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ABSTRACT

Let G be a simple connected graph and A(G) and D(G) represent the adjacency matrix
and the diagonal matrix of degrees of graph G, respectively. The normalized Laplacian of
G is defined by L(G) = I,, — D(G)"Y2A(G)D(G)~"/?, where I, is the identity matrix of
order n. The normalized Laplacian plays an important role in spectral graph theory. In
this paper, we characterize the connected graphs that minimize the spectral radius of the
normalized Laplacian in the class of graphs with exactly one vertex of degree greater than
two and in the class of graphs with exactly two vertices of degree greater than two. In each
class, we determine the extremal graphs and the exact minimum normalized Laplacian
spectral radius.
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1. Introduction

Throughout this paper, all graphs are finite, undirected, simple, and connected. For a
graph G = (V(G), E(G)) with V(G) = {v1,...,v,}, we write n = |V(G)] for its order
and dg(v) (or simply d(v)) for the degree of a vertex v € V(G). Let §(G) = min{d(v) :
v € V(G)} denote the minimum degree of G. A vertex v € V(G) is called a pendant
vertex if d(v) = 1. Let N(u) denote the set of neighbours of u. The adjacency matrix of
G is denoted by A(G) = [a;;] where a;; = 1 if v; is adjacent to v;, and a;; = 0 otherwise.
And let D(G) = diag(d(vy),...,d(v,)) be the diagonal degree matrix. The normalized
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Laplacian of G is defined by
L(G) = I, — D(G) 2 A(G)D(G) ™,

where I, is the identity matrix of order n. Since L(G) is real symmetric, all its eigenvalues
are real; we denote the largest eigenvalue by p(L£(G)) and refer to it as the spectral radius
of G.

For n > 5, let F,, denote the family of connected simple graphs G of order n such that
exactly one vertex of G has degree greater than two. For n > 6, let G,, denote the family
of connected simple graphs G of order n such that exactly two vertices of G have degree
greater than two.

The normalized Laplacian, introduced by Chung [3], plays an important role in spectral
graph theory. In recent years, considerable attention has been paid to its spectral proper-
ties. Bounds for normalized Laplacian eigenvalues were obtained in [11]. The normalized
Laplacian spectrum of complete multipartite graphs and the multiplicities of normalized
Laplacian eigenvalues were studied in [16, 17], respectively. Other related topics include
the spectral gap of the largest normalized Laplacian eigenvalue [10], the second largest nor-
malized Laplacian eigenvalue [24], graphs with limited normalized algebraic connectivity
[18], isospectral graphs [6], and spectral characterization with respect to the normalized
Laplacian [19].

Extremal problems for normalized Laplacian eigenvalues form an active topic in this
area. Das and Sun [5] investigated extremal graphs for the normalized Laplacian spectral
radius and energy. For non-bipartite graphs, Guo, Li and Shiu characterized the graphs
with largest normalized Laplacian spectral radius [9] and studied perturbation effects on
this parameter in [8]. Further extremal results for normalized Laplacian spectral radii were
obtained by Sun and Chen [15]. These results reveal that extremal normalized Laplacian
spectral radii are strongly influenced by the structural constraints imposed on graphs.

The closest previous extremal results on normalized Laplacian spectral radii are those
in [5, 8 9, 15]. These papers deal with general graph classes, non-bipartite graphs, or
perturbations and graph transformations under different structural assumptions. The
problem studied here is of a different nature: the admissible graphs are prescribed by the
exact number of vertices whose degrees are greater than two. This additional restriction
changes the possible extremal structures and leads to minimizers which do not follow
directly from the previously known extremal families.

Besides the general extremal theory for normalized Laplacian eigenvalues, there is also
a substantial spectral literature on graphs and trees with very few branching vertices. In
the Laplacian setting, starlike trees, namely trees with exactly one vertex of degree greater
than two, were shown to be determined by their Laplacian spectrum [13]|, while double
starlike trees and related families were studied from the same viewpoint in subsequent
works [12, 14]. On the normalized Laplacian side, characteristic polynomials and explicit
formulas were derived for trees, including starlike trees and certain double-starlike families
[1]. From the viewpoint of the Laplacian spectral radius, trees with prescribed diameter,
degree sequence, and maximum degree have also been extensively investigated [7, 21,
22, 23]. These results indicate that the number and arrangement of branching vertices
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strongly affect the extremal behavior of Laplacian-type spectral radii. Therefore, it is
natural to study the normalized Laplacian spectral radius under restrictions on the number
of vertices of degree greater than two.

The present problem is also distinct from the spectral results on starlike and double-
starlike trees. Those works mainly concern spectral determination, characteristic poly-
nomials, or the ordinary Laplacian spectral radius of trees. In this paper the matrix
is the normalized Laplacian, and the graphs under consideration are connected simple
graphs which may contain cycles. The restriction on the number of branching vertices
therefore leads to different minimizers. For one branching vertex, the extremal graphs
are formed by triangles sharing a common vertex, with an additional pendant vertex in
the even-order case. For two branching vertices, the relation between the two branching
vertices, their common neighbors, and the degree-two vertices produces different extremal
families in odd and even orders. These features require structural reductions excluding
long induced paths and pendant configurations, together with Rayleigh-Ritz estimates,
interlacing, and equitable partitions.

In this paper, we determine the minimum of p(L(G)) over F, for all n > 5, over G,
for odd n > 7, and over G, for even n > 6. For F,,, we determine the unique graph with
minimum normalized Laplacian spectral radius and the corresponding exact minimum
value. For G,,, we determine all extremal graphs when n is odd, and the unique extremal
graph up to isomorphism when n is even, together with the exact minimum value.

2. Preliminaries

Let GG be a simple connected graph with adjacency matrix A and degree matrix D. Define
S =D72AD71/2 L=1-38,

where S is the normalized adjacency matrix of G and L is the normalized Laplacian
matrix of G. Throughout this paper, A and p denote eigenvalues of £ and 5, respectively.
Since L =1 — S, the spectra of S and L satisfy

Spec(L) = {1 — p: u € Spec(S) }.

In particular,

P(L(G)) = Amax(L) = 1 = fimin(5). (1)
By the Rayleigh—Ritz principle,
- xT'Sx frLf
Pmin(S) =100 == (L) = Amax(L) = max . (2)

Moreover, by setting g = D~'/?f, we obtain

C_q.)2
p(ﬁ) — max Zz]EE(G)(gZ . g;)
g7#0 Ziev(c) d(i)g;

Let P, denote the path graph on r vertices. A simple path of length r — 1 in G is a

(3)

sequence of distinct vertices ujus - - - u, such that wu; 1 € E(G) fori=1,2,...,r — 1.
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For a finite set X, let R¥ denote the real vector space of all real-valued functions on
X. In particular, RYV(®) is the vector space of real-valued functions on the vertex set of

G.
For a vertex subset T C V(G), let 1 € RV(®) denote vector

1, uweT,
(]—T)u:
0, u¢gT.

For a vertex v € V(G), let e, € RY(%) denote the vector 1.

Lemma 2.1. [2| Let A be a real symmetric matriz of order n, and let B be a princi-
pal submatriz of A of order m (m < n). Then the eigenvalues of B interlace with the
etgenvalues of A. In particular, the minimum eigenvalue of A is bounded above by the
minimum etgenvalue of B, that is,

/\min<A) S )\min(B)‘

A B
Lemma 2.2. [4] Let M be a block matriz given by M = ( ), where A, B,C, D are

C D
the p X p,p X q,q X p,q X q matrices, with A and D being invertible. Then

det(M) = det(A)det(D — CA™'B) = det(D) det(A — BD™'C).

Lemma 2.3. [3] Let G be a connected bipartite graph, and let L(G) be the normalized
Laplacian matriz of G. Then

P(L(G)) = Amas (£(G)) = 2.

Let M = (my,) be a real symmetric matrix, and let II = {C},...,Cy} be a partition
of its index set. If for any i,j € {1,...,k} and any u,v € C},

E Myw = E Myw,

wGCj wECj
then II is called an equitable partition of M. In this case, the matrix @ = (g;;) defined
by
Qij = Z Mayw, u e Cj,

welC;

is well defined, and is called the quotient matrix of M with respect to II.

Lemma 2.4. [20] Let I1 be an equitable partition of a real symmetric matriz M, and let
Q be the corresponding quotient matriz. Then

Spec(Q) C Spec(M).
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3. The Graphs in F,, with minimum p(L£(G))

In this section, we determine the graph with minimum normalized Laplacian spectral
radius in F,,(n > 5). We first present a candidate extremal graph, and then derive several
structural properties that any extremal graph in F,, must satisfy. These results lead to a
complete characterization of the extremal graph in F,,.

Before presenting our first result, we recall the definition of the join of two graphs. Let
G and H be two vertex-disjoint graphs, the join of G and H, denoted by GV H, is the
graph obtained from the disjoint union G U H by adding all edges between V(G) and
V(H).

For n > 5, define the graph H,, as follows.

(i) f n = 2m + 1 for some integer m > 2, let H, = Hs,1 := mKs V K, where

V(K1) = {wo}; see the left graph in Figure 1.
(i) If n = 2m + 2 for some integer m > 2, let H,, = Hs,, 12, be the graph obtained from

Hs,, 11 by attaching a new pendant vertex ¢ to the central vertex vg; see the right
graph in Figure 1.

