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We present constructions of semi-magic squares of side n = 2k, whose entries are elements
of a dihedral group Dyy2, for every n =0 (mod 4).
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1. Introduction

Magic squares are one of the oldest mathematical structures, reportedly dating back to
the 4-th century BCE. A magic square of side n is an n X n array with entries 1,2, ..., n?
such that the sum of each row, column, and the main forward and backward diagonal is
the same magic constant ¢ = n(n* + 1)/2. When we only require the row and column
sum to be equal and disregard the diagonals, we speak about a semi-magic square.

A generalization of a magic square is an m X n magic rectangle with entries 1,2, ... ab
where all row sums are equal to the row constant r = n(mn + 1)/2 all column sums are
equal to the column constant ¢ = m(mn + 1)/2. A semi-magic square is then an n x n
magic rectangle.

Magic squares and rectangles can be generalized in may different ways. For instance,
we may require that the entries are all primes or elements of an Abelian group (see |1, 2,
4,5, 11)).

We are not aware of any result on magic or semi-magic squares over non-Abelian groups.
In this paper, we construct 4k x 4k semi-magic squares over dihedral groups Dgi2 with
16k? elements.

Disclaimer Some parts of this and the following two sections may be similar or identical
to corresponding parts of other papers by the author and Cichacz |1, 5] on Abelian magic
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squares.

2. Definitions and necessary conditions

We first define magic rectangles over Abelian groups.

Definition 2.1. Let I' be an Abelian group of order mn and M Rr(m,n) and m x n array
whose entries are all elements of I'. Then M Rr(m,n) is a [-magic rectangle if all row
sums are equal to some element p € I' and all column sums are equal to some element
oel.

If m = n and p = o, then MRr(m,n) is called T'-semi-magic square and denoted
M Sr(n). If moreover the sums of both the main and backward main diagonals are equal
to p = o, then M Rr(m,n) is called I'-magic square.

Notice that unlike in integers, an nxn Z,2-magic rectangle M Rr(n,n) is not necessarily
a Z,2-magic or semi-magic square, because we may have p # o. Consider, for instance

0]1
312

where p =1 and 0 = 3.

While for Abelian groups the order in which the edge labels are considered is irrele-
vant, for non-Abelian groups different orders may produce different weights. It is indeed
desirable that the order in every row and column is in some way predictable or uniform.

Definition 2.2. Let I' be a group of order mn and M Rr(m,n) = (a;;) an m x n array
whose entries are all elements of I'. If for every row ¢ there exists an ordering of elements
such that

Qi 51 i 5o - - - Qi G 1 i, = P

and for every column j there exists an ordering of elements such that

Qiy,jQig,j - -+ Qi —1,jYim,j = O
then M Rr(m,n) is called a I'-magic rectangle.

Definition 2.3. Let I' be a group of order n? and M Rr(n,n) a I'-magic rectangle. If
the row and column products are equal, that is, p = o, then we call M Rr(n,n) a I'-
semi-magic square of side n and denote it SMSp(n). If moreover the products of both
the main and backward main diagonals are equal to p = o, then M Rp(n,n) is called a
I-magic square of side n and denoted M Sr(n).

If the product starts at the last entry in each row or bottom entry in each column and
proceeds linearly to the first or top entry, we call such rectangle linear. We state an exact
definition (just for semi-magic squares) next.
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Definition 2.4. Let SMSr(n) be a I'-semi-magic square. If for every row and column
the ordering is

A; 1452 ... Ain-1Q;n = P,
and
CLLjCLQJ Ce am_lvjam,j =0,

then SMSr(m,n) is linear I'-semi-magic.

When we split the square into four subsquares and all row products within each sub-
square start on the same forward subsquare diagonal and proceed circularly from right
to left or from bottom to top, we call the square half-diagonal circular. Note that the
starting diagonal for the row products may be different from the one for column products.
An exact definition follows.

Definition 2.5. Let SMSr(2k) be a I'-semi-magic square consisting of four subsquares
At st € {1,2} with entries af”;;i,j € {1,2,...,k}. If for every row and column the
ordering in each A®' satisfies

s,t s,t s,t _s,t s,t s,t o
A irut1 @it - Qi1 Qg1 4 = Ps

and
s,t s,t s,t st s,t st o
Qjpo+1,5 %0425 - o j®5 - - Gigo—1,j %405 = O

for some u and v, respectively, then SM Sr(m,n) is half-diagonal circular T'-semi-magic.
By half-diagonal we mean a diagonal in one of the subsquares A

We will use the term “side” instead of the more common “order” to avoid confusion with
the order of the groups which will form our squares.

The dihedral group Dy of order 2k (sometimes also denoted by Dsy) is the group
consisting of k rotations r; and k reflections s;, where the rotations form a cyclic group of
order k and and each reflection generates a subgroup of order 2. More formal definition
is below.

