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ABSTRACT

Recently, it was proved that if K5 5, admits an edge k-product cordial labeling, then either
k=2n+1or k> 4n+ 1, and two related existence problems were posed. In this paper,
we prove that K, is edge (2n + 1)-product cordial if and only if 2n + 1 is a prime. We
further show that Ky 4 is edge k-product cordial if and only if £ =5 or £ > 9, while Ky
is edge k-product cordial if and only if £ = 7 or k > 13. These results completely answer
one of the posed questions and provide further evidence for a general existence conjecture.
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1. Introduction and general properties

A graph of order p and size ¢ is called a (p, ¢)-graph. For k > 2, welet Z;, = {0,1, ..., k—1}
be the standard complete residue system modulo k. Notation and concepts not defined
in this paper are referred to the book [1].

Suppose G = (V| E) is a (p, q)-graph without isolated vertex. Let f : £ — Zj be an edge
labeling of G. Let the vertex labeling f* : V' — Zj be defined by f*(v) = [[,.cp f(uv)
(mod k), for every vertex v. An edge e € E and a vertex v € V' are called an i-edge and
j-vertex (under f), if f(e) =7 and f*(v) = j, respectively, where i, j € Zj. Let ef(i) and
vf(j) denote the number of i-edges and the number of j-vertices, respectively.

For k > 2, an edge labeling f : E — Z; of G = (V, E) is said to be an edge k-product
cordial labeling of G if |ef(i1) — ef(i2)|< 1 and |vp(j1) — vf(j2)|< 1 for 44,42, j1,j2 € Zy.
G is edge k-product cordial if G admits an edge k-product cordial labeling.
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We first introduce some necessary notation and concepts. Suppose f : E — Z; is an
edge labeling of G = (V| E). In the following, we always let Ej be the set of all 0-edges
under f and let Gy be the subgraph of G induced by the edges in Ey, i.e., Gy = G[Ey].
Clearly ef(0) = |Ep| and vs(0) > |V(Gp)|. We shall keep these notation throughout the
paper.

Let G be a graph and G’ be a copy of G. The shadow graph of a graph G, denoted as
D(G), is a graph obtained by joining each vertex v of G to the neighbors of the vertex v’
in G’ which corresponds to v. This concept was first introduced by Sampathkumar [2] in
1973. In this paper, we consider the shadow graph of a star K, for n > 1.

Let the vertex and the edge sets of the star K ,, be {u, uy, ..., u,} and {uy; | 1 <i <n},
respectively. Then we let {u, v’} U{u;,u; | 1 <i <n} and {vwu;, v}, v'u;,v'u; | 1 <i<n}
be the vertex and edge sets of the graph D(K,,), respectively. Thus, D(K,,) is a
(2n + 2,4n)-graph. Note that D(K;,) = Ks,. So in the coming sections, we shall use
Ky 9, instead of D(Kj,,).

In [3], there are two questions related to the theorem below.

Theorem 1.1. |3, Theorem 2.1] Let n > 1 and k > 2. Suppose D(K,,) admits an edge
k-product cordial labeling f, then k > 4n+1 or k =2n + 1.

Question 1.2. [3, Question 2.5] Is D(K,,) edge (2n + 1)-product cordial for n > 37

Question 1.3. [3, Question 2.6] Is D(K,,) edge k-product cordial for n > 2 when k >
An+17

In this paper, we will answer the first question completely and investigate the second
question for n = 2, 3.

2. Edge (2n + 1)-product cordiality of K,

In [3], there is an edge (2n + 1)-product cordial labeling for each of K34, when n =1, 2.
For completeness, these labelings are reproduced in Figures 1(a) and 1(b). All edge labels
are indicated next to the respective edges and the induced vertex labels are indicated on
the vertices, respectively. It is straight forward to verify the correctness.

(a) Edge 3-product cordial labeling K3 2 (b) Edge 5-product cordial labeling of K2 4

Fig. 1.

