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ABSTRACT

Let D be a finite simple digraph with vertex set V(D). For v € V(D), the set N~[v]
consists of v and all vertices of D from which arcs go into v. Let £ > 1 be an integer.

A signed double Roman k-dominating function (SDREDF) on a digraph D is a function
f: V(D) — {-1,1,2,3} satisfying the following conditions: (i) > f(z) > k for each
zeEN~[v
v € V(D); (ii) every vertex u with f(u) = —1 has an in-neighbor z W[iih f(z) =3 or two
in-neighbors x and y with f(z) = f(y) = 2; (iii) every vertex u with f(u) = 1 has an in-
neighbor z with f(z) > 2. The weight of an SDREDF fisw(f) = >_ f(v). The signed
veV (D)
double Roman k-domination number 7*,,(D) is the minimum weight of an SDRADF on D.
In this paper, we study the signed double Roman k-domination number of digraphs and
present various bounds on 7% (D). In addition, we determine this parameter for several
classes of digraphs. Some of our results extend well-known properties of the signed double
Roman k-domination number 7% ,(G) of graphs G.

Keywords: digraph, signed double Roman k-dominating function, signed double Roman
k-domination number

2020 Mathematics Subject Classification: 05C20, 05C69.

1. Terminology and introduction

In this paper we continue the study of signed Roman dominating functions in graphs
and digraphs, introduced and investigated by Ahangar, Henning, Lowenstein, Zhao and
Samodivkin [3]. Since then several variations and generalizations have been studied (see,
for example, the survey articles [5, 6, 7, 8, 9, 10]).

Let £ > 1 be an integer, G a simple graph with vertex set V(G) and N[v] = Ng[v]
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the closed neighborhood of the vertex v. A signed double Roman k-dominating function
(SDREDF) on a graph G is defined in [4] as a function f : V(G) — {—1,1,2,3} such

that Y f(z) > k for every v € V(G), every vertex u with f(u) = —1 is adjacent to
TENgG|v]
a vertex z with f(z) = 3 or adjacent to two vertices = and y with f(x) = f(y) = 2, and

every vertex u with f(u) = 1 is adjacent to a vertex z with f(z) > 2. The weight of an

SDREDF f on a graph Gisw(f) = > f(v). The signed double Roman k-domination
veV(Q)

number v¥,5(G) of G is the minimum weight of an SDRADF on G. The special case k = 1
has been studied in |1, 2].

Let now D be a finite and simple digraph with vertex set V(D) and arc set A(D).
The integers n = n(D) = |V(D)| and m = m(D) = |A(D)| are the order and the
size of the digraph D, respectively. The sets Nj(v) = Nt(v) = {z | (v,z) € A(D)}
and N,(v) = N~ (v) = {z | (z,v) € A(D)} are called the out-neighborhood and in-
neighborhood of the vertex v, respectively. The corresponding closed neighborhoods are
Niw] = Nt[v] = Nt (v) U {v} and Ny[v] = N~ [v] = N~ (v) U {v}. We write d(v) =
dt(v) = |[N*t(v)| for the out-degree of a vertex v and dp(v) = d~(v) = |N~(v)| for its
in-degree. The minimum and mazimum in-degree are §~ = 6~ (D) and A~ = A7(D) and
the minimum and mazimum out-degree are 67 = 67(D) and AT = AT(D). If X C V(D),
then D[X] is the subdigraph induced by X. For an arc (z,y) € A(D), the vertex y
is an out-neighbor of x and x is an in-neighbor of y, and we also say that x dominates
y or y is dominated by x. For a real-valued function f : V(D) — R, the weight of f is

w(f)= >_ f(v),and for S C V(D), we define f(S) = > f(v), hence w(f) = f(V(D)).

veV (D) veS
For notation and terminology not defined here, see [11, 12].

For an integer p > 1, we define a set S C V(D) to be a p-dominating set of D if for all
v € S, vis dominated by p vertices in S. A 1-dominating set is also called a dominating
set. The p-domination number ~,(D) of a digraph D is the minimum cardinality of a
p-dominating set of D.

If £ > 1is an integer, then the signed double Roman k-dominating function (SDREDF)
on a digraph D is a function f : V(D) — {—1,1,2,3} satisfying the condition that

> f(z) > k for each v € V(D), every vertex u with f(u) = —1 has an in-neighbor
zeN~[v
z for[ }VVhiCh f(z) = 3 or two in-neighbors = and y with f(z) = f(y) = 2, and every
vertex u with f(u) = 1 has an in-neighbor z with f(z) > 2. The weight of an SDREDF

fisw(f)= > f(v). The signed double Roman k-domination number v¥,n(D) is the
veV (D)

minimum weight of an SDRADF on D. A ~%,,(D)-function is a signed double Roman

k-domination function of weight 7*,,(D).

An SDREDF f on D can be represented by the ordered quadruple (V_1, V3, V5, V3) of
V(D), where V; = Vi(f) ={v e V(D) : f(v) =i} for i € {—1,1,2,3}. The signed double
Roman k-domination number exists when 6~ (D) > [4] — 1. Thus, we always assume
that 0-(D) > [£] — 1. This condition guarantees that the constant function f(v) = 3
satisfies

fFINT[v]) =3(d"(v) +1) = k.
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In this paper, we initiate the study of the signed double Roman k-domination number
of digraphs, and we present different sharp bounds on v¥,.(D). In addition, we determine
the signed double Roman k-domination number for certain classes of digraphs, including
acyclic and circulant tournaments. Some of our results are extensions of well-known
properties of the signed double Roman k-domination number ~*,.(G) of graphs G.