Definition 2.6. The dihedral group Dy of order 2k where k > 3 is defined on the set of
elements {ro,71,...,74_1, 80,51, .- -,Sk_1} Where rog = e,ry = r,1; =1, 50 = 8, 8; = '3,
2

s?2=cand r's=sr“fori=0,1,...,k — 1. The elements r; are called rotations, and s;

are called reflections.

An important property of Dy will be used in our constructions. If follows directly from
the definition.

Proposition 2.7. In any dihedral group Dy, we have sr's = r~" for everyi =0,1,... k—
1.

When we have a ['-magic or semi-magic square where I' = Dy, the dihedral group on
2k elements, we speak about a dihedral magic or semi-magic square.
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We add here the obvious necessary conditions. Because dihedral groups are always of
even order, an odd side M Rp, cannot exist.

Observation 2.8. Let n be odd. Then no magic rectangle or semi-magic square of side
n over a dihedral group D). exists.

Observation 2.9. Let k be odd. Then no semi-magic square of side n over a dihedral
group Dy exists.

Proof. Because a magic square of side n has n? elements, we must have Dj, with 2k = n?
elements. Therefore, £ must be even. O

Theorem 2.10. If a dihedral magic square MSp, (n) or semi-magic square SMSp, (n)
exists, then both n and k must be even.

3. Related results

Evans [1] defined a modular (m,n)-magic rectangle as an m X n array with entries
1,2,...,mn where all row sums are mutually congruent modulo mn and all column sums
are mutually congruent modulo mn. It may be more convenient to re-define it as a
Zmn-magic rectangle, where Z,,, is the cyclic group of order mn.

Evans [4] proved the following.

Theorem 3.1 (Evans [1]|). There exists a non-trivial Z,,,-magic rectangle MRy, (m,n)
if and only if m > 1,n > 1 and m =n (mod 2).

One can notice that the characterization is exactly the same as for magic rectangles in
integers, except the case of m = n = 2 when a magic rectangle does not exist while a
Z,-magic 2 X 2 rectangle does (and is shown in Section 2).

Sun and Yihui [11] (without proper proof) made the following claim. The claim was
only proved for groups Z, & Z,.

Claim 1. For every n > 3 and any Abelian group I' of order n? there exists a [-magic
square M Sr(n) of side n.

Cichacz and Hincez [2] proved a somewhat weaker result on I'-magic rectangles. Their
construction does not produce magic (or semi-magic) squares, since in general their row
and product sums are not necessarily equal.

Theorem 3.2 (Cichacz and Hincz [2|). Let T’ be an Abelian group of order T' = mn.
There exists a non-trivial I'-magic rectangle M Rr(m,n) if and only if m > 1,n > 1 and
m=n (mod 2).

Quite recently, Cichacz and Froncek [1]| dealt with magic squares over arbitrary Abelian
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groups and proved the following:

Theorem 3.3 (Cichacz and Froncek [1|). Let n > 3 be an integer. Then there exists a

2

['-magic square M Sr(n) for any Abelian group of order n®. There is no I'-magic square

of side 2.

Froncek [5] also presented a different construction for Abelian groups of odd square
orders.

An interesting detour from this directions are magic squares on primes. Due to the
important result of Green and Tao [6] on the existence of arithmetic progressions of
primes, it is possible to construct magic rectangles on primes of any order greater than
two.

Theorem 3.4 (Green and Tao [6]). For every n > 0, there exists an arithmetic progres-
ston of length n consisting of primes.

Corollary 3.5. For every n > 3, there exists a magic square MS,(n) consisting of
primes.

There are, however, even examples of prime magic squares consisting of primes that
do not form arithmetic progressions. According to Katrnogka, Kiizek, and Somer [9],
Ondrejka [10] discovered the square shown in Figure 1.

17 89| 71
113159 5
47 129|101

Fig. 1. Ondrejka’s magic square on primes

According to Dénes and Keedwell [3], Johnson [8] discovered a magic square consisting
of consecutive primes. It is shown in Figure 2.

3718397 41
53|61 | 71| 73
89|67 (59| 43
79|47 |31 101

Fig. 2. Johnson’s magic square on consecutive primes

In one of our constructions we will need the notion of n-dimensional magic rectangle,
which was introduced by Hagedorn in |7].
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Definition 3.6. An m-dimensional magic rectangle m-M R(aq,as, . .., a,) is an a; X
as X ... X a,, array with entries d;, ;, ;, which are elements of {1,2,... a1as...ap},
each appearing once, such that all sums in the k-th direction are equal to a constant oy.
That is, for every k, 1 < k < m, we have

for every selection of indices by, b, ..., bg_1,bk41, ..., bm, and o = ag(aras . ..ay, +1)/2.

