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ABSTRACT

We investigate diagonal equations az™ + by™ — cz™ = 1 over finite fields F' using com-
binatorial designs naturally associated with F. Building on prior work that resolved the
case a = b = ¢ = 1, we obtain exact formulas for the solutions when a = 1 and b = ¢,
under circularity assumptions. For general coefficients, we present an algorithm that de-
termines whether a given instance can be reduced to the settled cases, or else identifies it
as requiring brute-force computation.
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1. Introduction

Let F' be a finite field of characteristic p. For fixed a,b,c € F* and a positive integer m,
we consider the diagonal equation

ax™ 4+ by™ — 2™ =1, (1)

and aim to determine its number of solutions N in F, under assumptions to be specified
later. Our method is to study intersection patterns among certain subsets of F'. For the
case a = 1 and b = ¢, we obtain decisive results. While a complete analysis is not feasible
for arbitrary a, b, ¢, we offer an algorithm that provides a framework which may succeed
in computing N, or at least narrowing the possibilities. Examples will be provided to
illustrate its behavior.
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Well-known formulas for the number of solutions to Eq. (1) involving Jacobi sums (see
[7, Ch. 8 Thm. 5| for a comprehensive exposition and [8] for further references). These
formulas are difficult to evaluate and are primarily used to derive the classical estimates
of Hua and Vandiver [5], as well as Weil [19].

Suppose that F' has ¢ elements; thus, ¢ is a power of a prime p. Since N remains
unchanged when m is replaced by ged(m, ¢ — 1) (cf. [8]), we may assume without loss of
generality that m | (¢ — 1) and 1 <m < ¢ — 1. We define k = (¢ — 1)/m.

Simple formulas for N are known only in special cases—particularly when m is small
(|3, 14]), when k is small ([11]), or when ¢ is a square (|1, 6, 20]).

Let @ denote the subgroup of the multiplicative group F* = F'\ {0} of order k. We
refer to the pair (F,®) as a Ferrero pair. Although the standard definition of a Ferrero
pair is more eneral (see [1]), the present formulation suits our purposes. Note that the
parameters (¢, k) uniquely determine (F, ®). As shorthand, we will refer to (F, ®) simply
by (g, k), and also call (q,k) a Ferrero pair.

Throughout, we impose a geometrical condition on (F, ®) (or (¢, k)) called “circularity”.
We say that (F,®) (and (q, k)) is circular when

|®r N (Pu+v)|< 2 forall r,u,ve F¥,

where ®r = {¢r | p € &} (=r®) and Pu+v = {pu+v | ¢ € ®}. These are referred to as
“®-blocks”. For many results, we will also impose slightly stronger conditions involving
intersections of certain ®-blocks, which are closely related to cyclotomic numbers. These
aspects will be addressed in Section 2.

Contrary to the tradition in algebraic geometry, we keep k fixed rather than m. Con-
sequently, in the circular case, m is always a large divisor of ¢ — 1 (see [12, 13]).

Estimates derived from Hua-Vandiver or Weil’s theorems assume ¢ to be sufficiently
large. Our results apply in situations where these classical estimates fail, as discussed in
detail in [9].

As mentioned above, we have decisive results on the number of solutions for the equation

™+ by™ — b2 =1, (2)

where b € F*. We now give an overview of these results. Let N, denote the number of
solutions to (2). First, we note the trivial identity N, = N_,.

We begin with the base case b = ¢ = 1. This case was first considered in [9] and then
updated in [12|. Note that the condition b € ®, rather than b = 1, does not make any
difference.

Theorem 1.1 (|12, Theorem 1]). Let (F,®) be circular and assume b € ®. Let Ny be the
number of solutions of the equation x™ + by™ — bz™ = 1.
(1) If k is even, then

3(k —1)m® +6m> +3m  if 6|k,
Ny=N_y=143(k—1)m*>+3m*+3m ifp=3,
3(k —1)m3 + 3m otherwise.
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(2) If k is odd, then

Bk —2)m3+6m*+3m ifp=2and 3|k,
(3k —2)m? + 3m if p=2 and 31k,
Ny=N_, =
(2k — 1)m3 +3m* +2m  if2 € 9,
(2k — 1)

m? + 2m otherwise.

Throughout the paper, we shall fix a generator ¢ of the cyclic group ® and define
cii= (¢ —1)" " =1) fori,jek={1,2,....,k—1}.
Also, denote by D the union of all such cosets ®¢;; of ® in F*. Thus,
D =U,jex®Pcji = {A¢j;i | A€ @, i,j € k}.

For the moment, it suffices to say that in order for the equation x™ + by™ — bz™ =1 to
have solutions z,y, z € F"* with y™ # 2™, the element b must lie in a coset ®c;; for some
i,j, or equivalently b € D.
Let us consider first the case when k is even. The following theorem, a direct conse-
Q

quence of (22), Theorems 3.3, 3.14 and Lemma 4.1 (whose proofs are deferred), settles
the situation when b avoids exceptional cosets. Specifically, these cosets are

D(ps — 1) =20, B(p: — 1) =270

Note that Lemma 4.1 shows that whenever 6 | k, we always have b & 20 U271®. Further
phenomena, tied to divisibility conditions on k, will be addressed in subsequent sections.

Theorem 1.2. Let (F,®) be circular with k even, and b € F*\ D. If b & 20 U271®,
then N, = km?> + m.

After settling the case when b € D U 2® U 271®, the complementary situation arises:
either b is in some cosets ®c;; with ¢ # j or in the exceptional sets 20U27'®. For the case
6 | k, we summarize the outcomes in a table (Table 1), accompanied by two theorems
(Theorems 1.3 and 1.4). Finally, Theorem 1.5 completes the analysis by handling the
remaining even-k cases when 3 1 k. Taken together, these results provide a complete
description of the values of N, when k is even.

