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Signed double Roman k-domination in digraphs

Lutz Volkmann and Vadim Zverovich*

abstract

Let D be a �nite simple digraph with vertex set V (D). For v ∈ V (D), the set N−[v]

consists of v and all vertices of D from which arcs go into v. Let k ≥ 1 be an integer.

A signed double Roman k-dominating function (SDRkDF) on a digraph D is a function

f : V (D) → {−1, 1, 2, 3} satisfying the following conditions: (i)
∑

x∈N−[v]

f(x) ≥ k for each

v ∈ V (D); (ii) every vertex u with f(u) = −1 has an in-neighbor z with f(z) = 3 or two

in-neighbors x and y with f(x) = f(y) = 2; (iii) every vertex u with f(u) = 1 has an in-

neighbor z with f(z) ≥ 2. The weight of an SDRkDF f is ω(f) =
∑

v∈V (D)

f(v). The signed

double Roman k-domination number γk
sdR(D) is the minimum weight of an SDRkDF onD.

In this paper, we study the signed double Roman k-domination number of digraphs and

present various bounds on γk
sdR(D). In addition, we determine this parameter for several

classes of digraphs. Some of our results extend well-known properties of the signed double

Roman k-domination number γk
sdR(G) of graphs G.

Keywords: digraph, signed double Roman k-dominating function, signed double Roman

k-domination number

2020 Mathematics Subject Classi�cation: 05C20, 05C69.

1. Terminology and introduction

In this paper we continue the study of signed Roman dominating functions in graphs

and digraphs, introduced and investigated by Ahangar, Henning, Löwenstein, Zhao and

Samodivkin [3]. Since then several variations and generalizations have been studied (see,

for example, the survey articles [5, 6, 7, 8, 9, 10]).

Let k ≥ 1 be an integer, G a simple graph with vertex set V (G) and N [v] = NG[v]

∗ Corresponding author.

Received 24 Apr 2026; Revised 11 Jun 2026; Accepted 19 Jun 2026; Published Online 22 Jul 2026.

DOI: 10.61091/um128-06
© 2026 The Author(s). Published by Combinatorial Press. This is an open access article under the CC

BY license (https://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.61091/um128-06
https://www.combinatorialpress.com/um
https://doi.org/10.61091/um128-06
https://creativecommons.org/licenses/by/4.0/


110 l. volkmann and v. zverovich

the closed neighborhood of the vertex v. A signed double Roman k-dominating function

(SDRkDF) on a graph G is de�ned in [4] as a function f : V (G) → {−1, 1, 2, 3} such

that
∑

x∈NG[v]

f(x) ≥ k for every v ∈ V (G), every vertex u with f(u) = −1 is adjacent to

a vertex z with f(z) = 3 or adjacent to two vertices x and y with f(x) = f(y) = 2, and

every vertex u with f(u) = 1 is adjacent to a vertex z with f(z) ≥ 2. The weight of an

SDRkDF f on a graph G is ω(f) =
∑

v∈V (G)

f(v). The signed double Roman k-domination

number γk
sdR(G) of G is the minimum weight of an SDRkDF on G. The special case k = 1

has been studied in [1, 2].

Let now D be a �nite and simple digraph with vertex set V (D) and arc set A(D).

The integers n = n(D) = |V (D)| and m = m(D) = |A(D)| are the order and the

size of the digraph D, respectively. The sets N+
D (v) = N+(v) = {x | (v, x) ∈ A(D)}

and N−
D (v) = N−(v) = {x | (x, v) ∈ A(D)} are called the out-neighborhood and in-

neighborhood of the vertex v, respectively. The corresponding closed neighborhoods are

N+
D [v] = N+[v] = N+(v) ∪ {v} and N−

D [v] = N−[v] = N−(v) ∪ {v}. We write d+D(v) =

d+(v) = |N+(v)| for the out-degree of a vertex v and d−D(v) = d−(v) = |N−(v)| for its

in-degree. The minimum and maximum in-degree are δ− = δ−(D) and ∆− = ∆−(D) and

the minimum and maximum out-degree are δ+ = δ+(D) and ∆+ = ∆+(D). If X ⊆ V (D),

then D[X] is the subdigraph induced by X. For an arc (x, y) ∈ A(D), the vertex y

is an out-neighbor of x and x is an in-neighbor of y, and we also say that x dominates

y or y is dominated by x. For a real-valued function f : V (D) → R, the weight of f is

ω(f) =
∑

v∈V (D)

f(v), and for S ⊆ V (D), we de�ne f(S) =
∑
v∈S

f(v), hence ω(f) = f(V (D)).

For notation and terminology not de�ned here, see [11, 12].

For an integer p ≥ 1, we de�ne a set S ⊆ V (D) to be a p-dominating set of D if for all

v ̸∈ S, v is dominated by p vertices in S. A 1-dominating set is also called a dominating

set. The p-domination number γp(D) of a digraph D is the minimum cardinality of a

p-dominating set of D.

If k ≥ 1 is an integer, then the signed double Roman k-dominating function (SDRkDF)

on a digraph D is a function f : V (D) → {−1, 1, 2, 3} satisfying the condition that∑
x∈N−[v]

f(x) ≥ k for each v ∈ V (D), every vertex u with f(u) = −1 has an in-neighbor

z for which f(z) = 3 or two in-neighbors x and y with f(x) = f(y) = 2, and every

vertex u with f(u) = 1 has an in-neighbor z with f(z) ≥ 2. The weight of an SDRkDF

f is ω(f) =
∑

v∈V (D)

f(v). The signed double Roman k-domination number γk
sdR(D) is the

minimum weight of an SDRkDF on D. A γk
sdR(D)-function is a signed double Roman

k-domination function of weight γk
sdR(D).

An SDRkDF f on D can be represented by the ordered quadruple (V−1, V1, V2, V3) of

V (D), where Vi = Vi(f) = {v ∈ V (D) : f(v) = i} for i ∈ {−1, 1, 2, 3}. The signed double

Roman k-domination number exists when δ−(D) ≥ ⌈k
3
⌉ − 1. Thus, we always assume

that δ−(D) ≥ ⌈k
3
⌉ − 1. This condition guarantees that the constant function f(v) = 3

satis�es

f(N−[v]) = 3(d−(v) + 1) ≥ k.
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In this paper, we initiate the study of the signed double Roman k-domination number

of digraphs, and we present di�erent sharp bounds on γk
sdR(D). In addition, we determine

the signed double Roman k-domination number for certain classes of digraphs, including

acyclic and circulant tournaments. Some of our results are extensions of well-known

properties of the signed double Roman k-domination number γk
sdR(G) of graphs G.

