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Extremal graphs minimizing the normalized

Laplacian spectral radius
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abstract

Let G be a simple connected graph and A(G) and D(G) represent the adjacency matrix

and the diagonal matrix of degrees of graph G, respectively. The normalized Laplacian of

G is de�ned by L(G) = In −D(G)−1/2A(G)D(G)−1/2, where In is the identity matrix of

order n. The normalized Laplacian plays an important role in spectral graph theory. In

this paper, we characterize the connected graphs that minimize the spectral radius of the

normalized Laplacian in the class of graphs with exactly one vertex of degree greater than

two and in the class of graphs with exactly two vertices of degree greater than two. In each

class, we determine the extremal graphs and the exact minimum normalized Laplacian

spectral radius.
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1. Introduction

Throughout this paper, all graphs are �nite, undirected, simple, and connected. For a

graph G = (V (G), E(G)) with V (G) = {v1, . . . , vn}, we write n = |V (G)| for its order
and dG(v) (or simply d(v)) for the degree of a vertex v ∈ V (G). Let δ(G) = min{d(v) :
v ∈ V (G)} denote the minimum degree of G. A vertex v ∈ V (G) is called a pendant

vertex if d(v) = 1. Let N(u) denote the set of neighbours of u. The adjacency matrix of

G is denoted by A(G) = [aij] where aij = 1 if vi is adjacent to vj, and aij = 0 otherwise.

And let D(G) = diag(d(v1), . . . , d(vn)) be the diagonal degree matrix. The normalized
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Laplacian of G is de�ned by

L(G) = In −D(G)−1/2A(G)D(G)−1/2,

where In is the identity matrix of order n. Since L(G) is real symmetric, all its eigenvalues

are real; we denote the largest eigenvalue by ρ(L(G)) and refer to it as the spectral radius

of G.

For n ≥ 5, let Fn denote the family of connected simple graphs G of order n such that

exactly one vertex of G has degree greater than two. For n ≥ 6, let Gn denote the family

of connected simple graphs G of order n such that exactly two vertices of G have degree

greater than two.

The normalized Laplacian, introduced by Chung [3], plays an important role in spectral

graph theory. In recent years, considerable attention has been paid to its spectral proper-

ties. Bounds for normalized Laplacian eigenvalues were obtained in [11]. The normalized

Laplacian spectrum of complete multipartite graphs and the multiplicities of normalized

Laplacian eigenvalues were studied in [16, 17], respectively. Other related topics include

the spectral gap of the largest normalized Laplacian eigenvalue [10], the second largest nor-

malized Laplacian eigenvalue [24], graphs with limited normalized algebraic connectivity

[18], isospectral graphs [6], and spectral characterization with respect to the normalized

Laplacian [19].

Extremal problems for normalized Laplacian eigenvalues form an active topic in this

area. Das and Sun [5] investigated extremal graphs for the normalized Laplacian spectral

radius and energy. For non-bipartite graphs, Guo, Li and Shiu characterized the graphs

with largest normalized Laplacian spectral radius [9] and studied perturbation e�ects on

this parameter in [8]. Further extremal results for normalized Laplacian spectral radii were

obtained by Sun and Chen [15]. These results reveal that extremal normalized Laplacian

spectral radii are strongly in�uenced by the structural constraints imposed on graphs.

The closest previous extremal results on normalized Laplacian spectral radii are those

in [5, 8, 9, 15]. These papers deal with general graph classes, non-bipartite graphs, or

perturbations and graph transformations under di�erent structural assumptions. The

problem studied here is of a di�erent nature: the admissible graphs are prescribed by the

exact number of vertices whose degrees are greater than two. This additional restriction

changes the possible extremal structures and leads to minimizers which do not follow

directly from the previously known extremal families.

Besides the general extremal theory for normalized Laplacian eigenvalues, there is also

a substantial spectral literature on graphs and trees with very few branching vertices. In

the Laplacian setting, starlike trees, namely trees with exactly one vertex of degree greater

than two, were shown to be determined by their Laplacian spectrum [13], while double

starlike trees and related families were studied from the same viewpoint in subsequent

works [12, 14]. On the normalized Laplacian side, characteristic polynomials and explicit

formulas were derived for trees, including starlike trees and certain double-starlike families

[1]. From the viewpoint of the Laplacian spectral radius, trees with prescribed diameter,

degree sequence, and maximum degree have also been extensively investigated [7, 21,

22, 23]. These results indicate that the number and arrangement of branching vertices
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strongly a�ect the extremal behavior of Laplacian-type spectral radii. Therefore, it is

natural to study the normalized Laplacian spectral radius under restrictions on the number

of vertices of degree greater than two.

The present problem is also distinct from the spectral results on starlike and double-

starlike trees. Those works mainly concern spectral determination, characteristic poly-

nomials, or the ordinary Laplacian spectral radius of trees. In this paper the matrix

is the normalized Laplacian, and the graphs under consideration are connected simple

graphs which may contain cycles. The restriction on the number of branching vertices

therefore leads to di�erent minimizers. For one branching vertex, the extremal graphs

are formed by triangles sharing a common vertex, with an additional pendant vertex in

the even-order case. For two branching vertices, the relation between the two branching

vertices, their common neighbors, and the degree-two vertices produces di�erent extremal

families in odd and even orders. These features require structural reductions excluding

long induced paths and pendant con�gurations, together with Rayleigh�Ritz estimates,

interlacing, and equitable partitions.

In this paper, we determine the minimum of ρ(L(G)) over Fn for all n ≥ 5, over Gn

for odd n ≥ 7, and over Gn for even n ≥ 6. For Fn, we determine the unique graph with

minimum normalized Laplacian spectral radius and the corresponding exact minimum

value. For Gn, we determine all extremal graphs when n is odd, and the unique extremal

graph up to isomorphism when n is even, together with the exact minimum value.

2. Preliminaries

Let G be a simple connected graph with adjacency matrix A and degree matrix D. De�ne

S = D−1/2AD−1/2, L = I − S,

where S is the normalized adjacency matrix of G and L is the normalized Laplacian

matrix of G. Throughout this paper, λ and µ denote eigenvalues of L and S, respectively.

Since L = I − S, the spectra of S and L satisfy

Spec(L) = { 1− µ : µ ∈ Spec(S) }.

In particular,

ρ(L(G)) = λmax(L) = 1− µmin(S). (1)

By the Rayleigh�Ritz principle,

µmin(S) = min
x̸=0

xTSx

xTx
, ρ(L) = λmax(L) = max

f ̸=0

fTLf
fT f

. (2)

Moreover, by setting g = D−1/2f , we obtain

ρ(L) = max
g ̸=0

∑
ij∈E(G)(gi − gj)

2∑
i∈V (G) d(i)g

2
i

. (3)

Let Pr denote the path graph on r vertices. A simple path of length r − 1 in G is a

sequence of distinct vertices u1u2 · · ·ur such that uiui+1 ∈ E(G) for i = 1, 2, . . . , r − 1.
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For a �nite set X, let RX denote the real vector space of all real-valued functions on

X. In particular, RV (G) is the vector space of real-valued functions on the vertex set of

G.

For a vertex subset T ⊆ V (G), let 1T ∈ RV (G) denote vector

(1T )u =

{
1, u ∈ T,

0, u /∈ T.

For a vertex v ∈ V (G), let ev ∈ RV (G) denote the vector 1{v}.

Lemma 2.1. [2] Let A be a real symmetric matrix of order n, and let B be a princi-

pal submatrix of A of order m (m < n). Then the eigenvalues of B interlace with the

eigenvalues of A. In particular, the minimum eigenvalue of A is bounded above by the

minimum eigenvalue of B, that is,

λmin(A) ≤ λmin(B).

Lemma 2.2. [4] Let M be a block matrix given by M =

(
A B

C D

)
, where A,B,C,D are

the p× p, p× q, q × p, q × q matrices, with A and D being invertible. Then

det(M) = det(A) det(D − CA−1B) = det(D) det(A−BD−1C).

Lemma 2.3. [3] Let G be a connected bipartite graph, and let L(G) be the normalized

Laplacian matrix of G. Then

ρ(L(G)) = λmax(L(G)) = 2.

Let M = (muv) be a real symmetric matrix, and let Π = {C1, . . . , Ck} be a partition

of its index set. If for any i, j ∈ {1, . . . , k} and any u, v ∈ Ci,∑
w∈Cj

muw =
∑
w∈Cj

mvw,

then Π is called an equitable partition of M . In this case, the matrix Q = (qij) de�ned

by

qij =
∑
w∈Cj

muw, u ∈ Ci,

is well de�ned, and is called the quotient matrix of M with respect to Π.

Lemma 2.4. [20] Let Π be an equitable partition of a real symmetric matrix M , and let

Q be the corresponding quotient matrix. Then

Spec(Q) ⊆ Spec(M).
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3. The Graphs in Fn with minimum ρ(L(G))

In this section, we determine the graph with minimum normalized Laplacian spectral

radius in Fn(n ≥ 5). We �rst present a candidate extremal graph, and then derive several

structural properties that any extremal graph in Fn must satisfy. These results lead to a

complete characterization of the extremal graph in Fn.

Before presenting our �rst result, we recall the de�nition of the join of two graphs. Let

G and H be two vertex-disjoint graphs, the join of G and H, denoted by G ∨ H, is the

graph obtained from the disjoint union G ∪ H by adding all edges between V (G) and

V (H).

For n ≥ 5, de�ne the graph Hn as follows.

(i) If n = 2m + 1 for some integer m ≥ 2, let Hn = H2m+1 := mK2 ∨ K1, where

V (K1) = {v0}; see the left graph in Figure 1.

(ii) If n = 2m+2 for some integer m ≥ 2, let Hn = H2m+2, be the graph obtained from

H2m+1 by attaching a new pendant vertex ℓ to the central vertex v0; see the right

graph in Figure 1.

Fig. 1. The graphs H2m+1 and H2m+2

Proposition 3.1. For m ≥ 2, let H2m+1 and H2m+2 be the graphs de�ned above. The

normalized Laplacian spectrum of Hn is given by:

(i) If n = 2m+ 1, then

Spec(L(H2m+1)) =

{
0(1),

(
1

2

)(m−1)

,

(
3

2

)(m+1)
}
.

(ii) If n = 2m+ 2, and d = d(v0) = 2m+ 1 = n− 1. Then

Spec(L(H2m+2)) =

{
0(1),

(
1

2

)(m−1)

,

(
3

2

)(m)

, λ
(1)
+ , λ

(1)
−

}
,

where λ± = 5
4
∓ 1

4

√
1 + 8

n−1
.

Proof. We determine the spectrum of the normalized adjacency matrix S.

For each i ∈ {1, . . . ,m}, let ai and bi be the two non-central vertices of the i-th triangle.

Then

d(ai) = d(bi) = 2.
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Moreover,

d(v0) = 2m in H2m+1, d(v0) = 2m+ 1 = n− 1 =: d in H2m+2,

and in the even case

d(ℓ) = 1.