To organize the analysis, we introduce the sets A and A~!. Define

A= {w()‘ - 1) | 1/}7 A€ (I), A % 1} = UXG@,)(#ICI)(X - 1)7 (3)

and set
At ={u"ue A}

Since ® is a group, it follows that

A_l = {1/)<>\ - 1)_1 ’ ¢>A € @7 )‘ 7& 1} = UXG@,x;élq)(X - 1)_1'
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Furthermore, it follows from Lemma 2.8 (|12, Lemma 9|) that when k is even or p = 2,
the cosets ®(p' — 1) = ®(p/ — 1), 4,5 € k, only if i = j of i = k — j, and when k is odd
and p # 2, all cosets ®(p" — 1), 1 € k, are distinct.

In Table 1, Special configurations, including all cases with b in ANA~! as well as certain
additional situations, are recorded; each row specifies the corresponding value of N, and
cites the theorem where the proof appears (see Section 5). In analyzing these cases we
rely on the notion of overlaps introduced in [11], together with the classification theorem
(|11, Theorem 5.1]|) presented in Subsections 2.2 and 2.3.

Table 1. Special cases assuming 6 | k, p ¢ Qr, and b€ AU A~!

Condition of b Numbers Theorem
be ®=d(ps —1) Ny =3(k — 1)m® +6m> +3m | 1.1, §
be2d=d(p: —1) Ny = (k+2)m?+2m> +m | 5.1(2)
be 210 =d(p: — 1)} Ny = (k+2)m3+m2+m
be d(ps —1) Ny = (k+4)m? +4m* +m 5.2
be d(ps — 1) Ny = (k+4)m3 +2m2 + m
12| k| be d(pt — 1) Ny = (k+6)m®+4m*>+m |53
be q)(gog — 1)1 Ny = (k+6)m3 4+ 2m? +m
be Dotz — 1) Ud(ptr — 1) Ny=(k+8)m?+6m?>+m |54
30 | k| be ®(pio — 1) Ud(pio —1) Ny=(k+12)m? +6m?>+m | 5.5
be d(pis —1)Ud(ps —1)U
Ud(p1s — 1) Ud(pis — 1) Ny = (k+12)m? +4m> +m | 5.6
be d(pts — 1)L Ud(pts —1)~1U
Ud(ps — 1) TUD(p15 — 1) | Ny = (E+12)m> +2m* +m | 5.6

The first of the two theorems, Theorem 1.3, covers those bin AUA™! that do not satisfy
any of the conditions listed in Table 1. The proof will be given at the end of Section 5.1
after Theorem 5.6. The set Q;. in the statement is a finite set consisting of “exceptional”
primes, to be described in Theorem 2.10.

Theorem 1.3. Let (F,®) be a Ferrero pair with p ¢ Qy and 6 | k. Ifbe AU A and b
does not match any of the conditions displayed in Table 1. Then

ifbe A\ A

N — (k+8)m? +4m?* + m
' ifbe A1\ A,

(k +8)m®+2m* +m

The second theorem, Theorem 1.4, addresses the complementary case b & AU A~ It
distinguishes between situations where b is or is not involved in a nontrivial overlap. If b
is not involved in any overlap, the formulas for N, apply without further restriction. By
contrast, to have b involved in a nontrivial overlap requires 6 | k. The theorem will be
proved in Section 5.2.




SOLUTIONS OF EQUATIONS ax™ + by™ — ¢z = 1 OVER FINITE FIELDS 333

Theorem 1.4. Let (F,®) be a Ferrero pair with p ¢ Q. and k even. If b € ®c;; with
bg AU AL, then the following cases can occur:

k k
(k—|—2)m3+m ifi:§ orjzi,

Ny=q (k+4m*>+m if = € {i,j}, and ¢;; is not involved in a nontrivial overlap,

(k+8)m3+m if 5 ¢ {i,j}, and c;; is involved in a nontrivial overlap.

The following theorem, Theorem 1.5, handles the cases when 3 1 k and completes the
enumerations for even k. Its formula for N, arises by combining the cubic term from
Theorems 3.5 with the quadratic coefficient « introduced in Section 3. The precise deter-
mination of a will be given in Section 3.2, specifically, in Theorem 3.13, but the general
form of the result can already be stated here.

Theorem 1.5. Let (F,®) be a Ferrero pair with p ¢ Qy, with even k and 31 k. Ifb € Pc; ;
for some distinct i,j € {1,2,...,k — 1}, then

k k
N, — (k +2)m* 4+ am? +m z'fi:a 07’]’257

(k+4)m® +am?+m  otherwise.

Here a = 2t 4 ty-1, as defined in Theorems 5.15 and 5.1/.

Having settled the even-k cases through Table 1 and Theorems 1.2-1.5, now turn to
the situation when £ is odd, and pack them in two theorems. In this regime, besides
excluding the finite set of exceptional primes ()i, we must also exclude the primes from
the finite set A; defined in Lemma 4.12. These theorems will be established once Theo-
rem 3.3, Theorem 3.4, Lemma 3.7 and Corollary 4.17 are proved in Sections 3 and 4. Since
their proofs follow directly from those results, we record their statements here for com-
pleteness but omit separate proofs.

We begin with the case b € D. In this situation, one cannot have —b € ®: forif b = —°
for some s € {0,1,2,...,k}, then b = —¢® = %, which forces b € D, a contradiction.
Hence whenever b ¢ D, it follows automatically that —b ¢ ®. In the enumeration formula,
the factors of m?® are determined using Theorem 3.3(1), those of m? from Corollary 4.17,
and that of m comes from Lemma 3.7. This yields the following result.

Theorem 1.6. Let (F,®) be a Ferrero pair with k odd and p ¢ Q) U Ay. Suppose that
be F*\D. Then —b ¢ ®, and

Em3 +2m?+m  ifbe A,
Ny=<km*+m?+m  ifbe A,
km® +m ifbd AUA.

