n—m)-
By (5), Mg(m,n) forms an orbit of subspaces under the action of GL,(R).

Recall that R™*™(m) is the set of all the m x n matrices of McCoy rank m over R. By
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Corollary 2.12 and (5),

CR™(m)] |R " l—|M " i

7j=1 i=

as desired. O

Example 3.2. (See [12, Theorem 1.7|, [9, Theorem 3.5] and [6, Theorem 3.5]).
(i) If R is the finite field F,, then

qn—z -1
N = :
F, (m,n) g i — 1
(ii) If R is the residue class ring Z,s, where p is a prime number, then
m—1 pnfi 1
_ (s=1)m(n—m -
Nz,.(m,n) = ptsHmi=m 11 T

(ili) If R is the residue class ring Z,s,t, where p and ¢ are two distinct prime numbers,
then
n—z’

(g" " —1)
(g™t —-1)

m—1
NZpsqt <m7n) :p(s—l)m(n m) (t 1)m(n—m) H
1=0

For a fixed m-subspace P of R™, let M g(my, m,n) denote the set of all the m,-subspaces
contained in P, and let Ng(mq, m,n) denote the size of Mg(my, m,n). By Theorem 3.1,
Ng(mq,m,n) is independent of the particular choice of the subspace P.

Theorem 3.3. Mg(my,m,n) is non-empty if and only if 0 < m; < m < n. Moreover,
if Mg(my,m,n) is non-empty, then

TR M

L [ ag

i
Ng(mi,m,n) = Ng(mi,m H

7j=1 =

Proof. By Theorem 3.1, we may assume that the fixed m-subspace P = (I, 0y 5—m)-
Then Ng(my,m,n) = Ng(my,m). O

For a fixed m-subspace P of R", let M',(m1, m,n) denote the set of all the m-subspaces
containing P, and let Nj(my,m,n) denote the size of M’,(my, m,n). By Theorem 3.1,
Ny (my,m,n) is independent of the particular choice of the subspace P.

Theorem 3.4. M’,(my,m,n) is non-empty if and only if 0 < my < m < n. Moreover,
if M'z(mq, m,n) is non-empty, then

Ry M
| Ry mi— [ Myt

{ m—mq
Nll%(m17m7n):NR(m_mlan_m1>:H H
j=1 =0
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Proof. By counting the number of couples (P,Q), where P € Mg(myi,n) and Q €
Mpg(m,n) with P C @, by Theorems 3.1 and 3.3,

NR(m7 n)NR(mlv m, TL)
Ng(mqy,n)

Therefore, the desired result follows. n

= Nr(m —mq,n —my).

Ng(my,m,n) =

Let X and Y be two subspaces of R"™. The set of vectors belonging to both X and
Y is a linear subset of R", called the intersection of X and Y and denoted by X NY.
The set of vectors which can be written as sums of a vector of X and a vector of Y
is also a linear subset of R", called the join of X and Y and denoted by X + Y. In
general, the intersection and the join of two subspaces in R™ are not subspaces. Note that
XNY=YNX,X4+4Y=Y+X and XNY =X X+Y=YiftXCY.

Theorem 3.5. (Dimensional formula). Let A and B be two subspaces of R". Then the
following hold.

(a)
max{dim(A),dim(B)} < dim(A + B) < min{n, dim(A) + dim(B) — dim(A N B)}.

(b) The following statements are equivalent:
(i) dim(A + B) = dim(A) 4+ dim(B) — dim(A N B);
(ii) A+ B is a subspace of R™;
(iii) AN B is a subspace of R".

Proof. Suppose dim(ANB) = t,dim(A) = my, dim(B) = my and dim(A+ B) = k, where
both AN B and A + B are linear subsets of R".

(a). By A+ B C R", k < n. Since dim(A N B) = t, there is a largest unimodular
vector subset {ay, ..., o} of AN B. By Lemma 2.9, {1, ..., a;} is linearly independent.