For each i ∈ {1, . . . ,m}, de�ne

ui = eai − ebi .

Since

Seai =
1

2
ebi +

1√
2d(v0)

ev0 , Sebi =
1

2
eai +

1√
2d(v0)

ev0 ,

we have

Sui = −1

2
ui.

Thus the subspace

W− = span{u1, . . . ,um},

is S-invariant, S|W−= −1
2
I, and dimW− = m. Hence −1

2
is an eigenvalue of S with

multiplicity at least m.

Next, let

si = eai + ebi , WT =

{
m∑
i=1

cisi :
m∑
i=1

ci = 0

}
.

For each i,

Ssi =
1

2
si +

2√
2d(v0)

ev0 .

Therefore, if x =
∑m

i=1 cisi ∈ WT , then

Sx =
1

2

m∑
i=1

cisi +
2√

2d(v0)

(
m∑
i=1

ci

)
ev0 =

1

2
x.

Thus WT is S-invariant, S|WT
= 1

2
I, and dimWT = m− 1. Hence 1

2
is an eigenvalue of

S with multiplicity at least m− 1.

It remains to determine the remaining eigenvalues.

Case 1. n = 2m+ 1.

Let

T = {ai, bi : 1 ≤ i ≤ m}, x0 = ev0 , x1 =
1√
2m

1T .

Then the subspace

U = Span{x0,x1},

is invariant under S. Moreover,

RV (H2m+1) = W− ⊕WT ⊕ U,
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is an orthogonal direct sum. Indeed, for all i, j,

⟨ui, sj⟩ = 0, ⟨ui, ev0⟩ = 0, ⟨ui,1T ⟩ = 0.

Moreover, if x =
∑m

i=1 cisi ∈ WT , then

⟨x, ev0⟩ = 0, ⟨x,1T ⟩ = 2
m∑
i=1

ci = 0.

Thus W−, WT , and U are mutually orthogonal. Since

dimW− + dimWT + dimU = m+ (m− 1) + 2 = 2m+ 1 = |V (H2m+1)|,

their orthogonal sum is the whole space RV (H2m+1).

With respect to the orthonormal basis {x0,x1}, the matrix of S|U is

B =

(
0 1√

2

1√
2

1
2

)
.

Hence

det(µI −B) =

∣∣∣∣∣ µ − 1√
2

− 1√
2

µ− 1
2

∣∣∣∣∣ = µ

(
µ− 1

2

)
− 1

2
= (µ− 1)

(
µ+

1

2

)
.

Therefore the eigenvalues of B are

1, −1

2
.

Since

m+ (m− 1) + 2 = 2m+ 1 = |V (H2m+1)|,

we have obtained the whole spectrum of S. Thus

Spec(S(H2m+1)) =

{
1(1),

(
1

2

)(m−1)

,

(
−1

2

)(m+1)
}
.

Therefore,

Spec(L(H2m+1)) =

{
0(1),

(
1

2

)(m−1)

,

(
3

2

)(m+1)
}
.

Case 2. n = 2m+ 2.

Let

P = {ℓ}, T = {ai, bi : 1 ≤ i ≤ m}, x0 = ev0 , x1 = eℓ, x2 =
1√
2m

1T .

Then the subspace

U = Span{x0,x1,x2},
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is invariant under S. Moreover,

RV (H2m+2) = W− ⊕WT ⊕ U,

is an orthogonal direct sum. The orthogonality between W− and WT is the same as in

the odd case. Also W− is orthogonal to ev0 , eℓ, and 1T . If x =
∑m

i=1 cisi ∈ WT , then

⟨x, ev0⟩ = ⟨x, eℓ⟩ = 0, ⟨x,1T ⟩ = 2
m∑
i=1

ci = 0.

Thus W−, WT , and U are mutually orthogonal. Since

dimW− + dimWT + dimU = m+ (m− 1) + 3 = 2m+ 2 = |V (H2m+2)|,

their orthogonal sum is the whole space RV (H2m+2).

With respect to the orthonormal basis {x0,x1,x2}, the matrix of S|U is

B =


0 1√

d

√
m
d

1√
d

0 0√
m
d

0 1
2

 .

Thus

det(µI −B) =

∣∣∣∣∣∣∣
µ − 1√

d
−
√

m
d

− 1√
d

µ 0

−
√

m
d

0 µ− 1
2

∣∣∣∣∣∣∣
= µ2

(
µ− 1

2

)
− 1

d

(
µ− 1

2

)
− m

d
µ

= (µ− 1)

(
µ2 +

1

2
µ− 1

2d

)
,

where in the last equality we use d = 2m+ 1. Therefore the eigenvalues of B are

1, µ± =
−1±

√
1 + 8

d

4
=

−1±
√
1 + 8

n−1

4
.

Since

m+ (m− 1) + 3 = 2m+ 2 = |V (H2m+2)|,
we have obtained the whole spectrum of S. Hence

Spec(S(H2m+2)) =

{
1(1),

(
1

2

)(m−1)

,

(
−1

2

)(m)

, µ
(1)
+ , µ

(1)
−

}
.

Therefore,

Spec(L(H2m+2)) =

{
0(1),

(
1

2

)(m−1)

,

(
3

2

)(m)

, λ
(1)
+ , λ

(1)
−

}
,

where

λ± = 1− µ± =
5

4
∓ 1

4

√
1 +

8

n− 1
.

This completes the proof.
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Corollary 3.2. Let n ≥ 5, and let Hn be the graph de�ned above. Then the spectral

radius of the normalized Laplacian matrix of Hn satis�es ρ(L(Hn)) < 1 +
√
2
2
.

Proof. First assume that n = 2m+ 1 is odd. By Proposition 3.1(i),

ρ(L(Hn)) =
3

2
.

Since 3
2
< 1 +

√
2
2
, the desired inequality follows.

Now assume that n = 2m+ 2 is even, and set d = n− 1. Then d ≥ 5. By Proposition

3.1(ii),

ρ(L(Hn)) =
5

4
+

1

4

√
1 +

8

d
.

Consider the function

f(x) =
5

4
+

1

4

√
1 +

8

x
, x > 0.

The function
√

1 + 8
x
is strictly decreasing on (0,∞). Therefore, f is also strictly

decreasing on (0,∞). Hence, by d ≥ 5, we obtain

ρ(L(Hn)) = f(d) ≤ f(5) =
5

4
+

1

4

√
13

5
.

it is easy to see that 5
4
+ 1

4

√
13
5
< 1 +

√
2
2
. Therefore

ρ(L(Hn)) ≤
5

4
+

1

4

√
13

5
< 1 +

√
2

2
.

Lemma 3.3. Let G ∈ Fn be a non-bipartite graph, then the spectral radius of its normal-

ized Laplacian matrix satis�es ρ(L(G)) ≥ 3
2
.

Proof. By Eq. (1), we have ρ(L(G)) = λmax(L) = 1 − µmin(S). Therefore, it su�ces to

show that

µmin(S) ≤ −1

2
.

Since G is non-bipartite, it contains an odd cycle. Let v0 denote the unique vertex of G

with degree greater than 2. We �rst show that every odd cycle of G contains v0. Suppose

that there exists an odd cycle C with v0 /∈ V (C). Then every vertex of C has degree at

most 2, because every vertex other than v0 has degree at most 2 in Fn. On the other

hand, each vertex of C already has two neighbors on the cycle, and hence every vertex of

C has degree exactly 2. It follows that no vertex of C is adjacent to a vertex outside C,

so C is a connected component of G, contradicting the connectedness of G. Thus every

odd cycle of G contains v0.
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Let C be an odd cycle of G. Since |V (C)|≥ 3, C contains an edge xy not incident with

v0. Hence x, y ̸= v0, so d(x), d(y) ≤ 2. On the other hand, both x and y already have two

neighbors on C. Therefore, d(x) = d(y) = 2.

De�ne f ∈ RV (G) by

f(v) =


√
d(x), v = x,

−
√

d(y), v = y,

0, otherwise.

Then f ̸= 0, and since d(x) = d(y) = 2 and xy ∈ E(G),

fT f = d(x)+d(y) = 4, fTSf = 2Sxyf(x)f(y) = 2· 1√
d(x)d(y)

·
√
d(x) (−

√
d(y)) = −2.

Hence, by Eq. (2),

µmin(S) ≤
fTSf

fT f
= −1

2
.

Therefore, ρ(L(G)) = 1− µmin(S) ≥ 3
2
.

For a graph G and U ⊆ V (G), let G[U ] denote the subgraph induced by U , that is, the

graph with vertex set U and edge set E(G[U ]) = {uv ∈ E(G) : u, v ∈ U}. A graph H is

an induced subgraph of G if H = G[U ] for some U ⊆ V (G). An induced path in G is a

path u1u2 · · ·ur such that G[{u1, u2, . . . , ur}] ∼= Pr.

Lemma 3.4. Let G be a graph containing an induced path u1u2 · · ·ur, r ≥ 3, such that

d(uk) = 2, k = 1, . . . , r. Then µmin(S) ≤ − cos π
r+1

. Consequently, ρ(L(G)) ≥ 1 + cos π
r+1

.

In particular, when r = 3, ρ(L(G)) ≥ 1 +
√
2
2
.

Proof. Let α =
π

r + 1
, and de�ne x ∈ RV (G) by

x(v) =

{
(−1)k sin(kα), v = uk, k = 1, . . . , r,

0, otherwise.

Then x ̸= 0. By Eq. (2), µmin(S) ≤ xTSx
xTx

.

Since u1u2 · · ·ur is an induced path and d(uk) = 2 for all k, the only nonzero o�-diagonal

entries of S on {u1, . . . , ur} are

Sukuk+1
=

1√
d(uk)d(uk+1)

=
1

2
, k = 1, . . . , r − 1.

Hence

xTx =
r∑

k=1

sin2(kα),

and

xTSx = 2
r−1∑
k=1

Sukuk+1
x(uk)x(uk+1) = −

r−1∑
k=1

sin(kα) sin((k + 1)α).
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Now let

z = (sinα, sin(2α), . . . , sin(rα))T ∈ Rr.

Since z is an eigenvector of A(Pr) corresponding to the eigenvalue 2 cosα. Therefore,

2
r−1∑
k=1

sin(kα) sin((k + 1)α) = zTA(Pr)z = 2 cosα zTz = 2 cosα
r∑

k=1

sin2(kα).

Thus

xTSx = − cosαxTx,

and so

µmin(S) ≤
xTSx

xTx
= − cosα = − cos

π

r + 1
.

Consequently,

ρ(L(G)) = 1− µmin(S) ≥ 1 + cos
π

r + 1
.

In particular, when r = 3, ρ(L(G)) ≥ 1 + cos π
4
= 1 +

√
2
2
.

Corollary 3.5. Let G ∈ Fn be an extremal graph. Then every cycle of G is a triangle.