The following existence results were also proved in [7].

Theorem 3.7. |7| If an m-dimensional magic rectangle m-MR(ay,as, ..., ay) exists,
then ay = ay = ... = a,, (mod 2).

Theorem 3.8. 7| An m-dimensional magic rectangle m-M R(aq, as, . . ., a,,) with a; <
as < ... < a,, and all a; even exists if and only if 4 < as < ... < Gy

4. Dy2-semi-magic squares ()(2k) for k=0 (mod 4)

We start with an ad-hoc construction of Q(8), because the general construction for k = 0
(mod 4) requires existence of a 3-dimensional magic rectangle 3-M R(k/2, k/2,8) which
only exist when £ =0 (mod 4) and k > 8.

Construction 4.1. Dsy-semi-magic square Q(8)

r8s | 19 | r2s | r27s | r2s5 | 135 | r10s | rlls
ris | rl7s | r24s | r?Ps | 105 | rls | 785 | r?s
205 | r2ls | r30g | p3ls | rts | rPs | rlts | r1os
r2s | r8s | r8s | rPs | r0s | r7s | r12s | ri3s
P16 | ar |2 [ s | o [ | e |7

p20 | 20 [0 [ s | s [ [ s | e

p2 | g2r | pso [ e | s | an | e | s
U s | s | e | s | a2 | e |0

Fig. 3. Dso-semi-magic square Q(8)

The products in the square Q(8) shown in Figure 3 are performed as follows. In rows,
we just list the elements in natural order and multiply the element, reading them from

right to left Say, in row 1 we start with entry ¢; g = r''s and have

pr=(r'%s)(r's)(rs)(r"s) (r?s)(r*s) (r'"s) (r''s)

= (r'®)(sr'95) (r*®) (s 5) (r?) (sr°s) (r'?) (sr!!s)
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and in row 2 we obtain

r

The remaining four rows contain only rotations and can be multiplied in any order.

The rotations obtained by the simplification using identity sr®s = r

—a

are shown in

Figure 4. We simply add the modified exponents to obtain the resulting power of r.

T18 r—19 T26 T_27 72 T_S 7,10 T_ll
Tlﬁ T417 T24 T725 TO 7f—1 TS T79
T20 T_21 T30 T—31 7A T_5 T14 T_15
7,22 T_23 T28 T_29 T6 T_7 7012 T_13
T16 T17 T22 T23 TO Tl TG T7

T21 7420 r19 T18 T5 T4 T3 r2

7,24 T27 T30 T29 T8 Tll 7014 T13
T31 T28 T25 T26 T15 le T9 rlO

Fig. 4. Row products in Q(8) after simplification

In the columns, we list the elements from bottom to top and again perform the multi-

plication from right to left. So, for column 1 we have

01

and for column 2

02

The rotations obtained by the simplification using identity sr®s = r

Figure 5.

T51T24r21T16

T31T24T21T16

T31T24T21T16

T28

T28T27T20T17

= T28T27T r

T28T27T20T17

28

r

Y

20,.17

(r*25s)(r*s)(r'®s
(

(T22

(T238)<T218)<T175)(T198)
(r* (r)(

(T23

~— ~—
—~
3
|
[N}
=
~—
—~
=3
—
-
~—
—~
=
|
—
©
~—

—a

are shown in
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T718 T719 7,726 7“727 7"72 7“73 7,710 Tfll
7416 7,.17 7,24 7425 7,.0 7,1 7,.8 r9
7,—20 T_21 7,—30 7,—31 7“_4 7,—5 7,,—14 7,—15
7,22 T23 T28 7,29 7“6 7,7 T12 7,13
7416 7’17 7“22 7423 ,r,O 741 7,.6 T7
7,21 7,20 7,.19 7,18 7n5 7,4 7,3 T2
7,24 7“27 T30 7,29 7“8 7“11 T14 7,13
7431 7,28 7“25 7'26 7,.15 7,12 7,.9 T.lO

Fig. 5. Column products in Q(8) after simplification

For the general case, we set k = 4h and build Q(2k) from partial squares Q"*(k) for
u,v € {1,2} that are then combined into Q(2k). Because the partial squares are always
identified by the superscript uv, we believe that no confusion will arise when we drop the
square side and write simply @ instead of Q(2k) and Q" instead of Q“’(k).

The squares Q! and Q% will consist of rotations and Q' and Q2! of reflections. To
simplify notation and calculations, we first build power squares T*', T?? for rotations and
F'2_ F2! for reflections.

Rather than using the group elements and entries and performing the group operation,
we simply use the exponents in elements r; = 7' and s; = r’s. Then when in our square

we would perform the product (read from right to left) ...7%r7 ... we instead just add
the exponents ...7 4 j.... For reflections, we recall that from Proposition 2.7 it follows
that

(r's)(1r7s) = r'(sr?s) = rir~d,

and we use just the term ¢ — j.