H2m+‘l H2m+2

Fig. 1. The graphs Ho,, 1 and Hopyyo

Proposition 3.1. For m > 2, let Hy,1 and Hopio be the graphs defined above. The
normalized Laplacian spectrum of H, 1s given by:
(i) If n=2m+1, then

Spec(L(Homs1)) = {0(1)7 (%)WH)’ <;>(m+1)}.

(i) Ifn=2m+2, andd=d(vo) =2m+1=n—1. Then

1 (m—l) 3 (m) . .
Spec(L(Ham+2)) = 0“)7(5) <§) AP AW

Fi/1+ -4

n—1

where Ay =

Ot

Proof. We determine the spectrum of the normalized adjacency matrix S.
For each i € {1,...,m}, let a; and b; be the two non-central vertices of the i-th triangle.
Then
d(a;) = d(b;) = 2.
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Moreover,
d(vo) = 2m in Hap1, dlvg) =2m+1=n—1=:d in Hop o,

and in the even case

) =1.
For each i € {1,...,m}, define
u; = e, — €.
Since
S + L S + !
€, = €, + ————=6y, €y = 5€, T ————=0y),
2" 2d(vy) "2 2d(vy)
we have 1
S 3 — T AU
u 54

Thus the subspace
W_ =span{uy,...,u,},

is S-invariant, S|y_= —%], and dimW_ = m. Hence —% is an eigenvalue of S with
multiplicity at least m.
Next, let
Si:eai+ebi7 WT:{ZCiSi:Zci:O}-
i=1 i=1
For each i,
1 2
Ss; = =8; + ————=€,,.
2 2d<Uo)

Therefore, if x =>"" ¢;s; € Wy, then

m

1 2 - 1
Sx = — cSi + —— G | e, = =x.
3t o (-

i=1 i=1

1

5 is an eigenvalue of

Thus Wy is S-invariant, S|y, = %I, and dim Wp = m — 1. Hence
S with multiplicity at least m — 1.

It remains to determine the remaining eigenvalues.

Case 1. n =2m + 1.

Let

T ={a;,b;: 1 <i<m}, X0 = €4y, X = 17.

1
V2m
Then the subspace

U= Span{xo, Xl}v

is invariant under S. Moreover,

RYHami) = W Wy @ U,
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is an orthogonal direct sum. Indeed, for all 7, j,
(u;,s;) =0, (u;,e,) =0, (u;, 17) = 0.

Moreover, if x = Y " ¢;8; € Wr, then
(x,e) =0,  (x,17) =2 ¢ =0.
i=1
Thus W_, Wy, and U are mutually orthogonal. Since

dmW_ +dim Wy +dimU =m+ (m — 1) +2=2m+ 1 = |V(Hapt1)|,

their orthogonal sum is the whole space RV (H2m+1),
With respect to the orthonormal basis {xg,x; }, the matrix of S|y is

Hence
L= 1\ 1
det(ul —B) =| | =elp—5)—5=k-Dlrtg
vz HT3

Since
m+(m—1)+2=2m+1=|V(Hyns1)|,

we have obtained the whole spectrum of S. Thus

Spec(S(Hypms1)) = {1<1)7 (%)(m—U’ (_%>(m+1)} |
Spec(L(Hama1)) = {0(1)’ (%)(m—l)’ (;)(mﬂ)} |

Case 2. n = 2m + 2.
Let

Therefore,

P:{g}, T:{az,bzlgzgm}, X0 = €y, X1 = €y, X9 =

E

Then the subspace
U = Span{xq, X1, Xa },
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is invariant under .S. Moreover,
RV(HQm,+2) =W_pWr® U7

is an orthogonal direct sum. The orthogonality between W_ and Wy is the same as in
the odd case. Also W_ is orthogonal to e,,, e,, and 17. If x =" ¢;s; € Wy, then

<X7 ev0> = <X7 e4> = 07 <X7 1T> = 22 C; = 0.
=1

Thus W_, Wy, and U are mutually orthogonal. Since
dimW_ +dim Wy +dimU =m+ (m — 1) +3 =2m+ 2 = |V (Hapi2)|,

their orthogonal sum is the whole space RV (H2m+2),
With respect to the orthonormal basis {xg, X1, Xs}, the matrix of S|y is

1 m
_ 1
B = 72 0 0
70 3
Thus )
b = —Vd
det(ul — B) = _\/L& i 0
Vi 0 n—g
o _1 _1 _1 _m
“H\ETy) T a\B ) Tt

where in the last equality we use d = 2m + 1. Therefore the eigenvalues of B are

—1E4/1+8 -1+, /1+ 2
T 4 N 4 ‘

L p

Since

we have obtained the whole spectrum of S. Hence

b (NN
Spec(S(Hamy2)) = § 11 ),(5) ,(—5) P HY S

1 (m—1) 3 (m) ) )
Spec(L(Hzmy2)) = 0‘”7(§> <§> AP AW

)
)\izl—/&21¢

Therefore,

where

This completes the proof. n
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Corollary 3.2. Let n > 5, and let H, be the graph defined above. Then the spectral
radius of the normalized Laplacian matriz of H, satisfies p(L(H,)) <1+ \/75

Proof. First assume that n = 2m + 1 is odd. By Proposition 3.1(i),

Since % <1+ \/75, the desired inequality follows.
Now assume that n = 2m + 2 is even, and set d =n — 1. Then d > 5. By Proposition
3.1(ii),

8
pL(H)) = 5+ 7)1+
Consider the function
5 1 8
=24y 142 .
f(z) 1 + 1 + = x>0

The function /1 —|—§ is strictly decreasing on (0,00). Therefore, f is also strictly

decreasing on (0, 00). Hence, by d > 5, we obtain

oEL) = ) < £ = 2+ 1 2

it is easy to see that % + }m / % <1+ ‘/75 Therefore

5 1
H)) <S4y = <1+ ~=2,

Lemma 3.3. Let G € F,, be a non-bipartite graph, then the spectral radius of its normal-
ized Laplacian matriz satisfies p(L(G)) > 3.

Proof. By Eq. (1), we have p(L£(G)) = Amax(L) = 1 — tmin(S). Therefore, it suffices to

show that 1

Mmin(s) < _5'

Since G is non-bipartite, it contains an odd cycle. Let vy denote the unique vertex of G
with degree greater than 2. We first show that every odd cycle of G contains vg. Suppose
that there exists an odd cycle C with vy ¢ V(C). Then every vertex of C' has degree at
most 2, because every vertex other than vy has degree at most 2 in F,,. On the other
hand, each vertex of C already has two neighbors on the cycle, and hence every vertex of
C has degree exactly 2. Tt follows that no vertex of C' is adjacent to a vertex outside C,
so C' is a connected component of (G, contradicting the connectedness of G. Thus every
odd cycle of G contains vy.
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Let C be an odd cycle of G. Since |V (C)|> 3, C contains an edge xy not incident with
vo. Hence x,y # v, so d(x),d(y) < 2. On the other hand, both = and y already have two
neighbors on C. Therefore, d(z) = d(y) = 2.

Define f € RV(@) by

d(x), wv=ux,
f(U) = - d(y)v v =Y,
0, otherwise.

Then f # 0, and since d(z) = d(y) = 2 and zy € E(G),

£7F — d(w)+d(y) — 4, £7SF = 25, f(x)f(y) = z-m- A2) (—/d) = —2.
Hence, by Eq. (2),
Mmm(s) S ffTSff = _%
Therefore, p(L(G)) =1 — pmin(S) > 3. O

For a graph G and U C V(G), let G[U] denote the subgraph induced by U, that is, the
graph with vertex set U and edge set E(G[U]) = {w € E(G) : u,v € U}. A graph H is
an induced subgraph of G if H = G[U] for some U C V(G). An induced path in G is a
path ujus - - - u, such that G[{uy,us,...,u.}] = P..

Lemma 3.4. Let G be a graph containing an induced path uius---u,., v > 3, such that
d(ur) =2,k =1,...,7. Then pimin(S) < —cos Z5. Consequently, p(L(G)) > 1 + cos 25
In particular, when r =3, p(L(G)) > 1+ \/75

Proof. Let a = — T and define x € RV by

T+

{(—1)ksin(koz), v=uy, k=1,...,r1,

0, otherwise.

Then x # 0. By Eq. (2), ptain(S) < X2

— xTx
Since ujug - - - u, is an induced path and d(uy) = 2 for all k, the only nonzero off-diagonal

entries of S on {uy,...,u,} are
1 1
Sukuk_HZ = =, I’C:].,...,T—]_.
d(up)d(ups1) 2
Hence .
x'x = Z sin®(ka),
k=1
and

ﬁ
|
—
<
|
—_

x"Sx =2 Sy, T(up)z(upgi) = — Y sin(ka)sin((k + 1)a).
1 1

e
Il
b
Il
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Now let
z = (sina,sin(2a),...,sin(ra))’ € R".