In particular, G contains no cycle of length at least 4.

Proof. Suppose, to the contrary, that G contains a cycle C of length ℓ ≥ 4. Since G ∈ Fn,

the unique vertex v0 of degree greater than 2must lie on C. Writing C = v0u1u2 · · ·uℓ−1v0,

we see that u1u2 · · ·uℓ−1 is an induced path on ℓ − 1 ≥ 3 vertices. Moreover, for each

i, since ui ̸= v0, we have d(ui) ≤ 2, while ui already has two neighbors on C; hence

d(ui) = 2. By Lemma 3.4, ρ(L(G)) ≥ 1+ cos π
ℓ
≥ 1+ cos π

4
= 1+

√
2
2
. On the other hand,

Corollary 3.2 yields a graph Hn ∈ Fn such that ρ(L(Hn)) < 1 +
√
2
2
. This contradicts the

extremality of G. Hence every cycle of G is a triangle.

Lemma 3.6. Let G ∈ Fn be an extremal graph, and let v0 be the unique vertex of G with

degree at least 3. If x is a pendant vertex of G, then x is adjacent to v0.

Proof. Suppose, to the contrary, that x is a pendant vertex not adjacent to v0, and let

u be the unique neighbor of x. Then u ̸= v0, so d(u) ≤ 2. Since G is connected and x is

pendant, u has a neighbor other than x, and hence d(u) = 2.

De�ne f ∈ RV (G) by

f(v) =


1, if v = x,

−1, if v = u,

0, otherwise.

Then f ̸= 0, and since d(x) = 1, d(u) = 2, and xu ∈ E(G),

µmin(S) ≤
fTSf

fT f
=

2Sxuf(x)f(u)

2
= − 1√

d(x)d(u)
= −

√
2

2
.
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Therefore, by Eq. (1), we have ρ(L(G)) = 1 − µmin(S) ≥ 1 +
√
2
2
. On the other hand,

by Corollary 3.2, there exists Hn ∈ Fn such that ρ(L(Hn)) < 1+
√
2
2
. This contradicts the

extremality of G. Hence x is adjacent to v0.

Lemma 3.7. Let G ∈ Fn be an extremal graph. Then G has at most one pendant vertex.

Proof. By Corollary 3.2, there existsHn ∈ Fn such that ρ(L(Hn)) < 2. Hence an extremal

graph G ∈ Fn is not bipartite, since every connected bipartite graph satis�es ρ(L(G)) = 2

by Lemma 2.3.

Let v0 be the unique vertex of G with degree greater than 2. By Corollary 3.5, every

cycle of G is a triangle, and by Lemma 3.6, every pendant vertex is adjacent to v0.

Therefore, G consists of m ≥ 1 triangles sharing the common vertex v0 and t ≥ 0 pendant

vertices attached to v0. In particular, n = 1 + 2m+ t, and d(v0) = 2m+ t = n− 1 =: d.

If t = 0, then G = H2m+1, and Proposition 3.1 gives ρ(L(G)) = 3
2
. Thus it remains to

consider the case t ≥ 1.

Now assume that t ≥ 1. Let P be the set of pendant vertices, and let T = {ai, bi : 1 ≤
i ≤ m} be the set of non-central vertices lying on the m triangles.

We determine the spectrum of the normalized adjacency matrixS.

For the pendant part, de�ne

WP =

{
x ∈ RV (G) : x(u) = 0 for all u /∈ P,

∑
u∈P

x(u) = 0

}
.

Then dimWP = t − 1. If x ∈ WP , then for every pendant vertex p ∈ P we have

(Sx)(p) = x(v0)/
√
d = 0. At the central vertex,

(Sx)(v0) =
1√
d

∑
p∈P

x(p) = 0,

and all remaining coordinates are zero because x is supported on P . Hence

Sx = 0 for all x ∈ WP .

Thus 0 is an eigenvalue of S with multiplicity at least t− 1.

For each i ∈ {1, . . . ,m}, let
ui = eai − ebi .

Then

Sui = −1

2
ui,

and hence −1
2
is an eigenvalue of S with multiplicity at least m.

Next, let

si = eai + ebi , WT =

{
m∑
i=1

cisi :
m∑
i=1

ci = 0

}
.
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Then dimWT = m− 1, and for every x ∈ WT ,

Sx =
1

2
x.

Hence 1
2
is an eigenvalue of S with multiplicity at least m− 1.

It remains to determine the three remaining eigenvalues. Set

x0 = ev0 , x1 =
1√
t
1P , x2 =

1√
2m

1T .

Then the subspace

U = Span{x0,x1,x2},

is invariant under S. With respect to the orthonormal basis {x0,x1,x2}, the matrix of

S|U is

B =


0

√
t

d

√
m

d√
t

d
0 0√

m

d
0

1

2

 .

We compute the characteristic polynomial explicitly:

det(µI −B) =

∣∣∣∣∣∣∣∣∣∣∣∣

µ −
√

t

d
−
√

m

d

−
√

t

d
µ 0

−
√

m

d
0 µ− 1

2

∣∣∣∣∣∣∣∣∣∣∣∣
= µ2

(
µ− 1

2

)
− t

d

(
µ− 1

2

)
− m

d
µ

= µ3 − 1

2
µ2 − m+ t

d
µ+

t

2d
.

Since d = 2m+ t, this becomes

det(µI −B) = (µ− 1)

(
µ2 +

1

2
µ− t

2d

)
.

Therefore, the eigenvalues of B are

1, µ± =
−1±

√
1 + 8t

d

4
.

Since

(t− 1) +m+ (m− 1) + 3 = 2m+ t+ 1 = n,

we have now obtained the whole spectrum of S. In particular,

µmin(S) = µ− =
−1−

√
1 + 8t

d

4
.
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By Eq. (1),

ρ(L(G)) = 1− µmin(S) =
5

4
+

1

4

√
1 +

8t

d
.

Since d = n − 1 is �xed, the right-hand side is strictly increasing in t. On the other

hand, the relation

n = 1 + 2m+ t,

implies that t ≡ n − 1 (mod 2). Hence the smallest admissible value of t is 0 when n is

odd, and 1 when n is even. Since G is extremal, t must be as small as possible. Therefore,

t ≤ 1.

That is, G has at most one pendant vertex.

Theorem 3.8. Let n ≥ 5. Then the minimum normalized Laplacian spectral radius over

Fn is attained uniquely up to isomorphism, and is given as follows.

(i) If n = 2m+ 1, then minG∈Fn ρ(L(G)) = 3
2
, with equality if and only if G ∼= H2m+1.

(ii) If n = 2m+2, then minG∈Fn ρ(L(G)) = 5
4
+ 1

4

√
1 + 8

n−1
, with equality if and only if

G ∼= H2m+2.

Proof. Let G ∈ Fn be an extremal graph. By Corollary 3.2, there exists Hn ∈ Fn such

that ρ(L(Hn)) < 1 +
√
2
2
. Since every connected bipartite graph satis�es ρ(L(G)) = 2

by Lemma 2.3, the graph G is not bipartite. And by Lemma 3.3, ρ(L(G)) satis�es
3
2
≤ ρ(L(G)) < 1 +

√
2
2
.

Let v0 be the unique vertex of G with degree greater than 2. By Corollary 3.5, every

cycle of G is a triangle; by Lemma 3.6, every pendant vertex of G is adjacent to v0; and by

Lemma 3.7, G has at most one pendant vertex. It follows that G consists of m triangles

sharing the common vertex v0, together with at most one pendant vertex attached to v0.

If n = 2m + 1, then G has no pendant vertex, and hence G ∼= H2m+1. If n = 2m + 2,

then G has exactly one pendant vertex, and hence G ∼= H2m+2. Therefore, Proposition

3.1 yields

ρ(L(Hn)) =


3

2
, n = 2m+ 1,

5

4
+

1

4

√
1 +

8

n− 1
, n = 2m+ 2.

4. The graphs in Gn with minimum ρ(L(G))

In this section, we determine the graph with minimum normalized Laplacian spectral

radius in Gn (n ≥ 6). As in the previous section, we �rst introduce two special classes of

graphs, see Figure 2. Recall that for two vertex-disjoint graphs G and H, and vertices
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u ∈ V (G) and v ∈ V (H), GuvH denotes the graph obtained from G ∪ H by adding the

edge uv.

For n ≥ 6, de�ne the graph Gn(a, b) as follows.

Let u and v be the central vertices of H2a+1 and H2b+1, respectively.

(i) If n = 2m + 2 for some integer m ≥ 2, let a, b ≥ 1 satisfy a + b = m. De�ne

Gn(a, b) = G2m+2(a, b) := (H2a+1)uv(H2b+1), where (H2a+1)uv(H2b+1) is obtained from the

disjoint union of H2a+1 and H2b+1 by adding the edge uv; see the left graph in Figure 2.

(ii) If n = 2m + 3 for some integer m ≥ 2, let a, b ≥ 1 satisfy a + b = m. De�ne

Gn(a, b) = G2m+3(a, b) to be the graph obtained from (H2a+1)uv(H2b+1) by adding a new

vertex w and the two edges uw and vw; see the right graph in Figure 2.

Fig. 2. The graphs G2m+2(a, b) and G2m+3(a, b)

Proposition 4.1. Let G2m+3(a, b) and G2m+2(a, b) be the graphs de�ned above.

(i) Suppose that n = 2m+ 3, and let a, b ≥ 1 with a+ b = m. Then

Spec(L(G2m+3(a, b))) =

{
0(1),

(
1

2

)(a+b−2)

,

(
3

2

)(a+b+2)

, λ
(1)
− , λ

(1)
+

}
,

where

λ± =
1

2
± 1

2

√
ab

(a+ 1)(b+ 1)
.

(ii) Suppose that n = 2m+ 2, and let a, b ≥ 1 with a+ b = m. Then

Spec(L(G2m+2(a, b))) =

{
0(1),

(
1

2

)(a+b−2)

,

(
3

2

)(a+b)

, λ
(1)
1 , λ

(1)
2 , λ

(1)
3

}
,

where λi = 1− µi (i = 1, 2, 3), and µ1, µ2, µ3 are the three roots of

4(2a+ 1)(2b+ 1)µ3 − (12ab+ 2a+ 2b+ 3)µ+ (1− 4ab) = 0.

Proof. We �rst determine the spectrum of the normalized adjacency matrix S.

Let u and v be the two vertices of degree greater than 2, and write du = d(u) and

dv = d(v). For 1 ≤ i ≤ a, let xi, yi be the two non-central vertices on the ith triangle

attached to u; for 1 ≤ j ≤ b, let sj, tj be the two non-central vertices on the jth triangle

attached to v. In the odd case G2m+3(a, b), let w be the common neighbor of u and v.

For 1 ≤ i ≤ a and 1 ≤ j ≤ b, de�ne pi = exi
− eyi ,qj = esj − etj . Since

Sexi
=

1

2
eyi +

1√
2du

eu, Seyi =
1

2
exi

+
1√
2du

eu,
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and the same calculation holds for sj, tj with v in place of u, we get

Spi = −1

2
pi, Sqj = −1

2
qj.