By Lemma 2.11, {a,...,a} can be extended to a unimodular basis {ay, ..., amy, } of A
and a unimodular basis {aq, ...,y Bii1, -+, Bm, b of B. Then
A+B:<Oé1,...7Oém1,6t+17...,ﬁm2>. (6)
Let {71,...,7} be alargest unimodular vector subset of A+B. Write A; = (o ,..., o,
ﬁtTH, . ;2)T € Rimitma—txn and A, = (le, . ,ykT)T € R Since {7, -.-,%} C

A+ B, there exists a k X (m1+mgq—t) matrix M such that Ay = M A;. Since {71, ..., 7%} is
unimodular, by Lemma 2.9, there is an n X k matrix D, such that As Dy = I.. Therefore,
we have M (A;Dy) = I, which implies that rk(M) = k by Lemma 2.9. By Proposition 2.1,
k < my+mg—t. So, k < min{n,m; + mg —t}. Since A C A+ B and B C A+ B,
dim(A + B) > max{dim(A),dim(B)}.

(b). Suppose that A;, Ay and M are as the above.

(i) & (ii). Suppose k = my + my — t. Then M is invertible, which implies that
M~'A; = Ay, If X € R* such that XA; = XM~*A4y = 0y, then XM~ = 0, since
Ay Dy = Ii. Therefore, X =0y and {ou, ..., Qs Bit1s - - -5 Bmy | 18 linearly independent.
From (6), we deduce that A+ B is a k-subspace.
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Conversely, suppose that A + B is a k-subspace of R". By Theorem 3.1, there is an
S € GL,(R) such that (A+ B)S = (I, 0 n—r). S0, we may assume that

(€3]
AS - S — (Imlgoml,n—m1)7
Om,
and
aq
Qi [t Otm —t Ot n—m )
BS = S = . 7 ' ’
615—0—1 ( Omg—t,t B2 B3
B

where By € Rm2=0x(m—=t) B, ¢ Rimz=t)x(n=m1) and 1k(B,, B3) = my — t. Then

I

[ml—t AlS - ( O

Iml Oml,n—ml )
_B2 [mzft

mo—t,mi BS

Write By = (Bsi, B3), where Bs; € Rm2=9x(k=m1) and By, € RM2=Hx(=k) - Gince
all the rows of (0,,,—tm,, B3) are contained in the subspace (Ii, Ok ,,—x), there exists an
(mg — t) x k matrix M; such that (0m,—¢m,, Bs) = Mi(Ig, Opn—k), which implies that
B3y = Opmy—t.n—k- Similarly, there exist a (k—m;) xm; matrix M, and a (k—my) x (ma—t)
matrix M; such that

I, Omy k—m Oy n—
(Ok—ﬂ’Ll,ml?Ik—ml)ok‘—ml,n—k‘) - (MQa M3) ( ! Lk ! b F ) )

Omz—t,ml BSI Omz—t,n—k

which implies that My = 04—, m, and MzBs; = I_,,,. By Lemma 2.9, there exists a
T € GLy,,—+(R) such that

TB3 = ( Tm, ) .
0m1+m2—t—k,k—m1

Then

I It Ot,m1—t Ot,k—m1 Ot,n—k:

t

( T ) BS = Omg—t,t B21 Ik—m1 Ok—ml,n—k )
0m1+m27t7k,t B22 Om1+m27t7k,k7m1 Om1+m27tfk,n7k

By
Bss
mg —t — k. It follows that ¢ = dim(A N B) = dim(AS N BS) > my + my — k. Since
k§m1+m2—t, k:m1+m2—t.

where T'By = ( ) From rk(By, Bs) = mg — t, we deduce that rk(By) = m; +
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(i) < (iii). Suppose k = my+mqo—t. From (6), we deduce that {a, ..., @y, Bitcty -+ Bimg

is a unimodular basis of A+ B. For any o € AN B, there exist 71,...,7m,, 515+, 5my € R
such that

mi

o= era] Zs]aj + Z 5;3;.
j=1 j=t+1
ma
It follows that Z( — s;)a; + Z ria; — Y, 8iB; = 01, Since {aq, ..., Qmy, Brt1,
Jj=t+1 Jj=t+1

