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On a class of graphs with equal identifying code

number and independence number
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abstract

For a �nite simple undirected graph G = (V,E), a subset C ⊆ V is called an identifying

code of G if the closed neighborhood of every vertex has a nonempty and unique inter-

section with C. The minimum cardinality of such a set is denoted by γID(G). In this

paper, we strengthen the previously known results of Nadimi Dafrazi and Vatandoost on

the identifying-code number of middle graphs, which were established for bipartite graphs

and certain other classes, by proving the exact value for every �nite simple graph G of

order at least one. By establishing a new lower bound, we show that the identifying-

code number of the middle graph M(G) is equal to its independence number; speci�cally,

γID(M(G)) = α(M(G)) = |V (G)|.
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1. Introduction

All graphs considered in this paper are non-empty, �nite, undirected, and simple. For

standard graph theory terminology not given here, we refer to [18]. For a simple graph

G = (V (G), E(G)), we denote the open neighbourhood and the closed neighbourhood of

a vertex v ∈ V (G) by NG(v) = {u ∈ V (G) | uv ∈ E(G)} and NG[v] = NG(v) ∪ {v},
respectively. We denote the minimum and maximum degree of G by δ = δ(G) and

∆ = ∆(G), respectively, and the induced subgraph by S ⊆ V (G) byG[S]. An independent

set is a set of vertices in G no two of which are adjacent. A maximum independent set

is an independent set of largest possible size for a given graph G. This size is called the

independence number of G and it is denoted by α(G). A dominating set, brie�y DS, of
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a graph G is a set S ⊆ V (G) such that NG[v] ∩ S ̸= ∅, for any vertex v ∈ V (G). The

domination number of G is the minimum cardinality of a DS of G and it is denoted by

γ(G). Moreover, a dominating set of G of cardinality γ(G) is called a γ-set of G. The

notion of domination is well studied in graph theory, and the literature on this subject

has been surveyed in the two books [7, 6].

A subset C of V (G) is an identifying code of G if C is a dominating set of G and for

every pair u, v of vertices of G, NG[u] ∩ C ̸= NG[v] ∩ C. We say that G is an identi�able

graph if G has an identifying code. For the graph G, the identifying code number of G,

denoted by γID(G), is

γID(G) = min{|C|: C is an identifying code of G}.

Two distinct vertices u, v ∈ V (G) are called closed twins if NG[u] = NG[v]. A graph

G is said to be closed-twin-free if it contains no pair of closed twins. It is well-known

that a graph G admits an identifying code if and only if G is closed-twin-free. Note that

the existence of open twins (vertices with NG(u) = NG(v) does not prevent a graph from

being identi�able.

Identifying codes were introduced in 1998 [9], motivated by fault-detection in multipro-

cessor networks. Since then, numerous other applications of identifying codes have been

discovered, such as threat location in facilities using sensor networks [16], logical de�nabil-

ity of graphs [15], or canonical labeling of graphs for the graph isomorphism problem [2].

Besides, since the 1960s and long before the introduction of identifying codes of graphs,

many related concepts such as separating systems or test covers have been independently

studied. All of them put together form the general area of identi�cation problems in

graphs and other discrete structures. Karpovsky et al. [9] in 1998 introduced the identi-

fying code concept. Later, several various families of graphs have been studied such as

paths and cycles [3, 4], trees [1], triangular and square grids [8]. Also identifying codes

have found applications in various �elds.

The study of identifying codes in middle graphs M(G) has garnered attention due to

their structural properties. To contextualize our results, it is essential to distinguish be-

tween established �ndings and the contributions of this paper. First, it is known that

every middle graph M(G) is identi�able, a property derived from the nature of the closed

neighborhoods in such graphs. Second, the construction C = V (G) is a standard ap-

proach that yields the upper bound γID(M(G)) ≤ |V (G)|. Recently, Nadimi Dafrazi and

Vatandoost [14] have determined the identifying-code number for speci�c families, such

as bipartite graphs, the generality of this result remained to be fully addressed. In this

work, we prove that this equality holds for any arbitrary �nite simple graph G with at

least one vertex. Speci�cally, our primary contribution is the establishment of a new

lower bound that con�rms γID(M(G)) = |V (G)|, thus extending the known results for

bipartite and special graph classes to the entire class of �nite simple graphs. Furthermore,

the study of identifying codes has recently expanded to include various graph operations.

