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Coupon coloring number of in�ated graphs
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abstract

Let G be a graph with no isolated vertices. A k-coupon coloring of G is an assignment

of colors from [k] = {1, 2, . . . , k} to the vertices of G such that the neighborhood of every

vertex contains all colors from [k]. The maximum integer k for which a k-coupon coloring

exists is called the coupon coloring number of G, and is denoted by χc(G). In this paper,

we investigate coupon coloring in in�ated graphs arising from various classes of graphs.

In addition, we introduce new graph operations based on in�ation and study their e�ect

on the existence and behavior of coupon colorings. Our results contribute to a deeper

understanding of how in�ation based graph operations in�uence coupon coloring.
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1. Introduction

All graphs considered in this paper are simple, �nite and undirected. In general we follow

[1] and [16] for graph terminology and notations. Let G = (V,E) be a graph with vertex

set V (G) and edge set E(G). For a vertex x ∈ V (G), the neighborhood of x, denoted by

N (x), is the set of all vertices adjacent to x. The degree of a vertex x is the cardinality

of N (x), and the minimum degree of G is denoted by δ(G). A vertex of degree 1 is called

a pendant vertex, whereas a universal vertex is one that is adjacent to every other vertex

of the graph.

Graph coloring is a central topic in graph theory with a wide range of theoretical and

practical applications. A particularly interesting variant, introduced by Chen et al. [3],

is the coupon coloring of graphs, which models situations where each vertex must have

access to all resources (colors) through its neighbors. Let G be a graph with no isolated
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vertices. A k-coupon coloring of G is an assignment of colors from [k] = {1, 2, . . . , k} to

the vertices of G such that the neighborhood of every vertex of G contains vertices of all

colors from [k]. The maximum k for which a k-coupon coloring exists is called the coupon

coloring number of G, and is denoted by χc(G) [3]. Clearly, χc(G) ≤ δ(G) for any graph

G. In a k-coloring c, a vertex v is considered to be a bad vertex if its neighborhood does

not contain vertices of all colors from [k] and it is clear that there are no bad vertices in a

coupon coloring [15]. The notion of coupon coloring is closely related to graph domination.

Let G = (V,E) be a graph without isolated vertices. D
′ ⊆ V is a total dominating set if

every vertex of G is adjacent to at least one vertex in D
′
. The coupon coloring number

is also referred to as the total domatic number introduced in [12], which is the maximum

number of disjoint total dominating sets. Total domatic number and coupon coloring

have been extensively studied. The coupon coloring numbers of wheels, cycles, unicyclic

and bicyclic graphs, complete graphs, and complete k-partite graphs were determined by

Y Shi et al. in [15]. Additionally, coupon coloring has been examined in [14, 4] and [12].

The coupon coloring number of a few binary products, including the lexicographic and

cartesian products is studied in [6, 13]. Also in [10] the authors have demonstrated that

for every k ≥ 3, it is NP-complete to decide whether dt(G) ≥ k, where G is split graph.

Similarly, [10] shows that determining whether a bipartite planar graph has dt(G) ≥ 3 is

NP-complete.

In�ation is a unary graph operation that leaves the degree sequence unchanged while

increasing the number of vertices and edges, and it has been examined in relation to total

domination [7], double domination [11], as well as in various other studies [9, 8]. Cubic

in�ation was previously investigated in [2]. This paper studies coupon coloring in in�ated

graphs and introduces new in�ation-based graph operations to examine their e�ect on

coupon coloring.

2. In�ation of graphs

For the notation of in�ated graphs, we follow [5]. The in�ation GI of a graph G is obtained

by replacing each vertex vi of degree dG(vi) with a clique Ki of size dG(vi). Each edge

vivj ∈ E(G) is replaced by an edge uv such that u ∈ Ki and v ∈ Kj, and distinct edges of

G are replaced by nonadjacent edges in GI . An immediate consequence of this de�nition

is that n(GI) =
∑

vi∈V (G)

dG(vi) = 2m(G), ∆(GI) = ∆(G), δ(GI) = δ(G). Moreover, GI

can be seen as the line graph of the subdivision of G. In GI , each vertex vi of degree k

in the original graph G is replaced by a clique of k vertices labeled v1i , v
2
i , . . . , v

k
i . Figure

1 illustrates In�ation of wheel.

Observation 2.1. Let G be any graph having a pendant vertex. After applying the in�a-

tion operation, the graph GI also contains pendant vertex and hence δ(GI) = 1. We know

that χc(GI) ≤ δ(GI). This implies that χc(GI) ≤ 1. Also GI admits 1-coupon coloring.

Thus χc(GI) = 1
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(a) (b)

Fig. 1. (a) Wheel graph of order 5 (b) In�ation of wheel graph

Observation 2.2. Let G be a cycle graph on n vertices, then (Cn)I = C2n. Therefore,

χc(GI) =

{
1 if n ≡ 1 (mod 2),

2 otherwise.

Theorem 2.3. Let G = Wn be a wheel graph on n vertices. Then

χc(GI) =

{
2 if n = 5

3 otherwise.
(1)

Proof. Let G = Wn be a wheel graph on n vertices with vertex set v1, v2, · · · , vn and

let v1 be the universal vertex. Here v1, having degree n − 1, is replaced by the set

{v11, v21, . . . , vn−1
1 }, where each vertex vi1 is adjacent to v1i+1 in GI , corresponding to its

neighbor vi+1 in G. For each vertex vi with i = 2, 3, . . . , n, the vertices v2i and v3i are

connected in such a way that the sequence v22 − v32 − v23 − v33 − · · · − v2n − v3n − v22 forms

a cycle in GI , re�ecting the cyclic structure among the vertices v2, v3, . . . , vn in G. Since

δ(GI) = 3, we have χc(GI) ≤ 3.

Case 1. n = 5. For the case n = 5, we have δ(GI) = 3, so by the de�nition of

coupon coloring, χc(GI) ≤ 3. Assume, for contradiction, that a valid 3-coupon coloring

of GI exists. Consider the vertex v13, which is adjacent to v23, v
3
3, and v21. Without loss of

generality, assign colors c(v23) = 1, c(v33) = 2, and c(v21) = 3. Now consider the vertex v24,

whose neighbors are v14, v
3
4, and v33. Since c(v33) = 2, and three colors must appear in the

neighborhood, the possible colors for v14 are {1, 3}.
Case 1.1. Suppose c(v14) = 3. This forces c(v34) = 1. Now, focusing on v25, which is

adjacent to v15, v
3
5, and v34, and since c(v34) = 1, we must have c(v35) ∈ {2, 3}.