We now turn to the situation when b is in D. Unlike the previous case, here the condition
—b € ® may or may not hold, so both possibilities must be considered. In the enumeration
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formula, the factors of m3 are determined using Theorem 3.4, while the factors of m? and
m come from the same sources as before—Corollary 4.17 and Lemma 3.7, respectively.
The precise contributions depend on whether —b lies in ® and on the value of p. This
leads to the following result:

Theorem 1.7. Let (F,®) be a Ferrero pair with k odd and p ¢ Q) U Ay. Suppose that
beD\ .
(1) If p# 2 and —b & P, then
(k+2)m®>+2m*+m ifbe A,
Ny=< (k+2)m*+m?+m  ifbe A7,
(k+2)m3 +m ifbg AUAL

(2) If p#2 and —b € O, then

(k+2)m®+2m*+2m  ifb e A,
Ny = § (k+2)m3 +m? +2m ifbe A7,
(k +2)m? + 2m ifbg AUAL

(3) If p=2, then

(k+4)m>+2m*+m  ifbe A,
Ny=( (k+4m*>+m?+m  ifbe A,
(k+4)m3 +m ifbg AUAL

Together, Theorems 1.6 and 1.7 exhaust all possibilities when k is odd, completing the
enumerations of NV, in this setting. The condition in Theorem 1.7 can be strengthened
by enlarging the excluded set of primes to Q) U Ay U By, where By is another finite set.
Under this stronger assumption one has A N'D = &, and the classification of IV, for odd
k becomes more compact. Since these sets are finite, this refinement only affects finitely
many primes. For clarity of presentation, we do not pursue this direction further, as the
classification above already covers all odd-k cases.

2. Preliminaries

In this section, we develop the geometric framework that underpins our method. We
begin by establishing a link between the solutions to the equation

ax™ +by™ —cz™ =1,

over F' and the intersection patterns among certain ®-blocks of F'. This connection moti-
vates the graph-theoretic perspective introduced next, where basic results on intersection
numbers of selected ®-blocks are collected. We then present the classification of overlaps,
including notation and results adapted from [11], which will be essential for the enumera-
tion of N in later sections. Note that circularity is not assumed in Subsections 2.1 and 2.2
for (F, ®) unless explicitly stated.
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2.1. A link between solutions and intersections of ®-blocks

Define

S ={(x,y,2) € F* | az™ + by™ — cz™ = 1 with xyz # 0},
T ={(z,y,2) € F* | az™ + by™ — cz™ = 1 with xyz = 0}.

Thus, the disjoint union S U T is the complete set of solutions to the equation in F?,
while S consists of the solutions in (F*)3.

We can quickly relate |S| to the total number of intersection points among certain
®-blocks.

Suppose first that there exists
w € (Pc+1)N (Db + pla),
for some i € kg ={0,...,k — 1}. Then there are s,t € kg such that
Yle+1=w= b+ Y.

Let ¢ be a generator F* and put ¢ = (™. For arbitrary mth roots of unity A;, Ao, A3 € (¢¥),
define

xr = Alciv Yy = )‘QC57 Z = A?)Cta

and we have
az™ + by™ — cz™ = a ™+ DAPC™S — AP = @la + b — e = 1.

Therefore (z,y,z) € S.
Conversely, let (x,y,2) € S. Then = (¥, y = ¢*, and z = (¥ for some i, s',t' €
{1,2,...,q — 1}. There exist integers i",s”,t"” such that

i =i"k+1, §=5k+s t=t"k+t,
with ¢, s,t € ky. Then
2" =
From ax™ + by™ — c¢z™ = 1, we obtain
1+ ¢'c= @b+ ¢'a € (Pc+1)N(Pb+ pla).

From these observations, it follows that
k-1

|S|=m® > " |(Pc+1) N (Db + ¢a)|. (4)
i=0

Similarly, we can relate |T'| to the total number of intersection points among certain
®-blocks. Define

T, ={(0,y,2) € T' | yz # 0},
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={(z,0,2) € T | 2z # 0},
T. = {(z,y,0) | zy # 0},
w=1{(z,y,2) €T |z =y=0},
={(z,y,2)
={(z,y,2)

<

z,y,2) €T |z =2=0},
z,y,z) €T |y=2z=0}

& ;ﬁ x

32

Then 7' is the disjoint union of T, T, 1%, T}, T} ., and T, .. Using arguments similar
to those for S, we find

IT,| =m?- |®N (Pebt + b1,
IT,| =m?-|®N (Pea +a™)|, (5)
IT.| = m?-|® N (Pa + b)|.

Finally, the number of solutions to the equation ex™ = 1 in F' (with e € F*) is m if
e € &, and 0 otherwise. Thus, |7} | is either m or 0, depending on whether —c € ®, and
similarly for |T, .| and |7}, .|. See also Lemma 3.7.

In summary, the number of solutions to the equation ax™ + by™ — cz™ = 1 can be
expressed explicitly in terms of the total number of intersection points among certain
®-blocks, plus 0, m, 2m, or 3m, depending on whether a, b, and —c lie in ®. Theorem 1.1
is an example where (F,®) is circular and a,b,c € ®, (in particular, for a = 1, and
b=ce D).

2.2.  Some graphs on ®-blocks and overlaps

Let r € I be fixed, and let
E,={®d+v|vedr}

In [10], the intersection pattern for the ®-blocks in E, is illustrated using a graph. A
colored graph I', = I'(E,) = (V,, &,) is associated to E, as follows: the set V. of vertices
of T, is simply the set @, and there is an n-edge (¢, ¢'),, with 1 < n < k, connecting the
vertices ¢ and ¢ if

(@ + ) 1 (B + ') =

Note that, for all y € &,

(@ +2or) N (D +¢'r)[= (4 xibr) N (P + x¢'r)].