Thus

W− = span{p1, . . . ,pa,q1, . . . ,qb},

is S-invariant, S|W−= −1
2
I, and dimW− = a+ b. Hence −1/2 is an eigenvalue of S with

multiplicity at least a+ b.

Next, let αi = exi
+ eyi (1 ≤ i ≤ a),βj = esj + etj (1 ≤ j ≤ b), and set

Wu =

{
a∑

i=1

ciαi :
a∑

i=1

ci = 0

}
, Wv =

{
b∑

j=1

djβj :
b∑

j=1

dj = 0

}
.

For each i and j,

Sαi =
1

2
αi +

2√
2du

eu, Sβj =
1

2
βj +

2√
2dv

ev.

Hence, for every x ∈ Wu ⊕Wv, the coe�cients of the eu and ev terms vanish, and

Sx =
1

2
x.

Therefore Wu ⊕Wv is S-invariant, and

dim(Wu ⊕Wv) = (a− 1) + (b− 1) = a+ b− 2.

Therefore 1/2 is an eigenvalue of S with multiplicity at least a+ b− 2.

It remains to determine the remaining eigenvalues.

Case 1. n = 2m+ 3.

In this case, d(u) = 2a+ 2 =: du, d(v) = 2b+ 2 =: dv, d(w) = 2, and every vertex in

U = {xi, yi : 1 ≤ i ≤ a}, V = {sj, tj : 1 ≤ j ≤ b},

has degree 2. Let

Uπ = span{eu, ev, ew,1U ,1V }.

Then

RV (G2m+3(a,b)) = W− ⊕Wu ⊕Wv ⊕ Uπ,

is an orthogonal direct sum. Indeed, for all admissible indices,

⟨pi,αk⟩ = 0, ⟨qj,βℓ⟩ = 0,

and all other inner products between a di�erence vector from W− and a sum vector from

Wu ⊕Wv vanish by disjoint support. Moreover,

⟨pi,1U⟩ = 0, ⟨qj,1V ⟩ = 0,
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and W− is orthogonal to eu, ev, ew. If x =
∑

i ciαi ∈ Wu, then

⟨x,1U⟩ = 2
∑
i

ci = 0,

and x is orthogonal to eu, ev, ew and 1V ; the same argument applies to Wv. Hence the

four subspaces above are mutually orthogonal. Since

dimW− + dimWu + dimWv + dimUπ = (a+ b) + (a− 1) + (b− 1) + 5 = 2a+ 2b+ 3,

their orthogonal sum is the whole space RV (G2m+3(a,b)). Thus it remains only to determine

the action of S on the cell-constant subspace Uπ.

Consider the partition

C1 = {u}, C2 = {v}, C3 = {w}, C4 = U, C5 = V.

This is an equitable partition of S. Let Q be the corresponding quotient matrix. Then

Q =



0
1√
dudv

1√
2du

2a√
2du

0

1√
dudv

0
1√
2dv

0
2b√
2dv

1√
2du

1√
2dv

0 0 0

1√
2du

0 0
1

2
0

0
1√
2dv

0 0
1

2


.

Let ∆ = diag(1, 1, 1, 2a, 2b). Then Q is similar to the symmetric matrix

B = ∆1/2Q∆−1/2 =



0
1√
dudv

1√
2du

√
a

du
0

1√
dudv

0
1√
2dv

0

√
b

dv
1√
2du

1√
2dv

0 0 0√
a

du
0 0

1

2
0

0

√
b

dv
0 0

1

2


.

We now compute its characteristic polynomial. Set

η = µ− 1

2
.



158 s. ou, z. qiu and z. tang

For µ ̸= 1
2
, applying Lemma 2.2 to the lower-right diagonal block ηI2 of µI −B gives

det(µI −B) = η2 det


µ− a

duη
− 1√

dudv
− 1√

2du

− 1√
dudv

µ− b

dvη
− 1√

2dv

− 1√
2du

− 1√
2dv

µ


= η2

[
µ

(
µ− a

duη

)(
µ− b

dvη

)
− 1

2dv

(
µ− a

duη

)

− 1

2du

(
µ− b

dvη

)
− µ+ 1

dudv

]
.

Substituting du = 2a+ 2, dv = 2b+ 2, and η = µ− 1
2
, and simplifying, we obtain

det(µI −B) = (µ− 1)
(
µ+

1

2

)2(
µ2 − µ+

a+ b+ 1

4(a+ 1)(b+ 1)

)
.

Since both sides are polynomials in µ, the identity also holds for µ = 1
2
. Hence the

eigenvalues of Q are

1, −1

2
(with multiplicity 2), µ± =

1

2
± 1

2

√
ab

(a+ 1)(b+ 1)
.

By Lemma 2.4, we have Spec(Q) ⊆ Spec(S). Since (a+b)+(a+b−2)+5 = 2a+2b+3 =

|V (G2m+3(a, b))|, the above eigenvalues account for the whole spectrum of S. Therefore

Spec(S(G2m+3(a, b))) =
{
1(1),

(1
2

)(a+b−2)

,
(
−1

2

)(a+b+2)

, µ
(1)
− , µ

(1)
+

}
.

Since L = I − S, we obtain

Spec(L(G2m+3(a, b))) =
{
0(1),

(1
2

)(a+b−2)

,
(3
2

)(a+b+2)

, λ
(1)
− , λ

(1)
+

}
,

where λ± = 1− µ∓ = 1
2
± 1

2

√
ab

(a+1)(b+1)
.

Case 2. n = 2m+ 2.

In this case, d(u) = 2a+ 1 =: du, d(v) = 2b+ 1 =: dv, and every vertex in

U = {xi, yi : 1 ≤ i ≤ a}, V = {sj, tj : 1 ≤ j ≤ b}

has degree 2. Let

Uπ = span{eu, ev,1U ,1V }.

Then

RV (G2m+2(a,b)) = W− ⊕Wu ⊕Wv ⊕ Uπ,
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is an orthogonal direct sum. The orthogonality of W−, Wu, and Wv is the same as in the

odd case. Also W− is orthogonal to Uπ, because each di�erence vector has coordinate sum

zero on the corresponding pair and has no support on u or v. If x =
∑

i ciαi ∈ Wu, then

⟨x,1U⟩ = 2
∑
i

ci = 0,

and x is orthogonal to eu, ev and 1V ; similarly Wv ⊥ Uπ. Since

dimW− + dimWu + dimWv + dimUπ = (a+ b) + (a− 1) + (b− 1) + 4 = 2a+ 2b+ 2,

their orthogonal sum is the whole space RV (G2m+2(a,b)). Thus the remaining eigenvalues

are obtained from the action of S on Uπ.

Consider the partition

C1 = {u}, C2 = {v}, C3 = U, C4 = V.

This is an equitable partition of S. Let Q be the corresponding quotient matrix. Then

Q =



0
1√
dudv

2a√
2du

0

1√
dudv

0 0
2b√
2dv

1√
2du

0
1

2
0

0
1√
2dv

0
1

2


.

Let ∆ = diag(1, 1, 2a, 2b). Then Q is similar to the symmetric matrix

B = ∆1/2Q∆−1/2 =



0
1√
dudv

√
a

du
0

1√
dudv

0 0

√
b

dv√
a

du
0

1

2
0

0

√
b

dv
0

1

2


.

We compute the determinant in detail. Again set

η = µ− 1

2
.

For µ ̸= 1
2
, applying Lemma 2.2 to the lower-right diagonal block ηI2 of µI −B yields

det(µI −B) = η2 det

µ− a

duη
− 1√

dudv

− 1√
dudv

µ− b

dvη


= η2

[(
µ− a

duη

)(
µ− b

dvη

)
− 1

dudv

]
=

1

dudv

[
(duµη − a)(dvµη − b)− η2

]
.
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Since du = 2a+ 1 and dv = 2b+ 1, we have

dudv = 4ab+ 2a+ 2b+ 1, dub+ dva = 4ab+ a+ b.

Therefore

det(µI −B) =
1

(2a+ 1)(2b+ 1)

[
(2a+ 1)(2b+ 1)µ2

(
µ− 1

2

)2

− (4ab+ a+ b)µ

(
µ− 1

2

)
+ ab−

(
µ− 1

2

)2]
=

µ− 1

4(2a+ 1)(2b+ 1)

(
4(2a+ 1)(2b+ 1)µ3

− (12ab+ 2a+ 2b+ 3)µ+ (1− 4ab)
)
.

Again, since both sides are polynomials, the identity holds for all µ. Hence the eigen-

values of Q are

1, µ1, µ2, µ3,

where µ1, µ2, µ3 are the three roots of

4(2a+ 1)(2b+ 1)µ3 − (12ab+ 2a+ 2b+ 3)µ+ (1− 4ab) = 0.

Again, by Lemma 2.4, Spec(Q) ⊆ Spec(S). Since (a+b)+(a+b−2)+4 = 2a+2b+2 =

|V (G2m+2(a, b))|, these eigenvalues account for all eigenvalues of S. Thus

Spec(S(G2m+2(a, b))) =
{
1(1),

(1
2

)(a+b−2)

,
(
−1

2

)(a+b)

, µ
(1)
1 , µ

(1)
2 , µ

(1)
3

}
.

Therefore

Spec(L(G2m+2(a, b))) =
{
0(1),

(1
2

)(a+b−2)

,
(3
2

)(a+b)

, λ
(1)
1 , λ

(1)
2 , λ

(1)
3

}
,

where λi = 1− µi for i = 1, 2, 3.

Lemma 4.2. Let n ≥ 6 be even, and let G2m+2(a, b) be the graph de�ned above. Then

ρ(L(G2m+2(a, b))) <
3

2
+

1

n+ 1
.

Proof. By Proposition 4.1(ii), the eigenvalues of S di�erent from −1/2 are precisely the

three roots of

P (µ) = 4(2a+ 1)(2b+ 1)µ3 − (12ab+ 2a+ 2b+ 3)µ+ (1− 4ab),

where a, b ≥ 1 and n = 2a+ 2b+ 2.

Since P
(
−1

2

)
= 2 > 0 and P (µ) → −∞(µ → −∞), the polynomial P has a root in

(−∞,−1/2). Moreover,

P ′(µ) = 12(2a+ 1)(2b+ 1)µ2 − (12ab+ 2a+ 2b+ 3).
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Thus, for µ ≤ −1/2,

P ′(µ) ≥ 3(2a+ 1)(2b+ 1)− (12ab+ 2a+ 2b+ 3) = 4(a+ b) > 0.

Hence P is strictly increasing on (−∞,−1/2], and therefore it has a unique root

µ1 ∈ (−∞,−1/2).

Since the other eigenvalue −1/2 has multiplicity a+ b, it follows that µmin(S) = µ1.