Recent research has investigated identifying codes under operations such as subdivision,

corona products, and graph products [14, 17, 12, 13]. These developments underscore

the importance of characterizing identifying codes for fundamental graph classes, which
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remains a central theme in the current literature.

Historically, �nding classes of graphs for which certain graph parameters coincide has

been a subject of signi�cant interest. In this paper, we address this theme by investigating

whether the known upper bound γID(M(G)) ≤ |V (G)| is attained for all �nite simple

graphs G with at least one vertex, rather than only for the previously studied bipartite

and special families of graphs. We show that a positive answer to this question, combined

with the well-known independence-number formula α(M(G)) = |V (G)|, establishes the

precise relationship:

γID(M(G)) = α(M(G)) = |V (G)|, (1)

for any �nite simple graph G with |V (G)|≥ 1.

In [5], the authors introduced the notion of the middle graph M(G) of a graph G as an

intersection graph on V (G).

De�nition 1.1. Let G = (V (G), E(G)) be a simple graph with V (G) = {v1, . . . , vn}.
The middle graph M(G) is the graph whose vertex set is V (M(G)) = V (G) ∪M, where

M = {mij | vivj ∈ E(G), i < j}. Two vertices x, y ∈ V (M(G)) are adjacent in M(G) if

one of the following conditions holds:

(a) x, y ∈ M and the corresponding edges in G are adjacent.

(b) x ∈ V (G), y ∈ M, and x is incident to the edge in G corresponding to y.

It is obvious that M(G) contains the line graph L(G) as an induced subgraph, and

that if G is a graph of order n = |V (G)| and size m = |E(G)|, then M(G) is a graph

of order n + m and size 2m + |E(L(G))|, which is obtained by subdividing each edge

of G exactly once and joining all the adjacent edges of G in M(G). In order to avoid

confusion throughout the paper, we �x a �standard� notation for the vertex set and the

edge set of M(G). Assume V (G) = {v1, . . . , vn}, then we set V (M(G)) = V (G) ∪ M,

where M = {mij : vivj ∈ E(G), i < j}, and

E(M(G)) = {vimij, vjmij | vivj ∈ E(G)} ∪ E(L(G)).

The goal of this paper is to study the identifying code number of middle graphs.

2. Structural properties of middle graphs

Theorem 2.1. [10] Let G be a graph with n ≥ 2 vertices. Assume G has no isolated

vertices. Then ⌈n
2

⌉
≤ γ(M(G)) ≤ n− 1.

Observation 2.2. By the de�nition of M(G), the edge set of M(G) is

E(M(G)) = {vimij, vjmij : vivj ∈ E(G), i < j} ∪ E(L(G)).

For every vertex vi ∈ V (G), the closed neighborhood is

NM(G)[vi] = {vi} ∪ {mij : vivj ∈ E(G), i < j} ∪ {mki : vkvi ∈ E(G), k < i}.
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For every edge-vertex mij ∈ M (where i < j), the closed neighborhood is

NM(G)[mij] = {vi, vj,mij} ∪ {mik : vivk ∈ E(G), k ̸= j} ∪ {mjk : vjvk ∈ E(G), k ̸= i}.

Lemma 2.3. Let G be a �nite simple graph of order n. The equality

α(M(G)) = n

holds.

Proof. This equality was previously established in [11] under the assumption that G is

connected. Here, we remove this restriction and provide a concise, alternative matching-

based proof for any arbitrary �nite simple graph. Since no two vertices of V (G) are

adjacent in M(G), the set V (G) is independent in M(G). Hence,

α(M(G)) ≥ |V (G)|= n.

Conversely, let S be an arbitrary independent set of M(G), and partition it into

S0 = S ∩ V (G) and S1 = S ∩M.

Because S is independent, no two edge-vertices in S1 can be adjacent in M(G). Conse-

quently, the edges of G corresponding to S1 are pairwise nonincident, meaning they form a

matching in G. Thus, these edges have exactly 2|S1| distinct endpoints in V (G). Further-

more, none of these 2|S1| endpoints can belong to S0, because in M(G) each edge-vertex

is adjacent to its endpoints. It follows that

|S0|≤ n− 2|S1|.

Therefore, we obtain

|S|= |S0|+|S1|≤ (n− 2|S1|) + |S1|= n− |S1|≤ n.