The entries in the respective squares 7", F** and Q"* are denoted by ¢, fi"/ and ¢;'}
for 1 < ¢,5 < k. Similarly, the entries in the resulting square () are denoted ¢; ; for
1 <4,5 <2k An entry p =ty in T"" represents the power r? of element r in entry g;'
of Q" and entry p = [/ in F"" represents the power of 7 in rPs, that is, in the entry
qi'y of Q. Therefore in 7" and F** we use entries 0,1, ..., k? — 1 and employ addition
modulo 2k2.

The row sums in row ¢ will be 7"V in both 7" and F*” and p{" in Q"*, and similarly
the column sums in column j will be ;¥ in 7" and F** and ¢} in @"". The magic
constants will be v*¥ in T* and F** and p*’ in QY. The row and column sums in the
squares F"" are calculated according to more specific rules that are explained in detail
when the actual squares are constructed. We will remind the reader the notation later
when we actually use it.

In particular, in Q! and Q* we have

uu %Y
ql?] - ,r, '“”],
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and in Q'? and Q%

sz - rfluys

The row and column constants will be always rotations, because in our constructions
each row and column contains k reflections and k is always even. We then have

uv

UV T
pi =Tt

and

uv
o =rh.

Now we present a general construction for £ > 8, using the partial squares Q" as
described earlier in this section.

Construction 4.2 (Rotations). We construct first the squares 7' and T%2. Let M (k)
be a magic square (in integers) with elements 7, ; and magic constant fi. Substituting
m;; = m;; — 1 and performing addition modulo 2k? gives a square M (k) with magic
constant p* = (i — k) mod 2k*. We remark here that M (k) is not a Zy,2-magic square,
because it only contains k% smallest elements of Zy2, which will be used in the power
square 71!, The remaining elements will be used in 7%2.

Now we can define ;= m; ; and ;% = m, ; + k*. For T'" it gives

*

11 _ 11
_nj =pH,

for each ¢ and j.
For T% we can see that for each fixed i,1 < i < k, performing addition again modulo
2k? and remembering that k = 4h,

k

22 22
= i

j—l

Z tll + kf2
= (zk:tg) + (k)

=1
— 0+ 4B
— 0+ 20(2K2)
= u*.
The same is true for each fixed j,1 < j < k and summing over 7 to obtain 77>, Hence,
both squares T and 7?2 have all their row and column sums equal to u*.

Our next step is the partial squares with reflections.

Construction 4.3 (Reflections, k& > 8). We construct each F“’(4h) from four squares
F"(2h) arising from a 3-dimensional magic rectangle M R(2h, 2h, 8).
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It follows from Theorem 3.8 that there exists a three-dimensional magic rectangle
3-M R(2h, 2h, 8) for every even m > 2. We use entries in Zy,2 = Z3g2 instead of positive
integers and denote each of the eight 2h x 2h rectangles in 3-M R(2h,2h,8) by MY for
w=1,2,...,8 with entries m;. The row and column sums in each 2h x 2h rectangle are
all equal and denoted by ji.

We combine M, ... M*to F'2 and M?,..., M® to F?' by placing entries of each M
in every other row and column of F**. In particular, we set

f27, 1,2j—1 = My 55
f21 12— My
f2z2] 1 =My
f27,23 =m ;.

12 12

Remembering that the row a entries f;3, f23, ... fi%, in the power square F'? represent

the powers of element r in the square of reflections Q' in the product

12 12

(T a,l S) (7’ a,QS) - (rf;,zélh—ls)(rf;ihs)’

we can regroup the product as

12 12

(/r’f )(ST aQS) (rf;,zélhfl)(srf;ihs)’

which is by Proposition 2.7 equal to

12 12 12 12

(7’ a,1)(7n_ a,2) . (T’ a,4h71>(7*7 a,4h)'

We now want to verify that in each row a, the product is the same, that is,

(rFed) () (i) (i) = pi2,
for every a. But for every ¢+ = 1,2,...,2h we have
12 12
Toi—1 = 2111 f112+ -+ fal —32h — J2i—12n

(f2111+f113+ +le2h 1) — (f2112+f114+ +f112h)
= (m i,l+mi,2+“'+mi,h)_(mi,1+mi,2+"'+mi,h)

— [

I
[l

and

Tyt = 21i21 - 21i22+ e ol %.2h — o 2h
(221+f2z3 +fz2h 1) (212+fz4+ szh)
:(mi,1+mi,2+"'+mi,h)_<mi,1+mi,2+“'+mi,h)

—[i

[
S =
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By interchanging the subscripts ¢ and 7 we can check the column sums 77]1-2 in the same
way, again obtaining each sum equal to zero.