Set µ0 = −1
2
− 1

n+1
. It su�ces to prove µ1 > µ0, because then

ρ(L(G2m+2(a, b))) = 1− µmin(S) < 1− µ0 =
3

2
+

1

n+ 1
.

Now

n+ 1 = 2(a+ b) + 3,

and substituting µ0 = −1
2
− 1

n+1
into P , we obtain

P (µ0) =
8(−6a2b− 6ab2 − 11ab+ 2a+ 2b+ 4)

(2a+ 2b+ 3)3
.

Let s = a+ b. Since a, b ≥ 1, we have ab ≥ a+ b− 1 = s− 1. Therefore

−6a2b− 6ab2 − 11ab+ 2a+ 2b+ 4 =− ab(6s+ 11) + 2s+ 4

≤− (s− 1)(6s+ 11) + 2s+ 4

=− 6s2 − 3s+ 15 < 0,

because s ≥ 2. Hence P (µ0) < 0 < P
(
−1

2

)
. Since P is strictly increasing on (−∞,−1/2],

its unique root µ1 in (−∞,−1/2) satis�es µ0 < µ1 < −1
2
. Thus µmin(S) = µ1 > µ0, and

consequently

ρ(L(G2m+2(a, b))) = 1− µmin(S) < 1− µ0 =
3

2
+

1

n+ 1
.

This completes the proof.

Fig. 3. The structure of a graph G ∈ Gn in Case 2 of Lemma 4.3

Lemma 4.3. Let G ∈ Gn be a non-bipartite graph. Then the spectral radius of its nor-

malized Laplacian matrix satis�es ρ(L(G)) ≥ 3
2
.



162 s. ou, z. qiu and z. tang

Proof. We distinguish two cases.

Case 1. There exists an edge xy ∈ E(G) such that d(x) = d(y) = 2.

De�ne g on V (G) by

g(x) = 1, g(y) = −1, g(z) = 0 for all z ∈ V (G) \ {x, y}.

Then ∑
ij∈E(G)

(gi − gj)
2 = (1− (−1))2 + (1− 0)2 + (−1− 0)2 = 6,

and ∑
i∈V (G)

d(i)g2i = 2 · 12 + 2 · (−1)2 = 4.

Hence by Eq. (3)

ρ(L(G)) ≥ 6

4
=

3

2
.

Case 2. There is no edge xy ∈ E(G) such that d(x) = d(y) = 2.

Since G ∈ Gn, the graph G has the form shown in Figure 3, where a, b ≥ 0, s ≥ 0, and

k, t ≥ 0. Here w1, . . . , ws are the common neighbors of u and v of degree 2, there are a

leaves adjacent to u, b leaves adjacent to v, and k pendant paths of length 2 attached

to u, t pendant paths of length 2 attached to v. Moreover, e ∈ {0, 1} indicates whether

uv ∈ E(G).

Since G is non-bipartite, it contains an odd cycle. Under the assumption of Case 2,

this forces e = 1 and s ≥ 1.

Now de�ne g on V (G) by

g(u) = −1, g(x) = 1 for all x ∈ N(u) \ {v}, g(z) = 0 for all remaining vertices z.

Then ∑
ij∈E(G)

(gi − gj)
2 = 4a+ 5s+ 5k + 1,

and ∑
i∈V (G)

d(i)g2i = 2a+ 3s+ 3k + 1.

Therefore by Eq. (3)

ρ(L(G)) ≥ 4a+ 5s+ 5k + 1

2a+ 3s+ 3k + 1
.

It remains to verify that 4a+5s+5k+1
2a+3s+3k+1

≥ 3
2
, is equivalent to 2a+s+k−1 ≥ 0. Since a ≥ 0,

k ≥ 0, and s ≥ 1, the above inequality holds. Hence ρ(L(G)) ≥ 3
2
.

Combining the two cases, we conclude that ρ(L(G)) ≥ 3
2
.

Lemma 4.4. Let G be an extremal graph in Gn, and let u and v be the two vertices of G

whose degrees are greater than 2. Then G contains no u�v path of length 3.
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Proof. Suppose, to the contrary, that G contains a u�v path of length 3, denoted by

u − x − y − v. Since u and v are the only vertices of degree greater than 2, we have

d(x) = d(y) = 2.

Let W = {u, x, y, v}. Set

α =
1√

d(u)d(x)
=

1√
2d(u)

, γ =
1√

d(v)d(y)
=

1√
2d(v)

,

and

ε =


1√

d(u)d(v)
, uv ∈ E(G),

0, uv /∈ E(G).

With respect to the vertex order u, x, y, v, the principal submatrix of S indexed by W

is

S[W ] =


0 α 0 ε

α 0 1
2

0

0 1
2

0 γ

ε 0 γ 0

 ,

which includes the possible additional entries corresponding to the edge uv.

Consider the vector

z = (2α,−1, 1,−2γ)T .

Using the nonzero entries of S[W ], we get

zTS[W ]z = 2α(2α)(−1) + 2 · 1
2
(−1)(1) + 2γ(1)(−2γ) + 2ε(2α)(−2γ)

= −(1 + 4α2 + 4γ2 + 8αγε),

and

zTz = (2α)2 + (−1)2 + 12 + (−2γ)2 = 2 + 4α2 + 4γ2.

Since ε ≥ 0, we have

zTS[W ]z

zTz
= −1 + 4α2 + 4γ2 + 8αγε

2 + 4α2 + 4γ2
≤ −1 + 4α2 + 4γ2

2 + 4α2 + 4γ2
< −1

2
.

Therefore, by the Rayleigh�Ritz principle,

µmin(S[W ]) ≤ −1 + 4α2 + 4γ2 + 8αγε

2 + 4α2 + 4γ2
< −1

2
.

By Lemma 2.1,

µmin(S) ≤ µmin(S[W ]) ≤ −1 + 4α2 + 4γ2 + 8αγε

2 + 4α2 + 4γ2
.

Since L(G) = I − S, it follows that

ρ(L(G)) = 1− µmin(S) ≥ 1 +
1 + 4α2 + 4γ2 + 8αγε

2 + 4α2 + 4γ2
≥ 1 +

1 + 4α2 + 4γ2

2 + 4α2 + 4γ2
.
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Set s = α2 + γ2.

ρ(L(G)) ≥ 1 +
1 + 4s

2 + 4s
=

3

2
+

s

1 + 2s
.

Moreover, since d(x) = d(y) = 2, the vertex x is not adjacent to v and the vertex y is

not adjacent to u. Hence d(u) ≤ n− 2 and d(v) ≤ n− 2. It follows that

s =
1

2d(u)
+

1

2d(v)
≥ 1

2(n− 2)
+

1

2(n− 2)
=

1

n− 2
.

As the function f(t) = t
1+2t

is strictly increasing on (0,∞), we obtain

ρ(L(G)) ≥ 3

2
+

1/(n− 2)

1 + 2/(n− 2)
=

3

2
+

1

n
>

3

2
+

1

n+ 1
.

If n is odd, then by Proposition 4.1(i), ρ(L(G2m+3(a, b))) = 3
2
. If n is even, then by

Lemma 4.2, ρ(L(G2m+2(a, b))) <
3
2
+ 1

n+1
. In either case, the inequality above contradicts

the extremality of G. Therefore, G contains no u�v path of length 3.

Lemma 4.5. Let G be an extremal graph in Gn, and let u and v be the two vertices of

G whose degrees are greater than 2. If x is a pendant vertex of G, then x is adjacent to

either u or v.

Proof. Suppose, to the contrary, that there exists a pendant vertex x which is adjacent

to neither u nor v. Let y be the unique neighbor of x. Since y ̸= u, v and u, v are the only

vertices of G whose degrees are greater than 2, we have d(y) ≤ 2. On the other hand, as

G is connected and x is pendant vertex, the vertex y has a neighbor other than x. Hence

d(y) = 2.

Now de�ne f ∈ RV (G) by

f(w) =


1, w = x,

−1, w = y,

0, otherwise.

Then f ̸= 0, and since d(x) = 1, d(y) = 2, and xy ∈ E(G), by Eq. (2), we have

µmin(S) ≤
fTSf

fT f
=

2Sxyf(x)f(y)

2
= − 1√

d(x)d(y)
= −

√
2

2
.

Therefore, by Eq. (1),

ρ(L(G)) = 1− µmin(S) ≥ 1 +

√
2

2
.

If n is odd, then by Proposition 4.1(i), ρ(L(G2m+3(a, b))) =
3
2
< 1 +

√
2
2
. If n is even,

then by Lemma 4.2, ρ(L(G2m+2(a, b))) <
3
2
+ 1

n+1
< 1 +

√
2
2
, since n ≥ 6. In either case,

we obtain

ρ(L(G)) > ρ(L(Gn(a, b))),
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contradicting the extremality of G. Hence every pendant vertex of G must be adjacent

to either u or v.

Lemma 4.6. Let G be an extremal graph in Gn, and let u and v be the two vertices of

G whose degrees are greater than 2. If z is a vertex of degree 2 with N(z) = {x, y}, then
xy ∈ E(G). Moreover, the triangle containing z contains at least one of u and v.

Proof. Suppose, to the contrary, that there exists a vertex z of degree 2 which does not

lie in any triangle. Let

W = {w ∈ V (G) : d(w) = 2},

and let H be the connected component of G[W ] containing z.

Since every vertex of H has degree at most 2 in H, the graph H is either a path or

a cycle. It cannot be a cycle, for otherwise every vertex of H would already have two

neighbors in H, and hence no vertex of H could have a neighbor outside H. Thus H

would be a connected component of G, contrary to the connectedness of G. Therefore H

is a path. Write

H = p1p2 · · · pr,

where r ≥ 1 and z ∈ V (H).

Let p be an endpoint of H, and let q /∈ V (H) be a neighbor of p. Since q /∈ W , we

have d(q) ̸= 2. If d(q) = 1, then q is a pendant vertex adjacent to p, which is impossible

by Lemma 4.5, because every pendant vertex is adjacent to either u or v, while d(p) = 2.

Hence d(q) > 2, so q ∈ {u, v}. Consequently, every neighbor of an endpoint of H outside

H belongs to {u, v}.
We now distinguish three cases.

Case 1. r ≥ 3.

Since H is a connected component of G[W ], there is no edge between nonconsecutive

vertices of p1, . . . , pr. Hence p1p2 · · · pr is an induced path in G, and d(pi) = 2 for all i.

By Lemma 3.4,

ρ(L(G)) ≥ 1 + cos
π

r + 1
≥ 1 + cos

π

4
= 1 +

√
2

2
.

If n is odd, then Proposition 4.1(i) gives ρ(L(G2m+3(a, b))) = 3
2
. If n is even, then

Lemma 4.2 gives

ρ(L(G2m+2(a, b))) <
3

2
+

1

n+ 1
< 1 +

√
2

2
,

because n ≥ 6. In either case, this contradicts the extremality of G.

Case 2. r = 2.