Case 1.1.1. First, consider c(v35) = 3. This forces c(v15) = 2. Since v15 already has a

neighbor colored 3, we assign c(v25) = 1. Otherwise if we assign c(v25) = 2, then v35 will

have two vertices in its neighborhood with same color 2, which makes v35 a bad vertex.

Next,we consider the vertex v35, we get c(v22) = 2. Now we consider the neighboring
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vertices of the following vertices v15, v
3
4, v

3
3, v

2
3, v

1
2, v

1
4 and �nally v32 in the order. This

forces a cascade: c(v22) = 3, c(v41) = 2, c(v24) = 2, c(v13) = 3, c(v32) = 1, c(v11) =

2, c(v31) = 3, c(v12) = 3. As a result, all vertices vi1 for 1 ≤ i ≤ 4 become �bad" since

their neighborhoods such as the vertices vji where 2 ≤ i ≤ 5 and 1 ≤ j ≤ 3 lack the color

1.

Case 1.1.2. Let c(v35) = 2, then c(v15) = 3. Given that v15 has a neighbor colored

2, we must set c(v25) = 1, otherwise v35 will become the bad vertex. This again leads

to: c(v22) = 2, c(v41) = 3, c(v24) = 2, c(v13) = 3, c(v32) = 1, c(v11) = 3, c(v31) =

3, c(v12) = 3. Once again, all vertices vi1 for 1 ≤ i ≤ 4 become bad since they lack the

color 1 in its neighboring vertices which is vji where 2 ≤ i ≤ 5 and 1 ≤ j ≤ 3.

Case 1.2. Suppose c(v14) = 1. Then, we must have c(v34) = 3. Now consider the vertex

v25, which is adjacent to v15, v
3
5, and v34. Since c(v34) = 3, the possible colors for v35 are 1

and 2.

Case 1.2.1. Assume c(v35) = 2. This forces c(v15) = 1. Since v15 already has a neighbor

with color 2, we assign c(v25) = 3, otherwise if we assign c(v25) = 1 this will force v35
to become a bad vertex. This leads to the following color assignments: c(v22) = 2 and

c(v41) = 1. Also, c(v24) = 2, which implies c(v31) = 1. Considering the vertex v33, we get

c(v13) = 3, and subsequently c(v32) = 1, which leads to c(v11) = 3, c(v12) = 3. As a result,

all vertices vi1 for 1 ≤ i ≤ 4 become �bad" since their neighborhoods fail to contain the

color 2.

Case 1.2.2. Alternatively, assume c(v35) = 1. Then c(v15) = 2. Since v35 has a neighbor

with color 2, we get c(v25) = 3. This forces: c(v22) = 1 and c(v41) = 2. Also, c(v24) = 2,

which implies c(v31) = 1. Considering v33, we get c(v13) = 3, and then c(v32) = 1. In

this scenario, the vertex v12 becomes a bad vertex, since its neighborhood contain two

vertices with same color 1 and hence all the required three colors are not present in the

neighborhood.

In both cases, a contradiction arises, thereby showing that a valid 3-coupon coloring

is not possible when n = 5. To prove this we de�ne C : V (GI) → [2] as follows. Let

c(v11) = c(v21) = c(v12) = c(v13) = c(v24) = c(v34) = c(v25) = c(v35) = 1 and color all the other

vertices with the color 2. This is indeed a coupon coloring. Thus χc(GI) = 2 when n = 5.

Case 2. n ̸= 5. De�ne a coloring function c : V (GI) → [3] as follows.

Case 2.1. n ≡ 0 (mod 3). Assign c(vn−1
1 ) = c(vn−2

1 ) = c(v1n−1) = c(v1n) = 3, c(v2n−1) =

c(v3n) = 2, and c(v3n−1) = c(v2n) = 1. For 1 ≤ j ≤ n− 3, de�ne:

c(vj1) =


1 if j ≡ 1 (mod 3),

2 if j ≡ 2 (mod 3),

3 if j ≡ 0 (mod 3).

(2)

Then, for 2 ≤ i ≤ n− 2 and 1 ≤ j ≤ 3 de�ne c(vji ) = (i+ j − 3) (mod 3) + 1.

Case 2.2. n ≡ 1 (mod 3). For 1 ≤ j ≤ n− 1, de�ne

c(vj1) =


1 if j ≡ 1 (mod 3),

2 if j ≡ 2 (mod 3),

3 if j ≡ 0 (mod 3).

(3)
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For 2 ≤ i ≤ n and 1 ≤ j ≤ 3 we de�ne c(vji ) = (i+ j − 3) (mod 3) + 1.

Case 2.3. n ≡ 2 (mod 3) and n > 5. Set c(vn−1
1 ) = c(v2n−1) = 1, c(vn−2

1 ) = c(v3n) = 2,

and c(v3n−1) = c(v2n) = 3. For 1 ≤ j ≤ n− 3:

c(vj1) =


1 if j ≡ 1 (mod 3),

2 if j ≡ 2 (mod 3),

3 if j ≡ 0 (mod 3).

(4)

For j ̸= 1 and 2 ≤ i ≤ n:

c(vji ) =


1 if i+ j ≡ 0 (mod 3),

2 if i+ j ≡ 1 (mod 3),

3 if i+ j ≡ 2 (mod 3).

(5)

Theorem 2.4. Let G = Km,n be a complete bipartite graph on m + n vertices. Then

χc(GI) = min{m,n}.