Since z is an eigenvector of A(P,) corresponding to the eigenvalue 2 cos . Therefore,

r—1 r
2 Z sin(ka)sin((k + 1)a) = 2" A(P,)z = 2cosaz’z = 2 cos a Z sin?(ka).
k=1 k=1
Thus
xI'Sx = —cosax'x,
and so rg
Pmin (S) < XXTXX = —cosa = —cos - j_ T
Consequently,
s
[, G =1- min S 2 1 .
p(L(G)) fmin(S) 2 1+ cos ——
In particular, when r = 3, p(L(G)) > 1+cos§ =1+ g O

Corollary 3.5. Let G € F,, be an extremal graph. Then every cycle of G is a triangle.
In particular, G contains no cycle of length at least 4.

Proof. Suppose, to the contrary, that G contains a cycle C of length ¢ > 4. Since G € F,,,
the unique vertex vy of degree greater than 2 must lie on C'. Writing C' = vguqusg - - - up_1 00,
we see that ujus---us—1 is an induced path on ¢ — 1 > 3 vertices. Moreover, for each
i, since u; # vy, we have d(u;) < 2, while u; already has two neighbors on C; hence
d(u;) = 2. By Lemma 3.4, p(L(G)) > 1+cos5 > 1+cos] =1+ */75 On the other hand,
Corollary 3.2 yields a graph H,, € F, such that p(L(H,)) <1+ \/75 This contradicts the
extremality of G. Hence every cycle of GG is a triangle. n

Lemma 3.6. Let G € F,, be an extremal graph, and let vy be the unique vertex of G with
degree at least 3. If x is a pendant vertex of G, then x is adjacent to vy.

Proof. Suppose, to the contrary, that x is a pendant vertex not adjacent to vy, and let
u be the unique neighbor of . Then u # vy, so d(u) < 2. Since G is connected and x is
pendant, u has a neighbor other than z, and hence d(u) = 2.

Define f € RV(@) by

1, ifv=ux,
fw)=14 -1, ifv=u,
0, otherwise.

Then f # 0, and since d(x) = 1, d(u) = 2, and zu € E(G),

| frof 28 f(z)flw) 1 _ V2
min(9) < S = 2 T Jdwdw) 2
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Therefore, by Eq. (1), we have p(L(G)) =1 — pmin(S) > 1+ ‘/75 On the other hand,
by Corollary 3.2, there exists H,, € F,, such that p(L(H,,)) < 1+ @ This contradicts the
extremality of G. Hence x is adjacent to vy. O]

Lemma 3.7. Let G € F,, be an extremal graph. Then G has at most one pendant vertez.

Proof. By Corollary 3.2, there exists H,, € F,, such that p(L(H,)) < 2. Hence an extremal
graph G € F,, is not bipartite, since every connected bipartite graph satisfies p(L(G)) = 2
by Lemma 2.3.

Let vy be the unique vertex of G with degree greater than 2. By Corollary 3.5, every
cycle of G is a triangle, and by Lemma 3.6, every pendant vertex is adjacent to vy.
Therefore, G consists of m > 1 triangles sharing the common vertex vy and ¢ > 0 pendant
vertices attached to vg. In particular, n =14 2m +t, and d(vg) =2m +t=n—1=:d.

If t =0, then G = Hypp1, and Proposition 3.1 gives p(£(G)) = 2. Thus it remains to
consider the case ¢ > 1.

Now assume that t > 1. Let P be the set of pendant vertices, and let T' = {a;,b; : 1 <
i < m} be the set of non-central vertices lying on the m triangles.

We determine the spectrum of the normalized adjacency matrixS.

For the pendant part, define

Wy = {xeR”G):x(u) —Oforallug P, ZMZO}'
ueP

Then dimWp =t — 1. If x € Wp, then for every pendant vertex p € P we have
(Sx)(p) = z(vg)/v/d = 0. At the central vertex,

1
(5x)(vo) = ﬁpesz(p) =0,

and all remaining coordinates are zero because x is supported on P. Hence
Sx =0 for all x € Wp.

Thus 0 is an eigenvalue of S with multiplicity at least t — 1.
For each i € {1,...,m}, let

u; =€, — €p,.

(3

Then .
Sui = —zuy,
2
and hence —% is an eigenvalue of S with multiplicity at least m.
Next, let

m m
S; = €q, + €p,, WT = C;S; - E C; = 0,.
—1 -

= i=1
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Then dim W7y = m — 1, and for every x € W,

1
Sx = =x.
2
Hence % is an eigenvalue of S with multiplicity at least m — 1.

It remains to determine the three remaining eigenvalues. Set

1 1
X = €y, X = %1% Xy = \/%11
Then the subspace

U = Span{xg, X1, X2},

is invariant under S. With respect to the orthonormal basis {xo,X1,X2}, the matrix of
S|U is

t m
0 Z —
Ja v
t
B = -~ 0 0 .
Vi

m 1
=00 -
d 2

We compute the characteristic polynomial explicitly:

det(ul — B) =

Since d = 2m + t, this becomes

da@I—By:m—J)Qﬁ+1 t).

Therefore, the eigenvalues of B are

—1+,/1+8
Y

4
Since

t—1)+m+(m—-1)+3=2m+t+1=n
we have now obtained the whole spectrum of S. In particular,

—1—4/1+%
fimin (S) = p— = 4 .
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pEG)) = 1= pimin(8) = 5+ 3/1+

Since d = n — 1 is fixed, the right-hand side is strictly increasing in ¢. On the other

By Eq. (1),

hand, the relation
n=142m+t,

implies that t = n — 1 (mod 2). Hence the smallest admissible value of ¢ is 0 when n is
odd, and 1 when n is even. Since G is extremal, ¢t must be as small as possible. Therefore,

t <1

That is, G has at most one pendant vertex. O

Theorem 3.8. Let n > 5. Then the minimum normalized Laplacian spectral radius over
Fn is attained uniquely up to isomorphism, and is given as follows.

(i) If n =2m+ 1, then minger, p(L(G)) = %, with equality if and only if G = Hopyiq.

(ii) Ifn =2m+2, then minger, p(L(G)) = 3+ 11/1 + =25, with equality if and only if
G = Haypyo.

Proof. Let G € F, be an extremal graph. By Corollary 3.2, there exists H, € F,, such
that p(L(H,)) < 1+ \/75 Since every connected bipartite graph satisfies p(L(G)) = 2
by Lemma 2.3, the graph G is not bipartite. And by Lemma 3.3, p(L(G)) satisfies
S <p(L(@) <144

Let vy be the unique vertex of G with degree greater than 2. By Corollary 3.5, every
cycle of GG is a triangle; by Lemma 3.6, every pendant vertex of G is adjacent to vy; and by
Lemma 3.7, G has at most one pendant vertex. It follows that GG consists of m triangles
sharing the common vertex vy, together with at most one pendant vertex attached to vy.

If n =2m + 1, then G has no pendant vertex, and hence G = Hy,,q 1. If n = 2m + 2,
then G has exactly one pendant vertex, and hence G = Hs,, 2. Therefore, Proposition
3.1 yields

n=2m+1,

3
2
p(L(H) = 2

4. The graphs in G, with minimum p(L(G))

In this section, we determine the graph with minimum normalized Laplacian spectral
radius in G,, (n > 6). As in the previous section, we first introduce two special classes of
graphs, see Figure 2. Recall that for two vertex-disjoint graphs G and H, and vertices
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u e V(G) and v € V(H), GuH denotes the graph obtained from G U H by adding the
edge uv.

For n > 6, define the graph G, (a,b) as follows.

Let u and v be the central vertices of Hy,11 and Hoyyyq, respectively.

(i) If n = 2m + 2 for some integer m > 2, let a,b > 1 satisfy a +b = m. Define
Gn(a,b) = Gopmia(a,b) := (Hagr1)uw(Hapr1), where (Hogy1)uw(Haopi1) is obtained from the
disjoint union of Hy,. 1 and Hy,, 1 by adding the edge uv; see the left graph in Figure 2.

(ii) If n = 2m + 3 for some integer m > 2, let a,b > 1 satisfy a +b = m. Define
Gn(a,b) = Gamys(a,b) to be the graph obtained from (Hsqi1)us(Hap1) by adding a new
vertex w and the two edges uww and vw; see the right graph in Figure 2.

Xa Sh

X21 X1 s,

1
Gam+2(a, b) Gomes(a, b)

Fig. 2. The graphs Go,,12(a,b) and Gapnis(a,b)

Proposition 4.1. Let Gop,i3(a,b) and Gopi2(a,b) be the graphs defined above.
(i) Suppose that n = 2m + 3, and let a,b > 1 with a +b =m. Then

1 (a+b—-2) 3 (a+b+2)
Spec(ﬁ(G2m+3(aa b))) = 0(1)7 (5) ) (5) 7A£1)7 )‘(+1) )

where

1 1 ab
) W E .
=72 2\/(a—|—1)(b+1)

(i) Suppose that n =2m + 2, and let a,b > 1 with a+b=m. Then

1 (a+b—2) 3 (a+D) O @ Q)
SpeC<L(G2m+2(a7 b))) - 0(1)7 (5) ’ (5) 7)‘1 7>\2 7)‘3 )

where \; = 1 — p; (1 =1,2,3), and py, po, 3 are the three roots of

4(2a +1)(2b + 1)’ — (12ab + 2a + 2b + 3)pu + (1 — 4ab) = 0.

Proof. We first determine the spectrum of the normalized adjacency matrix S.