Suppose that I'. has an edge, i.e., £. # &. Then ¢ acts on &, via

xeo (W, ¥, = (xt,x¢), for x € P.

Then &, is partitioned into a disjoint union of orbits, each containing edges of the same
color and involving all vertices from ®. Given an n-edge (1, %'),, its orbit is denoted by
(Y, )] T p~ 1) = 7, where j € k, then the n-edge (1,¢7), is in [(¢,%),], and so
(¥, )n] = [(1,¢7),]- In this case, the vertex set ® together with the n-edges in [(1,¢7),]
form a spanning subgraph of I',., referred to as the jth basic graph in [10].
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It is clear that if [(1,¢7),] and [(1,¢""),/] are nonempty, where j, j’ € k, then they are
disjoint orbits except when j' = j or j' = k — j. When the edge set of I, is the union of
two or more such orbits, we say that an overlap occurs in I, and that r s involved in an
overlap.

Now, let us collect some basic facts about the occurring of an edge and overlaps. Recall
that

= (¢ =1)7H¢' =1) fori,jek,

and
D= {)\Cjﬂ' ’ A c (I)7 Z,] < k} = Ui,j€k®cj7i'

It is immediate that ® C D. Also for 4,5 € k and A € ®, we have (A¢;;)"" = A'¢;; and
—Ci=—( 1) = 1) = (¢ - 1)1 —¢") =" (¢? —1)7He" " = 1) = p'ejpi. We
record these easy observations here for later use.

Lemma 2.1. $CD=D"!' = —D.
According to [10, (4.3)], we have:
Lemma 2.2. The graph I, has an edge if and only if r € D.

In fact, (1,¢7), is an edge of I', exactly when r € ®c;; for some i € k. A more precise
statement can be found in Lemma 3.2. From this, one immediately obtains:

Theorem 2.3. An overlap occurs in I, if and only if there exist w € ko and i, j,s,t € k
with j # s such that

cii= (¢ = 1) = 1) = 0"(¢° — 1) (¢ — 1) = p"cyy.

Remark 2.4. In Theorem 2.3, by taking w = 0, j = ¢, and t = s, one sees that the graph
I'; is in fact a complete graph. Thus, there is always an overlap with L%J edges. This
turns out to be the only overlap having [£] edges. The number [£] arises from the fact
that [(1,¢7),] = [(1,9"77),] for all j € k, as we have seen above. For obvious reasons, we

will later refer to these overlaps as trivial.

Recall that (F, ®), or (q,k) (or even (p, k), to be explained next), is circular when
|®r N (Pu+v)|< 2 forall r,u,ve F™.

This is equivalent to the statement that any two distinct ®-blocks intersect in at most
two points—that is, they behave in a sense like circles. One important result from [15]
is that circularity depends only on the characteristic of the field. Therefore, the phrase
“(p, k) is circular” is justified.

The following results (1) and (2) can be found in [12]; (3) is an easy consequence.

Lemma 2.5 (|12, Lemma 10]). Let (p, k) be circular. Fori,i,j € k we have
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(1) If k is even, then ¢j; € Ocjp <= i =1 ori=Fk—1.
(2) If k is odd, then cj; € ®cjyp < i =1 or, incasep=2,i=Fk—7.

(3) If k is odd and p # 2, then c;; € —Pcjy <= 1=k —1.
For u,v € F with u # 0, define
[, 0]k = @0 (Pu+ v)]. (6)

The symbol is closely related to cyclotomic numbers (cf. [16, Section 3.1]), as pointed out
in detail in [12, Remark 17].

Lemma 2.6 (|12, Lemma 13|). Ifu,v € F* and ¢, x € ©, then

[u7v]1€ = W}uuxv]k = [U’u]k = [_u_lvvu_l]k'

From |12, Lemma 16, Lemma 19|, we find:

Lemma 2.7. Let (p, k) be circular and r € F*
(1) If k is even then

2 forre®(—1), e d\{1,-1},
1y =<1 forre2d,

0  otherwise.

In particular,
2 if 6|k,
Lik=4q1 if p=3,

0 otherwise.

(2) If k is odd, then

2 forp=2andre®(y—1), v € d\ {1},
1y =91 forp#2andr e ®(—1), ¢ e d\ {1},
0  otherwise.

In particular,
2 forp=2and3]|k,
1,1y =<1 forp#2and?2c®,

\ 0 otherwise.

As all indices to c¢j; occur as exponents of ¢, they can be changed modulo k. Also
notice that ¢/ = j — i if and only if ¢ = j —i’. So we always can (and will) assume the
representative is chosen from the set kg, even if e.g., 7 — ¢’ is not in this set.
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Lemma 2.8 (|12, Lemma 9|). Let (p, k) be circular, and let x = (v — 1)"*(\ — 1) where
ANy e @\ {1}. If x € D, then

either x=1 and =X\, or x=-\ and =\"".
The second case implies either p = 2, or that |®| is even.
We finish this subsection with the following facts. Recall from (3) that
A={p(A—=1) |, e D, XN #1}.

Lemma 2.9. Let (p, k) be circular with k even. Then
(1) 2,1 =[-2,1]x = 1;
(2) 20 =270 < 20N27'P £ <= 4€d < 271, =1;
B) 27H1r=2 < (27'€Aand4 ¢ D).

Proof. In view of Lemma 2.7, and noticing that —1 € ®, all implications in (1) and (2)

are clear.
(3) By Lemma 2.7 we have [271,1];, = 2 if and only if 27! € A and 27! ¢ 2®. As A is
a union of cosets, all statements follow in view of (2). O

2.3.  Classification of overlaps

In this subsection, we collect the notation, definitions, and key results from [11] that are
needed to describe and classify overlaps among ®-blocks. Central to this framework is
the classification theorem (|11, Theorem 5.1]), which determines whether a given ¢;; is
involved in an overlap. These results will be used in Section 5 to analyze the cases listed
in Table 1.