Proof. Let G = Km,n be a complete bipartite graph with m + n vertices, and as-

sume without loss of generality that m ≤ n. In GI , each vertex vi of degree k is

replaced by a clique of k vertices labeled v1i , v
2
i , . . . , v

k
i . The graph GI has a vertex

set V ′ = V ′
1 ∪ V ′

2 , where V ′
1 = {v11, v21, . . . , vn1 , v12, v22, . . . , vn2 , . . . , v1m, v

2
m, . . . , v

n
m} and

V ′
2 = {v1m+1, v

2
m+1, . . . , v

m
m+1, v

1
m+2, v

2
m+2, . . . , v

m
m+2, . . . , v

1
m+n, v

2
m+n, . . . , v

m
m+n}. Also each

vertex vji ∈ V ′
1 is connected to the vertex vim+j ∈ V ′

2 . Since every vertex in GI has de-

gree at least m, we have χc(GI) ≤ m. We need to only show that χc(GI) ≥ m. De�ne

c : V (GI) → [m] in the following way.

c(vji ) =

{
m if i+ j − 1 ≡ 0 (mod m),

i+ j − 1 (mod m) otherwise .
(6)

This ensures that each vertex sees all m colors in its neighborhood. Consider V
′
1 , the

replacement vertices of vi ∈ V1 has the colors 1, 2, · · · ,m along with one more color from

these m colors. So each vertex in V
′
1 will have m−1 colors among the replacement vertices

of vi itself since the replacement vertices form a clique due to in�ation. The only color

that is not present in its neighborhood would be its own color. The vertex vji ∈ V
′
1 is

adjacent to vim+j ∈ V
′
2 . When i + j − 1 ̸= m, c(vji ) = c(vim+j) = i + j − 1 (mod m).

Similarly the case when i+ j − 1 = m. Hence the vertex vji ∈ V
′
1 will have all m colors in

its neighborhood. Similarly consider the vertices vji ∈ V
′
2 where m + 1 ≤ i ≤ m + n and

1 ≤ j ≤ m, each of these vertices will have all the colors among its neighboring vertices in

V
′
2 which is nothing but the replacemnt vertices of vi except its own color and this missing

color will be present in the neighboring vertex that belongs to V
′
1 . This ensures that the

neighborhood of every vertex contains all m colors, satisfying the requirement for a valid

m-coupon coloring.
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3. α-Operation

De�nition 3.1. Let G be a graph of order n with no isolated vertices. Construct a new

graph Gα by replacing each vertex vi ∈ V (G) of degree k with an independent set of k

vertices, labelled v1i , v
2
i , · · · , vki . Whenever vivl ∈ E(G), a complete join is made between

the replacement set of vi and the replacement set of vl. Order of Gα is
n∑

i=1

deg(vi). Figure

2 illustrates cycle of order 4 and α-operation of cycle.

(a) (b)

Fig. 2. (a) Cycle of order 4 (b) α-operation of cycle

Theorem 3.2. Let G = Pn be a path on n vertices. Then

χc(Gα) =

{
1 n = 2,

2 otherwise.
(7)

Proof. Let G = Pn be a path on n vertices with vertex set V (G) = {v1, v2, . . . , vn}.
Applying the alpha operation to G, we obtain a new graph Gα, whose vertex set is

V (Gα) = {v11, v12, v22, . . . , v1n}, where each original vertex vi of degree k is replaced by k

new vertices forming an independent set. In the case of a path, each internal vertex

vi (for 2 ≤ i ≤ n − 1) has degree 2 and is replaced by two vertices v1i and v2i , while

the endpoints v1 and vn have degree 1 and are replaced by a single vertex v11 and v1n,

respectively. The resulting graph Gα has minimum degree δ(Gα) = 2, which implies that

the coupon coloring number satis�es χc(Gα) ≤ 2.

Case 1. n = 2. When n = 2, the path graph P2 consists of two vertices connected by

a single edge. Applying the alpha operation to P2 does not change its structure, since

each vertex has degree 1 and is replaced by a single vertex, preserving the original edge.

As a result (P2)α is the same as P2. Therefore, the coupon coloring number remains

unchanged, and we have χc(Gα) = 1 when n = 2.

Case 2. n ̸= 2. We de�ne a 2-coloring c : V (Gα) → [2] as follows: assign color 1 to all

v1i for 1 ≤ i ≤ n−1, assign color 2 to v1n, and assign color 2 to all v2i for 2 ≤ i ≤ n−1. This
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coloring ensures that every vertex has neighbors receiving both colors, thereby satisfying

the coupon coloring condition.

Theorem 3.3. Let G = Cn be a cycle on n vertices. Then

χc(Gα) =

{
4 n ≡ 0 (mod 4),

3 otherwise.
(8)

Proof. Let G = Cn be a cycle on n vertices. Since δ(Gα) = 4, it follows that χc(Gα) ≤ 4.

Case 1. When n ≡ 0 (mod 4). We de�ne a coloring function c : V (Gα) → [4] as

follows.

Case 1.1. If
⌈
i
2

⌉
is odd, then assign

c(vji ) =

{
1 j ≡ 1 (mod 2),

2 j ≡ 0 (mod 2).
(9)

Case 1.2. If
⌈
i
2

⌉
is even, then assign

c(vji ) =

{
3 j ≡ 1 (mod 2),

4 j ≡ 0 (mod 2).
(10)

Case 2. n ̸≡ 0 (mod 4). Consider the vertex v12, whose neighboring vertices are

{v11, v21, v13, v23}. Assume that v11 and v21 receive colors 1 and 2, respectively or vice versa.

This implies that v13 and v23 receive colors 3 and 4, as they must di�er from the colors of

the other neighbors of v2. That is, if v
1
3 receives color 3, then v23 must receive color 4, and

vice versa. Continuing like this we get three cases.

Case 2.1. n ≡ 1 (mod 4).

(c(v1i ), c(v
2
i )) =


(1, 2) or (2, 1), if ⌊ i

2
⌋ ≡ 0 (mod 2),

(3, 4) or (4, 3), if ⌊ i
2
⌋ ≡ 1 (mod 2).

(11)

Thus we get a contradiction since v1n, v
2
n will become the bad vertices. Hence, we have

χc(Gα) ≤ 3. De�ne a coloring function c : V (Gα) → [3] as follows: assign c(v1n) = 1 and

c(v2n) = 3. For each 1 ≤ i ≤ n− 1, set c(v2i ) = 2.

c(v1i ) =

{
1 if ⌈ i

2
⌉ ≡ 1 (mod 2),

3 if ⌈ i
2
⌉ ≡ 0 (mod 2).

(12)

Case 2.2. n ≡ 2 (mod 4).

(c(v12k+1), c(v
2
2k+1)) =

{
(1, 2) or (2, 1) if k ≡ 0 (mod 2),

(3, 4) or (4, 3) if k ≡ 1 (mod 2).
(13)
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From this we get v1n, v
2
n are bad vertices. Thus χc(Gα) ≤ 3. We de�ne the following

coloring c : V (Gα) → [3] as follows. Set c(v1n−1) = c(v1n) = 1 and c(v2n−1) = c(v2n) = 3.