We can repeat the procedure for F?! using the rectangles M?®, ..., M® to obtain the
same magic constant (.

We are now ready to state our first result.

Theorem 4.4. There exists a linearly Doyz-semi-magic square Q(2k) for every k = 0
(mod 4), k > 4.

Proof. For k = 4, refer to Construction 4.1. For k£ > 8 we use Constructions 4.2 and 4.3.
In Construction 4.2, using the additive group Zi2, we constructed power squares T
and 1722 with row sums 7%V

" = p* and column sums v = p* for every feasible combination
of u,v,i, and j. It can be readily checked that u* = —k/2. One can see that we can obtain
a more convenient constant p** = k/2 by simply adding 1 to each entry in both squares.

From T and T2? we obtain squares of rotations of the group D2, Q' and Q% with
the row and column products p;" = o3 = rk/2,

Using again the group Z2, in Construction 4.3 we created squares F'2, F?! with the
row sums 7Y = 0 and column sums v** = 0 for every feasible combination of u, v, ¢, and
4. From them, we can obtain squares of reflections of Doz, Q2 and Q?! with the row and
column products pi"’ = 0} = r’ =e.

Each row product is now performed linearly as

11 12

pi= (i} @i aiy) (@ @3 aiy) = pitpl? = "0 = k2,

or
_ /21 21 21 22 22 22\ _ 21 22 _ 0.k/2 _ . k/2
Pk+1 = (Qi,l dio- - - Qi,k) (Qi,l dio- - Qi,k> =P P =TT =TT
and the columns products as
_ 11 11 11 21 21 21\ _ 11 12 _ _k/2.0 _ . k/2
0 = (QLj 4 - - -Qk,j) (Ch,j ds; - - -Qk,j) =0, 0, =r T =1r""
and
_ (12 12 12 22 22 22\ _ 11 12 _ . 0.k/2 _ .k/2
Ohtj = (qu Qo - q,w-) (qu Qo q,w-) =0, 0, ==t

All row and column products in the square Q(2k) are equal to the magic constant r*/2,

which completes the proof. O]

Remark 4.5. The semi-magic square obtained in Theorem ./ is not magic, because the

k

product on the main diagonal is equal to . Because the entries are all rotations, the

product cannot be re-arranged to obtain r*/%.

5. Dy2-semi-magic squares Q(2k) for k =2 (mod 4)

The method used in Section 4 cannot be used for & = 2 (mod 4), because it requires
existence of a 3-dimensional magic rectangle 3-M R(k/2,k/2,8) which only exists when
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k/2 is even. Therefore, we do not rely on magic squares and define the partial squares
explicitly.
We again start with an ad-hoc construction for the smallest case, k = 2.

Construction 5.1. Dg-semi-magic square (Q(4)

rt LT | rls |9
O | 2 | r7s | r3s
s | ris | r® | 13
r3s | rfs | rt | 1S

Fig. 6. Dg-semi-magic square (4)

The products in the square Q(4) shown in Figure 6 are performed in both row and
columns as follows. First we find the product of reflections, starting with the red entry,
and then multiply it by the rotations.

For example, in row 1 we have

p1 =177 (r%s)(r's)
=770 (srls)

— L7010

= 7"7’

and in column 2 we obtain

oy =17 (r'*s)(r%s)
= r'r2r(sr%s)

S

=7
The powers of rotations obtained by the row and column products are shown in the
power square in Figure 7. The powers arising from the simplification sr®s = r=% are
shown in red.

1y 7/-1] O
0] 2| 7|2
-5 4] 5| 3
3| —6| 4| 6

Fig. 7. The power square of Q(4)

For the general case, we again first construct the partial squares with rotations.
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Construction 5.2 (Rotations). Let k =4h + 2. For j =1,2,...,k we define

L j—1 for 5 odd,
7 2k — 7 for j even.

and
L=k gl 1,

The remaining rows are defined recursively by

11 _ 411
tig="tisa;

+ (—1)"12k.
For our calculations it will be more convenient to use explicit formula

j—14+k(i—1) for i odd, j odd,
i 2k —j+k(i—1) foriodd, j even,
" 2k* —j — k(i —2) for i even, j odd,

2k + 5 —1—ki for i even, j even.
We observe that for every ¢ and j odd we have

it =j—1+k(i—1)4+2k—(j+1)+k(i—1)
=2k —2+2k(i — 1)
= 2ki — 2.

Now because every row in T contains k/2 such pairs, we obtain
k
= —(2ki — 2)
2
= k% — k.