In the light of Theorem 2.3, a quadruple (7,7 | s,t), where i,7,s,t € k, j # s, is said to
form an overlap (with respect to (F, ®), or (q,k)) if

cji = ¢cst € Pegy  for some w € ky.

In this case, elements b € ®c;; are involved in an overlap.

Before turning to the general structure of overlaps, we first record the trivial cases, as
noted in Remark 2.4. These are those (j,7 | s,t) with j =4, ori =¢, or s = k — j. They
are listed in [11, Table 3.1], which we record here for convenience:

(G, | s8),

(J,7 18, k—s) with 2 | k or p =2, )
(J, i | k—3,7) with (2 | k or p=2) and ¢

(J,i|k—j,k—1i) withj+#Z%

The notion of overlap extends naturally beyond finite fields. In particular, it remains
meaningful over the complex numbers C, as there is always exactly one cyclic subgroup
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of C* of order k. Denote by O(F, k) the set of all nontrivial overlaps over the field F,
which by abuse of notation can also be C.

The following theorem from [11] clarifies the relationship between overlaps over C and
those over finite fields of characteristic p. By |11, Lemma 3.2|, for a finite field F', O(F, k)
depends only on the characteristic p of F'; in this case, we can put O(p, k) = O(F, k).

Theorem 2.10 (|11, Theorem 3.3|). For a prime p, we have O(C,k) C O(p, k). More-
over, for k > 3, the set Qi = {p prime | p divides k or O(C, k) # O(p, k)} is finite.

Thus, if p ¢ Qy (in particular, if p > max Qx), then O(p,k) = O(C,k) and the
classification theorems in [11] apply. This explains the frequent premise “p ¢ Q" in our
theorems. Furthermore, this premise implies that (p, k) is circular. Indeed,

Theorem 2.11 (|11, Corollary 3.7]). Let (p, k) be a Ferrero pair. If p & Qx, then (p, k)
s circular.

It may happen that ®c;; = ®c,;, = Pcy v, where j, s, and s’ are distinct, and a triple
overlap occurs. We denote this configuration by (7,4 | s,t | ', t'). If none of the constituent
overlaps—(j,i | s,t), (j,i | &,t'), and (s,t | ', ¢')—is trivial, we say that (j,i | s,t | s, 1)
is nontrivial.

We collect all nontrivial triple overlaps in the set 7 = T (F, k), i.e.

T ={(s1,t1 ] S2,t2 | s3,t3) | (s1,t1 | 52,%2), (S2,t2 | 53,%3), (s1,t1 | s3,t3) € O(F, k)}.

We are interested in nontrivial overlaps only. So if (s1,t1 | so,t2 | s3,t3) € T, we simply
use the phrase “there is a triple overlap (s1,t1 | so,%2 | 83,t3),” or “(s1,t1 | So,t2 | s3,t3) is a
triple overlap”, and the like to refer to a nontrivial triple overlap. Furthermore, nontrivial
“quadruple” overlaps do not exist (|11, Corollary 7.5]).

We are going to wrap up the content of the two main theorems of overlaps, namely |11,
Theorem 5.1] and [11, Theorem 7.4], into Theorem 2.13 below.

In order to understand the theorem, we need to discuss briefly the normalized form of
an overlap. It follows from |11, Theorem 5.1] that a nontrivial overlap cannot occur when
k is odd. Therefore we can assume that k is even.

Given an overlap (s1,%; | $2, o) the following modification also give overlaps:

e replace any entry s by k — s;

e apply any of the following permutations to the entries (given in cycle form)

(51,t2), (t1,52), (s1,t2)(t1,82), (s1,82)(t1,12),
(Slutl)(*SQ;tQ)a (817t17t2782)7 <817327t27t1)- (8)

Notice that not all transformed overlaps will be distinct. By [11, eq. (4.1)] in the list
of all these transformed overlaps there will be one with

k
0<51<t1§52<t2§§. (9)
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Such an overlap is called normalized. Only those are listed in the main theorem.
Similar transformations apply to triple overlaps, preserving their structural identity.
This is formalized in the following lemma.

Lemma 2.12 (|11, Lemmas 7.1 & 7.2|). We have

(817t1 | Sg,tg ’ 83,t3) S T<:>> (Sz,tg | Sl,tl | 83,t3) S T
<~ (Sg,tg | 82,t2 ’ Sl,tl) eT
< (t1,51 | to, So | t3,83) ceT.

We are ready to present the classification theorem for overlaps. Notice that the non-
trivial triple overlaps only occur if 30 | k, and are placed where one of the constituents
shows up inside Os.

Theorem 2.13 (|11, Theorem 5.1]). Let k > 3 and p & Q. such that O(p, k) is nonempty,
then there exists ¢ € N such that k = 6(. Depending on the shape of k, O(p, k) is a union

of the corresponding sets O1, Osg, Oys, and Ogy described below. When we write k = N/,
for N € {30,42,60}, we mean that k is divisible by N with co-factor £,.

A 30— k
(1) For k = 6¢, we have goz_’% = “";;:11 for1<i< LZJ, i # % =/, i.e., O consists

k k
of all normalized versions of all (i,0 ] 2i,30 — 1), with 1 <1i < LZJ and i # i ‘.
(2) For k = 300, the normalized forms of the elements in O3y are

( 61, 361 | 361, 1161) with w = 361,
(3£1,5€1 | 561, 961) with w = 51, T1 . (3€1,5€1 ‘ 561,961 ’ 6€1, 1261),
(761, 961 | 9617 1361) with w = 61,

(01,201 | 461, 9¢,) with w = 241, Ty : (01,20, | 46y, 90, | 56y, 1407),
(201,30, | 501, 86;) with w = {4, Tyt (201,30, | 501, 86y | 76y, 140y),

Ty (201,50, | 3¢y, 86, | 4y, 130y),
(80,901 | 116y, 140,) with w = £y, Ts : (461,50, | 801, 114, | 961, 144y),
(20,301 | 701, 140;) with w = 365, Ty : (201,30, | 50y, 8¢y | Tty, 1407),
(301,401 | 8(1,130;) with w = 245, Ty : (201,50, | 30;, 81 | 46y,130),
(401,50, | 901,146, with w = 20y, Ty : (01,20, | 46y, 90, | 50y, 140,),

Ty : (46,50, | 861, 110y | 96y, 144,).