Now for 1 ≤ i ≤ n− 2, we have c(v2i ) = 2 . Also when j = 1 we have

c(v1i ) =

{
1 if ⌈ i

2
⌉ ≡ 1 (mod 2),

3 if ⌈ i
2
⌉ ≡ 0 (mod 2).

(14)

Case 2.3. n ≡ 3 (mod 4).

(c(v1i ), c(v
2
i )) =


(1, 2) or (2, 1), if ⌈ i

2
⌉ ≡ 1 (mod 2),

(3, 4) or (4, 3), if ⌈ i
2
⌉ ≡ 0 (mod 2).

(15)

This leads to a contradiction, as the �nal pair v1n, v
2
n ends up with con�icting color

requirements, thereby becoming bad vertices. Thus χc(Gα) ≤ 3. We need to only prove

that χc(Gα) ≥ 3. De�ne c : V (Gα) → [3] as follows.

c(vji ) =


1 i+ j ≡ 2 (mod 3),

2 i+ j ≡ 0 (mod 3),

3 i+ j ≡ 1 (mod 3).

(16)

The coloring c clearly satis�es the coupon coloring conditions. Thus, when n ̸≡ 0

(mod 4), we conclude that χc(Gα) = 3.

Theorem 3.4. Let G = Kn be a complete graph on n vertices. Then χc(Gα) =
n(n−1)

2
.

Proof. Let G = Kn be a complete graph on n vertices with vertex set v1, v2, · · · , vn. Here
δ(Gα) = (n−1)2 and the order of Gα is n(n−1). Since by Lemma 4.4 and n(n−1)

2
< (n−1)2

for all n > 0 it follows that χc(Gα) ≤ n(n−1)
2

. We can prove χc(Gα) ≥ n(n−1)
2

by de�ning

a coloring c : V (Gα) → [n(n−1)
2

] as follows. We have two cases.

Case 1. n ≡ 0 (mod 2). For all 1 ≤ j ≤ n− 1 we have

c(vji ) =

{
j + (i− 1)(n− 1) 1 ≤ i ≤ n

2
,

j + (i− n
2
− 1)(n− 1) n

2
+ 1 ≤ i ≤ n.

(17)

Case 2. n ≡ 1 (mod 2). For i = ⌈n
2
⌉ set c(vji ) = j + (n − 1)(i − 1) for 1 ≤ j ≤ ⌊n−1

2
⌋

and c(vji ) = j + ⌊n−1
2
⌋(2i − n − 2) for ⌊n−1

2
⌋ + 1 ≤ j ≤ n − 1. For all 1 ≤ j ≤ n − 1 we

have

c(vji ) =

{
j + (i− 1)(n− 1) 1 ≤ i ≤ ⌈n

2
⌉ − 1,

j + ⌊n−1
2
⌋(2i− n− 2) ⌈n

2
⌉+ 1 ≤ i ≤ n.

(18)

In Case 1, when n ≡ 0 (mod 2), assign c(v11) = 1, c(v21) = 2, · · · , c(vn−1
1 ) = n − 1.

The replacement vertices of v2 receive the colors n, . . . , 2(n − 1), and, in general, the

replacement vertices of vi, 2 ≤ i ≤ n
2
, receive the colors (i − 1)(n − 1) + 1, · · · , i(n − 1).
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The replacement vertices of vn
2
+1 are assigned the colors 1, · · · , n− 1, and the remaining

replacement vertices are colored by continuing this pattern cyclically. Thus, each color

appears exactly twice. Now let vi be an arbitrary vertex. If 1 ≤ i ≤ n
2
, then the replace-

ment vertices of vj, where
n
2
+ 1 ≤ j ≤ n, together contain all n(n−1)

2
colors. Similarly, if

n
2
+ 1 ≤ i ≤ n, then the replacement vertices of vj, where 1 ≤ j ≤ n

2
, together contain all

n(n−1)
2

colors. Hence, the neighborhood of every arbitrary replacement vertex contains all
n(n−1)

2
colors. Moreover, each color appears exactly twice among the replacement vertices,

completing the required coupon coloring. In Case 2 when n ≡ 1 (mod 2) we have assigned

c(v11) = 1, c(v21) = 2, . . . , c(vn−1
1 ) = n− 1. For 2 ≤ i ≤

⌈
n
2

⌉
− 1, assign the replacement

vertices of vi the consecutive colors (i − 1)(n − 1) + 1, . . . , i(n − 1). The replacement

vertices of v⌈n
2 ⌉ are assigned the colors

(⌈
n
2

⌉
− 2

)
(n−1)+1, . . . , n(n−1)

2
, 1, . . . , n−1

2
. For⌈

n
2

⌉
+ 1 ≤ i ≤ n, the color assignment continues cyclically, with the replacement vertices

of vn receiving the colors (n−1)(n−2)
2

+ 1, . . . , n(n−1)
2

. Consequently, the neighborhood of

every replacement vertex contains all n(n−1)
2

colors. Moreover, each color appears exactly

twice among the replacement vertices, completing the required coupon coloring. Thus

χc(Gα) =
n(n−1)

2
.

Figure 3 illustrates coupon coloring of K4α .

v11(1) v21(2) v31(3)

v13(1) v23(2) v33(3)

v12(4)

v22(5)

v32(6)

(4)v14

(5)v24

(6)v34

Fig. 3. Coupon coloring of K4α

Observation 3.5. Let G = K1,n be a star graph on n+ 1 vertices. Then χc(Gα) = n.

Proof. Let G = K1,n be a star graph on n+ 1 vertices with vertex set {v1, v2, · · · , vn+1},
where v1 is the universal vertex. (K1,n)α is the graph Kn,n. Thus χc(K1,n)α = n.

Theorem 3.6. Let G = Sr,t be a double star graph on r+ t+ 2 vertices. Then χc(Gα) =

min{r, t}+ 1.