While signed double Roman domination has been studied extensively for undirected
graphs, its extension to digraphs is not merely an incremental generalization. In directed
graphs, the condition for a vertex to be dominated depends on its in-neighborhood. This
asymmetry captures phenomena that are inherently directed, such as information flow,
hierarchical influence, or precedence constraints, which cannot be recovered by simply
replacing each arc with an undirected edge and applying graph-theoretic results. For
instance, in acyclic tournaments, circulant tournaments, and rooted trees, the directed
parameter yields values that can differ significantly from those of their underlying undi-
rected graphs. These examples demonstrate that the signed double Roman k-domination
number is a genuinely new invariant for digraphs, not simply a reinterpretation of the
known graph parameter.

The associated digraph D(G) of a graph G is the digraph obtained from G when each
edge e of GG is replaced by two oppositely oriented arcs with the same ends as e. Since
Ny enlv] = Nglv] for each vertex v € V(G) = V(D(G)), the following useful observation

D(G)
is valid.

Observation 1.1. If D(G) is the associated digraph of a graph G, then v%,,(D(G)) =
k
Vsar(G)-

Let K, and K be the complete graph and complete digraph of order n, respectively.
In [2, 4] and [13], the authors determine the signed double Roman k-domination number
of complete graphs K,.

Proposition 1.2. |2, 1, 13| Let K,, be the complete graph with n > 2 and n > [k/3].
Then v%,5(K,) = k, with the exceptions k = 1 and n € {2,4}, or k=2 andn = 3. In
addition, vir(K2) = vir(Ky) = 2 and v2,p(K3) = 3.

Using Observation 1.1 and Proposition 1.2, we obtain the signed double Roman k-
domination number of complete digraphs.

Corollary 1.3. Let K} be the complete digraph with n > 2 and n > [k/3]. Then
Ve R(KE) =k, with the exceptions k =1 and n € {2,4}, or k =2 and n = 3. In addition,

’VsldR(Kék) = ’VsldR(KI) =2 and ’stR(Kg) = 3.

Further direct consequences of known graph results will be given in the last paragraph
of Section 4.
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2. Preliminary results

In this section, we present basic properties of the signed double Roman k-dominating
function of digraphs.

Lemma 2.1. Let f = (V_1,V}, V5, V3) be an SDREDF on a digraph D of order n and
minimum in-degree 6~ (D) > [£] — 1. Then it holds:
(&) [Voal+ VAl + Vol + V5] = n.
(b) w(f) = [Va| +2|Va| +3[Va| — [V_4].
(c) VaU V3 is a dominating set of D.
(d) ViuVaU Vs is a [5L]-dominating set of D.

Proof. Since (a), (b) and (c) are immediate, we only prove (d). If |[V_;] = 0, then
ViUVaU Vs = V(D) is a [£]-dominating set of D. Let now [V_1|> 1, and let v € V_,
be an arbitrary vertex. Assume that v has j in-neighbors in Vj, p in-neighbors in V5 and
g in-neighbors in V5. The condition f(N~[v]) > k yields j + 2p+ 3¢ — 1 > k, and hence
q> w. This implies

ktl-j=2 k+1l4p+2j k+1
3 B 3 -3
Therefore, v has at least j +p+q > [%1 in-neighbors in V; U V5, U V3. Since v was an
arbitrary vertex in V_;, we deduce that V; UV, U V3 is a (%W—dominating set of D. [

j+p+q=>j+p+

Proposition 2.2. Assume that f = (V_1,V1, V5, V3) is an SDREDF on a digraph D of
order n with 6~ (D) > [%£] — 1, and let AT = AT(D) and 6" = 6"(D). Then it holds:
(1) (BAT +3—k)|Vs| + AT +2—k)|Va| + (AT +1—k)|Vi| > (6T +k+ 1)|V_4].

(i) (BAT +6% +4)[Vs| + (AT 4+ 67 + 3)|Va| + (AT + 67 +2)[Vi| > (07 +k+ 1)n.
(ili) (AT +0" +2)w(f) > (07 — AT 4+ 2k)n+ (67 — A1) |Va| +2(67 — AT)| V3.
(iv) w(f) > (67 —3AT 4+ 2k — 2)n/(BAT + 01 +4) + |Va| + 2| V3.

Proof. (i) It follows from Lemma 2.1 (a) that

E(IVal+ Vil + Val + Vs =kn < Y- fINT) = ) (dhv) +1)f(v)

veV (D) veV(D)
= 3(dh) +1) + > 2dh() +1) + D (dh(v) +1)
vEVS veEVy veV]Y
— Y (dhv) +1
veV_1
< 3(ATH1)|Va]| + 2(AT+ )| Va| + (AT+ 1)V
— (0T + 1)V,

This inequality chain yields the desired bound in (i).
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(ii) Lemma 2.1 (a) implies |[V_1| = n — |V4| — |[V2| — [V3]. Using this identity and Part
(i), we arrive at (ii).
(iii) According to Lemma 2.1 and Part (ii), we obtain Part (iii) as follows:

(AT + 0" +2w(f) =

AT 467+ 2)(|V] + 2| Va| + 3|V3| = [V )

AY 467+ 2)(2[Va] + 3| Va| + 4] V3 = n)

> 200"+ k+1)n — 23AT + 01 +4)[V3] — 2(2AT + 67 + 3)| 14|
+ (AT 467 +2)(3[Va| +4[V3] —n)

= (67 =AY +2k)n + (67 — A1) Vo] + 2(67 — A1) |V3].