Remark 2.1. In Theorem 1.1, suppose Kj9, admits an edge (2n + 1)-product cordial



EDGE k-PRODUCT CORDIAL LABELING OF COMPLETE BIPARTITE GRAPH Ky, 429

labeling f. Note that Ky, is a (4n, 2n+2)-graph. From the definition of (2n+1)-product
cordial labeling, we have ef(i) > bsilj =1 and vy(j) < @Ziﬂ =2, for 0 < 14,5 < 2n.
Thus, e;(0) > 1 and this implies that v;(0) > 2. Therefore, v;(0) = 2. Since there are

only 2n + 2 vertices, vs(j) =1 for 1 < j < 2n.

If ef(0) > 2,1i.e., |Eg|> 2, then G is either acyclic or contains a cycle of order at least 4.
This implies that v;(0) > 3 which is a contradiction. Thus, we have e;(0) = 1, v(0) = 2
and vs(j) =1 for 1 < j < 2n. Since each edge is incident to either u or «’, by symmetry,
we may assume that f(uul) = 0.

Before studying the edge k-product cordiality of K »,, we recall some structure about
the group of units modulo k.
Let U(Zy) be the set of all units in Zy, i.e., U(Zy) = {i € Zy | ged(i, k) = 1}. Tt is

known that U(Zy) is a multiplicative Abelian group. Suppose k = Hp?j is the prime

j=1
factorization, where py, ..., p, are distinct primes. It is well-known that

U(Zk) = U(Zpkl) X X U(me).
1 T
Moreover, U(Zy,) is a cyclic group if and only if & = 2,4,p’,2p’, where p is an odd
prime and j > 1. We shall use €, to denote the multiplicative cyclic group of order n. In
fact, U(Zy) = €y, U(Zy) = Co, U(Zyi) = U(Zgpi) = Cypiy = Cpi_pi-1, where p is an odd

prime, ¢ > 1 and ¢ is the Euler function. Moreover, U(Zy;i) = €5 X €y—2, where j > 3.
Thus, the order of U(Zy) is always even when k > 3.

Theorem 2.2. Suppose 2n + 1 is a prime for n > 1. Kso, is edge (2n + 1)-product
cordial.

Proof. We only need to consider n > 3. First we construct the following table.

Table 1. Entries in the table are exponents of a primitive root

1]2 n-1 n n+1 | --- | 2n-1

1]2 n-1 | n+l1 | n+2 | ---| 2n

Column sum of the above array | 2 | 4 2n-2 | 2n+1 | 2n+3 | -+ | 4n-1
Take modulo 2n | 2 | 4 2n-2 1 3 <o+ | 2n-1

Note that entries in the last row of the table are the final exponents of the induced
column products of a primitive root.
Let p be the primitive root of modulo 2n + 1, i.e., p is a generator of the cyclic group
U(Zonyi1) = €. Define f: E — Zg,yq by
1) f(uu;) = p', 1 < i < n (the first n entries of the first row of Table 1);

2) f(uu)) =p"* 1 <4i<n-—1 (the last n — 1 entries of the first row of Table 1) and
f(uug) =

3) f(u'u;) = p*, 1 <i <n—1 (the first n — 1 entries of the second row of Table 1) and
f('u,) = p™*t (the first n-th entry of the second row of Table 1);
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4) f(u'ul) = p"t1 1 < i <n—1 (the last n — 1 entries of the second row of Table 1)
and f(u'ul) = p*.
Note that p® = 1 (mod 2n + 1) and p" = —1 = 2n (mod 2n + 1). Now €;(0) = 1,
er(p") = ef(2n) =1, and ef(i) = 2, where 1 <1i < 2n — 1.
From the last row of Table 1, we have f*(u;) = p*, 1 < j <n—1; f*(u,) = p*** = p;
frf) =p7t, 1< j<n-—1;and f*(u],) = f*(u) = 0. Now

n—1 2n
fru) = le> ( 11 p’) P

i=1 1=n-+1
n—1 n—1

— H pz> (H p2nj> p2np2n (Write i = on — ])
i=1 j=1
n—1

- H Pipzn_i> Pt =1, (p°" = 1in Zopy1)
=1

Now, the values of f*(u') =1 = p° f*(u,) = p and f*(u;) = p¥, f*(u}) = p*" for
1 < j <n—1run through p° p', ..., p once, i.e., Zani1 \ {0} once. Combining with
[*(u)) = f*(u) = 0, we have vp(j) =1, 1 < j < 2n and vs(0) = 2. Thus f is an edge

n

(2n 4 1)-product cordial labeling of K ,. O

Example 2.3. Let n = 3 so that £ =2n + 1 = 7. It is known that 3 is a primitive root
modulo 7. Namely, 3! =3, 32=2,3%=6, 3 =4, 3° =5, 3 =1 in Z;. According to the
proof above, we have the following edge 7-product cordial labeling for Ko, (Figure 2).