Proof. Let G = Sr,t denote a double star graph with r + t + 2 vertices and vertex

set V (G) = {x,w, u1, u2, · · · , ur, v1, v2, . . . , vt}. The vertices x and w are adjacent. The

set {u1, u2, . . . , ur} consists of leaves adjacent to x, forming a star centered at x, while
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{v1, v2, . . . , vt} consists of leaves adjacent to w, forming a star centered at w. Under the

α-operation, every vertex ui of degree 1 is replaced by a single vertex denoted u1
i , and

likewise for each vertex vi. The vertices x and w, having degrees r + 1 and t+ 1, respec-

tively, are replaced by independent vertices labeled x1, x2, . . . , xr+1 and w1, w2, . . . , wt+1,

respectively. Without loss of generality assume that r ≤ t. Since δ(Gα) = min{r, t}+ 1,

we have χc(Gα) ≤ r + 1. We de�ne c : V (Gα) → [r + 1] as follows. Set c(wi) = c(xi) = i

for all 1 ≤ i ≤ r + 1. Remaining vertices can be colored using any color from 1, 2, · · · , r.
Consider the replacement vertices of leaves in G. In the case of u1

i where 1 ≤ i ≤ r,

these vertices are adjacent to xh, where 1 ≤ h ≤ r + 1 which contains all the r + 1

colors. Similarly in the case of v1j , where 1 ≤ j ≤ t, these vertices are adjacent to wg,

where 1 ≤ g ≤ t + 1. The vertices xh, where 1 ≤ h ≤ r + 1 are adjacent to wg, where

1 ≤ g ≤ t+ 1. Hence these vertices will also have r + 1 colors in its neighborhood.

Observation 3.7. [15] Let G = (X,Y ) be a complete bipartite graph with |X|= n1,

|Y |= n2 and n1 ≤ n2. By the de�nition of the coupon coloring number, we can easily

obtain that χc(G) = n1.

Theorem 3.8. Let G = Km,n be a complete bipartite graph on m + n vertices. Then

χc(Gα) = mn.

Proof. Let G = Km,n be a complete bipartite graph on m + n vertices. Applying the

alpha operation to the complete bipartite graph Km,n results in the graph Kmn,mn. From

Observation 3.7 we get χc(Gα) = mn.

4. β-Operation

De�nition 4.1. Let G be a graph of order n with no isolated vertices. Construct a

new graph Gβ by replacing each vertex vi ∈ V (G) of degree k with a Path Pvi on k

vertices, labeled v1i , v
2
i , . . . , v

k
i . Whenever vivj ∈ E(G), complete join is made between the

vertices of Pvi and Pvj . Order of Gβ is
n∑

i=1

deg(vi). Figure 4 illustrates cycle of order 4

and β-operation of cycle.

Theorem 4.2. Let G = Pn be a path on n vertices. Then

χc(Gβ) =

{
1 if n = 2,

2 otherwise.
(19)

Proof. Let G = Pn be a path on n vertices.

Case 1. n = 2. When n = 2, P2β = P2.

Case 2. n ̸= 2. We have χc(Gβ) ≤ 2. De�ne the following coloring c : V (Gβ) → [2] as
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follows. Set c(v11) = 1 and c(v1n) = 2. For 2 ≤ i ≤ n− 1 and j = 1, 2, we have

c(vji ) =

{
1 if j = 1,

2 otherwise,
(20)

c can be easily veri�ed to be a coupon coloring.

(a) (b)

Fig. 4. (a) Cycle of order 4 (b) β-operation of cycle

Theorem 4.3. Let G = Cn be a cycle on n vertices. Then

χc(Gβ) =

{
4 n ≡ 0 (mod 4),

3 otherwise.
(21)

Proof. Let G = Cn be a cycle on n vertices with vertex set v1, v2, · · · , vn. Let v11, v21, v12, v22,
· · · , v1n, v2n be the vertices of Gβ after applying β operation. We have χc(Gβ) ≤ 5. Suppose

there exists a 5-coupon coloring c : V (Gβ) → [5]. Consider the vertex v11, the neighboring

vertices are v21, v
1
2, v

2
2, v

1
n, v

2
n. Without loss of generality, assume that c(v21) = 1, c(v12) =

2, c(v22) = 3, c(v1n) = 4, c(v2n) = 5. Now consider v21, we get c(v
1
1) = 1 which makes v12 the

bad vertex. Thus χc(Gβ) ≤ 4.

Case 1. n ≡ 0 (mod 4). De�ne c : V (Gβ) → [4] as follows.

c(vji ) =


1 ⌊ i

2
⌋ ≡ 0 (mod 2) and i+ j ≡ 1 (mod 2),

4 ⌊ i
2
⌋ ≡ 0 (mod 2) and i+ j ≡ 0 (mod 2),

2 ⌊ i
2
⌋ ≡ 1 (mod 2) and i+ j ≡ 0 (mod 2),

3 ⌊ i
2
⌋ ≡ 1 (mod 2) and i+ j ≡ 1 (mod 2).

(22)

It can be readily veri�ed that c is a coupon coloring.

Case 2. n ̸≡ 0 (mod 4). Consider the vertex v11, the neighboring vertices are v
2
1, v

1
2, v

2
2, v

1
n,

v2n. Without loss of generality, assume that c(v21) = 1, c(v12) = 2, c(v22) = 3, c(v1n) = 4.

Consider the vertex v21 we have two cases. Either c(v11) = 1 or c(v2n) = 1.
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Case 2.1. c(v11) = 1. Examining the vertex v12 forces c(v13) to be either 2 or 4. Assume

that c(v13) = 2. This implies that c(v23) = 4, which leads to a contradiction, since the

neighborhood of v22 does not contain the color 3. Similarly when c(v13) = 4 implies

c(v23) = 2 and this also leads to contradiction since v22 become the bad vertex.

Case 2.2. c(v2n) = 1. Consider the vertices v22 and v12. Their neighborhoods must

contain the colors 2, 3, and 4. We get three cases.

Case 2.2.1. c(v11) = 2. Then we get either c(v13) = 4 or c(v23) = 4. if c(v13) = 4, this

implies c(v23) = 3 and vice versa. In both these cases when we consider the vertices v13
and v23 we get c(v14), c(v

2
4) ∈ {1, 4}. If c(v14) = 1, then c(v24) = 4 or viceversa. Hence for

1 ≤ i ≤ n− 1 we get

(c(v1i ), c(v
2
i )) =


(1, 4) or (4, 1) if i ≡ 0 (mod 4),

(1, 2) or (2, 1) if i ≡ 1 (mod 4),

(2, 3) or (3, 2) if i ≡ 2 (mod 4),

(3, 4) or (4, 3) if i ≡ 3 (mod 4).