—~

(iv) The inequality chain in the proof of Part (i) and Lemma 2.1 (a) show that

kn < 3(AT + 1)|Vs] + 2(AT + D)|Va] + (AT + 1)|V3] — (67 + 1)|V_4]
< AT+ D)VIUVLU VS| — (61 + 1)V

= AT+ D)|VIUVLUVs| — (6T + 1)(n— [V UVLU V)
= BAT+6+4)|ViUVaU V3| — (61 + 1)n,

and thus

n(0t +k+1)
>
MUVl 2 s 57 a

Using this inequality and Lemma 2.1, we obtain
w(f) = 2AViUVaUVs|—n+ V3| + 2|V

n(6* — 3AT + 2k — 2)
= 3AT + 61 +4

+ Vol +2[ V.

This is the bound in Part (iv), and the proof is complete. ]

3. Bounds on the signed double Roman k-domination
number

We start with a general upper bound, and we characterize all extremal digraphs.

Theorem 3.1. Let k > 1 be an integer, and let D be a digraph of order n with 6~ (D) >
[g} — 1. Then ~*,n(D) < 3n, with equality if and only if k = 3t for an integer t > 1,
0~ (D) = % — 1, and each vertex of D is of minimum in-degree or has an out-neighbor of
minimum in-degree.

Proof. Define the function g : V(D) — {—1,1,2,3} by g(z) = 3 for each vertex = €
V(D). Since 6~ (D) > [£] — 1, the function g is an SDREDF on D of weight 3n and thus
Year(D) < 3n.

Now, let k = 3t for an integer t > 1, (D) = § — 1, and assume that each vertex
of D is of minimum in-degree or has an out-neighbor of minimum in-degree. Let f be
a 7% (D)-function, and let € V(D) be an arbitrary vertex. If d~(z) = £ — 1, then
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f(N~[z]) > k implies f(x) = 3. If x is not of minimum in-degree, then = has an out-
neighbor w of minimum in-degree. Now, the condition f(N~[w]) > k implies f(x) = 3.
Thus, f(x) = 3 for each vertex z € V(D), and we obtain 7*,,(D) = 3n in this case.

Conversely, assume that 7%, -(D) = 3n. If k = 3t +¢ for an integer ¢ > 0 and € € {1,2},
then 6~ (D) > t. Define the function h : V(D) — {-1,1,2,3} by h(w) = 2 for an
arbitrary vertex w and h(z) = 3 for each vertex x € V(D) \ {w}. Then

h(NT[]) = > h(z) >3t+2 >k

€N~ [v]

for each v € V(D). Thus, the function h is an SDREDF on D of weight 3n — 1, a
contradiction to the assumption v%,,(D) = 3n.

Let now k = 3t for an integer ¢ > 1 and assume that there exists a vertex w such
that d~(w) > t and d(z) > t for each out-neighbor of w. Define the function h; :
V(D) = {—1,1,2,3} by hy(w) = 2 and hy(x) = 3 for each vertex x € V(D) \ {w}. Then
hiy(N~[w]) >3t +2=k+2, hy(N~[z]) > 3t + 2 = k + 2 for each vertex x € N*(w) and
hi(N~[y]) > k for each vertex y ¢ N*[w]. Hence the function h; is an SDREDF on D
of weight 3n — 1, and we obtain the contradiction 7¥,,(D) < 3n — 1. This completes the
proof. O

Proposition 3.2. If D is a digraph of order n with minimum in-degree 6~ > [5] — 1,
then 7%, (D) < 2n.

Proof. Define the function f : V(D) — {—1,1,2,3} by f(x) = 2 for each vertex = €

V(D). Since 6~ > [%4] — 1, the function f is an SDRADF on D of weight 2n and thus

yde(D) < 2n. O

Theorem 3.3. If D is a digraph of order n > 2 and minimum in-degree 6~ (D) > [£]—1,
then
7§dR(D) > min{%k%l](D) +1; 27(%](19) +2—n}.

Proof. Let f = (V_1, V1, Vs, V3) be a %, (D)-function. If |V_;| = |V;] = 0, then it follows
from Lemma 2.1 that

Yerr(D) = 2|Va| +3|Vs| > 2|Vo U V5| > 27kt (D) = 2’7(%1(19) +2—n.
If |V_1] =0 and |V3| > 1, then |V5| +|V3] > 1, and Lemma 2.1 implies that
Year(D) = [Vi| +2|Va| + 3|V5] = [Vi U Vo U Va| + | Va| +2|V5] > ypes17 (D) + 1.
Now, let |[V_1| > 1. Then |V, 4+ 2|V3| > 2, and we deduce from Lemma 2.1 that

'Vde(D) = |Vi| + 2|Va| + 3| V5| — [V_1| = 2|V4| + 3|Va| + 4|V5] — n
= 2\Vh U Vo U V| + Vo +2|Vs] —n > 2V UVaU Vs +2 —n
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This completes the proof. n

The next two examples will demonstrate that Theorem 3.3 is sharp for £k = 3 and k = 2.

Example 3.4. Let n > 2 be an integer, and assume that H is the digraph with vertex set
{w, z1,22,..., 2,1} and arc set consisting of (z;,w) and (w, z;) for 1 <i < n — 1. Define
a function f by f(w) =2 and f(z;) =1for 1 <i<n—1, so that w(f) =n+ 1. Then
fis a 93,5 (H)-function because f(N~[w]) = f(N~[z]) = 3 and every vertex of weight 1
has an in-neighbor of weight 2. Moreover, no vertex is dominated by other two vertices,
and o Y1y (H) =y (H) =n. Thus, v3,,(H) = Vra (H) + 1, and hence equality holds
in Theorem 3.3 for k£ = 3.