oy By} 18 hnearly mdependent r; = s; for all 1<j<t,rj=0forallt+1<j7<my

and s; =0 forall t+1 < j <my. So, a = Zr]a] (a1, ...,0q4). Therefore, AN B =
j=1
(aq,...,q) is a t-subspace of R™.
Conversely, suppose that AOB is a t-subspace of R™. Then {al, ..., 4} is a unimodular
basis of ANB. If Z T+ Z s;B; = 01, then Z Ty = Z s;B; € ANB, and there
i=1 Jj= t+1 1=1 Jj=t+1
exist sq,...,8; € R such that Z sia + Z $;fj = 01,. Since {aq,..., o, Bit1, -, Bms )
i=1 j=t+1

mq
is a unimodular basis of B, sy = -+- = S, = 0. It follows that ) r;a; = 0;,, which

i=1
implies that r; = - -+ = r,,, = 0 since {aq, ..., am, } is a unimodular basis of A. Therefore,
{ag, ..., amy, Brat,s - - - ,BmZ} is linearly 1ndependent By (5), A+ Bis an (my + mg — t)-
subspace and k = mq + mo — t. O

Remark 3.6. Let A and B be two subspaces of R". If R is a field, then dim(A + B) =
dim(A) + dim(B) — dim(A N B) always holds. Suppose that R is not a field. Since R is a
finite ring, each non-zero element in R\ R* is a zero divisor. Let 1 < m; < mg,mi+my <n
and a € R\ R* be a fixed non-zero element. Pick A = (01, n—my—ms> &Ly s Omymo—ma s Iy )
and B = (Oymyn—mys Imy). Then dim(A + B) = my and dim(A N B) = 0. So, dim(B) =
mo = dim(A + B) < my + my = dim(A) + dim(B) — dim(A N B).

4. Singular linear spaces

In this section, we always assume that R = Ry X Ry X --- X R, is a commutative ring,

where Ry, R, ..., Ry are local rings with maximal ideals My, M5, ..., M,, respectively.
For two non-negative integers n and k, R"™ denotes the (n+ k)-dimensional row vector

space over R. The set of all (n + k) x (n + k) invertible matrices over R of the form

( T Tho )
Ok,n T22 7
where T1; € GL,,(R) and Tsy € GLi(R), forms a group under matrix multiplication, called

the singular general linear group of degree n+k over R and denoted by G L, 4+ (R). There
is an action of GL, x,(R) on R"* defined as follows:

R™* X GLyjn(R)

(1,00 2ai0).T)

+k
R

—
— (1,2, Tpa) T
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The vector space R™™* together with the above group action, is called the (n + k)-
dimensional singular linear space over R.

For 1 < i < n+k, let e; denote the row vector in R"* in which ith coordinate is
1 and all other coordinates are 0. Define E = (e,11,€n49,...,€n1k). Then E is a k-
subspace of R"**. An m-subspace P of R"* is called an (m, s)-subspace if PN E is an
s-subspace. Let Mpg(m,s;n + k,n) denote the set of all the (m, s)-subspaces of R"™*,
and let Ng(m, s;n + k,n) denote the size of Mg(m, s;n+ k,n).

Theorem 4.1. Mgz(m,s;n+k,n) is non-empty if and only if 0 < s <k and0 < m—s <
n. Moreover, if Mgr(m, s;n+k,n) is non-empty, then it forms an orbit of subspaces under
the action of GLy+k,(R) and

NR(ma s;n + kan) = ’R|(m_5)(k_S)NR<m -5, n)NR(S> k)>

where Ng(m — s,n) is given by Theorem 3.1.

Proof. If 0 < s < kand 0 < m — s < n, then {(e1,...,€mn s €ni1,---,Enrs) IS aN
(m, s)-subspace, which implies that M g(m, s;n+k, n) is non-empty. Conversely, suppose
P € Mg(m,s;n+k,n). Since PN E is an s-subspace of F, it has a matrix representation
(0., Pa2), where Py € R***(s). So, 0 < s < k. By Lemma 2.11, P has a matrix

representation
Py Pro
P = 7
( Os,n P22 ) 7 ( )

where P, € R™" and P, € R(™ >k By Theorem 3.5 and (5), P + E is an
(m — s + k)-subspace and has a matrix representation

( Pi1 Opsi )
Osn I ’
where P;; € R™=)>"(m —s). So, 0 <m — s < n.