While signed double Roman domination has been studied extensively for undirected

graphs, its extension to digraphs is not merely an incremental generalization. In directed

graphs, the condition for a vertex to be dominated depends on its in-neighborhood. This

asymmetry captures phenomena that are inherently directed, such as information �ow,

hierarchical in�uence, or precedence constraints, which cannot be recovered by simply

replacing each arc with an undirected edge and applying graph-theoretic results. For

instance, in acyclic tournaments, circulant tournaments, and rooted trees, the directed

parameter yields values that can di�er signi�cantly from those of their underlying undi-

rected graphs. These examples demonstrate that the signed double Roman k-domination

number is a genuinely new invariant for digraphs, not simply a reinterpretation of the

known graph parameter.

The associated digraph D(G) of a graph G is the digraph obtained from G when each

edge e of G is replaced by two oppositely oriented arcs with the same ends as e. Since

N−
D(G)[v] = NG[v] for each vertex v ∈ V (G) = V (D(G)), the following useful observation

is valid.

Observation 1.1. If D(G) is the associated digraph of a graph G, then γk
sdR(D(G)) =

γk
sdR(G).

Let Kn and K∗
n be the complete graph and complete digraph of order n, respectively.

In [2, 4] and [13], the authors determine the signed double Roman k-domination number

of complete graphs Kn.

Proposition 1.2. [2, 4, 13] Let Kn be the complete graph with n ≥ 2 and n ≥ ⌈k/3⌉.
Then γk

sdR(Kn) = k, with the exceptions k = 1 and n ∈ {2, 4}, or k = 2 and n = 3. In

addition, γ1
sdR(K2) = γ1

sdR(K4) = 2 and γ2
sdR(K3) = 3.

Using Observation 1.1 and Proposition 1.2, we obtain the signed double Roman k-

domination number of complete digraphs.

Corollary 1.3. Let K∗
n be the complete digraph with n ≥ 2 and n ≥ ⌈k/3⌉. Then

γk
sdR(K

∗
n) = k, with the exceptions k = 1 and n ∈ {2, 4}, or k = 2 and n = 3. In addition,

γ1
sdR(K

∗
2) = γ1

sdR(K
∗
4) = 2 and γ2

sdR(K
∗
3) = 3.

Further direct consequences of known graph results will be given in the last paragraph

of Section 4.
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2. Preliminary results

In this section, we present basic properties of the signed double Roman k-dominating

function of digraphs.

Lemma 2.1. Let f = (V−1, V1, V2, V3) be an SDRkDF on a digraph D of order n and

minimum in-degree δ−(D) ≥ ⌈k
3
⌉ − 1. Then it holds:

(a) |V−1|+ |V1|+ |V2|+ |V3| = n.

(b) ω(f) = |V1|+2|V2|+3|V3| − |V−1|.

(c) V2 ∪ V3 is a dominating set of D.

(d) V1 ∪ V2 ∪ V3 is a ⌈k+1
3
⌉-dominating set of D.

Proof. Since (a), (b) and (c) are immediate, we only prove (d). If |V−1| = 0, then

V1 ∪ V2 ∪ V3 = V (D) is a ⌈k+1
3
⌉-dominating set of D. Let now |V−1|≥ 1, and let v ∈ V−1

be an arbitrary vertex. Assume that v has j in-neighbors in V1, p in-neighbors in V2 and

q in-neighbors in V3. The condition f(N−[v]) ≥ k yields j + 2p + 3q − 1 ≥ k, and hence

q ≥ k+1−j−2p
3

. This implies

j + p+ q ≥ j + p+
k + 1− j − 2p

3
=

k + 1 + p+ 2j

3
≥ k + 1

3
.

Therefore, v has at least j + p+ q ≥ ⌈k+1
3
⌉ in-neighbors in V1 ∪ V2 ∪ V3. Since v was an

arbitrary vertex in V−1, we deduce that V1 ∪ V2 ∪ V3 is a ⌈k+1
3
⌉-dominating set of D.

Proposition 2.2. Assume that f = (V−1, V1, V2, V3) is an SDRkDF on a digraph D of

order n with δ−(D) ≥ ⌈k
3
⌉ − 1, and let ∆+ = ∆+(D) and δ+ = δ+(D). Then it holds:

(i) (3∆+ + 3− k)|V3| + (2∆+ + 2− k)|V2| + (∆+ + 1− k)|V1| ≥ (δ+ + k + 1)|V−1|.

(ii) (3∆+ + δ+ + 4)|V3| + (2∆+ + δ+ + 3)|V2| + (∆+ + δ+ + 2)|V1| ≥ (δ+ + k + 1)n.

(iii) (∆+ + δ+ + 2)ω(f) ≥ (δ+ −∆+ + 2k)n+ (δ+ −∆+)|V2| + 2(δ+ −∆+)|V3|.

(iv) ω(f) ≥ (δ+ − 3∆+ + 2k − 2)n/(3∆+ + δ+ + 4) + |V2| + 2|V3|.

Proof. (i) It follows from Lemma 2.1 (a) that

k(|V−1|+ |V1|+ |V2|+ |V3|) = kn ≤
∑

v∈V (D)

f(N−[v]) =
∑

v∈V (D)

(d+D(v) + 1)f(v)

=
∑
v∈V3

3(d+D(v) + 1) +
∑
v∈V2

2(d+D(v) + 1) +
∑
v∈V1

(d+D(v) + 1)

−
∑
v∈V−1

(d+D(v) + 1)

≤ 3(∆++ 1)|V3| + 2(∆++ 1)|V2| + (∆++ 1)|V1|
− (δ++ 1)|V−1|.

This inequality chain yields the desired bound in (i).
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(ii) Lemma 2.1 (a) implies |V−1| = n − |V1| − |V2| − |V3|. Using this identity and Part

(i), we arrive at (ii).

(iii) According to Lemma 2.1 and Part (ii), we obtain Part (iii) as follows:

(∆+ + δ+ + 2)ω(f) = (∆+ + δ+ + 2)(|V1|+2|V2|+3|V3| − |V−1|)
= (∆+ + δ+ + 2)(2|V1|+3|V2|+4|V3| −n)

≥ 2(δ+ + k + 1)n − 2(3∆+ + δ+ + 4)|V3| − 2(2∆+ + δ+ + 3)|V2|
+(∆+ + δ+ + 2)(3|V2|+4|V3| −n)

= (δ+ −∆+ + 2k)n + (δ+ −∆+)|V2| + 2(δ+ −∆+)|V3|.