Example 3.5. Let n > 2 be an integer, and assume that F'is the digraph with vertex set
{w, z1,29,...,2,-1} and arc set {(w, z;) | 1 <i < n—1}. Define a function f by f(w) =3
and f(z;) = —1for 1 <i<n—1, sothat w(f) =4 —n. Then f is a v2,5(F)-function
because f(N~[w]) > 2, f(N~[z]) = 2, and each vertex assigned —1 has an in-neighbor
assigned 3. Moreover, w is a dominating vertex, and so ’Y[%*\(F) = v (F) = 1. Hence,
V2 R(F) = 2yp241 (F') 4+ 2 —n =4 — n, and therefore equality holds in Theorem 3.3 for
k=2.

In a particular case, we considerably improve Theorem 3.3.

Proposition 3.6. Let D be a digraph of order n > 2 and minimum in-degree §— (D) >
[£1 — 1. If there exists a 7%, p(D)-function f = (V_1,V1,Va, V3) with |Vi| = |Va| = 0, then

Year(D) > 4’7(%1 (D) —n.
Proof. As in the proof of Theorem 3.3, we obtain

Vear(D) = [Vil +2[Va| + 3|Va| = [Voi| = 2|Va| + 3[Va| + 4 V3| —n
=4|V5] —n > 47[%1(D) —n.

]

A digraph D is r-out-regularif AT(D) = §1t(D) = r and r-regularif AT(D) = A=(D) =
0t(D) =6 (D) =r. As an application of Proposition 2.2 (iii), we obtain a lower bound
on the signed double Roman k-domination number for r-out-regular digraphs.

Corollary 3.7. If D is an r-out-regular digraph of order n with 6~ (D) > [£] — 1, then

3
kn
k > .
%dR(D) = L_f_ 1—‘

Using Corollary 3.7 and Observation 1.1, we obtain the next known result.
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Corollary 3.8. |1| If G is an r-reqular graph of order n with r > (%W — 1, then

kn
k > .
%dR(G) = L‘F 1-‘

Example 3.9. Let £ > 2 be an even integer. If H is a (k/2 — 1)-regular digraph of
order n, then it follows from Corollary 3.7 that v¥,,(H) > 2n, and hence v¥,,(H) = 2n
according to Proposition 3.2.

Example 3.9 demonstrates that Proposition 3.2 and Corollary 3.7 are both sharp.
If D is not out-regular, then the next lower bound on the signed double Roman k-
domination number holds.

Corollary 3.10. Let D be a digraph of order n, minimum in-degree 6~ > (%} — 1, mini-
mum oul-degree 0 and mazimum out-degree AT. If 0T < AT, then

—3AT + 30" + 4k
k(D) >
Yaar( )—( AT + 0t +4 )

Proof. Multiplying both sides of the inequality in Proposition 2.2 (iv) by AT — ¢t and
adding the resulting inequality to the inequality in Proposition 2.2 (iii), we obtain the
desired lower bound. O

Since AT(D(G)) = A(G) and 67 (D(G)) = 6(G), Corollary 3.10 and Observation 1.1
imply the next known result.

Corollary 3.11. |4, 13] Let G be a graph of order n, minimum degree 6 > (%W — 1 and
mazimum degree A. If § < A, then

‘ —3A + 36 + 4k
k >
Ysar(G) 2 ( 3A+0+4 )

In [13], the authors present for each integer £ > 1 an infinite family of graphs with
equality in the bound of Corollary 3.11. Using these examples and Observation 1.1, we
obtain for each integer £ > 1 an infinite family of digraphs with equality in the bound of
Corollary 3.10. Therefore, the inequality in Corollary 3.10 is sharp for each k£ > 1.

In addition, using Examples 1-5 in [13] and Observation 1.1, we conclude that the
bound in Proposition 3.6 is also sharp for every integer k > 1.

4. Special families of digraphs

A tournament is a digraph D in which for every pair u,v of different vertices, either
(u,v) € A(D) or (v,u) € A(D), but not both. An acyclic tournament AT(n) of order n
is a tournament with vertex set V(AT(n)) = {uy, us, ..., u,} such that an arc goes from
u; into u; if and only if ¢ < j.
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Theorem 4.1. Let AT(n) be an acyclic tournament of order n > 5. Then 7%, 5(AT(n)) =
k for1 <k <3.

Proof. Let f be a 4% o(AT(n))-function for 1 < k < 3. Since V(AT(n)) = N~ [u,), we
observe that

Yoar(AT(n)) = w(f) = f(V(AT(n))) = f(N"[u]) > k.
Assume first that & = 1. If n = 2t is even for an integer ¢ > 3, then define g by

g(w) =3, g(uz) = 2, g(us) = g(wa) = ... = g(w1) = 1 and g(w) = glur) = ... =
g(ugy) = —1. If n = 2t + 1 is odd for an integer ¢ > 2, then define g by g(u;) = 3,
gluz) = glug) = ... = g(uy) = 1 and g(us1) = g(ug2) = ... = g(uzs1) = —1. In both

cases g is an SDRIDF on AT(n) of weight w(g) = 1. Hence vi;z(AT(n)) < 1 and thus

Year(AT(n)) = 1.
Assume second that £ = 2. If n = 2t is even for an integer t > 3, then define g by

g(ur) = 3, gluz) = g(uz) = ... = g(w) = 1 and g(uet1) = g(uet2) = ... = glua) = —1.
If n = 5, then define g by g(u1) = 3, g(ug) = 2 and g(uz) = g(ug) = g(us) = —1.
If n = 2t 4 11is odd for an integer ¢ > 3, then define g by g(u;) = 3, g(ug) = 2,
g(us) = g(ug) = ... = g(uy) = 1 and g(u1) = g(uge) = ... = gugy1) = —1. In all

cases ¢ is an SDR2DF on AT(n) of weight w(g) = 2. This shows that v2,,(AT(n)) = 2.
Finally, assume that £ = 3. If n = 2t is even for an integer ¢ > 3, then define g by
g(ur) = 3, gluz) = 2, g(uz) = g(ua) = ... = g(w) = 1 and g(w1) = g(ue2) = ... =
g(ug) = —1. If n = 5, then define g by g(u1) = g(uz) = 3 and g(uz) = g(us) = g(us) =
—1. If n = 2t + 1 is odd for an integer ¢ > 3, then define g by g(u1) = g(u2) = 3,
g(ug) = g(ug) = ... = g(ur) = 1 and g(uts1) = g(ury2) = ... = g(ugy1) = —1. In all
cases ¢ is an SDR3DF on AT(n) of weight w(g) = 3 and therefore v3,,(AT(n)) =3. O