Let H = p1p2. Let a and b be the neighbors of p1 and p2 outside H, respectively. By

the previous paragraph, a, b ∈ {u, v}. If a = b, then ap1p2a is a triangle, contrary to the

choice of z. Hence a ̸= b, and therefore {a, b} = {u, v}. Thus u − p1 − p2 − v is a u�v

path of length 3, contradicting Lemma 4.4.

Case 3. r = 1.
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Then H = {z}. Both neighbors of z lie outside W , and by the above argument they

belong to {u, v}. Since G is simple, these two neighbors are distinct, so

N(z) = {u, v}.

Because z does not lie in a triangle, we must have uv /∈ E(G).

We now justify that this local conclusion determines the structure of all components of

G[W ]. Let H ′ be an arbitrary connected component of G[W ]. As above, H ′ cannot be a

cycle; otherwise H ′ would have no edge to V (G) \ W , and hence would be a connected

component of G. Thus

H ′ = q1q2 · · · qt,

is a path. If p is an endpoint of H ′ and r /∈ V (H ′) is the other neighbor of p, then r /∈ W .

The vertex r cannot be pendant, because Lemma 4.5 says that every pendant vertex is

adjacent to u or v, whereas p has degree 2. Hence d(r) > 2, and so r ∈ {u, v}. Thus every
component of G[W ] is a path whose endpoints are attached only to vertices in {u, v}.
The case t ≥ 3 is impossible by the same induced-path argument used in Case 1. If

t = 2, say H ′ = q1q2, then the endpoint attachments cannot be di�erent vertices of {u, v},
for otherwise u−q1−q2−v or v−q1−q2−u would be a u�v path of length 3, contradicting

Lemma 4.4. Hence both endpoints of H ′ are attached to the same one of u and v, and H ′

is exactly the pair of non-central vertices in a triangle attached to u or to v. If t = 1, then

the unique vertex of H ′ has both its neighbors outside W ; by the preceding paragraph

these two neighbors are precisely u and v. Thus every one-vertex component of G[W ] is

a common neighbor of u and v.

There are no further edges among the vertices just described. Indeed, an edge between

two distinct components of G[W ] would merge them into one component; an additional

edge incident with a degree-2 vertex would contradict its degree; and every pendant vertex

has only its unique incident edge. The only possible additional edge among the attachment

vertices is uv, but uv /∈ E(G) in the present case. By Lemma 4.5, every pendant vertex

of G is adjacent to u or v. Consequently, G has the following structure: there are s ≥ 1

common neighbors of u and v, a ≥ 0 triangles attached to u, b ≥ 0 triangles attached to

v, and m ≥ 0 pendant vertices adjacent to u or v, with uv /∈ E(G). Therefore

n = 2 + s+ 2(a+ b) +m.

De�ne g ∈ RV (G) by

g(w) =



1, w ∈ {u, v},
−1, w is a common neighbor of u and v,

−1
2
, w is a degree-2 vertex in a triangle attached to u or v,

−1, w is a pendant vertex adjacent to u or v,

0, otherwise.

By the structure described above and by the de�nition of g, the numerator in the
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Rayleigh quotient (3) is

∑
xy∈E(G)

(g(x)− g(y))2 = s[(1 + 1)2 + (1 + 1)2] + (a+ b)

[
2

(
1 +

1

2

)2

+

(
−1

2
+

1

2

)2
]

+m(1 + 1)2 = 8s+
9

2
(a+ b) + 4m.

For the denominator, let mu and mv be the numbers of pendant vertices adjacent to u

and v, respectively. Then we have

m = mu +mv,

d(u) + d(v) = (s+ 2a+mu) + (s+ 2b+mv) = 2s+ 2(a+ b) +m,

and ∑
x∈V (G)

d(x)g(x)2 = (d(u) + d(v)) + 2s+ (a+ b) +m

= (2s+ 2(a+ b) +m) + 2s+ (a+ b) +m

= 4s+ 3(a+ b) + 2m.

Hence, by Eq. (3),

ρ(L(G)) ≥
8s+ 9

2
(a+ b) + 4m

4s+ 3(a+ b) + 2m
=

3

2
+

2s+m

4s+ 3(a+ b) + 2m
.

Using n = 2 + s+ 2(a+ b) +m, we obtain

4s+ 3(a+ b) + 2m =
5

2
s+

1

2
m+

3

2
n− 3.

Therefore

ρ(L(G)) ≥ 3

2
+

2s+m
5
2
s+ 1

2
m+ 3

2
n− 3

.

Moreover,

2(2s+m)(n+ 1)− (5s+m+ 3n− 6) = s(4n− 1) +m(2n+ 1)− 3n+ 6 ≥ n+ 5 > 0,

since s ≥ 1, m ≥ 0, and n ≥ 6. Thus

2s+m
5
2
s+ 1

2
m+ 3

2
n− 3

>
1

n+ 1
,

and hence

ρ(L(G)) >
3

2
+

1

n+ 1
.

If n is odd, then Proposition 4.1(i) gives ρ(L(G2m+3(a, b))) = 3
2
. If n is even, then

Lemma 4.2 gives ρ(L(G2m+2(a, b))) < 3
2
+ 1

n+1
. In either case, this contradicts the ex-

tremality of G.

We have proved that every vertex of degree 2 in G lies in a triangle. Therefore, if z is

a vertex of degree 2 and N(z) = {x, y}, then the triangle containing z must use its two

neighbors x and y. Hence xy ∈ E(G).
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It remains to locate this triangle. Let ∆ be any triangle containing a degree-2 vertex.

If neither u nor v belongs to ∆, then all three vertices of ∆ have degree at most 2. Since

each of them already has two neighbors inside ∆, all three have degree exactly 2 in G and

no neighbor outside ∆. Thus ∆ would be a connected component of G, contrary to the

connectedness of G. Hence every triangle containing a degree-2 vertex contains at least

one of u and v. The proof is complete.

Lemma 4.7. Let G be an extremal graph in Gn. Then δ(G) ≥ 2.

Proof. Suppose, to the contrary, that G contains a pendant vertex. Let u and v be the

two vertices of G whose degrees are greater than 2. By Lemma 4.6, every vertex of degree

2 lies in a triangle containing u or v. Hence G has the following structure: there are

s ≥ 0 common neighbors of u and v, t ≥ 0 pendant vertices adjacent to u, r ≥ 0 pendant

vertices adjacent to v, a ≥ 0 triangles attached to u, and b ≥ 0 triangles attached to v;

moreover, possibly uv ∈ E(G). Let e ∈ {0, 1} indicate whether uv ∈ E(G), that is, e = 1

if uv ∈ E(G), and e = 0 otherwise. Then n = 2 + s+ t+ r + 2a+ 2b, and

d(u) = e+ s+ t+ 2a =: du, d(v) = e+ s+ r + 2b =: dv.

Assume �rst that t ≥ 1, the case r ≥ 1 is symmetric. De�ne x ∈ RV (G) by

x(z) =



1, z = u,

− 2√
du

, z is a pendant vertex adjacent to u,

−
√

2

du
, z ∈ N(u) ∩N(v),

− 1√
2du

, z ∈ {xi, yi} for some triangle ∆(u, xi, yi) attached to u,

0, otherwise.

For the vector x de�ned above, its squared norm is

∥x∥2 = 1 + t
4

du
+ s

2

du
+ 2a

1

2du

=
du + 4t+ 2s+ a

du
=

e+ 3s+ 3a+ 5t

du
.

Using x(v) = 0, so that the edge uv, if present, gives no term, we also obtain

xTSx = 2
∑

pq∈E(G)

x(p)x(q)√
d(p)d(q)

= t

(
2 · 1(−2/

√
du)√

du

)
+ s

(
2 ·

1(−
√
2/du)√
2du

)

+ 2a

(
2 · 1(−1/

√
2du)√

2du

)
+ a

(
2 · (−1/

√
2du)

2

2

)
+ 0

= −
4t+ 2s+ 3

2
a

du
= −1

2
∥x∥2−s+ 3t− e

2du
,
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Hence
xTSx

∥x∥2
= −1

2
− s+ 3t− e

2(e+ 3s+ 3a+ 5t)
.

Therefore

µmin(S) ≤ −1

2
−∆u, ∆u =

s+ 3t− e

2(e+ 3s+ 3a+ 5t)
> 0.

Here ∆u is positive because t ≥ 1, e ≤ 1, and

s+ 3t− e ≥ 3− 1 = 2 > 0, e+ 3s+ 3a+ 5t > 0.

By Eq. (1), we obtain

ρ(L(G)) ≥ 3

2
+ ∆u.

Similarly, if r ≥ 1, then

ρ(L(G)) ≥ 3

2
+ ∆v, ∆v =

s+ 3r − e

2(e+ 3s+ 3b+ 5r)
> 0.

This is obtained by the same construction with the roles of u, t, a and v, r, b interchanged.

Hence, whenever G contains a pendant vertex

ρ(L(G)) ≥ 3

2
+ max{∆u,∆v}.

We now distinguish two cases.

Case 1. n is odd. By Proposition 4.1(i), ρ(L(G2m+3(a, b))) =
3
2
. Thus, if G has pendant

vertices, then

ρ(L(G)) >
3

2
= ρ(L(G2m+3(a, b))).

This contradicts the extremality of G.

Case 2. n is even. We show that ρ(L(G)) ≥ 3
2
+ 1

n+1
, contradicting Lemma 4.2. We

distinguish two subcases.

Subcase 2.1. All pendant vertices are adjacent to the same one of u and v.

Without loss of generality, assume that t ≥ 1 and r = 0. Then s+ t ≡ 0 (mod 2), since

n = 2 + s+ t+ 2a+ 2b is even. Moreover, d(v) = e+ s+ 2b > 2.

If s = 0, then t is even, and hence t ≥ 2. Also, since s = 0 and r = 0, connectedness

forces e = 1, and d(v) = 1 + 2b > 2 gives b ≥ 1. From

n = 2 + t+ 2a+ 2b,

we obtain

2(1 + 3a+ 5t) = 3n− 4 + 7t− 6b.

Hence

∆u =
3t− 1

3n− 4 + 7t− 6b
.
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To compare this with 1/(n+ 1), note that the denominator is positive and

(3t− 1)(n+ 1)− (3n− 4 + 7t− 6b) = (6t− 8)a+ (6t− 2)b+ 3t2 − 2t− 5

≥ (6t− 2) + 3t2 − 2t− 5

= 3t2 + 4t− 7 > 0,

where we used n = 2 + t+ 2a+ 2b, a ≥ 0, b ≥ 1, and t ≥ 2. It follows that

∆u >
1

n+ 1
.

Now assume that s ≥ 1. Let

N = s+ 3t− e, D = 2(e+ 3s+ 3a+ 5t),

so that ∆u = N/D. Since s + t is even and s, t ≥ 1, either (s, t) = (1, 1) or s + t ≥ 4.