(iv) The inequality chain in the proof of Part (i) and Lemma 2.1 (a) show that

kn ≤ 3(∆+ + 1)|V3| + 2(∆+ + 1)|V2| + (∆+ + 1)|V1| − (δ+ + 1)|V−1|
≤ 3(∆+ + 1)|V1 ∪ V2 ∪ V3| − (δ+ + 1)|V−1|
= 3(∆+ + 1)|V1 ∪ V2 ∪ V3| − (δ+ + 1)(n− |V1 ∪ V2 ∪ V3|)
= (3∆+ + δ+ + 4)|V1 ∪ V2 ∪ V3| − (δ+ + 1)n,

and thus

|V1 ∪ V2 ∪ V3| ≥
n(δ+ + k + 1)

3∆+ + δ+ + 4
.

Using this inequality and Lemma 2.1, we obtain

ω(f) = 2|V1 ∪ V2 ∪ V3| −n+ |V2|+2|V3|

≥ n(δ+ − 3∆+ + 2k − 2)

3∆+ + δ+ + 4
+ |V2|+2|V3|.

This is the bound in Part (iv), and the proof is complete.

3. Bounds on the signed double Roman k-domination

number

We start with a general upper bound, and we characterize all extremal digraphs.

Theorem 3.1. Let k ≥ 1 be an integer, and let D be a digraph of order n with δ−(D) ≥
⌈k
3
⌉ − 1. Then γk

sdR(D) ≤ 3n, with equality if and only if k = 3t for an integer t ≥ 1,

δ−(D) = k
3
− 1, and each vertex of D is of minimum in-degree or has an out-neighbor of

minimum in-degree.

Proof. De�ne the function g : V (D) → {−1, 1, 2, 3} by g(x) = 3 for each vertex x ∈
V (D). Since δ−(D) ≥ ⌈k

3
⌉ − 1, the function g is an SDRkDF on D of weight 3n and thus

γk
sdR(D) ≤ 3n.

Now, let k = 3t for an integer t ≥ 1, δ−(D) = k
3
− 1, and assume that each vertex

of D is of minimum in-degree or has an out-neighbor of minimum in-degree. Let f be

a γk
sdR(D)-function, and let x ∈ V (D) be an arbitrary vertex. If d−(x) = k

3
− 1, then
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f(N−[x]) ≥ k implies f(x) = 3. If x is not of minimum in-degree, then x has an out-

neighbor w of minimum in-degree. Now, the condition f(N−[w]) ≥ k implies f(x) = 3.

Thus, f(x) = 3 for each vertex x ∈ V (D), and we obtain γk
sdR(D) = 3n in this case.

Conversely, assume that γk
sdR(D) = 3n. If k = 3t+ ϵ for an integer t ≥ 0 and ϵ ∈ {1, 2},

then δ−(D) ≥ t. De�ne the function h : V (D) → {−1, 1, 2, 3} by h(w) = 2 for an

arbitrary vertex w and h(x) = 3 for each vertex x ∈ V (D) \ {w}. Then

h(N−[v]) =
∑

x∈N−[v]

h(x) ≥ 3t+ 2 ≥ k,

for each v ∈ V (D). Thus, the function h is an SDRkDF on D of weight 3n − 1, a

contradiction to the assumption γk
sdR(D) = 3n.

Let now k = 3t for an integer t ≥ 1 and assume that there exists a vertex w such

that d−(w) ≥ t and d−(x) ≥ t for each out-neighbor of w. De�ne the function h1 :

V (D) → {−1, 1, 2, 3} by h1(w) = 2 and h1(x) = 3 for each vertex x ∈ V (D) \ {w}. Then
h1(N

−[w]) ≥ 3t+ 2 = k + 2, h1(N
−[x]) ≥ 3t+ 2 = k + 2 for each vertex x ∈ N+(w) and

h1(N
−[y]) ≥ k for each vertex y ̸∈ N+[w]. Hence the function h1 is an SDRkDF on D

of weight 3n− 1, and we obtain the contradiction γk
sdR(D) ≤ 3n− 1. This completes the

proof.

Proposition 3.2. If D is a digraph of order n with minimum in-degree δ− ≥ ⌈k
2
⌉ − 1,

then γk
sdR(D) ≤ 2n.

Proof. De�ne the function f : V (D) → {−1, 1, 2, 3} by f(x) = 2 for each vertex x ∈
V (D). Since δ− ≥ ⌈k

2
⌉ − 1, the function f is an SDRkDF on D of weight 2n and thus

γk
sdR(D) ≤ 2n.

Theorem 3.3. If D is a digraph of order n ≥ 2 and minimum in-degree δ−(D) ≥ ⌈k
3
⌉−1,

then

γk
sdR(D) ≥ min{γ⌈ k+1

3
⌉(D) + 1; 2γ⌈ k+1

3
⌉(D) + 2− n}.

Proof. Let f = (V−1, V1, V2, V3) be a γk
sdR(D)-function. If |V−1| = |V1| = 0, then it follows

from Lemma 2.1 that

γk
sdR(D) = 2|V2|+3|V3| ≥ 2|V2 ∪ V3| ≥ 2γ⌈ k+1

3
⌉(D) ≥ 2γ⌈ k+1

3
⌉(D) + 2− n.

If |V−1| = 0 and |V1| ≥ 1, then |V2|+ |V3| ≥ 1, and Lemma 2.1 implies that

γk
sdR(D) = |V1|+2|V2|+3|V3| = |V1 ∪ V2 ∪ V3|+ |V2|+2|V3| ≥ γ⌈ k+1

3
⌉(D) + 1.

Now, let |V−1| ≥ 1. Then |V2|+2|V3| ≥ 2, and we deduce from Lemma 2.1 that

γk
sdR(D) = |V1|+2|V2|+3|V3| − |V−1| = 2|V1|+3|V2|+4|V3| −n

= 2|V1 ∪ V2 ∪ V3|+ |V2|+2|V3| −n ≥ 2|V1 ∪ V2 ∪ V3|+2− n
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≥ 2γ⌈ k+1
3

⌉(D) + 2− n.

This completes the proof.

The next two examples will demonstrate that Theorem 3.3 is sharp for k = 3 and k = 2.

Example 3.4. Let n ≥ 2 be an integer, and assume that H is the digraph with vertex set

{w, z1, z2, . . . , zn−1} and arc set consisting of (z1, w) and (w, zi) for 1 ≤ i ≤ n− 1. De�ne

a function f by f(w) = 2 and f(zi) = 1 for 1 ≤ i ≤ n − 1, so that ω(f) = n + 1. Then

f is a γ3
sdR(H)-function because f(N−[w]) = f(N−[zi]) = 3 and every vertex of weight 1

has an in-neighbor of weight 2. Moreover, no vertex is dominated by other two vertices,

and so γ⌈ 3+1
3

⌉(H) = γ2(H) = n. Thus, γ3
sdR(H) = γ⌈ 3+1

3
⌉(H) + 1, and hence equality holds

in Theorem 3.3 for k = 3.