For completeness, we note that v.,z(AT(3)) = 1, 7L, n(AT(4)) = 2, v2,z(AT(3)) = 3,
Voar(AT(4)) = 2 and 7;7(AT(3)) = 72;5(AT(4)) = 3.

Let n = 2r +1 > 3, where r > 1 is an integer. We define the circulant tournament
CT(n) of order n as follows. If V(CT(n)) = {ug, u1,...,u,—1} is the vertex set of CT(n),
then for each ¢, the arcs are going from u; to the vertices u; 1,412, ..., U, where the
indices are taken modulo n.

Theorem 4.2. Let CT(n) be a circulant tournament of order n = 2r + 1 where r > 4 is
an integer, and let k > 1 be an integer such that 2k < 3n + 3.
(a) If 2k < n+ 1, then v%,z(CT(n)) = 2k + 1.

(b) If n+2 < 2k < 2n, then v¥,5(CT(n)) = 2k — 1.

(c) If 2k = 2n + 2, then v¥,,(CT(n)) = 2k — 2.

(d) If 2n+3 <2k < 3n+1, then v%,,(CT(n)) = 2k — 2.
(e) If 2k = 3n + 3, then v*,z(CT(n)) = 2k — 3.

C

)
)
)
)

Proof. Let f be a 7*,5(CT(n))-function. If f(x) = 3 for each vertex x, then w(f) = 3n,
and if f(z) > 2 for each vertex x, then w(f) > 2n. In addition, if f(x) > 1 for each vertex
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x, then w(f) > n+2, since the minimum weight is attained when two vertices u; and w; .,
have weight 2, while all remaining vertices have weight 1. Now, we assume without loss
of generality that f(ug) = —1. Since f(N~[ug]) > k and f(N~[u,]) > k, we deduce that

w(f) = fF(V(CT(n))) = F(N"[uo]) + f(N"[ur]) — f(ug) = 2k + 1.

(a) If 2k < n + 1, then the observations above imply that v*,,(CT(n)) > 2k + 1.

To prove the converse inequality, we distinguish two cases.

Case 1. Assume that r = 2t is even for some integer t > 2. If k = 2s + 1 for some
integer s where 0 < s < ¢, then define the function g by g(ug) = g(ugr1) = 3, g(u1) =
gluz) = ... = guers1) = 1, gluzs2) = g(uzss) = ... = g(uges) = 1 and g(z) = —1
otherwise. Then ¢ is an SDREDF on CT(n) of weight 6 + 2(t +s—1) — (2t —2s+ 1) =
4s +3 = 2k + 1. If k = 2s for some integer s (1 < s < t), then define the function g
by g(uo) = g(uzes1) = 3, g(ur) = gluary2) = 2, guz) = g(uz) = ... = g(Urss-2) = 1,
g(ugss) = g(ugra) = ... = g(ugrs—1) = 1 and g(xz) = —1 otherwise. Then ¢ is an
SDREDF on CT(n) of weight 10 +2(t +s —3) — (2t —2s+3) = 4s+ 1 = 2k + 1. This
shows that v* .(CT(n)) = 2k + 1 in this case.

Case 2. Assume that r = 2t + 1 is odd for some integer ¢t > 2. If k = 2s 4+ 1 for
some integer s where 0 < s < ¢, then define the function g by g(ug) = g(ugo) = 3,
g(ur) = g(uairs) = 2, gluz) = g(uz) = ... = g(usrs1) = 1, g(uarra) = g(uais) = ... =
g(usrs11) = 1 and g(z) = —1 otherwise. Then ¢ is an SDREDF on CT(n) of weight
104+2(t+s—2)— (2t —2s+3) =4s+3 = 2k + 1. If k = 2s for some integer s (1 < s < t),
then define the function g by g(ug) = g(uati2) = 3, g(ur) = g(uz) = ... = g(upis—1) = 1,
g(ugeys) = g(ugirs) = ... = g(ugirsr1) = 1 and g(x) = —1 otherwise. Then g is an
SDREDF on CT(n) of weight 6 +2(t+s—1) — (2t —2s+3) = 4s+ 1 = 2k + 1, and hence
7k R(CT(n)) = 2k + 1 also when 7 is odd.

(b) If n+2 < 2k < 2n, then the observations above show that v*,.(CT(n)) > 2k — 1 if
f(x) > 2 for each vertex x, or if there exists a vertex y with f(y) = —1. If, without loss
of generality, f(ug) = 1, then

w(f) = F(V(CT(n))) = f(N"[uo]) + f(N"[ur]) = f(uo) = 2k — 1.

Consequently, v%,-(CT(n)) > 2k—1 in each case. For the converse inequality, let k = r+s
for an integer s such that 2 < s <r + 1. Define the function g by g(ug) = g(uy) = ... =
g<u572) =2, g(us,‘fl) = g(us) == g(ur) =1, g<ur+1> = g<uT+2> =...= g(urJrsfl) =2
and g(ur4s) = g(Upisp1) = ... = g(ug,) = 1. Then g is an SDRADF on CT(n) of weight
2(s—1)+r—s+2+2(s—1)+r—s+1 =2r+2s—1 = 2k—1 and thus 7*,5(CT(n)) = 2k—1.