& o‘e
0
of
1/
© © ©
Fig. 2. An edge 7-product cordial labeling for K ¢

Instead of drawing a figure, we shall present the values of a labeling f for Ky by the
following table.

Fluun) | fluus) | fluus) | Flug) | funy) | fundy) | @) | [3]2]6]4]5]0] 0
f(aur) | f(wus) | feus) | FQlady) [ fa) [ faa) | P | = 3245 1]1] 1
Tlun) | () | T (us) | F(ah) | F(y) | F(dy) | Za 24]3]6]5]0] 2

We shall use a similar presentation for a general n > 3, namely

fluwy) |- | fluuy) | fluuy) |- | fluu,) | f*(u)
fuy) |- | f(u'u,) | flauy) |- | fluu,) | f5 ()
Frlud) | oo fflug) | fr(uy) || fr(uy) | Z
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Theorem 2.4. If k =2n+ 1 is a composite, then Ky, is not edge k-product cordial.

Proof. Let k = ab, where 3 < a < b < k and «a is a prime. Suppose K35, admits an edge
k-product cordial labeling f. We keep the notation defined in Remark 2.1.
2n
Since 1 < ef(i) < 2for 1 < i < 2n and ) ef(i) = 4n — 1, there is only one i such

=1
that ef(i) = 1. Let A be the set of all ja-edges for some 1 < j <b—1 and B be the set

of all la-vertices for some 1 <[ < b— 1. By Remark 2.1 and the above result, we have
2b—1)> |A|>2(b—2)+1and |B|=b—1.

Suppose v’ € B. There are b — 2 vertices of degree 2 in B. Let v be one such degree
2 vertex. Therefore, v is incident with at most two edges in A. Thus, there are at most
2(b — 2) edges incident with vertices in B\ {u'}. Consequently, there is at least one edge
in A whose end vertex is not of degree 2 which is impossible

Suppose v’ ¢ B. Thus, all b — 1 vertices in B are of degree 2. Moreover, each vertex
in B is incident to only one edge in A. Therefore, |A|= |B|= b — 1. It contradicts
|A|> 2b — 3. O

We have the following theorem immediately.

Theorem 2.5. K, is edge (2n + 1)-product cordial if and only if 2n + 1 is a prime.

3. Edge k-product cordiality of K4

Let us consider the graph Ks4. We know that Ky, is edge 5-product cordial in [3]. So
we consider the first case listed in Theorem 1.1, i.e., k> 4n+1=29.

Recall that, we shall show the edge labels and vertex labels of a labeling f by a table.
So one will see from the table that the edge labels are distinct as well as the vertex labels
are also distinct. This means that e(i) is either 0 or 1 and wvy(j) is also either 0 or 1.
Hence, this implies that f is a required labeling.

Lemma 3.1. IfU(Z) contains an element of order at least 8, then Ky 4 is edge k-product
cordial.

Proof. Let p be an element in U(Zy) of order m > 8. We define an edge labeling f for
K5 4 as follows (Table 2).

Table 2. An edge k-product cordial labeling for K5 4

L plp '] p]p

p2p* P 1

p 21 | e |2

Since m > 8, 1,p, p~t = p™ L, pt, p72 = pm72, p? p73 = p™3 are distinct in U(Zy).
Similarly, p=2, 1, p, p?, p?, p* are distinct in U(Z;). Hence, f is an edge k-product cordial
labeling for K 4. O
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Example 3.2. Let £ = 13. It is known that 2 is a primitive root modulo 13. Namely,
22 =4,23=8,20=3,22=6,20=12,2"T=11,22=9,29 =5 =273, 210 = 10 = 272,
2 = 7 =271 212 = 1 in Z3. According to Table 2, we have the following 13-product
cordial labeling for K 4.