This shows that

α(M(G)) ≤ n.

Combining the two bounds, we conclude that α(M(G)) = n.

Theorem 2.4. Let G be a graph of order n ≥ 1. Then M(G) is an identi�able graph.

Consequently, the set V (M(G)) is an identifying code for M(G).

Proof. The identi�ability of M(G) has been established in previous literature [14]. For

completeness, we provide a concise alternative proof by showing thatM(G) is closed-twin-

free. Let u, v ∈ V (M(G)) be distinct vertices. We show that N [u] ̸= N [v] by considering

the symmetric di�erence (N [u] \N [v]) ∪ (N [v] \N [u]).

� If u, v ∈ V (G), then u ∈ N [u] but u /∈ N [v], hence N [u] ̸= N [v].
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� If u ∈ V (G) and v = mjk ∈ M, then u ∈ N [u]. However, if u /∈ {vj, vk}, then
u /∈ N [v]. If u ∈ {vj, vk}, then vj ∈ N [v] but vj /∈ N [u] (since u is not adjacent to

vj in M(G) unless they are the same vertex). Thus, N [u] ̸= N [v].

� If u = mij and v = mkl are distinct edge-vertices, then either the edges vivj and vkvl
have di�erent endpoints or they share only one. In either case, the neighborhood

structure (Observation 2.2) implies that N [u] ̸= N [v], as the set of incident edge-

vertices di�ers for u and v.

Since M(G) is closed-twin-free, the entire vertex set V (M(G)) acts as an identifying code

for M(G).

Theorem 2.5. Let G be a graph of order n ≥ 2. If C is an identifying code of M(G)

and v ∈ V (G) satis�es degG(v) ≤ 1, then v ∈ C.

Proof. The degree-zero case is immediate because an isolated original vertex can only be

dominated by itself. Now suppose that degG(v) = 1, and let u be the unique neighbor of

v in G. Let muv denote the edge-vertex corresponding to the edge uv. Then in M(G) we

have

NM(G)[muv] = NM(G)[u] ∪ {v}. (2)

Assume, to the contrary, that v /∈ C. Since C is a dominating set of M(G) and

NM(G)[v] = {v,muv}, it follows that muv ∈ C. By (2) and the assumption v /∈ C, we

obtain

NM(G)[muv] ∩ C = NM(G)[u] ∩ C,

which contradicts the fact that C is an identifying code. Therefore, v ∈ C.

3. The identifying code number of M(G)

Lemma 3.1. Let C be an identifying code of M(G), and let A = V (G) \ C. For each

vi ∈ A, de�ne

Bi = {mij ∈ C ∩M : vivj ∈ E(G)}.

Then Bi ̸= ∅ and in fact |Bi|≥ 2.

Proof. Since C is a dominating set of M(G) and vi /∈ C, the vertex vi must be dominated

by at least one code vertex. Because the only neighbors of vi in M(G) are the edge-

vertices corresponding to edges incident with vi, it follows that Bi ̸= ∅. Now suppose,

for a contradiction, that Bi = {mij}. Then mij ∈ C, while no other edge-vertex incident

with vi belongs to C. Since vi /∈ C, we have

NM(G)[vi] ∩ C = {mij}.

On the other hand, the closed neighborhood of mij in M(G) can only contain code

vertices coming from vi, vj, or from edge-vertices incident with vi or vj. Under the
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assumption Bi = {mij}, none of the additional vertices incident with vi belongs to C, so

the trace of mij on C is also

NM(G)[mij] ∩ C = {mij}.

Thus

NM(G)[vi] ∩ C = NM(G)[mij] ∩ C,

which contradicts the identifying property of C. Therefore, |Bi|≥ 2.

Theorem 3.2. Let G be a graph of order n ≥ 1. Then

γID(M(G)) = |V (G)|.

Proof. Let V (G) = {v1, v2, . . . , vn}, and let V (M(G)) = V (G) ∪M, where M = {mij |
vivj ∈ E(G), i < j}.

Upper bound. We �rst show that V (G) is an identifying code of M(G). Indeed, for each

1 ≤ i ≤ n, NM(G)[vi] ∩ V (G) = {vi}, and for every edge-vertex mij ∈ M, NM(G)[mij] ∩
V (G) = {vi, vj}. Since G is simple, distinct edge-vertices correspond to distinct pairs of

endpoints, and therefore these traces are nonempty and pairwise distinct for all vertices

of M(G). Hence V (G) is an identifying code of M(G), and so

γID(M(G)) ≤ |V (G)|= n.