(¢) If 2k = 2n + 2, then we have seen above that v*,,(CT(n)) > 2k — 2. Conversely,
define g by g(z) = 2 for each vertex z. Then ¢ is an SDREDF on CT(n) of weight
2n = 2k — 2, and hence 7%, ,(CT(n)) = 2k — 2.

(d) If 2n+3 < 2k < 3n+1, then the observations above imply that v%,,(CT(n)) > 2k—2
in the case that f(x) > 3 for every vertex z, or that there exists a vertex y with f(y) < 1.
If, without loss of generality, f(ug) = 2, then

w(f) = F(V(CT(n))) = f(N"[uo]) + f(N"[ur]) = f(uo) = 2k — 2.



SIGNED DOUBLE ROMAN k-DOMINATION IN DIGRAPHS 119

Hence v¥,»(CT(n)) > 2k — 2 in each case. For the converse inequality, let k = 2r + s
for an integer s such that 3 < s <r 4 2. Define the function g by g(up) = g(u1) = ... =
9(us—3) = 3, g(us—2) = g(us—1) = ... = g(u;) = 2, g(tr1) = g(urs2) = ... = g(Uyss-2) =
3 and g(urys-1) = 9(trs) = ... = g(us,) = 2. Then g is an SDRADF on CT(n) of
weight 3(s —2) +2(r —s+3)+3(s —2) +2(r — s+ 2) = 4r + 2s — 2 = 2k — 2 and thus
o CT(n)) = 2% — 2.

(e) Assume that 2k = 3n + 3. We have seen above that v%,,(CT(n)) > 2k — 3 in every
case. Conversely, the function g with g(z) = 3 for each vertex x leads to y%,z(CT(n)) =
2k — 3 in the last case. O

If C,, is an oriented cycle of order n > 3, then we next determine v%,,(C,,) for 1 < k < 6.

Example 4.3. If n > 3 is an integer, then it holds:
(a) If n is even, then v},n(C,) = n, and if n is odd, then v1,5(C,) =n + 1.

(b) If n is even, then 2,,(C,) = n, and if n is odd, then 72,5(C,) = n + 2.
(c) If 3<k <6, then 7%,,(C,) = [E2].

2
Proof. Denote C,, = vgv; ... Uyp_1v0.

(a) Let f be a vLz(Cp)-function. If f(v;) > 1 for all 0 < i < n —1, then f(v;) > 2
for at least one index j and therefore w(f) > n+ 1. If f(v;) = —1 for an index ¢ such
that 0 < i < n — 1, then the definition leads to f(v;_1) = 3, where the indices are taken
modulo n. These observations show that w(f) > n when n is even and w(f) > n+1 when
n is odd.

Conversely, if n = 2t is even, then define the function g : V(Cy) — {—1,1,2,3} by
g(vy;) = 3 and g(vg41) = —1 for 0 < ¢ < t — 1. Then ¢ is an SDRIDF on Cy of
weight w(g) = 2¢t = n. Thus, 7},5(C,) < n. Consequently, v4,z(C,,) = n in this case. If
n = 2t+1is odd, then define g : V(Cy11) — {—1,1,2,3} by g(ve;) = 3, g(vai41) = —1 for
0 <i<t—1and g(vy) = 2. Then gis an SDRIDF on Cy 1, of weight w(g) = 2t+2 = n+1.
This implies that v%,,(C,,) = n+ 1 when n is odd.

(b) Let f be a v2,(Cy)-function. If f(v;) > 1for all 0 <i <n —1, then f(v;) > 2 for
at least one index j and therefore w(f) > n + 1. If, in addition, n > 3 is odd, then there
are at least two different indices p and ¢ with f(v,), f(v,) > 2 and hence w(f) > n+2in
this case. If f(v;) = —1, then the definition leads to f(v;—1) = 3, where the indices are
taken modulo n. These observations show that w(f) > n when n is even.

Conversely, if n = 2t is even, then define g : V(Cy) — {—1,1,2,3} as in case (a), and
we obtain 72,,(C,) = n.

Let now n =2t 4+ 1 be odd. If f(v;) > 1 for all 0 <i < n — 1, then we have seen above
that w(f) > n+2. In addition, the definitions yield f(v;)+ f(viy1) > 2, and if f(v;) = —1
then f(v;—1) = f(vit+1) = 3, where the indices are taken modulo n. If we assume without
loss of generality that f(v;) = —1, then we deduce that

2t

w(f) = fo) + f(vr) + f(v2) + D fi) > 5+ (n—3) =n+2.

=3
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Therefore, w(f) > n + 2 in each case when n is odd. Now, define g : V(Cy41) —
{—1,1,2,3} by g(ve;) = 3, g(vai+1) = —1 for 0 <i <t —1 and g(vy) = 3. Then g is an
SDR2DF on Cy,; of weight w(g) = 2t + 3 = n + 2. Hence v2,5(C,,) = n + 2 when n is
odd.

(¢) Let now 3 < k < 6. Corollary 3.7 implies v¥,,(C,,) > [5].

If £ =3 and n = 2t is even, then define the function g : V(Cy%) — {—1,1,2,3} by
g(vg;) =1 and g(vgi41) =2 for 0 <i <t —1. If k =3 and n = 2t + 1 is odd, then define
the function g : V(Coy1) — {—1,1,2,3} by g(ve;) =1, g(vg;11) =2 for 0 <i <t —1and
g(vat) = 2. In both cases g is an SDR3DF on C,, of weight w(g) = [2*]. This leads to
Vear(Cn) = (%ﬂ

If k£ = 4, then define the function g with g(v;) = 2 for 0 < i < n — 1. Consequently,
Yaar(Cn) = 2n = [F].