Example 3.5. Let n ≥ 2 be an integer, and assume that F is the digraph with vertex set

{w, z1, z2, . . . , zn−1} and arc set {(w, zi) | 1 ≤ i ≤ n−1}. De�ne a function f by f(w) = 3

and f(zi) = −1 for 1 ≤ i ≤ n − 1, so that ω(f) = 4 − n. Then f is a γ2
sdR(F )-function

because f(N−[w]) ≥ 2, f(N−[zi]) = 2, and each vertex assigned −1 has an in-neighbor

assigned 3. Moreover, w is a dominating vertex, and so γ⌈ 2+1
3

⌉(F ) = γ1(F ) = 1. Hence,

γ2
sdR(F ) = 2γ⌈ 2+1

3
⌉(F ) + 2 − n = 4 − n, and therefore equality holds in Theorem 3.3 for

k = 2.

In a particular case, we considerably improve Theorem 3.3.

Proposition 3.6. Let D be a digraph of order n ≥ 2 and minimum in-degree δ−(D) ≥
⌈k
3
⌉ − 1. If there exists a γk

sdR(D)-function f = (V−1, V1, V2, V3) with |V1| = |V2| = 0, then

γk
sdR(D) ≥ 4γ⌈ k+1

3
⌉(D)− n.

Proof. As in the proof of Theorem 3.3, we obtain

γk
sdR(D) = |V1|+2|V2|+3|V3| − |V−1| = 2|V1|+3|V2|+4|V3| −n

= 4|V3| −n ≥ 4γ⌈ k+1
3

⌉(D)− n.

A digraph D is r-out-regular if ∆+(D) = δ+(D) = r and r-regular if ∆+(D) = ∆−(D) =

δ+(D) = δ−(D) = r. As an application of Proposition 2.2 (iii), we obtain a lower bound

on the signed double Roman k-domination number for r-out-regular digraphs.

Corollary 3.7. If D is an r-out-regular digraph of order n with δ−(D) ≥ ⌈k
3
⌉ − 1, then

γk
sdR(D) ≥

⌈
kn

r + 1

⌉
.

Using Corollary 3.7 and Observation 1.1, we obtain the next known result.
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Corollary 3.8. [4] If G is an r-regular graph of order n with r ≥ ⌈k
3
⌉ − 1, then

γk
sdR(G) ≥

⌈
kn

r + 1

⌉
.

Example 3.9. Let k ≥ 2 be an even integer. If H is a (k/2 − 1)-regular digraph of

order n, then it follows from Corollary 3.7 that γk
sdR(H) ≥ 2n, and hence γk

sdR(H) = 2n

according to Proposition 3.2.

Example 3.9 demonstrates that Proposition 3.2 and Corollary 3.7 are both sharp.

If D is not out-regular, then the next lower bound on the signed double Roman k-

domination number holds.

Corollary 3.10. Let D be a digraph of order n, minimum in-degree δ−≥ ⌈k
3
⌉ − 1, mini-

mum out-degree δ+ and maximum out-degree ∆+. If δ+< ∆+, then

γk
sdR(D) ≥

(
−3∆+ + 3δ+ + 4k

3∆+ + δ+ + 4

)
n.

Proof. Multiplying both sides of the inequality in Proposition 2.2 (iv) by ∆+ − δ+ and

adding the resulting inequality to the inequality in Proposition 2.2 (iii), we obtain the

desired lower bound.

Since ∆+(D(G)) = ∆(G) and δ+(D(G)) = δ(G), Corollary 3.10 and Observation 1.1

imply the next known result.

Corollary 3.11. [4, 13] Let G be a graph of order n, minimum degree δ ≥ ⌈k
3
⌉ − 1 and

maximum degree ∆. If δ < ∆, then

γk
sdR(G) ≥

(
−3∆ + 3δ + 4k

3∆ + δ + 4

)
n.

In [13], the authors present for each integer k ≥ 1 an in�nite family of graphs with

equality in the bound of Corollary 3.11. Using these examples and Observation 1.1, we

obtain for each integer k ≥ 1 an in�nite family of digraphs with equality in the bound of

Corollary 3.10. Therefore, the inequality in Corollary 3.10 is sharp for each k ≥ 1.

In addition, using Examples 1�5 in [13] and Observation 1.1, we conclude that the

bound in Proposition 3.6 is also sharp for every integer k ≥ 1.

4. Special families of digraphs

A tournament is a digraph D in which for every pair u, v of di�erent vertices, either

(u, v) ∈ A(D) or (v, u) ∈ A(D), but not both. An acyclic tournament AT(n) of order n

is a tournament with vertex set V (AT(n)) = {u1, u2, . . . , un} such that an arc goes from

ui into uj if and only if i < j.
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Theorem 4.1. Let AT(n) be an acyclic tournament of order n ≥ 5. Then γk
sdR(AT(n)) =

k for 1 ≤ k ≤ 3.

Proof. Let f be a γk
sdR(AT(n))-function for 1 ≤ k ≤ 3. Since V (AT(n)) = N−[un], we

observe that

γk
sdR(AT(n)) = ω(f) = f(V (AT(n))) = f(N−[un]) ≥ k.

Assume �rst that k = 1. If n = 2t is even for an integer t ≥ 3, then de�ne g by

g(u1) = 3, g(u2) = 2, g(u3) = g(u4) = . . . = g(ut−1) = 1 and g(ut) = g(ut+1) = . . . =

g(u2t) = −1. If n = 2t + 1 is odd for an integer t ≥ 2, then de�ne g by g(u1) = 3,

g(u2) = g(u3) = . . . = g(ut) = 1 and g(ut+1) = g(ut+2) = . . . = g(u2t+1) = −1. In both

cases g is an SDR1DF on AT(n) of weight ω(g) = 1. Hence γ1
sdR(AT(n)) ≤ 1 and thus

γ1
sdR(AT(n)) = 1.

Assume second that k = 2. If n = 2t is even for an integer t ≥ 3, then de�ne g by

g(u1) = 3, g(u2) = g(u3) = . . . = g(ut) = 1 and g(ut+1) = g(ut+2) = . . . = g(u2t) = −1.

If n = 5, then de�ne g by g(u1) = 3, g(u2) = 2 and g(u3) = g(u4) = g(u5) = −1.

If n = 2t + 1 is odd for an integer t ≥ 3, then de�ne g by g(u1) = 3, g(u2) = 2,

g(u3) = g(u4) = . . . = g(ut) = 1 and g(ut+1) = g(ut+2) = . . . = g(u2t+1) = −1. In all

cases g is an SDR2DF on AT(n) of weight ω(g) = 2. This shows that γ2
sdR(AT(n)) = 2.