Using

a =
n− 2− s− t− 2b

2
,

we have

D = 3n− 6 + 2e+ 3s+ 7t− 6b.

If (s, t) = (1, 1), then

N(n+ 1)−D =

{
n+ 6b, e = 0,

6b− 3, e = 1.

In the second line d(v) = 1+1+2b > 2, so b ≥ 1; hence N(n+1)−D > 0. If s+ t ≥ 4,

then N − 3 = s+ 3t− e− 3 > 0, and the expression

N(n+ 1)−D,

can be estimated directly

N(n+ 1)−D = (s+ 3t− e− 3)n− 2s− 4t+ 6− 3e+ 6b

≥ (s+ 3t− 4)n− 2s− 4t+ 3

≥ 6(s+ 3t− 4)− 2s− 4t+ 3

= 4s+ 14t− 21 > 0.

Here we used e ≤ 1, b ≥ 0, n ≥ 6, and the fact that s, t ≥ 1 with s + t ≥ 4. Thus

N(n+ 1) > D in all cases, and so

∆u >
1

n+ 1
.

In either case,

ρ(L(G)) ≥ 3

2
+ ∆u >

3

2
+

1

n+ 1
.

Subcase 2.2. Pendant vertices are adjacent to both u and v.
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Assume that t ≥ 1, r ≥ 1. For �xed s, e, a, the function

f(t) =
s+ 3t− e

2(e+ 3s+ 3a+ 5t)
,

is increasing, since its derivative has numerator

3(e+ 3s+ 3a+ 5t)− 5(s+ 3t− e) = 8e+ 4s+ 9a ≥ 0.

Therefore t ≥ 1 implies the following lower bound for ∆u. Similarly, using r ≥ 1 gives

the corresponding lower bound for ∆v. Then

∆u ≥ s+ 3− e

2(e+ 3s+ 3a+ 5)
, ∆v ≥

s+ 3− e

2(e+ 3s+ 3b+ 5)
.

Taking the average of these two lower bounds, and using

1

X
+

1

Y
≥ 4

X + Y
(X, Y > 0),

we obtain

max{∆u,∆v} ≥ ∆u +∆v

2
≥ s+ 3− e

2e+ 6s+ 3(a+ b) + 10
.

Since n = 2 + s+ t+ r + 2a+ 2b ≥ 4 + s+ 2a+ 2b, we have

a+ b ≤ n− s− 4

2
.

Therefore

max{∆u,∆v} ≥ s+ 3− e

2e+ 6s+ 3
2
(n− s− 4) + 10

=
2(s+ 3− e)

4e+ 9s+ 3n+ 8
.

For even n ≥ 8, the last expression is decreasing when e changes from 0 to 1, and for

each �xed e it is increasing in s. Hence its minimum is attained at e = 1 and s = 0. Thus

max{∆u,∆v} ≥ 4

3(n+ 4)
.

If n ≥ 8, then
4

3(n+ 4)
≥ 1

n+ 1
.

It remains to consider the boundary case n = 6, because the preceding estimate uses

n ≥ 8. Then 6 = 2 + s + t + r + 2a + 2b, and hence s + t + r + 2a + 2b = 4. Since t ≥ 1

and r ≥ 1, we have a+ b ≤ 1.

We �rst show that e = 1. Suppose, to the contrary, that e = 0. Then, in order for G to

be connected, we must have s ≥ 1; otherwise the graph would split into two components,

one containing u and the other containing v. Let z ∈ N(u) ∩N(v). Then d(z) = 2, and

by Lemma 4.6 the vertex z lies in a triangle containing u or v. Since N(z) = {u, v}, this
is possible only if uv ∈ E(G), contradicting e = 0. Therefore e = 1.
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Next we claim that a = b = 0. Indeed, if a+ b = 1, then from

s+ t+ r + 2a+ 2b = 4,

it follows that

s+ t+ r = 2.

Together with t ≥ 1 and r ≥ 1, this yields

s = 0, t = r = 1.

Since a+ b = 1, one of a, b is equal to 0. But then one of

d(u) = 1 + s+ t+ 2a, d(v) = 1 + s+ r + 2b,

is equal to 2, contradicting the assumption that d(u), d(v) > 2. Hence a+ b = 0, that is,

a = b = 0.

Consequently,

s+ t+ r = 4,

and

∆u =
s+ 3t− 1

2(1 + 3s+ 5t)
, ∆v =

s+ 3r − 1

2(1 + 3s+ 5r)
.

Since t ≥ 1 and r ≥ 1, we have

∆u −
1

6
=

3(s+ 3t− 1)− (1 + 3s+ 5t)

6(1 + 3s+ 5t)
=

4(t− 1)

6(1 + 3s+ 5t)
≥ 0,

and similarly

∆v −
1

6
=

3(s+ 3r − 1)− (1 + 3s+ 5r)

6(1 + 3s+ 5r)
=

4(r − 1)

6(1 + 3s+ 5r)
≥ 0.

Therefore

max{∆u,∆v} ≥ 1

6
>

1

7
=

1

n+ 1
.

Hence, in this case,

ρ(L(G)) ≥ 3

2
+ max{∆u,∆v} >

3

2
+

1

n+ 1
.

Combining the two subcases, we have

ρ(L(G)) ≥ 3

2
+

1

n+ 1
.

Subcase 2.1 gives a strict inequality. In Subcase 2.2, equality can occur only in the

boundary estimate, and the non-strict bound already su�ces for the comparison with the

even-order candidate below. By Lemma 4.2,

ρ(L(G2m+2(a, b))) <
3

2
+

1

n+ 1
,

again contradicting the extremality of G.

Therefore G contains no pendant vertex. That is δ(G) ≥ 2.
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Lemma 4.8. Let G be an extremal graph in Gn, and let u and v be the two vertices of G

whose degrees are greater than 2. If every vertex in V (G) \ {u, v} has degree 2 and lies in

a triangle containing u or v, then

|N(u) ∩N(v)|≤ 1.

In particular, G contains no 4-cycle.

Proof. Set s = |N(u)∩N(v)|. We prove that s ≤ 1. Suppose, to the contrary, that s ≥ 2.

Since every common neighbor of u and v has degree 2 and lies in a triangle containing u

or v, it follows that uv ∈ E(G). Let U be the set of all degree-2 vertices lying in triangles

containing u but not adjacent to v, and let V be the set of all degree-2 vertices lying in

triangles containing v but not adjacent to u. Then

|U |= 2a, |V |= 2b,

where a, b ≥ 0, and let

C = N(u) ∩N(v), |C|= s.

Then

V (G) = {u, v} ∪ U ∪ V ∪ C,

and hence

n = 2 + 2a+ 2b+ s.

Moreover,

du := d(u) = 1 + 2a+ s, dv := d(v) = 1 + 2b+ s.

Consider the partition π = {{u}, {v}, U, V, C}, this is an equitable partition of S, then

the quotient matrix Q = (qij) is

Q =



0
1√
dudv

2a√
2du

0
s√
2du

1√
dudv

0 0
2b√
2dv

s√
2dv

1√
2du

0
1

2
0 0

0
1√
2dv

0
1

2
0

1√
2du

1√
2dv

0 0 0


.

Let

Dπ = diag(1, 1,
√
2a,

√
2b,

√
s),

again with the zero-size entries deleted. Since S is symmetric, the quotient row sums

satisfy |Pi|qij = |Pj|qji, where Pi denotes the i-th cell of π. Hence Q is diagonally similar
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to the symmetric matrix

B = DπQD−1
π =



0
1√
dudv

√
a

du
0

√
s

2du
1√
dudv

0 0

√
b

dv

√
s

2dv√
a

du
0

1

2
0 0

0

√
b

dv
0

1

2
0√

s

2du

√
s

2dv
0 0 0


.

By Lemma 2.4, the eigenvalues of Q, and hence those of B, are eigenvalues of S.

Therefore

µmin(S) ≤ λmin(B).

Consider the Rayleigh vector

y = (
√

du,
√

dv, −
√
a, −

√
b, −2

√
s)T .

Its squared norm is

yTy = du + dv + a+ b+ 4s = 2 + 3(a+ b) + 6s,

and

yTBy = 2
√

du
√

dv
1√
dudv

+ 2
√
du(−

√
a)

√
a

du
+ 2
√

dv(−
√
b)

√
b

dv

+ 2
√

du(−2
√
s)

√
s

2du
+ 2
√
dv(−2

√
s)

√
s

2dv
+

1

2
a+

1

2
b

= 2− 2a− 2b− 2
√
2 s− 2

√
2 s+

1

2
(a+ b)

= 2− 3

2
(a+ b)− 4

√
2 s.

Thus

RB(y) :=
yTBy

yTy
=

2− 3
2
(a+ b)− 4

√
2 s

2 + 3(a+ b) + 6s
.

We now distinguish the parity of n. Since

n = 2 + 2a+ 2b+ s,

the integers n and s have the same parity.

Case 1. n is odd. Then s is odd, and the assumption s ≥ 2 in fact gives s ≥ 3. The

weaker bound s ≥ 2 already su�ces. Indeed,

2− 3

2
(a+ b)− 4

√
2 s < −1

2
(2 + 3(a+ b) + 6s),
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is equivalent to

3 + (3− 4
√
2)s < 0,

which holds for all s ≥ 2. Hence

RB(y) < −1

2
.

Therefore

µmin(S) ≤ λmin(B) ≤ RB(y) < −1

2
,

and so

ρ(L(G)) = 1− µmin(S) >
3

2
.

This contradicts Proposition 4.1(i), since for odd n the extremal graph G2m+3(a, b)

satis�es ρ(L(G2m+3(a, b))) =
3
2
. Hence s ≤ 1 when n is odd.

Case 2. n is even. Then s is even. Under the assumption s ≥ 2, we have s ∈
{2, 4, . . . , n− 2}, and

a+ b =
n− 2− s

2
.

Substituting this into the preceding Rayleigh quotient gives

RB(y) = f(s) :=
(14− 3n) + (3− 16

√
2)s

2(3n− 2 + 9s)
.

Moreover,

f ′(s) =
(36− 48

√
2)n+ 32

√
2− 132

2(3n− 2 + 9s)2
< 0,

so f is strictly decreasing in s. Hence, for all admissible s ≥ 2,

RB(y) ≤ f(2) =
20− 3n− 32

√
2

2(3n+ 16)
.

Assume �rst that n ≥ 8. Then

f(2) +
1

2
+

1

n+ 1
=

(42− 32
√
2)n+ 68− 32

√
2

2(3n+ 16)(n+ 1)

< 0,

because this last inequality is equivalent to

(32
√
2− 42)n+ 32

√
2− 68 > 0,

which holds for all n ≥ 8. Consequently,

µmin(S) ≤ λmin(B) ≤ RB(y) ≤ f(2) < −1

2
− 1

n+ 1
,

and hence

ρ(L(G)) = 1− µmin(S) >
3

2
+

1

n+ 1
,

contradicting Lemma 4.2.
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It remains only to treat the exceptional even order n = 6. Since

6 = 2 + 2a+ 2b+ s, s ≥ 2,

and s is even, the only possibilities are

(s, a+ b) = (2, 1) or (s, a+ b) = (4, 0).