If Kk =5 and n = 2t is even, then define the function g : V(Cq) — {—1,1,2,3} by
g(vg;) = 2 and g(ve;11) =3 for 0 <i<t—1. If k=5and n =2t + 1 is odd, then define
the function ¢ : V(Cyy1) = {—1,1,2,3} by g(ve;) = 2, g(ve;41) =3 for 0 <i <t—1and
g(va) = 3. In both cases g is an SDR5DF on C), of weight w(g) = [2], and we obtain
the desired result.

If £ = 6, then the function g with g(v;) = 3 for 0 < i < n — 1 leads to the desired

identity. O

Let K, be the complete bipartite digraph with partite sets of cardinalities p and ¢, and
let C be the associated digraph of a cycle of length n. Using Observation 1.1, Proposition
4.2 in |2] and Proposition 8 in [13], one can determine v*,,(C*) for 1 < k < 9. Applying
Observation 1.1 and Proposition 4.3 in [2], we obtain v,z (K}; ) for 2 < p < ¢. In addition,
Observation 1.1 and Proposition 11 in [13] lead to v55(K} ) for 2 <k < 3p+ 3.

5. Further lower bounds

In this section, we continue to study lower bounds for the signed double Roman k-
domination number 7%, (D).

Theorem 5.1. If D is a digraph of order n with 6~ (D) > [£] — 1, then

YER(D) > k+1+ A (D) —n.

Proof. Let w € V(D) be a vertex of maximum in-degree, let f be a v¥,.(D)-function,
and denote Y = V(D) \ N~ [w]. Then the definitions imply

Veir(D Z fle) = > fla) + > fx)

xeV (D €N~ [w] z€Y

> k+Zf > —(n—(A~(D)+1))

zeY

=k+1+A7(D)—n,

and the proof of the desired lower bound is complete. O



SIGNED DOUBLE ROMAN k-DOMINATION IN DIGRAPHS 121

It follows from Corollary 1.3 that v%,,(K?) = k, with the exceptions k = 1 and n €
{2,4}, or k = 2 and n = 3. Therefore, the bound given in Theorem 5.1 is sharp.

Let S; be an orientation of the star K ,_1 such that the center w has out-degree n —1,
and let S, consists of S; together with an arc vw for an arbitrary leaf v of K;, ;. In
addition, let S? be the family of digraphs H with A~(H) < 2 such that H contains a
spanning subdigraph Sj.

Theorem 5.2. Let D be a digraph of order n > 2. Then vl,5(D) > 4 — n, with equality
if and only if D € S2.

Proof. If A=(D) = 0, then v4,z(D) = 2n > 4 —n. If A=(D) > 1, then Theorem 5.1
implies ~1,-(D) > 3 —n. However, if y},z(D) = 3 — n, then there exists exactly one
vertex of weight 2 and n — 1 vertices of weight —1. Since this is impossible, we obtain the
desired lower bound.

If D € S?, then we define the function g as follows: g(w) = 3 and g(z) = —1 for all
x # w. Since A™(D) < 2, we have g(N~[y]) > 1 for any vertex y in D. Also, every vertex
of weight —1 has an in-neighbor of weight 3. Thus, this function is an SDR1DF on D.
Therefore, y!,»(D) < 4 —n and hence v),p(D) =4 —n for D € 52

Assume now that v},-(D) =4 —n, and let f be a y1,n(D)-function. This implies that

D has exactly one vertex u with f(u) = 3 and n — 1 vertices x1, s, ..., x,_1 such that
flz;) = =1 for 1 <i <n-—1. It follows that (u,z;) € A(D) forall 1 <i <n — 1.
Since f is a y1,p(D)-function, we have g(N~[y]) > 1 for any vertex y in D. Therefore,
A~(D) < 2 and hence D € S2. O

Theorem 5.3. Let D be a digraph of order n > 2. Then v2,5(D) > 4 — n, with equality
if and only iof D =5, or D = S,.

Proof. If A=(D) = 0, then v%,5(D) = 2n > 4 —n. If A=(D) > 1, then Theorem 5.1
implies 72,5(D) > 4 — n, and the lower bound is proved. If D = S; or D = S, then
the function g with g(w) = 3 and g(z) = —1 otherwise is an SDR2DF on D and hence
v2,r(D) < 4 —n. This shows that v2,5(D) = 4 — n in these cases.

Assume now that 7v2,5(D) =4 — n, and let f be a v2,,(D)-function. This implies that
D has exactly one vertex u with f(u) = 3 and n — 1 vertices xy, z, ..., 2,1 such that
f(z;) = —1for 1 <i <n—1. It follows that (u,z;) € A(D) forall 1 <i<n-—1. In
addition, there is no arc (x;,x;) for 1 <i # j <n — 1, and there may exist at most one

additional arc (zy,u) for some integer ¢t with 1 <t < n — 1. Consequently, D = S; or
D - SQ. D

Theorem 5.4. Let & > 3 be an integer, and let D be a digraph of order n with 6= (D) >
[£] — 1. Then

Vst(D) > k+ [g—‘ —n,

*

with equality if and only if D = K[ET
3
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Proof. Since A~(D) > 6~ (D) > [£] — 1, it follows from Theorem 5.1 that

k k
’Vde(D) Zk+1+A_(D)—n2k;_|_1+ lrg-‘ —1—n:k+ lrg-‘ —n,
and the desired lower bound is proved.

Ifk>3and D=K*

k) then Corollary 1.3 implies that
3

k k
F(D)=k=k+|=|—1|=].
fk=3and D=K"*

sy = K73, then v3,5(K7) = 3 and the above equality holds.