Finally, assume that k = 3. If n = 2t is even for an integer t ≥ 3, then de�ne g by

g(u1) = 3, g(u2) = 2, g(u3) = g(u4) = . . . = g(ut) = 1 and g(ut+1) = g(ut+2) = . . . =

g(u2t) = −1. If n = 5, then de�ne g by g(u1) = g(u2) = 3 and g(u3) = g(u4) = g(u5) =

−1. If n = 2t + 1 is odd for an integer t ≥ 3, then de�ne g by g(u1) = g(u2) = 3,

g(u3) = g(u4) = . . . = g(ut) = 1 and g(ut+1) = g(ut+2) = . . . = g(u2t+1) = −1. In all

cases g is an SDR3DF on AT(n) of weight ω(g) = 3 and therefore γ3
sdR(AT(n)) = 3.

For completeness, we note that γ1
sdR(AT(3)) = 1, γ1

sdR(AT(4)) = 2, γ2
sdR(AT(3)) = 3,

γ2
sdR(AT(4)) = 2 and γ3

sdR(AT(3)) = γ3
sdR(AT(4)) = 3.

Let n = 2r + 1 ≥ 3, where r ≥ 1 is an integer. We de�ne the circulant tournament

CT(n) of order n as follows. If V (CT(n)) = {u0, u1, . . . , un−1} is the vertex set of CT(n),

then for each i, the arcs are going from ui to the vertices ui+1, ui+2, . . . , ui+r, where the

indices are taken modulo n.

Theorem 4.2. Let CT(n) be a circulant tournament of order n = 2r + 1 where r ≥ 4 is

an integer, and let k ≥ 1 be an integer such that 2k ≤ 3n+ 3.

(a) If 2k ≤ n+ 1, then γk
sdR(CT(n)) = 2k + 1.

(b) If n+ 2 ≤ 2k ≤ 2n, then γk
sdR(CT(n)) = 2k − 1.

(c) If 2k = 2n+ 2, then γk
sdR(CT(n)) = 2k − 2.

(d) If 2n+ 3 ≤ 2k ≤ 3n+ 1, then γk
sdR(CT(n)) = 2k − 2.

(e) If 2k = 3n+ 3, then γk
sdR(CT(n)) = 2k − 3.

Proof. Let f be a γk
sdR(CT(n))-function. If f(x) = 3 for each vertex x, then ω(f) = 3n,

and if f(x) ≥ 2 for each vertex x, then ω(f) ≥ 2n. In addition, if f(x) ≥ 1 for each vertex
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x, then ω(f) ≥ n+2, since the minimum weight is attained when two vertices ui and ui+r

have weight 2, while all remaining vertices have weight 1. Now, we assume without loss

of generality that f(u0) = −1. Since f(N−[u0]) ≥ k and f(N−[ur]) ≥ k, we deduce that

ω(f) = f(V (CT(n))) = f(N−[u0]) + f(N−[ur])− f(u0) ≥ 2k + 1.

(a) If 2k ≤ n+ 1, then the observations above imply that γk
sdR(CT(n)) ≥ 2k + 1.

To prove the converse inequality, we distinguish two cases.

Case 1. Assume that r = 2t is even for some integer t ≥ 2. If k = 2s + 1 for some

integer s where 0 ≤ s ≤ t, then de�ne the function g by g(u0) = g(u2t+1) = 3, g(u1) =

g(u2) = . . . = g(ut+s−1) = 1, g(u2t+2) = g(u2t+3) = . . . = g(u3t+s) = 1 and g(x) = −1

otherwise. Then g is an SDRkDF on CT(n) of weight 6 + 2(t+ s− 1)− (2t− 2s+ 1) =

4s + 3 = 2k + 1. If k = 2s for some integer s (1 ≤ s ≤ t), then de�ne the function g

by g(u0) = g(u2t+1) = 3, g(u1) = g(u2t+2) = 2, g(u2) = g(u3) = . . . = g(ut+s−2) = 1,

g(u2t+3) = g(u2t+4) = . . . = g(u3t+s−1) = 1 and g(x) = −1 otherwise. Then g is an

SDRkDF on CT(n) of weight 10 + 2(t + s − 3) − (2t − 2s + 3) = 4s + 1 = 2k + 1. This

shows that γk
sdR(CT(n)) = 2k + 1 in this case.

Case 2. Assume that r = 2t + 1 is odd for some integer t ≥ 2. If k = 2s + 1 for

some integer s where 0 ≤ s ≤ t, then de�ne the function g by g(u0) = g(u2t+2) = 3,

g(u1) = g(u2t+3) = 2, g(u2) = g(u3) = . . . = g(ut+s−1) = 1, g(u2t+4) = g(u2t+5) = . . . =

g(u3t+s+1) = 1 and g(x) = −1 otherwise. Then g is an SDRkDF on CT(n) of weight

10+2(t+s−2)− (2t−2s+3) = 4s+3 = 2k+1. If k = 2s for some integer s (1 ≤ s ≤ t),

then de�ne the function g by g(u0) = g(u2t+2) = 3, g(u1) = g(u2) = . . . = g(ut+s−1) = 1,

g(u2t+3) = g(u2t+4) = . . . = g(u3t+s+1) = 1 and g(x) = −1 otherwise. Then g is an

SDRkDF on CT(n) of weight 6+2(t+ s− 1)− (2t− 2s+3) = 4s+1 = 2k+1, and hence

γk
sdR(CT(n)) = 2k + 1 also when r is odd.

(b) If n+2 ≤ 2k ≤ 2n, then the observations above show that γk
sdR(CT(n)) ≥ 2k− 1 if

f(x) ≥ 2 for each vertex x, or if there exists a vertex y with f(y) = −1. If, without loss

of generality, f(u0) = 1, then

ω(f) = f(V (CT(n))) = f(N−[u0]) + f(N−[ur])− f(u0) ≥ 2k − 1.

Consequently, γk
sdR(CT(n)) ≥ 2k−1 in each case. For the converse inequality, let k = r+s

for an integer s such that 2 ≤ s ≤ r + 1. De�ne the function g by g(u0) = g(u1) = . . . =

g(us−2) = 2, g(us−1) = g(us) = . . . = g(ur) = 1, g(ur+1) = g(ur+2) = . . . = g(ur+s−1) = 2

and g(ur+s) = g(ur+s+1) = . . . = g(u2r) = 1. Then g is an SDRkDF on CT(n) of weight

2(s−1)+r−s+2+2(s−1)+r−s+1 = 2r+2s−1 = 2k−1 and thus γk
sdR(CT(n)) = 2k−1.