For each P € Mpg(m,s;n + k,n) has a matrix representation as in (7) with P;; €
RM=X1(m — s) and Py € R**(s). By Lemma 2.9 and (5), Py; is an (m — s)-subspace
of R", and P,y is an s-subspace of E. By Theorem 3.1, there exist 77, € GL,(R) and
Tyy € GLg(R) such that P17y = (Ln—s, Om—sn—m+s) and PaToe = (I5,055—5). Let

Tll Onkz
T, = ' .
! ( Ok T2 )

Then PTi has a matrix representation
PT1 _ < [m—s Om—s,n—m-‘,—s Om—s,s P14 ) .
Os,mfs Os,nfers [s Os,kfs

Let
Im—s _Pl4
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Then T1T2 € GLn—‘f-k,n(R) and

]m—s 0m—s,n—m+s Om—s,s Om—s,k—s>

P T, =
e ( Os,m—s Os,n—m+s ]s Os,kz—s

Therefore, M g(m, s; n+k,n) forms an orbit of subspaces under the action of GL, 1, (R).

Denote by ng(m,s;n + k,n) the number of all the matrices P of the form (7) with
Py € R (m — s) and Py € R**(s). Suppose that P and @ represent the same
subspace, then there is an m x m invertible matrix S such that SP = (). It follows that
S is necessarily of the form

5 ( Oj: S g ) € Gl (R).
Moreover, if SP = P, then S = [,,,. Consequently,
ngr(m,s;n+k,n)
|G L n—s(1)]
By Corollary 2.12 and Theorem 3.1, the desired result follows. O]

Ng(m,s;n+k,n) =

For a fixed (m, s)-subspace P of R""* let Mg(my,s1;m,s;n + k,n) denote the set of
all the (my, s1)-subspaces contained in P, and let Ng(my, s1;m, s;n+k,n) denote the size
of Mg(my,s1;m,s;n+ k,n). By Theorem 1.1, Ng(my, s;;m, s;n + k,n) is independent
of the particular choice of the subspace P.

Theorem 4.2. Mg(mq,s1;m,s;n+ k,n) is non-empty if and only if
0<s51,<s<k and 0<m;—s51<m—s<n. (8)
Moreover, if Mgr(my,si;m,s;n+ k,n) is non-empty, then
Nr(mq,si;m, s;n 4 k,n) = |[R|M™M=DE=) Np(my — s, m — s)Ng(s1, s),

where Ng(s1,s) is given by Theorem 3.1.

Proof. Suppose that P is a fixed (m, s)-subspace of R"**. Then we may assume that
= [mfs Omfs,nfm+s Omfs,s Omfs,kfs '
Os,m—s Os,n—m+s Is Os,k—s
By Theorem 4.1,
Mpg(my, si;m, s;n+kyn) # 0 Mg(mq, s;;m,m —s) # 10,
and
Ng(my, si;m, s;n+ k,n) = Ng(my, s;;m,m — s).

Therefore, the desired result follows. O

For a fixed (my, s;)-subspace P of R""* let M’y(my,si;m, s;n + k,n) denote the set
of all the (m, s)-subspaces containing P, and let Ny (my, s;;m, s;n+ k,n) denote the size
of Mz(my, s1;m, s;n + k,n). By Theorem 4.1, Ni(my, si;m, s;n + k,n) is independent
of the particular choice of the subspace P.
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Theorem 4.3. M'(my, s1;m, s;n+k,n) is non-empty if and only if (8) holds. Moreover,
if Ma(may, s1;m, s;n+ k,n) is non-empty, then

Ni(my, s1;m, s;n4k,n) = |R|F=9m=s=mits) Ny (m—s—my +51, n—my451) Ng(s—s1, k—s1),
where Ng(s — s1,k — s1) is given by Theorem 5.1.

Proof. By counting the number of couples (P, Q), where P € Mpg(mq,s1;n + k,n) and
Q € Mgr(m,s;n+ k,n) with P C @, by Theorems 1.1 and 1.2,

NR(ma 5;n + kvn)NR<m17 S1;, M, 51 + kan)
Ng(mq, si;n+k,n) '

/ . ) _
Ngi(ma, si;m,sin+k,n) =

Therefore, the desired result follows. n

5. NM properties of subspace posets

The structure of this section is as follows: (i) define the restricted poset Pglt, Po;n] in
(9), (ii) pass Pglt, Py;n| to the quotient poset Pg[t,n] in (10), (iii) reduce NM property
of Pglt, Py; n] to the inequality (11), and (iv) prove (11) via Lemmas 5.6-5.9.