11273 3

1014(8]5] 1

10 |84 |2 Zis

Corollary 3.3. Suppose k =27, j > 4. Ky, 1s edge k-product cordial.

Proof. For j =4, i.e., k = 16, we have the following labeling.

3113111151 9
418,61 0
4 18110 | Zs

Consider j > 5. Since U(Zyj) = Zy X Zyj-2, there is an element p € U(Zy;) of order 8.
By Lemma 3.1, we have the corollary. O]

Example 3.4. Let k = 32. Thus, ¢(32) = 16 and U(Z33) = €5 x €. 3 is an element
in U(Zs2) of order 8. Namely, 32 = 9, 33 = 27, 3 = 17, 3° = 373 — 19, 36 = 32 — 25,
37 =3"1=11, 33 =1 in Zs,. According to Table 2, we have the labeling

113 |11]17] 17
2519 (27|19] 1
2512719 | 13| Zs2

Corollary 3.5. Let p be an odd prime. Suppose k = p? or k = 2p7 for j > 1. If k > 9,
then Ky 4 is edge k-product cordial.

Proof. Now, U(Z;,) is a cyclic group of order ¢(k) = p’~1(p — 1).
1) If p > 11, then ¢(k) > 10. By Lemma 3.1, we have the result.
2) Suppose p=17. Since k > 9, k=T for j >2o0rk=2xT7 fori > 1. If k =7/ with
7 > 2, then ¢(k) = 777! x 6. We may choose p in U(Z;,) of order 14. If k =2 x T
with ¢ > 2, then it is similar to the previous case. The remaining case is k£ = 14.
We shall consider this case later.

3) Suppose p = 5. If k = 5/ with j > 2, then ¢(k) = 571 x 4. We may choose p in
U(Zy) of order 10. If k = 2 x 5" with ¢ > 2, then it is similar to the previous case.
The remaining case is £ = 10. We shall consider this case later.

4) Suppose p = 3. Suppose k = 3/ with j > 2. Then ¢(k) =371 x 2 > 18 if j > 3.
We may choose p in U(Zy) of order 18. The remaining case is k = 9.

Suppose k = 2 x 3" with ¢ > 1. Since k > 9, i > 2. If i > 3, then it is similar to the
previous case. The remaining case is k = 18.
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Thus, the remaining cases are k = 9, 10, 14, 18. For each k, we have the following labelings.

21411181 31711191 9 31911 13] 1 5 (13| 1 (17| 7
0 4151621 0 217112 4 0 213|166 0

716 | Zg 215|618 Zio 6712 |10 | Z1a 10| 3 |16 | 12 | Zs5
Hence, we have the corollary. O

Lemma 3.6. Suppose k > 12 is a composite number, and k is neither p’ nor 2p’ for
some prime p and j > 1. Ky 4 15 edge k-product cordial.

Proof. Let k = ab with ged(a,b) = 1. Suppose a = 2. Since k = 2b is neither p’ nor 2p,
b has at least two distinct odd prime factors, say p,q. Let ¢ be the larger integer such
that p’ is a factor of b. Rewrite k = (2p*)(b/p"), then ged(2p',b/p') = 1, 2p" > 3 and b/p’
is odd.

So, now we may assume k = ab, ged(a,b) =1, a > 3 and b is odd. Since ¢(a) and ¢(b)
are even, |U(Za)|= ¢(ab) = ¢(a)d(b) is a multiple of 4. Note that {1,—1} C U(Zgp).

Claim 1: Suppose a € U(Zap) \ {1, —1}, then a # —a.

If not, then we have 2a = 0 (mod ab). Since ged(a, ab) = 1, we have 2 =0 (mod ab)
which is impossible.