(c) If 2k = 2n + 2, then we have seen above that γk
sdR(CT(n)) ≥ 2k − 2. Conversely,

de�ne g by g(x) = 2 for each vertex x. Then g is an SDRkDF on CT(n) of weight

2n = 2k − 2, and hence γk
sdR(CT(n)) = 2k − 2.

(d) If 2n+3 ≤ 2k ≤ 3n+1, then the observations above imply that γk
sdR(CT(n)) ≥ 2k−2

in the case that f(x) ≥ 3 for every vertex x, or that there exists a vertex y with f(y) ≤ 1.

If, without loss of generality, f(u0) = 2, then

ω(f) = f(V (CT(n))) = f(N−[u0]) + f(N−[ur])− f(u0) ≥ 2k − 2.
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Hence γk
sdR(CT(n)) ≥ 2k − 2 in each case. For the converse inequality, let k = 2r + s

for an integer s such that 3 ≤ s ≤ r + 2. De�ne the function g by g(u0) = g(u1) = . . . =

g(us−3) = 3, g(us−2) = g(us−1) = . . . = g(ur) = 2, g(ur+1) = g(ur+2) = . . . = g(ur+s−2) =

3 and g(ur+s−1) = g(ur+s) = . . . = g(u2r) = 2. Then g is an SDRkDF on CT(n) of

weight 3(s− 2) + 2(r − s+ 3) + 3(s− 2) + 2(r − s+ 2) = 4r + 2s− 2 = 2k − 2 and thus

γk
sdR(CT(n)) = 2k − 2.

(e) Assume that 2k = 3n+ 3. We have seen above that γk
sdR(CT(n)) ≥ 2k− 3 in every

case. Conversely, the function g with g(x) = 3 for each vertex x leads to γk
sdR(CT(n)) =

2k − 3 in the last case.

If Cn is an oriented cycle of order n ≥ 3, then we next determine γk
sdR(Cn) for 1 ≤ k ≤ 6.

Example 4.3. If n ≥ 3 is an integer, then it holds:

(a) If n is even, then γ1
sdR(Cn) = n, and if n is odd, then γ1

sdR(Cn) = n+ 1.

(b) If n is even, then γ2
sdR(Cn) = n, and if n is odd, then γ2

sdR(Cn) = n+ 2.

(c) If 3 ≤ k ≤ 6, then γk
sdR(Cn) =

⌈
kn
2

⌉
.

Proof. Denote Cn = v0v1 . . . vn−1v0.

(a) Let f be a γ1
sdR(Cn)-function. If f(vi) ≥ 1 for all 0 ≤ i ≤ n − 1, then f(vj) ≥ 2

for at least one index j and therefore ω(f) ≥ n + 1. If f(vi) = −1 for an index i such

that 0 ≤ i ≤ n − 1, then the de�nition leads to f(vi−1) = 3, where the indices are taken

modulo n. These observations show that ω(f) ≥ n when n is even and ω(f) ≥ n+1 when

n is odd.

Conversely, if n = 2t is even, then de�ne the function g : V (C2t) → {−1, 1, 2, 3} by

g(v2i) = 3 and g(v2i+1) = −1 for 0 ≤ i ≤ t − 1. Then g is an SDR1DF on C2t of

weight ω(g) = 2t = n. Thus, γ1
sdR(Cn) ≤ n. Consequently, γ1

sdR(Cn) = n in this case. If

n = 2t+1 is odd, then de�ne g : V (C2t+1) → {−1, 1, 2, 3} by g(v2i) = 3, g(v2i+1) = −1 for

0 ≤ i ≤ t−1 and g(v2t) = 2. Then g is an SDR1DF on C2t+1 of weight ω(g) = 2t+2 = n+1.

This implies that γ1
sdR(Cn) = n+ 1 when n is odd.

(b) Let f be a γ2
sdR(Cn)-function. If f(vi) ≥ 1 for all 0 ≤ i ≤ n− 1, then f(vj) ≥ 2 for

at least one index j and therefore ω(f) ≥ n+ 1. If, in addition, n ≥ 3 is odd, then there

are at least two di�erent indices p and q with f(vp), f(vq) ≥ 2 and hence ω(f) ≥ n+ 2 in

this case. If f(vi) = −1, then the de�nition leads to f(vi−1) = 3, where the indices are

taken modulo n. These observations show that ω(f) ≥ n when n is even.

Conversely, if n = 2t is even, then de�ne g : V (C2t) → {−1, 1, 2, 3} as in case (a), and

we obtain γ2
sdR(Cn) = n.

Let now n = 2t+ 1 be odd. If f(vi) ≥ 1 for all 0 ≤ i ≤ n− 1, then we have seen above

that ω(f) ≥ n+2. In addition, the de�nitions yield f(vi)+f(vi+1) ≥ 2, and if f(vi) = −1

then f(vi−1) = f(vi+1) = 3, where the indices are taken modulo n. If we assume without

loss of generality that f(v1) = −1, then we deduce that

ω(f) ≥ f(v0) + f(v1) + f(v2) +
2t∑
i=3

f(vi) ≥ 5 + (n− 3) = n+ 2.
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Therefore, ω(f) ≥ n + 2 in each case when n is odd. Now, de�ne g : V (C2t+1) →
{−1, 1, 2, 3} by g(v2i) = 3, g(v2i+1) = −1 for 0 ≤ i ≤ t − 1 and g(v2t) = 3. Then g is an

SDR2DF on C2t+1 of weight ω(g) = 2t + 3 = n + 2. Hence γ2
sdR(Cn) = n + 2 when n is

odd.

(c) Let now 3 ≤ k ≤ 6. Corollary 3.7 implies γk
sdR(Cn) ≥

⌈
kn
2

⌉
.

If k = 3 and n = 2t is even, then de�ne the function g : V (C2t) → {−1, 1, 2, 3} by

g(v2i) = 1 and g(v2i+1) = 2 for 0 ≤ i ≤ t− 1. If k = 3 and n = 2t+ 1 is odd, then de�ne

the function g : V (C2t+1) → {−1, 1, 2, 3} by g(v2i) = 1, g(v2i+1) = 2 for 0 ≤ i ≤ t− 1 and

g(v2t) = 2. In both cases g is an SDR3DF on Cn of weight ω(g) = ⌈3n
2
⌉. This leads to

γ3
sdR(Cn) =

⌈
3n
2

⌉
.

If k = 4, then de�ne the function g with g(vi) = 2 for 0 ≤ i ≤ n − 1. Consequently,

γ4
sdR(Cn) = 2n =

⌈
4n
2

⌉
.