Let P be a finite graded poset, i.e., there is a function r : P — N with r(z) = 0 if x is
minimal in P, and r(y) = r(x) + 1 if y covers x, where N is the set of all the nonnegative
integers. A chain of P is a subset of P whose elements are totally comparable. The
maximum length of a chain of P is called the rank of P, denoted by r(P). An antichain
is a subset A of P which no two elements are comparable in P. A k-family is a subset of
P that contains no chains of length k. For i =0,1,...,r(P),let P,={z € P:r(x) =1}.
Clearly, each P; is an antichain in P, and each union of k£ rank sets of P is a k-family.

As stated in [41], some extremal problems can be considered in a weighted poset (P, w),
which is a poset P together with a function w : P — N. The weight w(A) of a subset A

of P is defined by w(A) = > w(a). Every poset P can be considered a weighted poset
acA
(P,w) with w = 1, that is, w(z) =1 for all x € P.

We say a weighted poset (P,w) has the k-Sperner property if a union of k rank sets
of P is a maximal-weighted k-family of P. We say P has the strong Sperner property if
it has the k-Sperner property for all k. We say (P, w) has the LYM property if, for any
antichain A in P, the following inequality holds

~
~—

N

—_

w(AN P,
w(P;)

=

We say (P,w) has the normalized matching (NM) property if, for any subset A of P;,
the following inequalities hold

w(V(4))
w(A)

w(Piy1)
w(F;)

> 0<i<r(P)-—1,
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where V(A) = {b € P11 : a < bfor some a € A}. Tt is well known that the LYM property
and the NM property are equivalent [5], which implies the strong Sperner property.

Let P be a finite graded poset and G a group acting on P which preserves the order
relation and the weight on P, that is, for every g € G, x < y in P implies g(z) < g(y)
and w(g(z)) = w(z). For x € P, let Gx = {g(x) : g € G}, which is a G-orbit. Then
we have the quotient poset (P/G,w¢), where P/G consists of all the G-orbits ordered as
follows: Gx < Gy in P/G if there exist ' € Gz and y' € Gy such that 2’ <y in P, and
the weight function wg is given by we(Gr) = |Gr|lw(x) = |Gz|. Wang discovered the
relationship between the NM property of a graded poset and that of its quotient posets.

Theorem 5.1. (See [13]). (P,w) has the NM property if and only if (P/G,wq) does.

Let F7 be the n-dimensional row vector space over the finite field IF,. The linear lattice
L,(q) consists of all subspaces of [y, ordered by inclusion. The NM property of subposets
of L,(q) was studied in |7, 8, 14, 16, 15].

Recall that R" is the n-dimensional row vector spaces over the finite commutative ring
R. Then all the subspaces of R™ form a poset ordered by inclusion, denoted by P, (R).
For 0 <t <k <n-—1,let F, be a fixed k-subspace of R", and

Prlt, Po;n] :={Q € P.(R) : QN Py € Pu(R),dim(Q N Py) > t}. (9)
Then Pglt, Py; n] is a subposet of P, (R).

In this section, we obtain the following result.

Theorem 5.2. The poset Pr(t, Po;n| (resp. Pn(R)) has the NM property, which implies
that Prlt, Po;n| (resp. Pn(R)) has the strong Sperner property and the LYM property.

For convenience, we assume that Py = (0 n—, ) and write (m, s) = Mg(m, s;n,n—k)
in this section. Let Gy = GL,,,,—(R). Then PGy = {Fy}, and Gy induces an order
preserving permutation group acting on Pglt, Py;n]. Using (9) and Theorem 1.1, we find

PR[ta POvn] = U <m7 S)?

t<s<k
0<m—s<n—k

which implies that
Prlt,n] == Prlt, Po;n]/Go = {{(m,s) : t <s<k,0<m—s<n-—k}. (10)
By Theorems 4.2 and 4.3, (m, s) < (m/,s') in Pg[t,n] if and only if s < s’ and m — s <
m — .
Lemma 5.3. Pg[t, Py;n| (resp. Prlt,n]) is a finite graded poset.