Conversely, assume that 7¥,,(D) = k + [£] — n, and let f be a 4% (D)-function. If
A~(D) > [%], then Theorem 5.1 implies v%,,(D) > k + [£] + 1 — n, a contradiction.
Thus, A=(D) = 6~ (D) = [£] — 1. If there exists a vertex w with f(w) = —1, then we
obtain the following contradiction:

k< f(N"[w]) < -1+3A7(D)=—-1+3 (@ - 1) <k-2.

Hence f(z) > 1 for each z € V(D). Next, we distinguish three cases.
Case 1. Assume that & = 3t for an integer ¢ > 1. If there exists a vertex w with
1 < f(w) < 2, then we arrive at the contradiction

kgf(N—[w])§2+3A—(D)_2+3(§—1) —k—1.

Therefore, f(z) =3 for all z € V(D). We deduce that w(f) = 3n =k + £ — n and thus
[4

Case 2. Assume that k = 3t + 2 for an integer ¢ > 1. If there exists a vertex w with
f(w) =1, then we arrive at the contradiction

n = % Consequently, D = K, in this case.

kgf(N‘[w])§1+3A‘(D):1+3<%—1> =k—1.

Therefore, f(x) > 2 for each x € V(D).

If there exists a vertex w with f(w) = 2, then w has exactly £22 in-neighbors of weight
3. Suppose that, in addition to the vertex w and its % in-neighbors, D has a > 0 further
vertices of weight 2 and b > 0 further vertices of weight 3. Then n =1+ % +a+ b and

hence
3n=3a+3b+k+1. (1)

On the other hand, because D has a + 1 vertices of weight 2 and other vertices are of

weight 3, we obtain

w(f):3n—(a+1):k+%—n,

and thus
12n = 4k + 3a + 4. (2)



SIGNED DOUBLE ROMAN k-DOMINATION IN DIGRAPHS 123

Combining (1) and (2), we find that 9a + 120 = 0 and therefore a = b = 0. It follows
that n = % and hence D = KF%T

Finally, assume that f(z) = 3 for each « € V(D). Then w(f) =3n =k + * —n, and
we obtain the contradiction 12n = 4k + 1.

Case 3. Assume that k = 3t + 1 for an integer ¢ > 1. If there exists a vertex w with
f(w) = 1, then w has exactly £z in-neighbors of weight 3. Suppose that D has a > 0
further vertices of weight 1, b > 0 further vertices of weight 2 and ¢ > 0 further vertices

of weight 3. Then n = 1+%+a+b+camd hence
3n=3a+3b+3c+k+2. (3)
On the other hand, w(f) =3n —2(a+1) — b =k + %2 — n and thus
12n = 4k + 6a + 3b + 8. (4)

Eqgs. (3) and (4) imply that 6a 4+ 9b+ 12¢ = 0, and hence a = b = ¢ = 0. We deduce that
n = "2 and therefore D = Ky

R
3
It remains to consider the case where f(x) > 2 for each € V(D). If there exists
a vertex w with f(w) = 2, then w has exactly 2! in-neighbors of weight 3 or % — 1
in-neighbors of weight 3 and one in-neighbor of weight 2. Assume first that w has exactly

% in-neighbors of weight 3. Suppose that D has a > 0 further vertices of weight 2 and

b > 0 further vertices of weight 3. Then n =1+ % + a+ b and hence
3n=3a+3b+k+2. (5)
In addition, w(f) = 3n — (a+ 1) = k + %2 — n and therefore
12n = 4k + 3a + 5. (6)

Now, Egs. (5) and (6) lead to the contradiction 9a + 12b 4+ 3 = 0. Assume second that
w has % — 1 in-neighbors of weight 3 and one in-neighbor of weight 2. Suppose that
D has a > 0 further vertices of weight 2 and b > 0 further vertices of weight 3. Then
n=1+ % + a + b and therefore

3n =3a+3b+k+2. (7)
In addition, w(f) = 3n — (a + 2) = k + %2 — n and hence
12n = 4k + 3a + 8. (8)

It follows from (7) and (8) that 9a + 12b = 0 and therefore @ = b = 0. Hence n = &2
and we obtain D = KFET
3

Finally, assume that f(z) = 3 for each x € V(D). Then w(f) =3n =k + %2 —n, and
we obtain the contradiction 12n = 4k + 2. This completes the proof. O

A digraph is connected if its underlying graph is connected. A rooted tree is a connected
digraph with a vertex r of in-degree 0, called the root, such that every vertex different
from the root has in-degree 1.
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Proposition 5.5. If T is a rooted tree of order n > 2, then v3,,(T) > n+2, with equality
if and only of T = 5.

Proof. Let f be a 73,,(T)-function, and let r be the root of T. Since d~(r) = 0 and
d (z) =1for x € V(T)\ {r}, we note that f(r) =3 and f(x) > 1 for x € V(T) \ {r}.
Therefore, 72,-(T) > 3+ (n — 1) = n + 2, and the desired bound is proved.

If T' # Sy, then there exist two vertices u and v such that » dominates u and u dominates
v. Since f(u) = f(v) = 1 is not possible, we note that f(u) > 2 or f(v) > 2. Therefore,
Vr(T)=w(f) >34+2+(n—2)=n+3 when T # 5.

If T'= S, then we define the function g : V(T') — {—1,1,2,3} as follows: g(r) = 3 and
g(x) =1for all z € V(T)\ {r}. We have g(N~[y]) > 3 for any vertex y in T" and every
vertex of weight 1 has an in-neighbor of weight 3, therefore this function is an SDR3DF
on T of weight w(g) = n + 2. Hence 73,5(S1) < n+ 2 and thus v2,5(51) = n + 2. O
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