Because i is odd, say ¢ = 2] 4+ 1, we have

H=kKQ+1)—k
=2k + K* — k
=k? -k,
and
k2 —k

pi =T )

since our calculations are performed modulo 2k2.
Similarly, for every ¢ even and j odd we have

tih b =2k — k(i —2)+ 2K+ (j+1) — 1 — ki
= 4k* — 2k(i — 1)
= —2k(i — 1)
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= 2k(1 — ).
Again, every row in T contains k/2 such pairs, which yields
T = g 2k(1 — 1)
= k*(1 —1).
Because 7 is even, say ¢ = 2/, we have

= k(1 - 2l)
= k* — 2k%
= k2

and

k‘2

pPi =T,

since we perform our calculations modulo 2k2.
Putting the odd and even case together, we have

" rk*=k for i odd,
pi = k2

r for ¢ even.
For the column constants, we notice that for each odd ¢ and j we have

tij+tiny = —1+k(i—1))+ 2k —j - k((i+1) - 2)

Also, for each odd 7 and even j we have

it =2k —j+ k(G —1)+ (K +j—1—k(i+1))

=2k* — 1
=—1.
Now, because we have k/2 = 2h + 1 such pairs ¢, ;1
obtain
77]1‘1 = _k/27
and
ajl-l = /2,

Now we define entries in 7?2 simply as

22 _ 11 i+17.2
tig=ti; T (=1)" k7,

- in each column, for every j we
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but because we have k* = —k?, then
22 = 4 k(k?) =7,
because k is even and hence (k%) = 0. Also
it =y + k(R = ;.
This then yields

99 {r’“Q‘k for 7 odd,

Pi = 2 .
rk for 7 even,
and
0?2 = k2,

In Figure 8 we present an example of the power squares T (6) and 72%(6) used to build
the square SMSp.,,(12).

0102|8416
7116169 |63|67]|65
1212214 (20|16 | 18
99 |49 | 57|51 |55 |33
24 1341263228130
A7 |37 145|139 |43 | 41

36 |46 | 38 | 44 | 40 | 42
3502533273129
48 | 58 | 50 | 56 | 52 | H4
2311321 | 15|19 17
60 | 70 | 62 | 68 | 64 | 66
11717913715

Fig. 8. Partial squares with powers of rotations for SMSp.,(12)

Now we proceed to the partial squares with reflections.

Construction 5.3 (Reflections). For j = 1,2,... k we define

12— j—1 for j odd,
1j — . .
k+4+j7—1 for j even,

and
fod =[5+ (=1)"*E,
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that is,

23

2 flli +k  for j odd,
fi5 =k for j even.

The remaining rows are defined recursively by
12 12
fij = [iZo; + 2k
For our calculations it will be more convenient to use explicit formula

j—1+k(i—1) foriodd, jodd,
12 J—1+ki for ¢ odd, 7 even,
" j—1+k(i—1) forieven, jodd,
j—1+k(i—2) forieven, jeven.

We now perform the multiplication in row ¢ of the square Q'? starting with the entry
rfiis corresponding to .7 in F'? (reading from right to left)
pit = (Tfiljﬂs)(rfilfﬁs) o (r hie1 s)(r iljs)
= (7“’01'13“)(srfilv%+2 s)... (Tfi{gfl)(sr o 5)
12 p12 12 12
=7r 1,41 r 4i+2 r 1,0—1 r 1,7

=r 1'1,12'+1_ il,%+2'“+ i,l,%—l_fz'l,zz"
We notice here that the parameter u used in Definition 2.5 is u = 0, and thus the
ordering is half-diagonal circular.

Now we need to verify that in each row ¢, the product is the same. To do that, it is
enough to check that each sum 72, defined as

12 _ 12 12 12 12
7" = Jiirr — Jigw2 Tt Jiie — Jigs

is the same for every 1 = 1,2,... n.
First we look at i odd. We observe that for every 7 and j odd we have

— R == =14k = 1)+ ((+1) — 1+ ki)
=k+1,

and because there are k/2 such pairs in every row, we obtain

o Rk A1)

For every even ¢ and every odd 7 we have

i~ Jign =0 —1+k(i—1) = ((+1) — 1+ k@ —2))
— k-1,
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and for the same reason as above

oz k1)
! 2
Therefore,
1o _ k(k+1)/2 for i odd,
' k(k—1)/2 for i even,
and hence

rkE=1/2 for i even.

{rk(k“)/Q for i odd
12 )
Pi =
The square F?! is defined recursively by

21 12, 7.2

iy = fij TR

It follows that for ¢ and 7 odd

_fz2,]1 + f,]—i—l (f12 + k2) (fz J+1 + k2)

f 7]+1
=k+ 1,
and
o1 k(k+1)
TZ —_— .
2
The same argument for ¢ even yields
o k1)
2

which implies

P {r’“(’““w for ¢ odd,

rk=1/2" for 4 even.