Let w and v be the two vertices of degree greater than 2, and write d, = d(u) and
d, = d(v). For 1 < i < a, let x;,y; be the two non-central vertices on the ith triangle
attached to u; for 1 < j <b, let s;,¢; be the two non-central vertices on the jth triangle
attached to v. In the odd case Gay,13(a,b), let w be the common neighbor of v and v.

For1<i<aand1l<j<b,define p, =e,, —e,,q; = €, — €. Since

1 1 1 1

§ey. + —e,, Se,, = —e,;, + ——=€y,

Se, —
Cas L 2% T A,
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and the same calculation holds for s;,¢; with v in place of u, we get

Sp; = —%Pu Sq; = _%qj'-
Thus
W_ = span{pi1,...,Pa,q1,---,qs},
is S-invariant, S|y_= —%I, and dim W_ = a + b. Hence —1/2 is an eigenvalue of S with

multiplicity at least a + b.
Next, let a; = e,, +e,, (1<i<a),B;=e, +e,; (1<j<b), and set

Wu:{iqai: iCiIO}, Wv
i=1 =1

For each 7 and 7,

I
—N—
M@‘
S
>
M@‘
&
l
———

1 2 1 2
Sa; = §Oéz' + Tduem S,Bj - 563 + Tdvev'

Hence, for every x € W, & W, the coefficients of the e, and e, terms vanish, and
Sx = §x.
Therefore W, & W, is S-invariant, and
dim(W,eW,)=(a—1)+(b—-1)=a+b—2.

Therefore 1/2 is an eigenvalue of S with multiplicity at least a + b — 2.

It remains to determine the remaining eigenvalues.

Case 1. n = 2m + 3.

In this case, d(u) = 2a + 2 =: d,,d(v) = 2b+ 2 =: d,, d(w) = 2, and every vertex in

U={z,y:1<i<a}, V={st;:1<j<b},

has degree 2. Let
Z/{7r = Span{eu7 €y, €y, 1U7 ]-V}

Then
RV(G2m+3(avb)) — W_ @ Wu @ Wv @ uﬂ'?

is an orthogonal direct sum. Indeed, for all admissible indices,
<pi7 ak:> = 07 <qj7/8€> = 07

and all other inner products between a difference vector from W_ and a sum vector from
W, & W, vanish by disjoint support. Moreover,

<pi7 1U> = 07 <q]7 1V> = 07
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and W_ is orthogonal to e,, e, e,. f x =" c,a; € W, then
<X, 1U> = QZCZ = 0,

and x is orthogonal to e,,e,,e, and 1y; the same argument applies to W,. Hence the
four subspaces above are mutually orthogonal. Since

dimW_ + dim W, + dim W, + dimU, = (a+b) + (a— 1)+ (b—1) + 5 = 2a + 2b + 3,
their orthogonal sum is the whole space RV (¢2m+3(@:)) " Thuys it remains only to determine

the action of S on the cell-constant subspace U,.
Consider the partition

Cl = {u}, CQ = {U}, Cg = {w}, C4 = U, C5 =V.

This is an equitable partition of S. Let () be the corresponding quotient matrix. Then

0 1 1 2a 0

. Vdud, %du 2d,, o
0 0

\/dludv . 2d,, 2d,,

Q= 0 0 0
v/ 21du vV 2d, )

0 0 - 0
2d,, 2

0 L 0 0 1

2d,, 2

Let A = diag(1,1,1,2a,2b). Then @ is similar to the symmetric matrix

1 1 a

0 0
d,d, +/2d, d,,
1 0 1 0 b
\/dfdv X 2d, d,
B = A2QA1/2 = 0 0 0
@ V2d, 2d,
a 1
. /E 0 0 3 0
b
0 T 0 0 3

We now compute its characteristic polynomial. Set
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For ;1 # 1, applying Lemma 2.2 to the lower-right diagonal block nl, of ul — B gives

a 1 1
o am T Vadd, e,
det(ul — B) = n* det ! b =
e —B)=n'det | ——m—== p—— ——u=
a g ad " dn 74,
1 1
N e

_ _a I N N S
TR\ T aan )\ 2d, \"' " dun
_L B b _u—l—l
2, \"' " dn) T dud, |

Substituting d, = 2a+2, d, =2b+2,and n = u — %, and simplifying, we obtain

det(ul = B) = (1 = D(‘“L %)2@2 B 4(aa++1l;(4gi 1))'

Since both sides are polynomials in p, the identity also holds for p = % Hence the

eigenvalues of () are

1 1 1 ab
1, —= (with multiplicity 2 =—4 |/ —.
) 2 (Wl mu lp IC1 y )7 /’Lﬂ: 2 2 \/(a + 1)(b _'_ 1)

By Lemma 2.4, we have Spec(Q) C Spec(S). Since (a+b)+(a+b—2)+5 = 2a+2b+3 =
|V (Gamas(a,b))|, the above eigenvalues account for the whole spectrum of S. Therefore

Spec(S(Gamys(a, b)) = {1(1)7 (%)(a+b—2)7 (_%)(aﬂ-b-ﬂ)’ M(_l)7 MS)}-

Since L = I — S, we obtain

Spec(ﬁ(G2m+3(a,b))) _ {0(1)> (1>(a+b—2)’ <§>(a+b+2)’ )\(_1)’ A(ﬁ)},

2 2
Where)\izl—qu:%:t%,/%.

Case 2. n =2m + 2.
In this case, d(u) = 2a + 1 =: d,,d(v) =2b+ 1 =: d,, and every vertex in

U={zi,yi:1<i<a}, V={s;t;:1<;j<0b}

has degree 2. Let
uﬂ' - Span{eua €y, ]-U) ]-V}

Then
RV(G2m+2(avb)) = W_ ) Wu P Wy D Z/{7r>
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is an orthogonal direct sum. The orthogonality of W_, W,, and W, is the same as in the
odd case. Also W_ is orthogonal to U,, because each difference vector has coordinate sum
zero on the corresponding pair and has no support on w or v. If x =Y. c;o; € W), then

(x,1y) :2201- =0,

and x is orthogonal to e,, e, and 1y; similarly W, L U,. Since
dimW_ +dim W, + dim W, + dimU, = (a+b) +(a— 1)+ (b—1)+4 =2a + 2b+ 2,

their orthogonal sum is the whole space RY(G2m+2(@b) = Thuys the remaining eigenvalues
are obtained from the action of S on U,.
Consider the partition

Cl = {U}, CQ = {U}, Cg = U, C4 = V

This is an equitable partition of S. Let () be the corresponding quotient matrix. Then

0 1 2a 0

. Vd,d, 2d,, o
0 0

_ | vd,d, 2d,,

9= ! 0 1 0
2d,, 2

0 1 0 1

v/ 2d, 2

Let A = diag(1,1,2a,2b). Then @ is similar to the symmetric matrix

1 a
0 — 0
dud, '\ dy
1 /
0 0 b
B = AYV2QA2 — Vdyd, X d,
a
— 0 = 0
d, 2
b 1
0 — 0 =
dy
We compute the determinant in detail. Again set
B 1
n=p= g
For u # %, applying Lemma 2.2 to the lower-right diagonal block nl, of ul — B yields
a 1
u _— — JR—
det(ul — B) = n* det Cll“n d“gl”
Vi, T
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Since d, = 2a + 1 and d, = 2b + 1, we have
dyd, = 4ab + 2a + 2b + 1, dyb+ d,a =4ab+ a+b.

Therefore

det(pul — B) = o 1)1(% Y [(2@ +1)(2b + 1)p? (u — %)

— (4ab+a+b)u (M—%) + ab — (M—%f}

- i fﬁ(;b = (420 + )20+ 1)

— (12ab+ 2a + 2b+ 3)p + (1 — 4ab)>.

Again, since both sides are polynomials, the identity holds for all ;. Hence the eigen-
values of () are

17 M1, M2, U3,

where pi1, fi2, 43 are the three roots of
4(2a +1)(2b + 1)p® — (12ab + 2a + 2b + 3)pu + (1 — 4ab) = 0.

Again, by Lemma 2.4, Spec(Q) C Spec(S). Since (a+b)+(a+b—2)+4 = 2a+20+2 =
|V (Gomao(a,b))|, these eigenvalues account for all eigenvalues of S. Thus

Spec(S(Gamya(a, b)) = {1(1)’ <1>(a+b2)’ (_1>(a+b)7 Mg)’ Mg)7 M:(sl)}-

2 2
Therefore
1\ (a+b—2) /3N (a+b)
Spec(L(Gamia(a ) = {00, (5)7 7 (5) AT A AP
where \; =1 — p; for i = 1,2, 3. O

Lemma 4.2. Let n > 6 be even, and let Gay,i2(a,b) be the graph defined above. Then

3 1
p(ﬁ(G2m+2(a, b))) < 5 —+ n+ 1

Proof. By Proposition 4.1(ii), the eigenvalues of S different from —1/2 are precisely the
three roots of

P(p) = 4(2a + 1)(2b + 1) — (12ab + 2a + 2b + 3)p + (1 — 4ab),

where a,b > 1 and n = 2a + 20 + 2.
Since P(—3) =2 > 0 and P(u) — —oo(u — —o0), the polynomial P has a root in
(—o00, —1/2). Moreover,

P'(11) = 12(2a + 1)(2b + 1)p* — (12ab + 2a + 2b + 3).
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Thus, for p < —1/2,
P'(1) > 3(2a+1)(20 4 1) — (12ab + 2a + 2b+ 3) = 4(a + b) > 0.
Hence P is strictly increasing on (—oo, —1/2], and therefore it has a unique root
p1 € (—oo,—1/2).