Proof. Define the function

r: Prlt, Po;n] — N,
A r—  dim(A) —t.



VECTOR SPACES OVER FINITE COMMUTATIVE RINGS 99

Clearly, r(A) =0if A € (¢,t). Let A € (m,s) and A" € (m’, ') such that A" covers A.
Then m’ > m+1, and s < s’ and m — s < m’ — s’ by Theorems 4.2 and 4.3. In order to
prove that Pglt, Po; n] is graded, we only need to show m’ = m + 1. Suppose m’ > m + 2.
By Lemma 2.11, we may assume that {aq, ..., am, @mit, ..., Qe } is a unimodular basis
of A" such that {aq,...,a,,} is a unimodular basis of A. Then B = (ay, ..., Qm, pmi1) €
(m+1,s) U (m+ 1,5+ 1) satisfies A < B < A’, a contradiction since A’ covers A. It
follows that m' = m + 1.

Since the group Gy preserves the order relation of Pg[t, Fy; nl, the quotient poset Pg|t, n]
is also a finite graded poset. O

Next, we prove that P,(R) has the NM property. We begin with a useful result.

Theorem 5.4. (See [13]). Let P be a finite graded poset and G a group acting on P
which preserves the order relation on P. Then for every i with 1 < i < r(P), there is a
subset A of P; which is invariant under the action of G and

VA (VB
A { B ‘ng’}'

Theorem 5.5. The graded poset P, (R) has the NM property.

Proof. By Theorem 3.1, the group G L, (R) acts transitively on each set of subspaces with
the same dimension in P, (R), which implies that P, (R),, has no proper subset invariant
under the action of GL,(R). By Theorem 5.4, for all B C P,(R),,, we have
VB o IV (Pr(R)m)|
Bl [Pu(R)ml|
as desired. ]

In the rest of this section, we always assume that 0 < t < k. We shall show that
Prlt, Py;n| has the NM property by considering its quotient poset Pglt, n].
For each (m,s) € Pglt,n], we have wg,((m,s)) = Nr(m, s;n,n — k). Fort <m < n,
let €,, = Pglt,n]m_i-
By Theorem 5.1, in order to prove that Pg[t, Py; n| has the NM property, it suffices to
show that for any subset M of 4,
w6y (VD)) _ gy (Gori)
way (M)~ we, (€n)

(t<m<n-1). (11)

Lemma 5.6. Fori = 1,2, let (m,s;),(m+1,s;),(m+ 1,5, + 1) € Pglt,n]. If s1 < so,
then
wo((m+150) _ walm L)) walln+ L+ 1) | we(mt s+ 1)

wG0<<m7 51>) N wGo(<m7 82>> wG0(<m7 51>) N wGo(<m7 82>>

Proof. Write § =n — k — m. By Theorem 4.1,

¢ N .
weo(m £ 1,5)) _ R ||| M|
wG0(<m75i>) o1 |Rj|m+1_3i_‘Mj’m+1—si7
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¢ —8; —5;
we,((m+1,si+1)) 1 H|Rj|k | M|k
wa, ((m, 54)) |[Rmse o [Ry [t = | Myt
Therefore,
wag ((m+1,51)) ) . . il -
wag (fm,51)) :‘RPQSIH(Ile“l—lela“)(lel TR M)
wag ((m+1,52)) L1 (|R;|6+s2—| M |0+s2) (| R [mHi-s1 — | M |mti-s1) = 7
wG0(<m752>) J=1
and
wG0(<m+1»51+1>) Y, s e s 5
woo (st _ R (B[ = M) (B = M)
wag, ((m+1,52+1)) : R.|k=s2 | M. |k=s2) (| R |st+1 | M |s1+1) — 77
CE ) L R, == g =) (R, = )
as desired. n

For a given positive integer t < m < n — 1, let s, = max{t,m +k —n} and s* =
min{m, k}. By (10),

Cm = {(m,s.), (m, s, +1),...,(m, s*)}. (12)
Lemma 5.7. For 0 <[ < s* —s,, let

L={(m,s. +1),....,(m,s)}, T ={(m,s.),....,(m,s.+ 1)}

Then
W V(o)) 0V Fet)) . 0 (V() _ w6y (V(%n)
Wa, (’5/3**8*) - Wg, ('%*75*70 N - Wg, (%) Way ((fm) ’
W) | we(V() | w6 (V(Teo)) _ way(V ()

weo( ) T weo(A) T T we(Tems)  wey(Gm)