For the column products, we start with the entry just below the main diagonal, and
proceed upward. That is, we define them for each j =1,2,...,n as

0} = (rhis)(rftass) L (rfis)(rhtas)
= (r1it2a) (srlitsas) . (r133) (srlitris)

12 _rl2 f12 12
= rtit+2,3 r “‘i+37 . gy Ji+lg

12 12 12 12
= pligeefijes *fyj* it

Here the parameter v used in Definition 2.5 is v = 1, and thus the ordering is half-
diagonal circular.
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We again want to verify that in each column j, the product is the same. We observe
that for each odd j and 7 we have

=R = U1+ ki —1) = (- 1+ k((+1) = 1))
= —k.

Similarly for each even j and odd i we have

R = (-1 k) (- 1 R(+1) —2))

— k.
Again we always have k/2 such pairs f!7, f!2, . for any j, therefore
T
and
o2 — T—k2/2

J

Now recall that F?! was defined recursively as

21 _ pl2 2
ij = Jij T

Then for 5 and 7 both odd

z2]1 - z‘%il,j = (lef + kQ) - (lefu + kQ)

— fl2_ g2
—Jiyg i+1,5
= —k,

and
P = )2

which yields

21 _ 12 —k%/2
o; =0, =T .

The same can be performed for j even, and therefore for every j we have

0]21 _ 0;2 _ 7,—18/2.
In Figure 9 we present an example of the power squares F'*?(6) and F?1(6) used to
build the square SMSp.,(12).

Now we can prove our second result.

Theorem 5.4. There exists a half-diagonal circular Dayyz2-semi-magic square Q(2k) for
every k =2 (mod 4), k > 2.

Proof. The square (Q(4) was constructed in Construction 5.1. For k > 6, the row products
fori=1,2,...,k are performed as

_ 11 11 11 11 12 12 12 12\ 11 12
Pi = (qm’H Qiito- - qz‘,z‘ﬂqz',z') (qm’H Qii12---9i5—1 qzz) =Pi Pi >
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10} 5
12119 114 21|16 |23
18113120 15| 22|17
24131 126|33|28]35
30125 (32(27 34129

36|43 | 38 | 45|40 | 47
42 | 3744 139 |46 | 41
48 | 55 | 50 | 57 | 52 | 59
54149 |56 | 51 | 58 | 33
60 | 676269 |64 |71
66 | 61 | 68 | 63 | 70 | 65

Fig. 9. Partial squares with powers of rotations in reflections for SM Sp,,(12)

or
21 22

21 21 21 21\ (.22 22 22 22
Pk+i = (Qi,iJrl Qiiy2--- ql',iqqz‘,z') (qi,iJrl 4 it2 “'qi,iflqi,i) =P P -
The product always starts on the main half-diagonal and continues circularly from right
to left.
For 7 odd, we obtain

p; = pzupiu _ K2k k(k1)/2 _ (3k2—k) /2

Y

and for ¢ even, we have

p; = plupzm _ Tk:2rkz(k:—1)/2 _ T(SkQ—k)/27
as well. Because the row products pi¥ are all rotations, the multiplication is commutative
and remembering that p}' = p?* and p;? = p?', we have
Prri = 7P = PP = P e = pis
for every 7 as well.
The column products for j =1,2,... k are

1121 _

L 11 11 11 21 21 21 21 _ —k/2
0; = (@512 Qs Grg) (Grag Grsy - Gy Garg) =00 00 =7

—k2/2 _ (—k*—k)/2

r 7’( s

and

(12 12 12 12 22 22 22 12 22 —k%/2 —k/2 __  (—K®>—k)/2
Okri = (@515 Grag - Go1y Gg) (@i2; Gray - Grag) =00 00 =7 r =T :

The column product always starts on the second forward half-diagonal (the one just
above the main half-diagonal) and continues circularly upwards.
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Now because the subgroup of rotations is of order 2k2, we have

r

(—k2—k)/2 _ 7,2k2+(7k27k)/2 _ 70(41@27/&271&)/2 _ r(3k27k)/2'

Therefore, all row and column products in the square Q)(2k) are equal to the magic

constant p = G~k

/2 which completes the proof.