Since the other eigenvalue —1/2 has multiplicity a + b, it follows that pmm(S) = 1.

Set pg = —% — #1 It suffices to prove p; > pg, because then
3 1
pL(Gomy2(a,0))) = 1 = pnin(S) <1 —po = 5 + 1

Now
n+1=2(a+0b)+ 3,

and substituting gy = —% — n%l into P, we obtain

8(—6a%b — 6ab® — 11ab + 2a + 2b + 4)
(2a + 20 + 3)?

P(uo) =
Let s =a + b. Since a,b > 1, we have ab > a+ b — 1 = s — 1. Therefore

—6a’b — 6ab® — 11ab + 2a + 2b+ 4 = — ab(6s + 11) + 2s + 4
<—(s—1)(6s+11)+2s+4
=—6s"—3s+15<0,

because s > 2. Hence P(ug) < 0 < P(—3). Since P is strictly increasing on (—oo, —1/2],
its unique root uy in (—oo, —1/2) satisfies pg < 3 < —%. Thus pimin(S) = p1 > po, and
consequently

3 1
PL(Gam2(a;0)) = 1= pmin(S) <1 —po = 5+ ——.

This completes the proof. n

Fig. 3. The structure of a graph G € G,, in Case 2 of Lemma 4.3

Lemma 4.3. Let G € G, be a non-bipartite graph. Then the spectral radius of its nor-
malized Laplacian matriz satisfies p(L(G)) > 3.
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Proof. We distinguish two cases.
Case 1. There exists an edge xy € E(G) such that d(z) = d(y) = 2.
Define g on V(G) by

g(x) =1, g(y) = —1, g(z) =0forall z € V(G)\ {z,y}.

Then

S (-9 = (1= (1) + (L= 0+ (-1 - 0)* =6,
ijEB(G)

and

Hence by Eq. (3)

p(L(G)) =

>~
DO W

Case 2. There is no edge zy € E(G) such that d(x) = d(y) = 2.

Since G € G, the graph G has the form shown in Figure 3, where a,b > 0, s > 0, and
k,t > 0. Here wy,...,w, are the common neighbors of v and v of degree 2, there are a
leaves adjacent to u, b leaves adjacent to v, and k pendant paths of length 2 attached
to u, t pendant paths of length 2 attached to v. Moreover, e € {0, 1} indicates whether
w € E(G).

Since G is non-bipartite, it contains an odd cycle. Under the assumption of Case 2,
this forces e =1 and s > 1.

Now define g on V(G) by

g(u) = —1, g(x) =1for all x € N(u)\ {v}, g(z) = 0 for all remaining vertices z.

Z (9i — 9;)* = 4a + 5s + 5k + 1,
ijEE(G)
and
> d(i)g} =2a+3s+ 3k + 1.
1€V (G)
Therefore by Eq. (3)
4a 4 55 + 5k + 1
> .
A PR P

It remains to verify that % > %, is equivalent to 2a+s+k—1 > 0. Since a > 0,

k>0, and s > 1, the above inequality holds. Hence p(£(G)) > 3.
Combining the two cases, we conclude that p(L£(G)) > 3. O

Lemma 4.4. Let G be an extremal graph in G, and let u and v be the two vertices of G
whose degrees are greater than 2. Then G contains no u—v path of length 3.
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Proof. Suppose, to the contrary, that G contains a u—v path of length 3, denoted by
u—x —y —v. Since u and v are the only vertices of degree greater than 2, we have
d(z) = d(y) = 2.

Let W = {u,z,y,v}. Set

and
3 w € E(G),
0, w ¢ E(G).

With respect to the vertex order u, x,y, v, the principal submatrix of S indexed by W
is

o N O

SWi=

n O Q0 O

o= O 9O
OS2 O 0

g

which includes the possible additional entries corresponding to the edge uwv.
Consider the vector
z = (20, —1,1, —27)7.

Using the nonzero entries of S[W], we get

z' S(Wlz = 2a(2a)(—1) +2 - %(—1)(1) +27(1)(—27) + 2¢(200) (—27)
= —(1 + 4a® + 49 + 8arye),

and
2’z = (2a) + (—1)* + 12 + (=29)? = 2+ 4o’ + 49°.

Since € > 0, we have

z'S(Wlz 1+4a2+472+8ory€< 1—|—4042—|—472< 1
2Tz 2 4 402 + 472 T 244a% + 492 2

Therefore, by the Rayleigh—Ritz principle,

_1+4a2+472+8a75 - 1

minSW S .
Hanin (SIV]) 2t 402 + 472 2

By Lemma 2.1,

1+4a® +49° + 8ane

. < . <
,U/mm(S) = Mmln(S[W]) — 2 + 40[2 + 4,72

Since L(G) =1 — S, it follows that

1+ 40 + 492 + 8anye > 1 1+ 402 + 442

L(G)) =1~ ptain(S) > 1 - T
pILG) pn(8) 2 1 e e S T e
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Set s = a? +~% Ceue s
+ 4s S
L(G)>1 = _ .
PULG)) 2 1+ e = o+ 10 as

Moreover, since d(x) = d(y) = 2, the vertex x is not adjacent to v and the vertex y is
not adjacent to u. Hence d(u) < n — 2 and d(v) < n — 2. It follows that

1 1 1 1 1

S 2d(w) T 2d00) T 2n=2) T2n=2) " n—-2

As the function f(t) = ﬁ is strictly increasing on (0, 00), we obtain

1

3 1/n-2) 3 1 3
>S4 0T 2 2 -
PL(G)) 2 5+ RS

14+2/(n—2)

If n is odd, then by Proposition 4.1(i), p(£(Gam+3(a,b))) = 2. If n is even, then by
Lemma 4.2, p(L(Gamy2(a,b))) < 3 + —. In either case, the inequality above contradicts
the extremality of G. Therefore, G contains no u—v path of length 3. [

Lemma 4.5. Let G be an extremal graph in G,, and let v and v be the two vertices of
G whose degrees are greater than 2. If x is a pendant vertex of G, then x is adjacent to
either u or v.

Proof. Suppose, to the contrary, that there exists a pendant vertex x which is adjacent
to neither u nor v. Let y be the unique neighbor of z. Since y # u, v and u, v are the only
vertices of G whose degrees are greater than 2, we have d(y) < 2. On the other hand, as
(G is connected and x is pendant vertex, the vertex y has a neighbor other than x. Hence
d(y) = 2.

Now define f € RV(®) by

1, w=ux,
f(w) = _17 w =1y,
0, otherwise.

Then f # 0, and since d(z) = 1,d(y) = 2, and xzy € E(G), by Eq. (2), we have

f7Sf 25, f(@)fy) 1 2
pnlS) S Ty =y T T iy 2

Therefore, by Eq. (1),

V2

p(ﬁ(G)) =1- Nmin(S) > 1+ 7

If n is odd, then by Proposition 1.1(i), p(L(Gamys(a,b))) = 3 < 1+ ‘/75 If n is even,
then by Lemma 1.2, p(L(Gaomia(a,b))) < 3+ <1+ ‘/75, since n > 6. In either case,

n+1
we obtain

p(L(G)) > p(L(Gn(a,b))),
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contradicting the extremality of G. Hence every pendant vertex of G must be adjacent
to either u or v. O

Lemma 4.6. Let G be an extremal graph in G,, and let uw and v be the two vertices of
G whose degrees are greater than 2. If z is a vertex of degree 2 with N(z) = {z,y}, then
xy € E(G). Moreover, the triangle containing z contains at least one of u and v.

Proof. Suppose, to the contrary, that there exists a vertex z of degree 2 which does not
lie in any triangle. Let

W ={w e V(G) : dw) = 2},

and let H be the connected component of G[W] containing z.

Since every vertex of H has degree at most 2 in H, the graph H is either a path or
a cycle. It cannot be a cycle, for otherwise every vertex of H would already have two
neighbors in H, and hence no vertex of H could have a neighbor outside H. Thus H
would be a connected component of G, contrary to the connectedness of G. Therefore H
is a path. Write

H =pips---p,,

where » > 1 and z € V(H).

Let p be an endpoint of H, and let ¢ ¢ V(H) be a neighbor of p. Since ¢ ¢ W, we
have d(q) # 2. If d(q) = 1, then ¢ is a pendant vertex adjacent to p, which is impossible
by Lemma 4.5, because every pendant vertex is adjacent to either u or v, while d(p) = 2.
Hence d(q) > 2, so q € {u,v}. Consequently, every neighbor of an endpoint of H outside
H belongs to {u,v}.

We now distinguish three cases.

Case 1. r > 3.