If (s, a+ b) = (2, 1), then by symmetry we may assume a = 1 and b = 0. Thus du = 5

and dv = 3. Take

y0 =

(
√
5,

5
√
3

3
,−1, 0,−3

√
2

)T

.

For this vector,

yT
0 y0 =

97

3
, yT

0 By0 =
11

6
− 16

√
2.

Therefore

RB(y0) =
11− 96

√
2

194
< − 9

14
,

and hence

µmin(S) ≤ λmin(B) ≤ RB(y0) < − 9

14
.

Thus

ρ(L(G)) = 1− µmin(S) >
3

2
+

1

7
.

If (s, a + b) = (4, 0), then a = b = 0. The nonempty cells are {u}, {v}, C, and the

corresponding symmetric quotient matrix is

B̃ =


0

1

5

2√
10

1

5
0

2√
10

2√
10

2√
10

0

 .

Its characteristic polynomial is

det(xI − B̃) = (x− 1)

(
x+

1

5

)(
x+

4

5

)
,

and hence λmin(B̃) = −4
5
. Thus

µmin(S) ≤ −4

5
,

which gives

ρ(L(G)) ≥ 1 +
4

5
>

3

2
+

1

7
.

Therefore, for every even n ≥ 6, the assumption s ≥ 2 implies

ρ(L(G)) >
3

2
+

1

n+ 1
,
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contradicting Lemma 4.2. Hence s ≤ 1 also in the even case.

Combining the two cases, we have |N(u) ∩N(v)|= s ≤ 1. In particular, G contains no

4-cycle. Indeed, two distinct common neighbors w1, w2 ∈ N(u)∩N(v) would form a cycle

u− w1 − v − w2 − u. This completes the proof.

Theorem 4.9. Let n = 2m+3 ≥ 7 be odd. Then min{ρ(L(G)) : G ∈ Gn} = 3
2
. Moreover,

the extremal graphs are exactly the graphs G2m+3(a, b) de�ned by the parameters a, b ≥ 1

satisfying

a+ b =
n− 3

2
.

As a and b vary, these extremal graphs need not form a single isomorphism class.

Proof. By Lemma 4.3, ρ(L(G)) ≥ 3
2
for every graph G ∈ Gn. Hence

3
2
is a lower bound

for min{ρ(L(G)) : G ∈ Gn}.
Next we show that this bound is attained. Let G2m+3(a, b) be the graph de�ned above,

where a, b ≥ 1 and a+ b = n−3
2
. By Proposition 4.1(i),

Spec(L(G2m+3(a, b))) =

{
0(1),

(
1

2

)(a+b−2)

,

(
3

2

)(a+b+2)

, λ
(1)
− , λ

(1)
+

}
,

where λ± = 1
2
± 1

2

√
ab

(a+1)(b+1)
. Since a, b ≥ 1, we have 0 < λ− < 1

2
< λ+ < 1. Therefore,

ρ(L(G2m+3(a, b))) =
3
2
. Consequently,

min{ρ(L(G)) : G ∈ Gn} =
3

2
.

It remains to prove the classi�cation statement. Let G be an extremal graph in Gn such

that

ρ(L(G)) =
3

2
.

Let u and v be the two vertices of G whose degrees are greater than 2. By Lemma 4.7,

we have

δ(G) ≥ 2.

Hence every vertex in V (G) \ {u, v} has degree 2. By Lemma 4.6, every such vertex

lies in a triangle containing u or v. Moreover, by Lemma 4.8,

|N(u) ∩N(v)|≤ 1.

Let C = N(u)∩N(v). Let U and V denote the sets of degree-2 vertices lying in triangles

containing u and v, respectively, but not belonging to C. Then |U |= 2a and |V |= 2b for

some integers a, b ≥ 0, and V (G) = {u, v}∪U ∪V ∪C. Hence n = 2+2a+2b+ |C|. Since
n is odd and 2 + 2a + 2b is even, it follows that |C| is odd. On the other hand, |C|≤ 1.

Therefore, |C|= 1. Let C = {w}.
Now w is a degree-2 vertex adjacent to both u and v. Since every degree-2 vertex lies

in a triangle containing u or v, the vertex w must lie in a triangle. As N(w) = {u, v},
this is possible only if uv ∈ E(G). Thus uvw is a triangle.
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Therefore, G consists of the triangle uvw, together with a triangles attached to u and

b triangles attached to v. Since u and v are the only vertices of degree greater than 2, we

must have

a, b ≥ 1.

Hence

G ∼= G2m+3(a, b), a+ b =
n− 3

2
.

Conversely, the preceding attainment argument shows that every graph G2m+3(a, b)

with a, b ≥ 1 and a+ b = (n− 3)/2 is extremal. Thus the odd-order result is a complete

classi�cation of all extremal graphs, not a claim that there is only one isomorphism class.

This completes the proof.

Theorem 4.10. Let n = 2m+ 2 ≥ 6 be even, and set

a∗ =
⌊m
2

⌋
, b∗ =

⌈m
2

⌉
.

Then

min{ρ(L(G)) : G ∈ Gn} = 1− µ1(a
∗, b∗) >

3

2
.

Moreover, the minimum is attained uniquely up to isomorphism by

Gn(a
∗, b∗) = G2m+2(a

∗, b∗),

where µ1(a, b) denotes the unique real root in (−∞,−1/2) of

P (µ) = 4(2a+ 1)(2b+ 1)µ3 − (12ab+ 2a+ 2b+ 3)µ+ (1− 4ab) = 0.

Proof. Let G be an extremal graph in Gn, that is,

ρ(L(G)) = min{ρ(L(G)) : G ∈ Gn}.

Let u and v be the two vertices of G whose degrees are greater than 2. By Lemma 4.7,

G has no pendant vertex. By Lemma 4.6, every vertex of degree 2 lies in a triangle, and

every such triangle contains at least one of u and v. By Lemma 4.8,

|N(u) ∩N(v)|≤ 1.

Since n is even and every vertex in V (G) \ {u, v} has degree 2, the number n − 2 of

degree-2 vertices is even. If |N(u) ∩ N(v)|= 1, let N(u) ∩ N(v) = {w}, then w must lie

in a triangle containing u and v. Since N(w) = {u, v}, this is possible only if uv ∈ E(G),

so that uvw is a triangle. But then all remaining degree-2 vertices occur in disjoint

pairs as the two non-central vertices of triangles attached to u or v, which would give

n = 3 + 2a+ 2b for some integers a, b ≥ 0, contradicting the parity of n. Therefore

N(u) ∩N(v) = ∅.
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Since every degree-2 vertex lies in a triangle containing u or v, and there is no common

neighbor of u and v, every degree-2 vertex belongs either to a triangle attached to u or

to a triangle attached to v. As G is connected, we must have uv ∈ E(G). Hence

G ∼= G2m+2(a, b),

for some integers a, b ≥ 1, where

a+ b =
n− 2

2
.

By Proposition 4.1(ii),

Spec(L(G2m+2(a, b))) =

{
0(1),

(
1

2

)(a+b−2)

,

(
3

2

)(a+b)

, λ
(1)
1 , λ

(1)
2 , λ

(1)
3

}
,

where

λi = 1− µi (i = 1, 2, 3),

and µ1, µ2, µ3 are the three roots of

P (µ) = 4(2a+ 1)(2b+ 1)µ3 − (12ab+ 2a+ 2b+ 3)µ+ (1− 4ab) = 0.

Moreover, µ1 is the unique root in (−∞,−1/2), and therefore

ρ(L(G2m+2(a, b))) = 1− µ1 >
3

2
.

It remains to determine the choice of a and b minimizing ρ(L(G2m+2(a, b))). Since

ρ(L(G2m+2(a, b))) = 1− µ1,

this is equivalent to maximizing µ1.

Set

s = a+ b =
n− 2

2
, x = ab.

Then

(2a+ 1)(2b+ 1) = 4x+ 2s+ 1,

and the equation for µ1 becomes

P (µ, x) = 4(4x+ 2s+ 1)µ3 − (12x+ 2s+ 3)µ+ (1− 4x) = 0.

We justify carefully that the root used above may be followed as x varies. For integer

a, b ≥ 1 with a+ b = s, the product x = ab belongs to the interval

I =

[
s− 1,

s2

4

]
.

For every real x ∈ I, we have 4x+ 2s+ 1 > 0, and

P

(
−1

2
, x

)
= 2 > 0, lim

µ→−∞
P (µ, x) = −∞.
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Moreover, for every µ ≤ −1
2
,

∂P

∂µ
(µ, x) = 12(4x+2s+1)µ2− (12x+2s+3) ≥ 3(4x+2s+1)− (12x+2s+3) = 4s > 0.

Thus, for each x ∈ I, the function µ 7→ P (µ, x) is strictly increasing on (−∞,−1
2
], and

consequently P (µ, x) = 0 has a unique root in (−∞,−1
2
). Denote this root by µ1(x). At

this root,
∂P

∂µ
(µ1(x), x) > 0.

Hence the implicit function theorem applies locally at every point of the relevant in-

terval. Since the root in (−∞,−1
2
) is unique, these local branches agree, so µ1(x) is

di�erentiable on the relevant range, with

dµ1

dx
= −∂P/∂x

∂P/∂µ
at µ = µ1(x).

The x-derivative is

∂P

∂x
= 16µ3 − 12µ− 4 = 4(4µ3 − 3µ− 1) = 4(µ− 1)(2µ+ 1)2.

Since µ1(x) < −1
2
, we have

4(µ1(x)− 1)(2µ1(x) + 1)2 < 0.

Combining this with ∂P
∂µ
(µ1(x), x) > 0, we obtain

dµ1

dx
> 0.

Therefore µ1(x) is strictly increasing as x = ab increases under the constraint a + b =

s = n−2
2
. Hence minimizing ρ(L(G2m+2(a, b))) is equivalent to maximizing ab subject to

a+ b =
n− 2

2
.

By the elementary inequality for two numbers with �xed sum, the product ab is maximal

if and only if a and b di�er by at most 1. Therefore

|a− b|≤ 1.

For the �xed sum s = (n − 2)/2, this balanced condition determines the unordered

pair {a, b} uniquely: it is {s/2, s/2} when s is even and {(s− 1)/2, (s + 1)/2} when s is

odd. The ordered pairs (a, b) and (b, a) correspond to interchanging the two high-degree

vertices u and v, and hence de�ne isomorphic graphs. Thus the minimum is attained if

and only if

G ∼= G2m+2(a, b),

where in the de�nition of G2m+2(a, b) the integers a, b ≥ 1 satisfy

a+ b =
n− 2

2
, |a− b|≤ 1.

This completes the proof.
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