1) Suppose |U(Zgy)|> 8. We may choose «, 8,7 € U(Zgyp) such that 1, —1, o, —a, f3,

—f, v, — are distinct. Define f by Table 3

Table 3. An edge ab-product cordial labeing

1| a|—-al d?
al=b| B |—=]| O
a| b |af| ay | Zay

Since a,b ¢ U(Zy), ged(a,b) = 1and {1, -1, o, —, 8, —v} C U(Zy), all edge labels
are distinct. Since a, 3,7 are distinct elements in the group U(Zy), o2, af, ary are
distinct. Thus, all six vertex labels are distinct. Hence, f is an edge ab-product
cordial labeling for K 4.

2) Suppose |U(Zqp)|= 4, then ¢(a) = ¢(b) = 2. Since b is odd, b = 3. Since ged(a,b) =
1 and ¢(a) = 2, we have a = 4. Thus k = 12. Define f by

157|111 1
314161 0
416 | Zio

Hence, f is an edge 12-product cordial labeling for Ks 4.
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Remark 3.7. From the proof of Lemma 3.6, we have checked that the edge labels (or
the vertex labels) are distinct. In general, there are two kinds of labels, say U and N,
where U is the list of labels in U(Zy) and N is the list of labels not in U(Zy). Thus, it is
suffice to show that each list contains distinct elements.

Example 3.8. Let k = 35. Now U(Zss) = U(Zs5)xU(Z7) = €4 x €. We use the following
two methods to demonstrate the proof of Lemma 3.1 and the proof of Lemma 3.6.

Method 1: Since U(Zgs) = €4 x &, there is an element in U(Zs;) whose order is
lem{4,6}=12. Actually, the order of 2 in U(Zss) is 12. Namely 2% = 4, 23 = 8, 2% = 16,
29 =22, 210 =9 21 = 18 (all arithmetics are taken in Zs5 to label the edges of the graph
Ky 4). According to Table 2, we have

112]18]16] 16
418 221 1
9184 |2 |Zss

Method 2: We may choose a = 2, f = 3, v = 4. According to Table 3 we have

1/-1]2|-2] 4 113412(33| 4
—713|—-41 0 =1]528[3|31| O
7 16| 8 | Zss 517 16| 8 |Zss

Theorem 3.9. K, is edge k-product cordial if and only if k =5 or k> 9.

Proof. The necessity part follows from Theorem 1.1. Combining Theorem 2.2, and
Lemma 3.6, Corollaries 3.3 and 3.5, we have the sufficient part. n

4. Edge k-Product Cordiality of Ky

Let us consider the graph K;s. We know that Ky ¢ is edge 7-product cordial in the above
section. So we consider the first case listed in Theorem 1.1, i.e., k > 4n+ 1 = 13.

Lemma 4.1. If U(Zy) contains an element of order at least 12, then K¢ is edge k-
product cordial.

Proof. Let p be an element in U(Zy) of order m > 12. We define an edge labeling f for

K¢ as follows.

1 pt] pt [ pt] o] p5]pt

R A A N VAV 2

The exponents of the twelve edge labels form the set of consecutive integers, {—5, —4, .. .,
6}. Thus, they are distinct in U(Z).

Since m > 12, p3 = pm3, p72 = pm 2 p~L = pm1 1, p, p?, p7, p® are distinct. Thus,
f is an edge k-product cordial labeling for Ky g. O]
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Corollary 4.2. Suppose k =27, j > 4. Ky is edge k-product cordial.

Proof. Consider j = 4,5, i.e., £k = 16 and 32. We have the following labelings, respec-

tively.
11311911 7 [15] 1 1171312511911 ] 11
2141681312 0 2009121416 |81 0
211216 8 | 11| 4 | Zs 27012516 4 | 18|24 | Zs,
Consider j > 6. Since U(Zgys) = Zg X Zsi—2, there is an element p € U(Zy;) of order 16.
By Lemma 4.1, we have the corollary. O]

Corollary 4.3. Let p be an odd prime. Suppose k = p’ or k = 2p’ for j > 1. If k > 13,
then Ky is edge k-product cordial.

Proof. Now, U(Z,) is a cyclic group of order ¢(k) = p?~*(p — 1). If U(Zy) contains an
element of order m > 12, then by Lemma 4.1, we have an edge k-product labeling.