If k = 5 and n = 2t is even, then de�ne the function g : V (C2t) → {−1, 1, 2, 3} by

g(v2i) = 2 and g(v2i+1) = 3 for 0 ≤ i ≤ t− 1. If k = 5 and n = 2t+ 1 is odd, then de�ne

the function g : V (C2t+1) → {−1, 1, 2, 3} by g(v2i) = 2, g(v2i+1) = 3 for 0 ≤ i ≤ t−1 and

g(v2t) = 3. In both cases g is an SDR5DF on Cn of weight ω(g) = ⌈5n
2
⌉, and we obtain

the desired result.

If k = 6, then the function g with g(vi) = 3 for 0 ≤ i ≤ n − 1 leads to the desired

identity.

Let K∗
p,q be the complete bipartite digraph with partite sets of cardinalities p and q, and

let C∗
n be the associated digraph of a cycle of length n. Using Observation 1.1, Proposition

4.2 in [2] and Proposition 8 in [13], one can determine γk
sdR(C

∗
n) for 1 ≤ k ≤ 9. Applying

Observation 1.1 and Proposition 4.3 in [2], we obtain γ1
sdR(K

∗
p,q) for 2 ≤ p ≤ q. In addition,

Observation 1.1 and Proposition 11 in [13] lead to γk
sdR(K

∗
p,p) for 2 ≤ k ≤ 3p+ 3.

5. Further lower bounds

In this section, we continue to study lower bounds for the signed double Roman k-

domination number γk
sdR(D).

Theorem 5.1. If D is a digraph of order n with δ−(D) ≥ ⌈k
3
⌉ − 1, then

γk
sdR(D) ≥ k + 1 +∆−(D)− n.

Proof. Let w ∈ V (D) be a vertex of maximum in-degree, let f be a γk
sdR(D)-function,

and denote Y = V (D) \N−[w]. Then the de�nitions imply

γk
sdR(D) =

∑
x∈V (D)

f(x) =
∑

x∈N−[w]

f(x) +
∑
x∈Y

f(x)

≥ k +
∑
x∈Y

f(x) ≥ −(n− (∆−(D) + 1))

= k + 1 +∆−(D)− n,

and the proof of the desired lower bound is complete.
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It follows from Corollary 1.3 that γk
sdR(K

∗
n) = k, with the exceptions k = 1 and n ∈

{2, 4}, or k = 2 and n = 3. Therefore, the bound given in Theorem 5.1 is sharp.

Let S1 be an orientation of the star K1,n−1 such that the center w has out-degree n− 1,

and let S2 consists of S1 together with an arc vw for an arbitrary leaf v of K1,n−1. In

addition, let S2
n be the family of digraphs H with ∆−(H) ≤ 2 such that H contains a

spanning subdigraph S1.

Theorem 5.2. Let D be a digraph of order n ≥ 2. Then γ1
sdR(D) ≥ 4− n, with equality

if and only if D ∈ S2
n.

Proof. If ∆−(D) = 0, then γ1
sdR(D) = 2n > 4 − n. If ∆−(D) ≥ 1, then Theorem 5.1

implies γ1
sdR(D) ≥ 3 − n. However, if γ1

sdR(D) = 3 − n, then there exists exactly one

vertex of weight 2 and n− 1 vertices of weight −1. Since this is impossible, we obtain the

desired lower bound.

If D ∈ S2
n, then we de�ne the function g as follows: g(w) = 3 and g(x) = −1 for all

x ̸= w. Since ∆−(D) ≤ 2, we have g(N−[y]) ≥ 1 for any vertex y in D. Also, every vertex

of weight −1 has an in-neighbor of weight 3. Thus, this function is an SDR1DF on D.

Therefore, γ1
sdR(D) ≤ 4− n and hence γ1

sdR(D) = 4− n for D ∈ S2
n.

Assume now that γ1
sdR(D) = 4− n, and let f be a γ1

sdR(D)-function. This implies that

D has exactly one vertex u with f(u) = 3 and n − 1 vertices x1, x2, . . . , xn−1 such that

f(xi) = −1 for 1 ≤ i ≤ n − 1. It follows that (u, xi) ∈ A(D) for all 1 ≤ i ≤ n − 1.

Since f is a γ1
sdR(D)-function, we have g(N−[y]) ≥ 1 for any vertex y in D. Therefore,

∆−(D) ≤ 2 and hence D ∈ S2
n.

Theorem 5.3. Let D be a digraph of order n ≥ 2. Then γ2
sdR(D) ≥ 4− n, with equality

if and only if D = S1 or D = S2.

Proof. If ∆−(D) = 0, then γ2
sdR(D) = 2n > 4 − n. If ∆−(D) ≥ 1, then Theorem 5.1

implies γ2
sdR(D) ≥ 4 − n, and the lower bound is proved. If D = S1 or D = S2, then

the function g with g(w) = 3 and g(x) = −1 otherwise is an SDR2DF on D and hence

γ2
sdR(D) ≤ 4− n. This shows that γ2

sdR(D) = 4− n in these cases.

Assume now that γ2
sdR(D) = 4− n, and let f be a γ2

sdR(D)-function. This implies that

D has exactly one vertex u with f(u) = 3 and n − 1 vertices x1, x2, . . . , xn−1 such that

f(xi) = −1 for 1 ≤ i ≤ n − 1. It follows that (u, xi) ∈ A(D) for all 1 ≤ i ≤ n − 1. In

addition, there is no arc (xi, xj) for 1 ≤ i ̸= j ≤ n − 1, and there may exist at most one

additional arc (xt, u) for some integer t with 1 ≤ t ≤ n − 1. Consequently, D = S1 or

D = S2.

Theorem 5.4. Let k ≥ 3 be an integer, and let D be a digraph of order n with δ−(D) ≥
⌈k
3
⌉ − 1. Then

γk
sdR(D) ≥ k +

⌈
k

3

⌉
− n,

with equality if and only if D = K∗
⌈ k
3
⌉.
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Proof. Since ∆−(D) ≥ δ−(D) ≥ ⌈k
3
⌉ − 1, it follows from Theorem 5.1 that

γk
sdR(D) ≥ k + 1 +∆−(D)− n ≥ k + 1 +

⌈
k

3

⌉
− 1− n = k +

⌈
k

3

⌉
− n,

and the desired lower bound is proved.

If k > 3 and D = K∗
⌈ k
3
⌉, then Corollary 1.3 implies that

γk
sdR(D) = k = k +

⌈
k

3

⌉
−

⌈
k

3

⌉
.

If k = 3 and D = K∗
⌈ k
3
⌉ = K∗

1 , then γ3
sdR(K

∗
1) = 3 and the above equality holds.