Here T;, 1 =1,...,5, are the nontrivial triple overlaps in normalized form.

(3) For k = 42(y, the normalized forms of the elements in Oy are

(252, 362 | 9€2, 16€2) with w = 3627
(35274£2 | 10627 15[2) with w = 262,
(862, 962 | 1562, 2052) with w = 262

(4) For k = 6003, the normalized forms of the elements in Ogy are
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(363,463 | 1663, 2783) with w = 563,
(5€3, 663 | 1863, 2563) with w = 363,
(853, 9@3 | 21€3, 2863) with w = 363

As mentioned in the introduction, for a given k£ > 3, the set Q, is a finite set of primes.
There is another finite set A, of primes, to be discussed in Section 4.3, satisfies A, C Oy
when 6 | k or 10 | k, while in general Ay C Qyy for all k£ > 3. Let us briefly describe how
Q. and A;, can be computed.

So we have k > 3 given. Let ¢ = €2™/* a k-th primitive root of unity in C. For all
i,j,8,t € kand w € kg with i # s and j # t set

Uigstw = 0" (0" = 1)(¢' = 1) — (¢ — 1)(¢" — 1),

and compute the Galois norm N; ;s Of 1 51 oOver Q. Now if u; 54 # 0, and p is a

199Yy

prime dividing N; j s ¢ ., then

Pt =" 1) = (¢ = D' = 1) =0,
in a Galois field F' = GF(q), where charF = p such that k | (¢ — 1), and ¢ a primitive
k-th root of unity in F. This gives an overlap which has no corresponding overlap in C,
and so p is exceptional. The collection of all such primes makes Q. Similarly, for A,
one compute the norm of all possible v; j,, = ¢“(¢" —1)(¢’ —1) — 1 with i # j, and collect
the prime divisors of them when v; ;,, # 0 or 1.

Table 2. Exceptional prime set Qj for 3 < k < 16

k| O Ay
3 {3} {2,7,13}
4 {2,3,5} {37 5,13, 17}
b) {57 11} {27 11131741,61,71}
6 |{2,3,5,7,13,19,31,37} {2,3,5,7,13,19}
7 | {2,7,13,29,43, 71} {2713,29,43,717113,127,1977211}
8 |{2,3,5,7,13,17,41,73,89,97,113} {3,5,7,13,17,41, 73,97, 257}
9 | {2,3,17,19,37,73,109, 127,163, 181, 199, 271, 397, 541} {2,7,13,17,19,37,73,109, 127, (4%), 757}
10 {273,5,11,19729,31,41,61,717101,131,(16*)7941} {2,3,5,11,31,41,61,71,101,211}
11 | {3,11,23,43,67,89,109, 199, 331, 353, 397, (14*), 2399} {23,67,89,199, 397,617, 859, 1013, (7*)7 8009}
12 {2,3,577,11713,177 19,23, 29, 31, 37, (22*),1009} {2,3,5,7,11,13,17,19, 37, (5*),241}
13| {3,5,13,53,79,103, 131, 157, 233, 313, (41F), 24571} {3,53,79,131, 157, 313,443,521, (157), 39313}
14 {2, 3,7,13,29,41,43,71,113,127,197, 211, (62*’), 24473} {2, 3,5,13,29,43,71,113, 127, (7"’)7 1009}
15 {2,3,5,11,19.29,31,41,59,61,71,79,(143*),88411} {2,7,11,13,19.29,31,41,61,(18*),4561}
16 {2, 3,5,7,13,17,23,31,41,47,73,79,89, 97, (5*)7 257, (71*)7 102913} {37 5,7,13,17,41,47,73,97, (12*), 65537}
(n™) indicates that n values are omitted

One can use the computer algebra program GAP [17] to compute the Galois norms
readily when k is not too large (for example, k& < 100). Also, one can use GAP to do
prime factorization of the obtained norms to get Qy and A, easily when k < 50, say. As
the norms are getting big when k is large, one may want to write the norms computed
by GAP into a file, then use some number theoretic program like Pari/GP [18] for the
task of factorizing. We provide Q’s and A’s for 3 < k& < 16 in Table 2 with longer
sets truncated by showing the first twelve primes (except for k = 16) of Qy and nine for
that of A, the number of omitted primes, and the last prime. Notice that A, C Qo
(3 < k <8), illustrating the conjectural inclusion Ay C Qg for all k > 3.
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3. The case 2" + by™ — bz =1, part 1

Let b € F* be fixed. As seen in the previous section, the set of solutions (z,y, z) € F? to

the equation
™ 4+ by™ — b =1, (10)

splits into two disjoint subsets, denoted S and T'. For certain circular Ferrero pair (F, ®),
we shall compute their cardinalities.
e In the first subsection (Counting S), the count for S governed by the coset ®c; ;
containing b, together with whether the element c; ; is involved in overlap or not.

e In the second subsection (Counting T'), the count for 7" the count is determined by
whether b lies in A, in A™!, in their intersection AN A~ or outside AU A~L.