(23)

Now n ≡ 1 (mod 4) then v1n and v2n doesnot contain the color 3 in ite neighborhood,

hence we get a contradiction. When n ≡ 2 (mod 4) v1n and v2n doesnot contain the color 3

and 4 in ite neighborhood and when n ≡ 3 (mod 4), v1n and v2n doesnot contain the color

4 in ite neighborhood, hence this also leads to contradiction.

Case 2.2.2. c(v11) = 3. Then we get either c(v13) = 4 or c(v23) = 4. If c(v13) = 4, this

implies c(v23) = 2 and vice versa. In both these cases when we consider the vertices v13
and v23 we get c(v14), c(v

2
4) ∈ {1, 4}. If c(v14) = 1, then c(v24) = 4 or viceversa. Hence for

1 ≤ i ≤ n− 1 we get

(c(v1i ), c(v
2
i )) =


(1, 4) or (4, 1) if i ≡ 0 (mod 4),

(1, 3) or (3, 1) if i ≡ 1 (mod 4),

(2, 3) or (3, 2) if i ≡ 2 (mod 4),

(2, 4) or (4, 2) if i ≡ 3 (mod 4).

(24)

Now n ≡ 1 (mod 4) then v1n and v2n doesnot contain the color 2 in ite neighborhood,

hence we get a contradiction. When n ≡ 2 (mod 4) v1n and v2n doesnot contain the color 2

and 4 in ite neighborhood and when n ≡ 3 (mod 4), v1n and v2n doesnot contain the color

4 in ite neighborhood, hence this also leads to contradiction.

Case 2.2.3. c(v11) = 4. Then we get either c(v13) = 2 or c(v23) = 2 if c(v13) = 2, this

implies c(v23) = 4 and vice versa. In both these cases when we consider the vertices v13
and v23 we get c(v14), c(v

2
4) ∈ {1, 4}. If c(v14) = 1, then c(v24) = 4 or viceversa. Hence for

1 ≤ i ≤ n− 1 we get

(c(v1i ), c(v
2
i )) =

{
(1, 4) or (4, 1) if ⌊ i

2
⌋ ≡ 0 (mod 2),

(2, 3) or (3, 2) if ⌊ i
2
⌋ ≡ 1 (mod 2).

(25)

Now n ≡ 1, 2 (mod 4) then v1n and v2n doesnot contain the colors 2 and 3 in its neigh-

borhood, hence we get a contradiction and when n ≡ 3 (mod 4), v1n−1 and v2n−1 doesnot
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contain the colors 2 and 3 in its neighborhood, hence this also leads to contradiction.

Thus χc(Gβ) ≤ 3. De�ne c : V (Gβ) → [3] as follows.

Case 1. n ≡ 1 (mod 4). Assign c(v1n) = 1 and c(v2n) = 3. For each 1 ≤ i ≤ n − 1, set

c(v2i ) = 2.

c(v1i ) =

{
1 if ⌈ i

2
⌉ ≡ 1 (mod 2),

3 if ⌈ i
2
⌉ ≡ 0 (mod 2).

(26)

Case 2. n ≡ 2, 3 (mod 4).

c(vji ) =


1 i+ j ≡ 2 (mod 3),

2 i+ j ≡ 0 (mod 3),

3 i+ j ≡ 1 (mod 3).

(27)

In both cases if we consider an arbitary vertex vji , where 2 ≤ i ≤ n − 1 and j = 1, 2,

the vertices vji−1 and vji+1 where j = 1, 2 will contain all the required three colors. Hence

all three colors will be present in the neighborhood of vji . Similarly for vj1 and vjn, where

j = 1, 2. Thus χc(Gβ) = 3 when n ̸≡ 0 (mod 4).

Lemma 4.4. In coupon coloring each color should appear atleast twice.

Proof. Let G be a graph and for G to satisfy coupon coloring, each vertex should have

all the colors in its neighboring vertices. If a color appears on exactly one vertex u, then u

itself cannot see that color in N (u), so the coloring cannot be a coupon coloring. Similarly

for all vertices. Thus each color should appear atleast twice to satisfy the coupon coloring

condition.

Theorem 4.5. Let G = Kn be a complete graph on n vertices. Then χc(Gβ) =
n(n−1)

2
.

Proof. Let G = Kn be a complete graph on n vertices with vertex set v1, v2, · · · , vn.
Here δ(Gβ) = (n − 1)2 + 1 and the order of Gβ is n(n − 1). Since by Lemma 4.4 and
n(n−1)

2
< (n − 1)2 + 1 for all n > 0 it follows that χc(Gβ) ≤ n(n−1)

2
. We can prove

χc(Gβ) ≥ n(n−1)
2

by de�ning a coloring c : V (Gβ) → [n(n−1)
2

] as follows. We have two

cases.

Case 1. n ≡ 0 (mod 2). For all 1 ≤ j ≤ n− 1 we have

c(vji ) =

{
j + (i− 1)(n− 1) 1 ≤ i ≤ n

2
,

j + (i− n
2
− 1)(n− 1) n

2
+ 1 ≤ i ≤ n.

(28)

Case 2. n ≡ 1 (mod 2). For i = ⌈n
2
⌉ set c(vji ) = j + (n − 1)(i − 1) for 1 ≤ j ≤ ⌊n−1

2
⌋

and c(vji ) = j + ⌊n−1
2
⌋(2i − n − 2) for ⌊n−1

2
⌋ + 1 ≤ j ≤ n − 1. For all 1 ≤ j ≤ n − 1 we

have

c(vji ) =

{
j + (i− 1)(n− 1) 1 ≤ i ≤ ⌈n

2
⌉ − 1,

j + ⌊n−1
2
⌋(2i− n− 2) ⌈n

2
⌉+ 1 ≤ i ≤ n.

(29)
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In Case 1, when n ≡ 0 (mod 2), assign c(v11) = 1, c(v21) = 2, . . . , c(vn−1
1 ) = n − 1.

The replacement vertices of v2 receive the colors n, . . . , 2(n − 1), and, in general, the

replacement vertices of vi, 2 ≤ i ≤ n
2
, receive the colors (i− 1)(n− 1) + 1, . . . , i(n− 1).