Thus, we only need to deal with those k such that ¢(k) < 11, ie., p "1 (p — 1) < 11.
Since ¢(k) is even, first we need to find out the values of p such that p/~!(p — 1) < 10.

Suppose 7 = 1, then p — 1 < 10 implies that p = 3,5,7,11. Since k > 13, we have
k= 14,22.

Suppose j > 2. We have 3(p—1) < p’}(p—1) <10 and 2p/~! < p’~}(p—1) < 10. The
only solution is p = 3 and j = 2. Hence k = 18. Tables below define an edge k-product
cordial labeling for K4, where k = 14, 18, 22, respectively.

1131519 (11]13] 13 15| 7111317 17
4 17110 81610 213141681910
121716 | 4] 8 |Zy 2115|1012 (14| 9 | Zs

1315171913 9
4 121119 (17|11] O
12117 | 1 |21 | 11 | Zgo

Lemma 4.4. Let k = 2"3°5'7%, where r,s,t,q > 0. If every element in U(Zy,) is of order
at most 9, then the followings hold.
(a) g and t are not both positive;

(b) ift =1, then s =0,1;
() 0<¢<1,0<t<1,0<s<2and0<r<5.

Proof. First we know that

U(Zy) 2 U(Zyr) X (€gx35-1) X (Cypni—1) X (Coyra—1).
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Note that, if the exponent of the prime is zero, then the corresponding subgroup does not
appear in the above formula. If ¢ > 1 and ¢ > 1, then U(Zy) contains an element with
order at least lem{4,6} = 12. We have (a).

If t =1 and s > 2, then U(Z) contains an element with order lem{4,6} = 12. We
have (b).

1) If ¢ > 2, then U(Zy) contains an element of order at least 42.

2) If t > 2, then U(Zy) contains an element of order 20.
3) If s >3, then U

(
4) If r > 6, then U(Zy) contains an element of order 16.
So we have (c). O

)
)

Zy) contains an element of order 18.
)

Theorem 4.5. Suppose k > 13 is a composite number, and k is neither p’ nor 2p’ for
some prime p and j > 1. Ky¢ s edge k-product cordial.

Proof. Similar to the proof of Lemma 3.6, we may let k = ab, where ged(a,b) =1, a > 3
and b > 3. Moreover the order of U(Zy) is a 4 multiple.

Suppose p is an element in U(Zy) of order m > 10. We define an edge labeling f as
follows.

plp et p 2| PP
alp*l pt|p? | b |pt] O
alpt| o |7t bp? | p | Zab

The exponents of the ten edge labels in the above table, which are in U(Zy), form the
set of consecutive integers, {—4, —3,...,5}. So they are distinct. Clearly, a, b are distinct.
Hence, all edge labels are distinct. Similarly, p, p=t = p™ 1, p3, p?, p° are distinct elements
in U(Zy,). Also 0,a,bp™? are distinct elements not in U(Z;,). If not, suppose bp? =
(mod ab) (or bp™2 = 0 (mod ab), resp.). Thus, v*p~2 = ab = 0 (mod ab) (or b =
(mod ab)), respectively). This implies b*> = 0 (mod ab) (or b= 0 (mod ab), respectively

&+ ~— O

which is impossible. Thus, all vertex labels are distinct. Hence f is an edge k-produc
cordial labeling for Kyg.

Thus, we assume that every element in the group U(Zy) is of order at most 9. If k
has a prime factor p with p > 11, then U(Zy) contains an element of order at least 10.
Therefore, we only need to consider k = 2"3°5!7%, where r,s,t,q > 0. By Lemma 3.7, we
have 0 < ¢ <1,0<t<1,0<s<2and 0 <r <5. For easy discussion, let us consider
k being odd or even.

a) Suppose k is odd. If s = 0, then under the assumption, it is not a case. So s =1, 2.

Suppose s = 2. By Lemma 3.7, k = 32 x 7 = 63 only. Suppose s = 1, then
k= 15,21.

b) Suppose k is even. If r = 1, then under the assumption, at least two of s,t,q are
positive. However, ¢ and ¢ cannot be both positive. Thus, £ = 30,42, 126.