3.1.  Counting S
Let us treat S first. From (4) we have that

1S|= Z|(I>b+1 (®b+ )| =m (k:+2|<1>+b N(® + b )|>. (11)

Thus, with

Z|<I>+b N(®+ b 1),

we have

Theorem 3.1.
|S|=m? - (k + sp). (12)
Recall the set
D = {)\(QDJ — 1)71(g01 — 1) | )\ € (I), Z,j I~ k} = Ui,jEk:(I)Cj,ia

and the facts D = D™! = —D (c.f. Lemma 2.1). Thus, s, # 0 precisely when there exists
j € k such that
(@+bHN(@+ b ) # 2.

In this case,
(®+ " T NN @+ =" (@ + )N (P4 b)) # 2.

Lemma 2.2 says that this occurs if and only if b=! € D. More precisely, we have

Lemma 3.2. Let (F,®) be circular and j € k.
(1) If k is odd, then
2 ifp=2and b=t € ®c;; for some i € k,
( @+ )N(@+¢b ) =31 ifp#2and b~' € Oc;; for some i € k,

0 otherwise.
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(2) If k is even, then

2 ifbt e Doy, ie k\ {5},
(@+07)N(@+¢b )| =1 ifb" e dejs,

0  otherwise.

Proof. For x,1 € &, we have x + b ' =9 + /b7t € (P +b71)N (P + /b7 if and only
if
— -1 _1
@ =1 =1

€ ®&c¢;;, where Yt = ¢ with i € k.

Notice that 7 # 0 ensures ¢ # 0. This already accounts for the “otherwise” case in both
parts. So we assume that b=t € ®¢;;. Then (®+b1) N (P + /b !) is nonempty, and

X+ =9+ lb

for some x,1 € ® with yy~! = .
Set r = @/b~! —b~! £ 0. By Lemma 2.6, we have

L<[(@+07)N( @+ @b ) =[N (2 +¢b " = b7 = [Lr]e = [r, 1]

If k is odd and p # 2, then [r, 1], <1 by Lemma 2.7(2).
Now, assume that & is even or p = 2 (hence k is odd). Then —1 € ®, and so

—p+b =X+ b e (@+bHN(D+ b,

Hence, except in the case 1 = —y, we have already two points of intersection. If p = 2,
1 = —x = X, which cannot happen. The odd case is done.

To finish the proof, we let k be even and ¢ = —x (so that yy¥ ™' = —1 = ©*/2), and
claim that

(@ +0 )N (P + b =1

Suppose that this is not the case. Then there is another point A +b71 = u+ /b~ ! in the
intersection, where A,y € ® with A # x (hence p # ). Again, we have

—p b= A lb e ( @+ N (P + .

From circularity, this has to be one of the two points in the intersection. Thus, either
= —Aor pu=—x = 1. Our assumption rejects the later case. The former case gives
b1 = ¢Cj,§ = pCj K, which still leads to ¥ = i, and has to be rejected, too. Therefore,
(®+ b1 N(P+ /b)) =1 as claimed, and the proof is complete. O

Having set up the necessary preliminaries, we now examine the cases to determine s,
explicitly. Here is a summary of the outcomes.



SOLUTIONS OF EQUATIONS ax™ + by™ — cz™ = 1 OVER FINITE FIELDS 345

Summary. In this subsection we determine the values of s,. The outcome depends on
the arithmetic position of £b relative to the sets D, together with the parity of k and the
presence of overlaps or triple overlaps. The cases can be summarized as follows:

e (Theorem 3.3) If £b ¢ D, then s, = 0.

e (Theorem 3.4) If k is odd and +b € D, then s, = 4 or 2 depending on whether p = 2
or not.

e (Theorems 3.5 and 3.6) If k is even with £b € ®¢; ; € D, then:

(1) If k = 6, or 3 1 k, or if ¢;; is not involved in an overlap, then s, = 2 or 4

k

depending on whether 5 € {i,7}.

(2) If £k > 6 and 6 | k with ¢;; being involved in an overlap, then s, = 6 if
{i,j} = {5, Z}’ otherwise s, = 12 or 8 depending on whether ¢;; is involved

in a triple overlap or not.
This roadmap allows us to move on to the formal case analysis. The overlap conditions
will be clarified through A and A~! in Section 4, and the solution counts will then be

determined in Section 5 by the coset ®(p" — 1) or ®(p" — 1)~ in which b lies.
We start with Theorem 3.3, which also includes the case £b € ® for completeness.

Theorem 3.3. Suppose that (F,®) is circular and b € F*. Then
(1) If £b & D, then s, = 0.
(2) If £b € P, then
k—1 if kois odd, p # 2,
Sy =492k—2 ifkisodd, p=2
2k —3  if k is even.

Proof. (1) is a corollary to the previous lemma. (2) is essentially |12, Lemma 21]. O

Therefore, we are left with the case +b € (D \ ®). This means that there exist ¢ € ®,
1,7 € k, i +# 7, and i@ # k — j, such that
0 —1
@I

= 190 _@b cij or, equivalently, b~' =1 —ngz (13)

Each of the j € k to write b~! in this form contributes to the sum s,. Indeed, if also
b=t = xcjri, with j' € k\ {j}, then there is an overlap (j,i | 5/, 7).
Let us settle the case when k is odd first.

Theorem 3.4. Let (p, k) be a Ferrero pair with k odd p ¢ Q. If b€ D\ @, then

{4 ifp=2,
Sp —

2 otherwise.

Proof. Suppose b € D = D~'. Thus, b™' € ¢;; for some i,j € k. Since k — j # j,
both 5 and k — j contribute to the sum for s,. By Lemma 3.2, both terms are either 2
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or 1 according to whether p = 2 or not. As there is no overlap involved, we have the
result. O]

From now on, we assume that k is even. Recall from Lemma 3.2 that whether ¢ is g

(hence also whether j is £) make a difference.

Theorem 3.5. Suppose that (p, k) is circular, and k is even. If b € ®c; ;, where
¢ij €D\ (PU—-P) =D\ P is not involved in an overlap, then we have

2 ifi=%orj=%,
Sp =
4 ifi# L andj#L

In particular, if p & Qk, then this is the case when k = 6, or 31k, or the pair (j,i) does
not show up wn the lists of Theorem 2.15.