The replacement vertices of vn
2
+1 are assigned the colors 1, . . . , n− 1, and the remaining

replacement vertices are colored by continuing this pattern cyclically. Thus, each color

appears exactly twice. Now let vi be an arbitrary vertex. If 1 ≤ i ≤ n
2
, then the replace-

ment vertices of vj, where
n
2
+ 1 ≤ j ≤ n, together contain all n(n−1)

2
colors. Similarly, if

n
2
+ 1 ≤ i ≤ n, then the replacement vertices of vj, where 1 ≤ j ≤ n

2
, together contain all

n(n−1)
2

colors. Hence, the neighborhood of every arbitrary replacement vertex contains all
n(n−1)

2
colors. Moreover, each color appears exactly twice among the replacement vertices,

completing the required coupon coloring. In Case 2 when n ≡ 1 (mod 2) we have assigned

c(v11) = 1, c(v21) = 2, . . . , c(vn−1
1 ) = n− 1. For 2 ≤ i ≤

⌈
n
2

⌉
− 1, assign the replacement

vertices of vi the consecutive colors (i − 1)(n − 1) + 1, . . . , i(n − 1). The replacement

vertices of v⌈n
2 ⌉ are assigned the colors

(⌈
n
2

⌉
− 2

)
(n−1)+1, . . . , n(n−1)

2
, 1, . . . , n−1

2
. For⌈

n
2

⌉
+ 1 ≤ i ≤ n, the color assignment continues cyclically, with the replacement vertices

of vn receiving the colors (n−1)(n−2)
2

+ 1, . . . , n(n−1)
2

. Consequently, the neighborhood of

every replacement vertex contains all n(n−1)
2

colors. Moreover, each color appears exactly

twice among the replacement vertices, completing the required coupon coloring. Thus

χc(Gβ) =
n(n−1)

2
.

Theorem 4.6. Let G = K1,n be a star graph on n+ 1 vertices. Then χc(Gβ) = n.

Proof. Let G = K1,n be a star graph on n + 1 vertices, where v1 is the universal vertex

and v2, v3, . . . , vn+1 are the pendant vertices. We have χc(Gβ) ≤ n, since δ(Gβ) = n.

De�ne a coloring c : V (Gβ) → [n] as follows: c(vj1) = j where 1 ≤ j ≤ n, and c(v1i ) = i−1

where 2 ≤ i ≤ n+ 1. Then χc(Gβ) = n.

Theorem 4.7. Let G = Sr,t be a double star graph on r+ t+ 2 vertices. Then χc(Gβ) =

min{r, t}+ 1.

Proof. Let G = Sr,t be a double star graph with r + t + 2 vertices and vertex set

V (G) = {x,w, u1, u2, · · · , ur, v1, v2, . . . , vt}. The vertices x and w are adjacent. The

set {u1, u2, . . . , ur} consists of leaves adjacent to x, forming a star centered at x, while

{v1, v2, . . . , vt} consists of leaves adjacent to w, forming a star centered at w. Under

the β-operation, every vertex ui of degree 1 is replaced by a single vertex denoted u1
i ,

and likewise for each vertex vi. The vertices x and w, having degrees r + 1 and t + 1,

respectively, are replaced by paths on r + 1 and t + 1 vertices labeled x1, x2, . . . , xr+1

and w1, w2, . . . , wt+1, respectively. Without loss of generality, assume that r ≤ t. Since

δ(Gβ) = min{r, t} + 1, we have χc(Gβ) ≤ r + 1. We de�ne c : V (Gβ) → [r + 1] as

follows. Similar to Theorem 3.6 we set c(wi) = c(xi) = i for all 1 ≤ i ≤ r+ 1. Remaining

vertices can be colored using any color from 1, 2, · · · , r. In the case of u1
i where 1 ≤ i ≤ r,

these vertices are adjacent to xh, where 1 ≤ h ≤ r + 1 which contains all the r + 1
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colors. Similarly in the case of v1j , where 1 ≤ j ≤ t, these vertices are adjacent to wg,

where 1 ≤ g ≤ t + 1. The vertices xh, where 1 ≤ h ≤ r + 1 are adjacent to wg, where

1 ≤ g ≤ t+ 1. Hence these vertices will also have r + 1 colors in its neighborhood.

Theorem 4.8. Let G = Km,n be a complete bipartite graph on m + n vertices. Then

χc(Gβ) = mn.

Proof. Let G = Km,n be a complete bipartite graph on m + n vertices with vertex set

u1, u2, · · · , um on one partition and v1, v2, · · · , vn on another partition. We have χc(Gβ) ≤
mn + 1. Assume there exists an mn + 1-coupon coloring, c : V (Gβ) → [mn + 1]. Now

consider the vertex u1
1, the neighboring vertices are u2

1 and vki for all 1 ≤ i ≤ m and 1 ≤
k ≤ n. Without loss of generality, assume that c(v11) = 1, c(v21) = 2, c(v31) = 3, · · · , c(vm1 ) =
m, c(v12) = m+1 · · · , c(vmn ) = mn. We get c(vji ) = mi+j−m. Hence c(u2

1) = mn+1. Now

consider the vertex v11, the neighboring vertices are v21, which has color 2 and uk
i for all

1 ≤ i ≤ m in which u2
1 has color mn+ 1. Without loss of generality, assume that c(u1

1) =

1, c(u3
1) = 3, · · · , c(un

1 ) = n, c(u1
2) = n+ 1, · · · , c(un

m) = mn. We get c(uj
i ) = ni+ j − n for

all i ̸= 1 and j ̸= 2. Two of the neighboring vertices of v21 have same color 1 and remaining

there are mn − 1 neighboring vertices. We need to give mn colors to them and this is a

contradiction since the vertex v21 will become a bad vertex. Consequently, χc(Gβ) ≤ mn.

De�ne a coloring c : V (Gβ) → [mn] by assigning c(uj
i ) = ni + j − n and c(vji ) =

mi + j − m. Since this assignment yields a valid coupon coloring with mn colors, we

conclude that χc(Gβ) = mn.

(a) (b)

Fig. 5. (a) Cycle of order 4 (b) Cubic in�ation of cycle
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5. Cubic In�ation

For the notation for cubic in�ation, we follow [2]. Let G be a graph without vertices of

degree one. First, we replace each vertex v ∈ V (G) by a cycle Cv of length 2deg(v), and

then replace every edge uv of G by two edges joining Cu and Cv. The resulting graph

is called the cubic in�ation of G. Order of CI(G) is
∑

v∈V (G)

2deg(v). Figure 5 illustrates

cycle of order 4 and cubic in�ation of cycle.