T e I A O A e r’s | s | ris |rils
STL | 6L | 69 | 63 | 67 | 65 | pbg | plg Bg | 0g | 1hg
P2 |22 [ |20 | a6 | a8 | a2y | g | g P16 | 23
59 | g9 [ 5T |51 | 55 | 53 | A8 | pl3g | 206 | p15g 7
;24| 036 |26 | 82 | 28 |80 | 240 | 31| 26 | 33, | 28
AT |37 [ as |89 | a3 | a1 25 | 7324 | 27 | p3hg | 294
e 38y | by | A0 | ATg | ;36 | A6 | 38 | 44 | A0 | .42
A2g | 3T, B0 | by | pdlg | 35 | ;25 | 83 | 27 | 31 | 2
A8 | 5y | 750 52 | 80g | 48 | 58 | 50 | 56 | 52 | .54
S | 49 | ;56 | 51 ;53¢ | p23 |13 |20 |15 |0 | v
00 | 67 | 62 | 69 | 64 LS00 |0 62 | e |64 |66
POy | 68 | 636 | p70g | 655 |00 [0 [0 |8 |7 |8

Fig. 10. Dry-semi-magic square SM Sp,,(12)

]

In Figure 10 we present SMSp.,(12). For better readability, the partial squares with

rotations are shown in blue, the starting elements in the row products of reflections are

in red, and the starting elements in the column products of reflections are in green.

TO Tl() 7’2 748 T4 7”6 7,0 ,r.7 7”72 7"9 7“74 TU
T71 7’61 7“69 7463 7’67 T65 TG 7‘71 7"8 7,73 7,10 ,r,f5
7n12 7ﬂ22 T14 7020 7n16 7“18 7,712 7.19 ,,,714 7'21 7.716‘ 7023
7.59 7.49 7.57 7.51 7.55 7.53 7ﬁ18 7.—13 7’20 ,.—15 7,22 ,,,—17
7,24 7,34 7”26 7,32 7,28 T30 7,724 7,31 7.726 7,33 7’728 7"35
7,47 T37 7”45 7,39 T43 7"41 7,30 7,725 T32 7’727 7“34 7“729
7,736 T‘43 7,738 7AE’) de() 7,47 7436 T46 T38 7"44 T40 T42
T42 7,737 T44 T,*B.‘) 7,.46 7,7/11 7,35 7,25 733 7°27 7’31 7,.29
/,.748 7.55 7,750 7,,57 7.752 7“59 48 58 7“50 7“56 7.52 7a54
7,54 7,749 T56 /r.751 7,58 7.753 7,23 7,13 7.21 7”15 7,19 7.17
rf(iU 7“67 Tf(iQ 7,69 7,764 7"71 7,60 7,70 T62 7,68 7’64 T66
7“66 Tf(il 7’68 7,763 T7O ’7’765 7,11 7“1 T9 7,3 7“7 T5

Fig. 11. SMSp,,(12) simplified to rotations for row products
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In Figure 11 we show SMSp.,(12) after simplification for row products where after
re-bracketing we use the identity sr®s = r~%. The partial squares with rotations are again
in blue, and the elements arising from the simplifying replacement are in red.

The same for the column products is shown in Figure 12, where the elements arising
from the simplifying replacement are in green.

740 7’10 7°2 T’8 7’4 7°6 7’0 7“2 7,4

7ﬂ71 7n61 T69 7063 7“67 7”65 7.1 7.3 7a5

7.12 7,22 7.14 7.20 7.16 7.18 7,,12 7“14 7,16

7,59 7’49 7n57 7,51 7,55 T53 7‘13 7,15 T17

7,24 T34 7“26 7’32 T28 7“30 7,24 7”26 7“28

T47 7‘37 7,45 7439 T‘43 7"41 7,25 7"27 T29

T36 7ASS 7,.40 7’36 7,46 7”38 7044 7440 7,,42
7.37 7ﬂ39 7“41 /r.35 7.25 7.33 7”27 7.31 7,29

7,48 TSO 7,52 7,48 7‘58 7.50 7”56 7,52 7.54
T49 7,51 7,.53 7,23 7,13 T21 7,15 7‘19 T17

7“60 7,62 T64 7‘60 T7O T62 7,68 7“64 T’66
7‘61 7463 7“65 7411 Tl 7”9 743 T7 7“5

Fig. 12. SMSp,,(12) simplified to rotations for column products

Remark 5.5. The semi-magic square in Theorem 5./ is again not magic, because the

product on the main diagonal 1s equal to rk* =k,

6. Conclusion

We have shown that a magic square over a dihedral group must be of even side, and
proved existence of such semi-magic rectangles for some even n. We summarize out two
previous results in the following.

Theorem 6.1. There exist a I'-semi-magic square SM Sr(n), where I is a dihedral group,
for every n =0 (mod 4), n > 4.

Because we were unable to find such squares for n = 2 (mod 4), we pose an open
problem here.

Problem 6.2. Construct I'-semi-magic squares SMSr(n), where I' is a dihedral group,
for everyn =2 (mod 4), n > 6.

It can be verified easily that such M Sr(2) does not exist. Finally because all our squares
are I'-semi-magic but not ['-magic, we conclude with the following.
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Problem 6.3. Construct I'-magic squares M Sr(n), where I is a dihedral group, for every
even n, n > 4.
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