Since H is a connected component of G[W], there is no edge between nonconsecutive
vertices of py,...,p.. Hence pips---p, is an induced path in G, and d(p;) = 2 for all i.
By Lemma 3.4,

m ™ \/§
>1 - =14+ —.
rrl = +cos4 +2

If n is odd, then Proposition 1.1(i) gives p(£(Gamy3(a,b))) = 3. If n is even, then
Lemma 4.2 gives

p(L(G)) > 1+ cos

3 1 V2
p(L(Gami2(a,b))) < 5t 1S 1+ DR

because n > 6. In either case, this contradicts the extremality of G.
Case 2. r = 2.
Let H = p1ps. Let a and b be the neighbors of p; and p, outside H, respectively. By

the previous paragraph, a,b € {u,v}. If a = b, then apipsa is a triangle, contrary to the
choice of z. Hence a # b, and therefore {a,b} = {u,v}. Thus u —p; —ps — v is a u—v
path of length 3, contradicting Lemma 4.4.

Case 3. r = 1.
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Then H = {z}. Both neighbors of z lie outside W, and by the above argument they
belong to {u,v}. Since G is simple, these two neighbors are distinct, so

N(z) = {u,v}.

Because z does not lie in a triangle, we must have uv ¢ E(G).

We now justify that this local conclusion determines the structure of all components of
G[W]. Let H' be an arbitrary connected component of G[IW]. As above, H' cannot be a
cycle; otherwise H' would have no edge to V(G) \ W, and hence would be a connected
component of G. Thus

Hl:fh%"'%

is a path. If p is an endpoint of H and r ¢ V(H') is the other neighbor of p, then r ¢ W.
The vertex r cannot be pendant, because Lemma 1.5 says that every pendant vertex is
adjacent to u or v, whereas p has degree 2. Hence d(r) > 2, and so r € {u,v}. Thus every
component of G[W] is a path whose endpoints are attached only to vertices in {u,v}.

The case t > 3 is impossible by the same induced-path argument used in Case 1. If
t =2, say H' = q1q2, then the endpoint attachments cannot be different vertices of {u, v},
for otherwise u—q; —go —v or v —q; — ¢ —u would be a u—v path of length 3, contradicting
Lemma 4.4. Hence both endpoints of H' are attached to the same one of v and v, and H’
is exactly the pair of non-central vertices in a triangle attached to u or to v. If ¢ = 1, then
the unique vertex of H’ has both its neighbors outside W; by the preceding paragraph
these two neighbors are precisely u and v. Thus every one-vertex component of G[W] is
a common neighbor of u and v.

There are no further edges among the vertices just described. Indeed, an edge between
two distinct components of G[W] would merge them into one component; an additional
edge incident with a degree-2 vertex would contradict its degree; and every pendant vertex
has only its unique incident edge. The only possible additional edge among the attachment
vertices is wv, but wv ¢ F(G) in the present case. By Lemma 1.5, every pendant vertex
of G is adjacent to u or v. Consequently, G has the following structure: there are s > 1
common neighbors of v and v, a > 0 triangles attached to u, b > 0 triangles attached to
v, and m > 0 pendant vertices adjacent to u or v, with uv ¢ E(G). Therefore

n=2+s+2(a+b)+m.

Define g € RV(®) by

/

1, w € {u,v},
—1, w is a common neighbor of v and v,
g(w) =< =1 wis a degree-2 vertex in a triangle attached to u or v,

—1, w is a pendant vertex adjacent to u or v,

L0, otherwise.

By the structure described above and by the definition of g, the numerator in the
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Rayleigh quotient (3) is

21+12+ 1+12
2 2" 2

+m(1+1)2:83+g(a+b)+4m.

> (glx) —g(y)* =s[(1+1)>+ (1+1)°] + (a+1b)
yeE(G)

For the denominator, let m, and m, be the numbers of pendant vertices adjacent to u
and v, respectively. Then we have

m = My + My,
d(u) +d(v) = (s +2a+my) + (s +2b+m,) =25+ 2(a + b) +m,
and

Z d(x)g(z)? = (d(u) + d(v)) + 25 + (a +b) +m
zeV(G)

=(2s+2(a+b)+m)+2s+ (a+b)+m
=4s+3(a+b) + 2m.
Hence, by Eq. (3),

8s+5(a+b)+4m 3 2s +m

N _° .
p(L(G)) = 45 + 3(a + b) + 2m 2+48+3(G+b)+2m

Using n = 2 + s+ 2(a + b) + m, we obtain

5 1 3
4s+3(a+b)+2m==s+-m+ —n—3.
2 2 2
Therefore
3 25 4+m
L(G)) > = :
PLE) 2 5+
Moreover,

22s+m)(n+1)—(Bs+m+3n—6)=s(dn—1)+m2n+1)—3n+6>n+5>0,

since s > 1, m > 0, and n > 6. Thus

2s+m - 1
Ss+im+3n—-3" n+1’

and hence 5 1
p(L(G)) > 5 + PR

If n is odd, then Proposition 4.1(i) gives p(£(Gam3(a,b))) = 3. If n is even, then

Lemma 4.2 gives p(L(Gamy2(a,b))) < 3 4+ —5. In either case, this contradicts the ex-
tremality of G.

We have proved that every vertex of degree 2 in GG lies in a triangle. Therefore, if z is
a vertex of degree 2 and N(z) = {x,y}, then the triangle containing z must use its two
neighbors 2 and y. Hence zy € E(G).
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It remains to locate this triangle. Let A be any triangle containing a degree-2 vertex.
If neither u nor v belongs to A, then all three vertices of A have degree at most 2. Since
each of them already has two neighbors inside A, all three have degree exactly 2 in G and
no neighbor outside A. Thus A would be a connected component of GG, contrary to the
connectedness of G. Hence every triangle containing a degree-2 vertex contains at least
one of u and v. The proof is complete. m

Lemma 4.7. Let G be an extremal graph in G,. Then 6(G) > 2.

Proof. Suppose, to the contrary, that G contains a pendant vertex. Let u and v be the
two vertices of G whose degrees are greater than 2. By Lemma 4.6, every vertex of degree
2 lies in a triangle containing u or v. Hence G has the following structure: there are
s > 0 common neighbors of uv and v, t > 0 pendant vertices adjacent to u, r > 0 pendant
vertices adjacent to v, a > 0 triangles attached to w, and b > 0 triangles attached to v;
moreover, possibly uv € E(G). Let e € {0,1} indicate whether uv € E(G), that is, e = 1
if ww € E(G), and e = 0 otherwise. Then n =2+ s+t +r + 2a + 2b, and

dlu) =e+s+t+2a =:d,, dlv) =e+s+r+2b=:d,.

Assume first that ¢ > 1, the case r > 1 is symmetric. Define x € RV(©) by

.
1, z=u,

2
NG
x(z) =4 - di, ze N(u)NN(v),

1
2d,’
0, otherwise.

z is a pendant vertex adjacent to u,

S8
g

S

z € {x;,y;} for some triangle A(u, z;,y;) attached to u,

\
For the vector x defined above, its squared norm is
1

4 2
2
T R R, PO
Il = 1t s 2ag

_dyt+4t+2s+a  e+3s+3a+5t
B d,, B d, '

Using z(v) = 0, so that the edge uwv, if present, gives no term, we also obtain

TGy — z(p)z(q)
=2 ) i
(=2 1(—/2/d)
_t(Q'T>+S<2'W)

s+3t—e
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Hence
xT'Sx 1 s+3t—e
Ix]2 2 2(e+3s+3a+5t)
Therefore
1 s+3t—e
min(S) < —= — Aua Au - > 0.
fmin(15) < 2 2(e + 35+ 3a + 5t)

Here A, is positive because t > 1, e < 1, and
s+3t—e>3—-1=2>0, e+ 3s+ 3a+ 5t > 0.

By Eq. (1), we obtain

Similarly, if » > 1, then

3 s+3r—e
>+ A A, = .
PLL(G)) 2 5 + B, C P P R

This is obtained by the same construction with the roles of u, ¢, @ and v, r, b interchanged.
Hence, whenever G contains a pendant vertex

pL(G)) > 5+ max{A, A

We now distinguish two cases.
Case 1. n is odd. By Proposition 4.1(i), p(£(Gam+3(a,b))) = 2. Thus, if G has pendant

vertices, then

pEL(G)) > 5 = pL(Camrsla, )

This contradicts the extremality of G.

Case 2. n is even. We show that p(L(G)) > 3 + —5, contradicting Lemma 4.2. We
distinguish two subcases.

Subcase 2.1. All pendant vertices are adjacent to the same one of u and v.

Without loss of generality, assume that ¢ > 1 and r = 0. Then s+¢ =0 (mod 2), since
n=24s+t+2a+ 2bis even. Moreover, d(v) =e+ s+ 2b> 2.

If s =0, then t is even, and hence t > 2. Also, since s = 0 and r = 0, connectedness

forces e = 1, and d(v) = 1 + 2b > 2 gives b > 1. From
n=2+1t+ 2a+ 20,

we obtain
2(1 4 3a+ 5t) =3n— 4+ 7t — 6b.
Hence
3t—1

A, = .
3n —4+ Tt — 60
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To compare this with 1/(n + 1), note that the denominator is positive and

(Bt—1)(n+1)— (3n —4+ Tt — 6b) = (6t — 8)a + (6t — 2)b+ 3t* — 2t — 5
> (6t —2) +3t2 —2t—5
=3t +4t—7>0,
where we used n =2+t+2a+2b,a>0,b>1, and t > 2. It follows that

1
n+1

Now assume that s > 1. Let
N=s+3t—e, D = 2(e + 3s + 3a + 5t),

so that A, = N/D. Since s+t is even and s,t > 1, either (s,t) = (1,1) or s +¢ > 4.
Using
- n—2—-s—t—2b

a = B s

we have
D=3n—6+4+2e+3s+ 7t — 6b.