Conversely, assume that γk
sdR(D) = k + ⌈k

3
⌉ − n, and let f be a γk

sdR(D)-function. If

∆−(D) ≥ ⌈k
3
⌉, then Theorem 5.1 implies γk

sdR(D) ≥ k +
⌈
k
3

⌉
+ 1 − n, a contradiction.

Thus, ∆−(D) = δ−(D) = ⌈k
3
⌉ − 1. If there exists a vertex w with f(w) = −1, then we

obtain the following contradiction:

k ≤ f(N−[w]) ≤ −1 + 3∆−(D) = −1 + 3

(⌈
k

3

⌉
− 1

)
≤ k − 2.

Hence f(x) ≥ 1 for each x ∈ V (D). Next, we distinguish three cases.

Case 1. Assume that k = 3t for an integer t ≥ 1. If there exists a vertex w with

1 ≤ f(w) ≤ 2, then we arrive at the contradiction

k ≤ f(N−[w]) ≤ 2 + 3∆−(D) = 2 + 3

(
k

3
− 1

)
= k − 1.

Therefore, f(x) = 3 for all x ∈ V (D). We deduce that ω(f) = 3n = k + k
3
− n and thus

n = k
3
. Consequently, D = K∗

⌈ k
3
⌉ in this case.

Case 2. Assume that k = 3t + 2 for an integer t ≥ 1. If there exists a vertex w with

f(w) = 1, then we arrive at the contradiction

k ≤ f(N−[w]) ≤ 1 + 3∆−(D) = 1 + 3

(
k + 1

3
− 1

)
= k − 1.

Therefore, f(x) ≥ 2 for each x ∈ V (D).

If there exists a vertex w with f(w) = 2, then w has exactly k−2
3

in-neighbors of weight

3. Suppose that, in addition to the vertex w and its k−2
3

in-neighbors, D has a ≥ 0 further

vertices of weight 2 and b ≥ 0 further vertices of weight 3. Then n = 1+ k−2
3

+ a+ b and

hence

3n = 3a+ 3b+ k + 1. (1)

On the other hand, because D has a + 1 vertices of weight 2 and other vertices are of

weight 3, we obtain

ω(f) = 3n− (a+ 1) = k +
k + 1

3
− n,

and thus

12n = 4k + 3a+ 4. (2)
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Combining (1) and (2), we �nd that 9a + 12b = 0 and therefore a = b = 0. It follows

that n = k+1
3

and hence D = K∗
⌈ k
3
⌉.

Finally, assume that f(x) = 3 for each x ∈ V (D). Then ω(f) = 3n = k + k+1
3

− n, and

we obtain the contradiction 12n = 4k + 1.

Case 3. Assume that k = 3t + 1 for an integer t ≥ 1. If there exists a vertex w with

f(w) = 1, then w has exactly k−1
3

in-neighbors of weight 3. Suppose that D has a ≥ 0

further vertices of weight 1, b ≥ 0 further vertices of weight 2 and c ≥ 0 further vertices

of weight 3. Then n = 1 + k−1
3

+ a+ b+ c and hence

3n = 3a+ 3b+ 3c+ k + 2. (3)

On the other hand, ω(f) = 3n− 2(a+ 1)− b = k + k+2
3

− n and thus

12n = 4k + 6a+ 3b+ 8. (4)

Eqs. (3) and (4) imply that 6a+ 9b+ 12c = 0, and hence a = b = c = 0. We deduce that

n = k+2
3
, and therefore D = K∗

⌈ k
3
⌉.

It remains to consider the case where f(x) ≥ 2 for each x ∈ V (D). If there exists

a vertex w with f(w) = 2, then w has exactly k−1
3

in-neighbors of weight 3 or k−1
3

− 1

in-neighbors of weight 3 and one in-neighbor of weight 2. Assume �rst that w has exactly
k−1
3

in-neighbors of weight 3. Suppose that D has a ≥ 0 further vertices of weight 2 and

b ≥ 0 further vertices of weight 3. Then n = 1 + k−1
3

+ a+ b and hence

3n = 3a+ 3b+ k + 2. (5)

In addition, ω(f) = 3n− (a+ 1) = k + k+2
3

− n and therefore

12n = 4k + 3a+ 5. (6)

Now, Eqs. (5) and (6) lead to the contradiction 9a + 12b + 3 = 0. Assume second that

w has k−1
3

− 1 in-neighbors of weight 3 and one in-neighbor of weight 2. Suppose that

D has a ≥ 0 further vertices of weight 2 and b ≥ 0 further vertices of weight 3. Then

n = 1 + k−1
3

+ a+ b and therefore

3n = 3a+ 3b+ k + 2. (7)

In addition, ω(f) = 3n− (a+ 2) = k + k+2
3

− n and hence

12n = 4k + 3a+ 8. (8)

It follows from (7) and (8) that 9a + 12b = 0 and therefore a = b = 0. Hence n = k+2
3

and we obtain D = K∗
⌈ k
3
⌉.

Finally, assume that f(x) = 3 for each x ∈ V (D). Then ω(f) = 3n = k + k+2
3

− n, and

we obtain the contradiction 12n = 4k + 2. This completes the proof.

A digraph is connected if its underlying graph is connected. A rooted tree is a connected

digraph with a vertex r of in-degree 0, called the root, such that every vertex di�erent

from the root has in-degree 1.
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Proposition 5.5. If T is a rooted tree of order n ≥ 2, then γ3
sdR(T ) ≥ n+2, with equality

if and only if T = S1.

Proof. Let f be a γ3
sdR(T )-function, and let r be the root of T . Since d−(r) = 0 and

d−(x) = 1 for x ∈ V (T ) \ {r}, we note that f(r) = 3 and f(x) ≥ 1 for x ∈ V (T ) \ {r}.
Therefore, γ3

sdR(T ) ≥ 3 + (n− 1) = n+ 2, and the desired bound is proved.

If T ̸= S1, then there exist two vertices u and v such that r dominates u and u dominates

v. Since f(u) = f(v) = 1 is not possible, we note that f(u) ≥ 2 or f(v) ≥ 2. Therefore,

γ3
sdR(T ) = ω(f) ≥ 3 + 2 + (n− 2) = n+ 3 when T ̸= S1.

If T = S1, then we de�ne the function g : V (T ) → {−1, 1, 2, 3} as follows: g(r) = 3 and

g(x) = 1 for all x ∈ V (T ) \ {r}. We have g(N−[y]) ≥ 3 for any vertex y in T and every

vertex of weight 1 has an in-neighbor of weight 3, therefore this function is an SDR3DF

on T of weight ω(g) = n+ 2. Hence γ3
sdR(S1) ≤ n+ 2 and thus γ3

sdR(S1) = n+ 2.
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