Theorem 5.1. Let G = Cn be a cycle graph on n vertices. Then

χc(CI(G)) =

{
3 n ≡ 0 (mod 3),

2 otherwise.
(30)

Proof. Let G = Cn be a cycle graph on n vertices where V (G) = {v1, v2, · · · , vn}. After
applying cubic in�ation, each vertex vi is replaced by the cycle C4 where the vertices are

labeled as v1i , v
2
i , v

3
i , v

4
i . Also the edges are de�ned as follows: for each 1 ≤ i ≤ n− 1, the

vertex v1i is adjacent to v4i+1, and v2i is adjacent to v3i+1. In addition, v1n is adjacent to v41,

and v2n is adjacent to v31. We know that χc(CI(G)) ≤ 3.

Case 1. n ≡ 0 (mod 3). Let c : V (CI(G)) → [3] be a coloring de�ned as follows.

c(vji ) =


1 i− j ≡ 1 (mod 3),

2 i− j ≡ 2 (mod 3),

3 i− j ≡ 0 (mod 3).

(31)

This coloring ensures that all three colors appear in the neighborhood of each vertex,

thereby satisfying the coupon coloring condition.

Case 2. n ̸≡ 0 (mod 3). Suppose that a 3-coupon coloring c : V (CI(G)) → [3] exists.

Consider the vertex v41, whose neighbors are v
3
1, v

1
1, and v1n. Since c is a 3-coupon coloring,

c(v31) ∈ {1, 2, 3}. Without loss of generality, assume that c(v11) = 1 and c(v31) = 2. Then

it follows that c(v1n) = 3, which in turn implies that c(v3n) = 1. Continuing like this we

have 2 cases.

Case 2.1. n ≡ 1 (mod 3).

c(v1i ) =


1 i ≡ 2 (mod 3),

2 i ≡ 0 (mod 3),

3 i ≡ 1 (mod 3),

(32)

c(v3i ) =


1 i ≡ 1 (mod 3),

2 i ≡ 2 (mod 3),

3 i ≡ 0 (mod 3).

(33)

The vertex v42 becomes a bad vertex because its neighborhood does not contain all three

colors.
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Case 2.2. n ≡ 2 (mod 3).

c(v1i ) =


1 i ≡ 0 (mod 3),

2 i ≡ 1 (mod 3),

3 i ≡ 2 (mod 3),

(34)

c(v3i ) =


1 i ≡ 2 (mod 3),

2 i ≡ 0 (mod 3),

3 i ≡ 1 (mod 3).

(35)

The vertex v21 becomes a bad vertex because its neighborhood does not contain all three

colors. Thus when n ̸≡ 0 (mod 3), χc(CI(G)) ≤ 2. De�ne a coloring c : V (CI(G)) → [2]

as follows

c(vji ) =

{
1 j = 1, 2,

2 j = 3, 4.
(36)

Clearly, c is a coupon coloring.

Theorem 5.2. Let G = Wn be a wheel graph on n vertices. Then χc(CI(G)) = 2.

Proof. Let G = Wn be a wheel graph on n vertices with vertex set {v1, v2, . . . , vn},
where v1 serves as the universal vertex. After applying cubic in�ation, each vertex vi, i =

2, 3, · · · , n is replaced by the cycle C6 with vertices labeled as v1i , v
2
i , · · · , v6i and the vertex

v1 is replaced by cycle C2(n−1) with vertices labeled as v11, v
2
1, · · · , v

2(n−1)
1 . In CI(G) the

vertices v2i−1
1 is adjacent to v1i+1 and v2i1 is adjacent to v2i+1 where i = 1, 2, · · · , n−1. Also,

for every i = 2, 3, . . . , n− 1, the vertex v3i is adjacent to v6i+1, while v
4
i is adjacent to v5i+1.

Also the vertices v3n and v4n are adjacent to v62 and v52 respectively. Since δ(CI(G)) = 3

we have χc(CI(G)) ≤ 3. Assume there exists a 3−coupon coloring c : V (CI(G)) → [3].

Consider the vertex v52 which is adjacent to v42, v
6
2 and v4n. Suppose c(v

4
2) = a, a ∈ {1, 2, 3}.

Without loss of generality, assume that c(v42) = 1, c(v62) = 2 and c(v4n) = 3. Now consider

the vertex v3n, we get c(v2n) = 1. The neighboring vertices of the vertex v2n−2
1 are v2n,

v11 and v2n−1
1 . The vertex v11 will receive either color 2 or 3. If v11 is assigned the color

2, then v12 becomes bad vertex since it will have two neighbors with the same color 2

and this will result in lack of three required colors in the neighborhood of v12. Hence,

we must have c(v11) = 3 and c(v2n−1
1 ) = 2. Finally considering the vertex v1n, we obtain

c(v6n) = 3 which causes v5n to become a bad vertex. Thus, χc(CI(G)) ≤ 2. It now su�ces

to show that χc(CI(G)) ≥ 2 by de�ning a 2-coupon coloring of the graph CI(G). We

de�ne c : V (CI(G)) → [2] as follows. Set c(vi1) = 2 for all i and for each j = 2, 3, · · · , n
c(v1j ) = c(v2j ) = 1, c(v3j ) = c(v6j ) = 2 and c(v5j ) = c(v4j ) = 1. Consider the vertices on

larger cycle replacing the universal vertex that is vi1, 1 ≤ i ≤ 2(n − 1), these vertices

has the color 2 among themselves. So each vertex will have color 2 in its neighborhood.

Also v2i−1
1 is adjacent to v1i+1 and v2i1 is adjacent to v2i+1 and by the coloring pattern

c(v1j ) = c(v2j ) = 1 for any j and hence any arbitrary vi1, 1 ≤ i ≤ 2(n − 1) is adjacent
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to vertices which has color 1. Now for 2 ≤ l ≤ 5, consider the vertices vlj, 2 ≤ j ≤ n

and these vertices will receive the required two colors from their adjacent vertices in the

same cycle. For v1j and v6j these vertices are connected to vertices having color 2 and they

receive the color 1 from the adjacent vertices in the same cycle. It can be easily seen that

c is a coupon coloring. Thus χc(CI(G)) = 2.

6. Conclusion and future work

In this paper, we explored coupon coloring of in�ated graphs and introduced new graph

operations derived from in�ation and analyzed their impact on coupon coloring. This can

also be extended to other classes of graphs to study how these operations behave under

varying structural properties.
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