If (s,t) = (1,1), then

+6b, =0,
N(n+1)—D={" ‘

6b—3, e=1.
In the second line d(v) = 14+1+4+2b > 2,s0b > 1; hence N(n+1)—D > 0. If s+t > 4,
then N —3 =5+ 3t —e—3 > 0, and the expression
Nn+1)—-D,
can be estimated directly
Nn+1)—D=(s+3t—e—3)n—2s—4t+6 — 3e + 6b

> (s+3t—4)n —2s — 4t +3

>6(s+3t—4)—2s —4t+3

=4s+ 14t — 21 > 0.

Here we used e < 1, b > 0, n > 6, and the fact that s,t > 1 with s +¢ > 4. Thus
N(n+1) > D in all cases, and so

1
A, > )
n+1
In either case,
(£(G))>3+A >3+ !
p =y TS T T

Subcase 2.2. Pendant vertices are adjacent to both u and v.
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Assume that t > 1,r > 1. For fixed s, e, a, the function

s+3t—e

1= 2(e +3s+ 3a + 5t)’

is increasing, since its derivative has numerator
3(e+3s+3a+5t) —5(s+ 3t —e) =8¢+ 4s+ 9a > 0.

Therefore t > 1 implies the following lower bound for A,,. Similarly, using » > 1 gives
the corresponding lower bound for A,. Then
s+3—e s+3—e

A’U,Z ) AUZ .
2(e +3s+3a+5) 2(e+3s+3b+5)

Taking the average of these two lower bounds, and using

1 1 4
— 4+ = > XY
xtvyZxy &Y=0
we obtain A A 5
max{A,, A, } > v <> sTo=¢ :
2 2e +6s+3(a+0b) + 10
Sincen=24+s+t+r+2a+2b>4+ s+ 2a+ 2b, we have
n—s—4
b <
a+ 5
Therefore
_ 92 _
max{A,. s+3—e (s+3—e)

A} > 3 = :
2¢ +6s+5(n—s5—4)+10 4e+9s+3n+38

For even n > 8, the last expression is decreasing when e changes from 0 to 1, and for
each fixed e it is increasing in s. Hence its minimum is attained at e = 1 and s = 0. Thus

4
maX{Au, Av} Z m

If n > 8, then
4 1
> .
3(n+4) " n+1
It remains to consider the boundary case n = 6, because the preceding estimate uses
n>8. Then 6 =2+ s+1t+r+2a+2b, and hence s+t +1r+ 2a + 2b = 4. Since t > 1
and r > 1, we have a + b < 1.
We first show that e = 1. Suppose, to the contrary, that e = 0. Then, in order for G to
be connected, we must have s > 1; otherwise the graph would split into two components,
one containing u and the other containing v. Let z € N(u) N N(v). Then d(z) = 2, and

by Lemma 4.6 the vertex z lies in a triangle containing u or v. Since N(z) = {u, v}, this
is possible only if uwv € E(G), contradicting e = 0. Therefore e = 1.
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Next we claim that a = b = 0. Indeed, if a + b = 1, then from
s+t+r+2a+2b=4,

it follows that
s+t+r=2.

Together with ¢t > 1 and r > 1, this yields
s =0, t=r=1.
Since a + b = 1, one of a,b is equal to 0. But then one of
diu) =1+ s+t+2a, d(v) =14 s+r+ 2b,
is equal to 2, contradicting the assumption that d(u),d(v) > 2. Hence a + b = 0, that is,
a=0=0.

Consequently,
s+t+r=4,

and R RS
‘T 2(1+ 35+ 5t) Y 2(143s+5r)

Since t > 1 and r > 1, we have

A 1 3(s+3t—-1)—(1+3s+5) A1 -1)
Y6 6(1 + 35 + 5t) ©6(1+3s+5t)
and similarly
A 1 3(s+3r—1)—(1+3s+5r)  4(r-—1)
Y6 6(1 + 3s + 5r) C6(14+3s+5r)
Therefore (A A 1 . 1 1
max{A,, A} > = > - = :
6 7 n+1
Hence, in this case,
(L(G))>3+ma{A A}>3+ !
a X uy Sv a 4
P =2 2 nt1
Combining the two subcases, we have
3 1
L(G)) > = :
pLG) = 5+ —=

Subcase 2.1 gives a strict inequality. In Subcase 2.2, equality can occur only in the
boundary estimate, and the non-strict bound already suffices for the comparison with the
even-order candidate below. By Lemma 4.2,

3 1

p(L(Goms2(a,b))) < B + nel

again contradicting the extremality of G.
Therefore G contains no pendant vertex. That is 6(G) > 2. O
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Lemma 4.8. Let G be an extremal graph in G,, and let u and v be the two vertices of G
whose degrees are greater than 2. If every verter in V(G) \ {u,v} has degree 2 and lies in
a triangle containing u or v, then

|IN(u) N N(v)|< 1.
In particular, G contains no 4-cycle.

Proof. Set s = |[N(u) NN (v)|. We prove that s < 1. Suppose, to the contrary, that s > 2.

Since every common neighbor of u and v has degree 2 and lies in a triangle containing u
or v, it follows that uwv € E(G). Let U be the set of all degree-2 vertices lying in triangles
containing v but not adjacent to v, and let V' be the set of all degree-2 vertices lying in
triangles containing v but not adjacent to u. Then

U|=2a,  |V]=2b,

where a,b > 0, and let
C' = N(u)NN(v), |C|= s.

Then
V(G) =A{u,v}UuUVvVuC,
and hence
n=2+2a+2b+s.
Moreover,

dy :=d(u) =1+ 2a+s, dy :=d(v) =1+2b+s.

Consider the partition 7 = {{u}, {v}, U, V,C}, this is an equitable partition of S, then
the quotient matrix @ = (g;;) is

0 1 2a 0 S
\/m 2du Qdu
1 2
0 0 b s
dyd, 2d, 2d,
1 1
= 0 — 0 0
@ 2d, 2
1 1
0 0 — 0
2d, 2
1 1
0 0 0

Let
D, = diag(1,1,v2a,V2b,\/s),

again with the zero-size entries deleted. Since S is symmetric, the quotient row sums
satisty |P;|q;; = |Pj|q;i, where P; denotes the i-th cell of 7. Hence @) is diagonally similar
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to the symmetric matrix

E

S8
g
>
[\
w
S

S
S
=) [\
S
<

Vd,d,

B=D,QD" = \/g
0

5

SN
o o 8
‘ﬂm Q.
c
o
o DO = o
o

e}

By Lemma 2.4, the eigenvalues of (), and hence those of B, are eigenvalues of S.
Therefore
,U/min(S) S /\m1n<B)

Consider the Rayleigh vector
y = (\/ du7 V d?ﬂ _\/67 _\/57 _2\/§)T

Its squared norm is

vy =d,+d,+a+b+4s =2+ 3(a+b) + 6s,

and
Tpy — L _va) & VWaa
y By—ZJd_u\/Z\/erZ\/@( Va) du+2\/d_v( Vb) a7
S S 1 1
+2\/d_u(_2\/§)\/ 2. +2\/d_v(_2\/§)\/ 5q, 2%t 20
:2—2a—2b—2\/§S—2\/§s+%(a+b)
:2—g(a+b)—4\/§s.
Thus

yT By _ 2—3(a+b)—4V2s
yTy 2+ 3(a+b)+ 6s

Rp(y) ==
We now distinguish the parity of n. Since
n=2+2a+2b+s,

the integers n and s have the same parity.
Case 1. n is odd. Then s is odd, and the assumption s > 2 in fact gives s > 3. The
weaker bound s > 2 already suffices. Indeed,

1
2—%(a+b)—4\/§s<—5(2—1—3(@—1—3))—1—63),
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is equivalent to
34 (3—4v2)s <0,

which holds for all s > 2. Hence

1
Rp(y) < 5
Therefore 1
ﬂ'min(s) S Amin(B) S RB(Y) < _57
and so

pEL(G)) = 1~ piusn(S) > 5

This contradicts Proposition 4.1(i), since for odd n the extremal graph Go,13(a,b)
satisfies p(L(Gam+3(a,b))) = 2. Hence s <1 when n is odd.

Case 2. n is even. Then s is even. Under the assumption s > 2, we have s &€
{2,4,...,n—2}, and

Substituting this into the preceding Rayleigh quotient gives

(14 — 3n) + (3 — 16v/2)s

Boly) = 1) = =@ =970y

Moreover,
(36 — 48v/2)n + 32v/2 — 132

"(s) = <0
/) 2(3n — 2 + 9s)? ’
so f is strictly decreasing in s. Hence, for all admissible s > 2,
20 — 3n — 322
R < f(2)=
Assume first that n > 8. Then
1 1 42 — 32+/2)n 4 68 — 32v/2
2 n+1 2(3n +16)(n+1)

<0,
because this last inequality is equivalent to
(32v/2 — 42)n + 32v/2 — 68 > 0,

which holds for all n > 8. Consequently,

1 1
: < . < < B,
fmin(S) < Amin(B) < Rp(y) < f(2) < 2 ntl
and hence 5 1

contradicting Lemma 1.2,
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It remains only to treat the exceptional even order n = 6. Since
6=2+2a+2b+s, s> 2,
and s is even, the only possibilities are
(s,a+b)=(2,1) or (s,a+b) = (4,0).