If 5> r > 2 then U(Zy) = €3 X €yr—2. Under the assumption, at least one of s,t, g
is positive. But (¢,t) = (1,1) and (s,t) = (2,1) are excluded.
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i) Suppose r = 4,5. If ¢ = 1 or s = 2, then €y—2 X €4 contains an element of
order 12. Thus, we may assume ¢ = 0 and s = 0,1. If £ = 0, then under the
assumption k = 48,96. If t = 1, then k£ = 80, 160, 240, 480.

ii) Suppose r = 3. Then k = 56, 168, 504, 40, 120, 24, 72.

iii) Suppose r = 2. Then k = 28, 84,252, 20,60, 12 (not a case), 36.

Let us summarize the above cases.

Case 1. k= 21, 28, 36, 42, 56, 63, 72, 84, 126, 168, 252, 504.

Case 2. k = 80, 160, 240, 480.

Case 3. k = 40,48, 60, 96, 120.

Case 4. k =15, 20, 24, 30.

For Case 1, one may check that U(Z) contains a subgroup isomorphic to € x €.
Without loss of generality, we may let the generators of this subgroup be —1 and «,
where the order of a is 6. That is, Cy x €5 = {£a’ | 0 < i < 5}. We define an edge
labeling f as follows.

1| — a | —a |a®| = | —a?
| &b | =a? | =’ |a?| —at| —at
== 1 |&°] «a Ly

Clearly, all edge labels are distinct and all vertex labels are also distinct.

For Case 2, one may check that U(Z) contains a subgroup isomorphic to €, x &,.
Without loss of generality, we may let the generators of this subgroup be 5 and v, where
the order of 3 and ~ are 4. That is, €; x €, = {897 | 0 < 4,7 < 3}. We define an edge
labeling f as follows.

Byl v | 2 | B | By B8

1| 8 B 8| By | B2 By
By | By | B2 82 1| Z

Clearly, all edge labels are distinct and all vertex labels are also distinct.

For Case 3, U(Zy) contains a subgroup isomorphic to €, x €, x €;. Without loss of
generality, we may let this subgroup be {£d%’ | 0 < < 1,0 < j < 3}, where the order
of § is 2 and the order of € is 4. We define an edge labeling f as follows.

1 —1]el| & | —e| =€ | -1
de3 | de || =2 | =6 ) 1
de3 | —=de | | —e | de | =03 | Zy

For Case 4, we have

112 (4] 7|8|11] 8 13|79 11|13 7
141131916 |3 5| 0 19/17(61 214151 0
14111161219 (10| Z45 19111218 4 | 5 | Zy
15 | 7 |17]19]23] 23 17 1113|1719 13
81316 1071621 O 2123129 0
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Hence we have the theorem. O

Combining all results in this section and Theorem 1.1, we have

Theorem 4.6. K¢ is edge k-product cordial if and only if k =7 or k > 13.

5. Discussion on further study

From the above proof, in order to find an edge k-product cordial labeling for K, with
k > 4n+1, it is sufficient to choose 4n distinct nonzero residues and obtain 2n+ 2 distinct
row and column products.

If the order of U(Zy) is at least 2n, then we can fill 2n elements of U(Zg) in the first
row. Now, the first row product is an element in U(Zy). Next, we arrange another 2n
elements in the second row such that all column products are distinct nonzero elements
(see Lemma 3.1). If we can do that, then it is easy to swap some pairs of elements within
the same column such that all the products are distinct. If £ is not a prime, then we
choose other 2n elements for the second row such that the product of these elements is
zero (see the proof of Theorem 4.5).

However, it would be more difficult when the order of U(Zy) is less than 2n. Let us
show an example. Suppose n = 4 and k = 18 > 4n+1. Then U(Zs) = {1,5,7,11,13,17}.
We have

15 |7[17|13|11|8| 4| 4
1419110116153 112 O

1619 8 10| 3 |6 |12 Zs

Hence, we have an edge 18-product cordial labeling for Ksg.
Finally, we propose the following conjecture.

Conjecture 5.1. Forn > 4, K9, s edge k-product cordial if and only if k = 2n + 1 is
a prime or k> 4n + 1.
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