Lower bound. Now suppose, to the contrary, that C is an identifying code of M(G)

with

|C|≤ n− 1.

Set

A = V (G) \ C, B = C ∩M.

Then

|V (G) ∩ C|= n− |A|.

Since

|C|= |V (G) ∩ C|+|B|,

we obtain

n− |A|+|B|≤ n− 1,

and hence

|A|≥ |B|+1.

By Theorem 2.5, every vertex of degree at most 1 in G belongs to every identifying

code of M(G). Therefore every vertex in A has degree at least 2 in G. For each vi ∈ A,

de�ne

Bi = {mij ∈ C ∩M : vivj ∈ E(G)}.

By Lemma 3.1, we have

|Bi|≥ 2 for all vi ∈ A.
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Now de�ne the incidence set

I = {(vi,mij) : vi ∈ A, mij ∈ Bi}.

Then

|I|=
∑
vi∈A

|Bi|≥ 2|A|.

On the other hand, each edge-vertexmij ∈ B is adjacent to exactly two original vertices,

namely vi and vj. Thus each mij ∈ B can contribute to at most two pairs in I, so

|I|≤ 2|B|.

Combining the two inequalities yields

2|A|≤ |I|≤ 2|B|,

and therefore

|A|≤ |B|.

This contradicts |A|≥ |B|+1. Hence no identifying code of size at most n − 1 exists,

and so

γID(M(G)) ≥ n.

Together with the upper bound, we conclude that

γID(M(G)) = n = |V (G)|.

By Lemma 2.3 and Theorem 3.2 we obtain the following result.

Corollary 3.3. Let G be a �nite simple graph of order n ≥ 1. Then

γID(M(G)) = α(M(G)) = |V (G)|.

Example 3.4. Let G = K5. Consider C = V (K5). For each vi ∈ V (K5), we have

NM(K5)[vi] ∩ C = {vi}, and for each edge-vertex mij, NM(K5)[mij] ∩ C = {vi, vj}. These

traces are pairwise distinct, which implies that C is an identifying code of M(K5). Thus,

γID(M(K5)) ≤ |V (K5)|= 5. By Theorem 3.2, we have γID(M(K5)) = |V (K5)|= 5.

By Theorem 3.2, γID(M(G)) = |V (G)|= n. On the other hand, by Theorem 2.1, if G

has no isolated vertices, then

γ(M(G)) ≤ n− 1.

Therefore,

γID(M(G)) = n > n− 1 ≥ γ(M(G)).

We obtain the following result.

Corollary 3.5. Let G be a �nite simple graph of order n ≥ 2 without isolated vertices.

Then

γID(M(G)) > γ(M(G)).
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4. Conclusion

In this paper, we have established the exact value of the identifying-code number for the

class of middle graphs M(G). Speci�cally, we proved that for every �nite simple graph G

of order n ≥ 1, the equality γID(M(G)) = |V (G)| holds. This result provides a complete

answer to the question of when the identifying-code number of a middle graph coincides

with the independence number of the same graph, i.e., γID(M(G)) = α(M(G)) = n. The

primary contribution of this work lies in providing a universal lower bound γID(M(G)) ≥
n for any �nite simple graph, regardless of its structure. This generalizes the results

of Nadimi Dafrazi and Vatandoost [14] (2026), which focused on speci�c classes such

as trees and bipartite graphs. Our incidence-counting approach allowed us to treat the

problem globally, including non-bipartite graphs and graphs with multiple odd cycles (see

the example of K5). Furthermore, our formulation explicitly accounts for disconnected

graphs. If a graph G is disconnected with components G1, . . . , Gk, it follows that M(G)

is also disconnected with components M(G1), . . . ,M(Gk), and the result remains valid

by summing over the components. Regarding isolated vertices, if G contains k isolated

vertices, these vertices become isolated in M(G) as well; since an isolated vertex must

be in any identifying code and contributes 1 to both γID and n, the equality holds.

Future research could explore identifying codes in other graph operations, such as total

graphs or line graphs of higher-order structures, to determine if similar universal equalities

exist between their identifying-code numbers and other structural parameters like the

independence number or clique number.
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