If (s,a+0b) = (2,1), then by symmetry we may assume a = 1 and b = 0. Thus d, =5

and d, = 3. Take
T
Yo = <\/575_\3/§7_1707_3\/§> .

For this vector,

Yo Yo = %7 yIByy = = — 162
Therefore
Rp(yo) = —11 _155\/5 < —%,
and hence .
fnin(5) < Amin(B) < R (yo) < =17
Thus

3 1
p(E(G)) =1- ,umin(s) > 5 ?
If (s,a+b) = (4,0), then a = b = 0. The nonempty cells are {u},{v},C, and the

corresponding symmetric quotient matrix is

, L2
5 V10
sy, 2
|5 V10
2 2
V10 V10

Its characteristic polynomial is

det(z] — B) = (z — 1) <x+é) (w%)

and hence )\min(é) = —%. Thus

4
Mmin(s) S _57
which gives
p(L(G)) >1+é > §+1.
- 5 2 7
Therefore, for every even n > 6, the assumption s > 2 implies
pL(E) > 24—

2 n+1
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contradicting Lemma 4.2. Hence s < 1 also in the even case.

Combining the two cases, we have |N(u) N N(v)|= s < 1. In particular, G contains no
4-cycle. Indeed, two distinct common neighbors wy, ws € N(u) NN (v) would form a cycle
u — wy — v — wy — u. This completes the proof. O

Theorem 4.9. Letn = 2m+3 > 7 be odd. Then min{p(L(G)) : G € G,} = 3. Moreover,
the extremal graphs are exactly the graphs Gop13(a,b) defined by the parameters a,b > 1
satisfying

n—3

b= ——.
a+ 5

As a and b vary, these extremal graphs need not form a single isomorphism class.

Proof. By Lemma 1.3, p(£(G)) > 2 for every graph G € G,,. Hence 2 is a lower bound

2
for min{p(L(G)) : G € G, }.

Next we show that this bound is attained. Let Ga,,43(a, b) be the graph defined above,
where a,b > 1 and a + b = 252, By Proposition 4.1(i),

1 (a+b—2) 3 (a+b+2)
Spec(C(Ganealat) = {00 (3] L(3) ATAY

where AL = %i %, /%. Since a,b > 1, we have 0 < A\_ < % < Ay < 1. Therefore,
p(L(Class(a. b)) = 3. Consequently,

min{p(L(G)) : G € G} = g

It remains to prove the classification statement. Let G be an extremal graph in G, such

that
a 3

p(L(G)) = 3

Let u and v be the two vertices of G whose degrees are greater than 2. By Lemma 4.7,
we have

5(G) > 2.

Hence every vertex in V(G) \ {u,v} has degree 2. By Lemma 1.6, every such vertex
lies in a triangle containing w or v. Moreover, by Lemma 4.8,

IN(u) N N(v)|< 1.

Let C' = N(u)NN(v). Let U and V' denote the sets of degree-2 vertices lying in triangles
containing u and v, respectively, but not belonging to C. Then |U|= 2a and |V |= 2b for
some integers a,b > 0, and V(G) = {u, v} UUUV UC. Hence n = 2+ 2a+2b+ |C|. Since
n is odd and 2 4 2a + 2b is even, it follows that |C| is odd. On the other hand, |C|< 1.
Therefore, |C|= 1. Let C = {w}.

Now w is a degree-2 vertex adjacent to both u and v. Since every degree-2 vertex lies
in a triangle containing u or v, the vertex w must lie in a triangle. As N(w) = {u, v},
this is possible only if uv € E(G). Thus uvw is a triangle.
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Therefore, G' consists of the triangle uvw, together with a triangles attached to u and
b triangles attached to v. Since u and v are the only vertices of degree greater than 2, we
must have

a,b>1.

Hence 3
n J—
G = Gonsalah),  a+b=—"

Conversely, the preceding attainment argument shows that every graph Ga,,i3(a,b)
with a,0 > 1 and a + b = (n — 3)/2 is extremal. Thus the odd-order result is a complete
classification of all extremal graphs, not a claim that there is only one isomorphism class.
This completes the proof. O

Theorem 4.10. Let n =2m + 2 > 6 be even, and set
m m
“ LQJ 2

min{p(L(G)) : G € Gu} = 1 — (@, 1) > g

Moreover, the minimum s attained uniquely up to isomorphism by

Then

Gr(a”,b") = Gama(a®, b"),
where py(a,b) denotes the unique real root in (—oo, —1/2) of
P(u) = 4(2a + 1)(2b + 1)p® — (12ab + 2a + 2b + 3)p + (1 — 4ab) = 0.
Proof. Let G be an extremal graph in G,, that is,
p(L(G)) = min{p(£(G)) : G € Gy }.

Let u and v be the two vertices of G whose degrees are greater than 2. By Lemma 4.7,
G has no pendant vertex. By Lemma 1.6, every vertex of degree 2 lies in a triangle, and
every such triangle contains at least one of v and v. By Lemma 4.8,

IN(u) N N(v)|< 1.

Since n is even and every vertex in V(G) \ {u,v} has degree 2, the number n — 2 of
degree-2 vertices is even. If |[N(u) N N(v)|= 1, let N(u) N N(v) = {w}, then w must lie
in a triangle containing v and v. Since N(w) = {u, v}, this is possible only if uv € E(G),
so that wvw is a triangle. But then all remaining degree-2 vertices occur in disjoint
pairs as the two non-central vertices of triangles attached to w or v, which would give
n = 3 + 2a + 2b for some integers a,b > 0, contradicting the parity of n. Therefore

N(u) N N(v) = 0.
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Since every degree-2 vertex lies in a triangle containing u or v, and there is no common
neighbor of u and v, every degree-2 vertex belongs either to a triangle attached to u or
to a triangle attached to v. As G is connected, we must have uv € E(G). Hence

G= G2m+2(aa b)7

for some integers a,b > 1, where
n—2

b=
a+ 5

By Proposition 4.1(ii),

1“2 BN g o
Spec(L(Gam2(a,b))) = 0(1)’(5) (§> AL A LA

where

and i1, po, 3 are the three roots of

P(u) = 4(2a + 1)(2b+ 1)p® — (12ab + 2a + 2b + 3)p + (1 — 4ab) = 0.

Moreover, p; is the unique root in (—oo, —1/2), and therefore

PL(Comsafa b)) = 1~y > 5.

It remains to determine the choice of a and b minimizing p(L£(Gam+2(a,b))). Since
P(L(Gam2(a, b)) =1 — pu,

this is equivalent to maximizing pi;.
Set

Then
(2a+1)(2b+1) =4z +2s+ 1,

and the equation for p; becomes
P(u,x) = 4(4x + 25 + 1)p* — (120 + 25 + 3)pu + (1 — 4z) = 0.

We justify carefully that the root used above may be followed as x varies. For integer
a,b > 1 with a + b = s, the product x = ab belongs to the interval

2
=|s—1,—|.
-]
For every real x € I, we have 4x 4+ 2s + 1 > 0, and

1
P (——,:L‘) =2>0, lim P(p,z) = —oc.

2 Ji——00
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1
Moreover, for every p < —3,

P
g—(u,x) =12(dx +2s+ 1) — (122 +2s+3) > 3(dx +2s+1) — (122 + 25+ 3) = 45 > 0.
0

Thus, for each z € I, the function p — P(u,x) is strictly increasing on (—oo, —31], and
consequently P(p,z) = 0 has a unique root in (—oo, —1). Denote this root by ;(z). At

this root,
oP
— z),x) > 0.
5 (1(@).2)
Hence the implicit function theorem applies locally at every point of the relevant in-

terval. Since the root in (—oo, —3) is unique, these local branches agree, so pi(z) is

differentiable on the relevant range, with

duy  OP/Ox B
ix ~ opjoy MH—m)

The x-derivative is

opP ‘
5 = 160° — 120 — 4 = 4(4p® — 3p — 1) = 4(pu — 1)(2u + 1)2.
X

Since p1(x) < —3%, we have
4 () = 1)(2m (2) + 1) < 0.
Combining this with g—i(ul (x),x) > 0, we obtain

i
dx

Therefore p;(x) is strictly increasing as = ab increases under the constraint a + b =

> 0.

_ n—2
§="3

. Hence minimizing p(L(Gaoma2(a,b))) is equivalent to maximizing ab subject to
n—2
2
By the elementary inequality for two numbers with fixed sum, the product ab is maximal

if and only if @ and b differ by at most 1. Therefore

a+b=

la —b|< 1.

For the fixed sum s = (n — 2)/2, this balanced condition determines the unordered
pair {a, b} uniquely: it is {s/2,s/2} when s is even and {(s — 1)/2,(s + 1)/2} when s is
odd. The ordered pairs (a,b) and (b, a) correspond to interchanging the two high-degree
vertices u and v, and hence define isomorphic graphs. Thus the minimum is attained if
and only if

G= G2m+2(a’ b)>
where in the definition of Gy, 12(a,b) the integers a,b > 1 satisfy
n—2
5
This completes the proof. n

a+b=

la —b|< 1.
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