Proof. By (12), V(%) = €m+1 is one of the following sets:

an(@lil ={(m+1,s.+1),....(m+1,s} ift <m+k—mnandm >k,
‘K,ﬂl ={(m+Ls,+1),....0m+1s+1)} ft<m+k—nandm <k,
‘Kr(ri)rl ={(m+1,s),....,(m+ 1,5} ift>m+k—nandm >k,
‘5,531 ={m+1,8),....,(m+1,s+1)} ift>m+k—nandm <k.

Foreach 1 <1 < s*—s,—2, we have V((m, s, +1)) = {(m+1,s.+1), (m+1,s. +1{+1)}
by (10). It follows that

V(A) ={m+1,5.+HUV(SAn) 1<I<s —s.—1),

and
V() U{m+1,s.+1+2)}=V(T1) (0<1<s" —s,—2).
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By Lemma 5.6,

wGo<v(<5ﬂl)) :wGo<<m + 1,5+ l>) + wGo<v(%+1>>
Wa, (%) wGo<<m7 Sx + l)) + Wa, (%-0—1)
L0V (e )

wGo(%-H)
and
wey(V(A)) _ wey(V(T41)) —we,((m + 1, 5. +1+2))
wGo(%) a wGo(%-&-l) _wGo(<mv Sx +l+1>)
A
T weo(Ti)

In order to prove this lemma, we only need to show that

weo(V(A)) | w6y (V(H0)  w6y(V(Te—s.-1)) o w6, (V( T —s.))
wGo(yl) - wGo(‘SﬂO) ’ wGo(z*—S*—l) o wGo(‘Z*—S*) .

If €y = CU, then V() = V(A) and V(T o, 1) = V(Toe o). UGy = €
then V(%) = V() and V(Zo_g ) 0{(m +1,5* + 1)} = V(To_y,). I €y = €
then V(%) = {(m +1,)}0V(A) and V(T 1) = V(Toos). If G = €,
then V(y) ={(m+1,5)}UV(HA) and V(Te_5,1)U{{m+ 1,8+ 1)} = V(T _s,). By
Lemma 5.6, (13) hold in the above four cases. O

(0<I<s" —s,—2).

Lemma 5.8. Let M = {(m,s. +1),...,(m,s. +u)} be a subset of ,,, where 0 <1 <

u<s*—s,. Then
wa, (V(M)) > wa, (Cgm-‘rl) ‘
wGo(M) o wG’o(Cgm)

Proof. Since M = .,N 7, and V(M) = V() NV (Z,), we have ./, U Z, = 6, and
V() UV(T,) = Gmi1, which implies that wg,(M) = we, (7)) + wey () — Wee (Gm)
and we, (V(M)) = we, (V(7)) + we, (V(Z)) — we, (V(6,,)). By Lemma 5.7, we have
wa, (VM) _ wey(V(A)) + w6 (V(T) = weo(V(6m)) o wWe(Cmin)
wG()(M) B Wa, (%) + wGo(%) — W@y (cgm) N wG()(Cgm) ’
as desired. O

Lemma 5.9. The poset Pr[t, Po;n| has the NM property.

Proof. By Lemma 5.3, Pglt,n] is a finite graded poset. For any subset M of %,,, set
M = MyUM U---UM, (a > 1), where M; = {{(m, s, + ;),...,(m,s. +u;)} (i =
0,1,...;a), 0<ly<wug <l <u < - <ly <uy <8 —s,. Then M; N My = () for
i # 1. Since V(M;NMy) = V(M;)NV (M), V(M;)NV (M) = 0 for i # ¢'. 1t follows that
wGo(M) = Waq, (M0)+' ’ '+wGo(Ma) and wGo(v(M)) = Waq, (V<MO)) +- - Fwg, (V(Ma))
Then (11) holds by Lemma 5.8, and so the desired result follows. O

Combining Lemma 5.5 and Lemma 5.9, we complete the proof of Theorem 5.2.
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