Proof. In the case i,j ¢ {%}, we have two nonzero terms in the sum defining s, given by
j and k£ — 7. By Lemma 3.2 both terms are equal to 2.

If we have i = £ or j = £ (which cannot hold at the same time), we either have two
terms with value 1, or just one term with value 2, respectively.

The special cases are all consequences of Theorem 2.13. O

For the next theorem we need to determine all nontrivial overlaps with i = k/2 or
j = k/2. Suppose that p ¢ Q. Then

ERLEEY (kR E Y "
4612 4 6414 2

are two instances where cx ; or ¢; x (i,j € k) are involved in a nontrivial overlap. In these
27 )2 i

cases, it is necessary that 12 | k. From Theorem 2.13, we see that these are the only

instances where g occurs. Thus, we have

Theorem 3.6. Let (p, k) be a Ferrero pair. Suppose that 6 | k andp ¢ Q. Let b € ®c; ;,
where ¢;; € (D\ @). If ¢;; is involved in a nontrivial overlap, then we have

6 if12|kandb€<bc%7gutbc%7%,
sp =412 if ¢;; 1s involved in a nontrivial triple overlap,

8 otherwise.

The conditions of the second and the third cases for s, in the theorem will be made
clear in Section 5, together with the counting of 7.

3.2.  Counting T

First we consider the case when two of the variables are zero.
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Lemma 3.7. Let ng be the number of those solutions of (10) having exactly two zero

entries. Then
3m  if 2|k orp=2) andbe P,

no=1<2m if21k andbe £,
m if b £.

Proof. Observe that the equation eX™ = 1 over I admits a solution precisely when
e € ®. If this is the case, there are exactly m solutions. O

To count the rest of the elements in T', we recall

Tx = {(y,Z) c F*2 ‘ bym — bzm — 1} and o] = |’1q'm|7
T, ={(x,2) c F*? | 2™ —b2" =1} and ay =T,
T.={(x,y) € F**| 2™ +by" =1} and a3 =T},

Note that T, T}, and T, are disjoint, and
|T‘: o1 + g + ag + ng. (15)

We define t, as the number of elements in ¢, x € ® that satisfy ¢»—by = 1, and similarly
for t,-1. Thus, in the notation of (6),

th=1[b1]p = [®N(Pb+1)| and ty-r = [b~", 1]

Then we have
Lemma 3.8. oy = a3 = tym? and oy = t,-1m?>.

Proof. We have
"4y =1 1+ byz )" = (27" = (7)™ —blyz™")" = 1.
Thus ay = a3. Since
2" =b"=1<=2" e dnN(Pb+1),

and for each ¢ € (®b + 1), if there is a solution to the equation 2™ = ¢, then there are
exactly m solutions, we see that

ay = |{(z,2) € F** | 2™ — b2™ = 1}|= tym?>.
Next,
by — bz =1le=y" ="+ b = ym cdN (P +b ).
Thus, using Lemma 2.6, we have oy = [1,07 ], - m? = [b71, 1], - m? = t,-1m?. O
Combining the preceding lemmas, we can arrive at a general expression for |T'|. The
first two cases, corresponding to +b € ®, were already established in our earlier work (see

the introduction for references). For completeness we include them here in the statement.
Only the 3rd case where +£b ¢ ® requires further analysis.
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Theorem 3.9. If (F,®) is circular, then

3tim* + 3m if 2|k orp=2)andbc P,
|T|= < 3tym? +2m if 2tk and £b € @, (16)
(2ty + tp-1)m? +m  if £b & D.

Proof. In view of (15), the result is done with Lemmas 3.7 and 3.8 combined. The cases
be ®and —b € ¢ are covered by Lemma 2.6. Indeed, in these cases t, = t,-1 = t_, =
t. [

We now turn to the case +b ¢ ®, where the term 2t, 4 t,-1 comes into play. Here,
Lemma 2.7(1) provides the key to obtaining 2t, + t,-1 explicitly. First, let us recall the
following notation from the introduction:

A={Y(x—1) | x,¥ € @, x # 1} = Uyea\13®(x — 1),
A7 ={o(x - D" [ x, v €, x # 1} = Uyeary®(x — 1),
and if p # 2,
2710 = {27y | x € D} = (20) .

For completeness, we record the sizes of A and A~!.
Lemma 3.10. Let (p, k) be circular.

Al= |47 = k g if k is even,
k-(k—1) ifk is odd.

Proof. Clearly, |A|=|A7Y. Let ¢, x € ®\ {1}. By Lemma 2.8 we have v» — 1 € ®(x — 1)
if and only if ¢ = x when k is odd, or ¥ € {x,x '} when k is even. Thus, the given
number is verified for odd k. As for even k, there are k — 2 pairs x and x ! in @\ {+1},
each pair gives one coset, while —1 gives one more coset. This completes the proof.  [J

We now return to the determination of 2t, + t;-1, where the sets A and A~! play an
important role.

As t, = [b,1]x and t,-1 = [~ 1], the following theorem is a direct consequence of
Lemma 2.7(2).

Theorem 3.11. Let (p, k) be circular, with k odd and b € F*. Then

3 ifbe AnAT,

2 ifbe A\ A,
2ty + -1 = / \1

1 ifbe A7\ A4,

0  otherwise.

Remark 3.12. The theorem will be refined later in Corollary 4.17.
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For the rest of this section we deal with the case when k is even. Here the analysis
naturally splits into two parts: elements b lying in 20 U271®, and those outside it. In this
situation the coset 2® plays a central role. Since —1 € ®, we have 2 = (—1)((—1)—1) € A.
Therefore, 2¢ C A, and consequently,

Moreover, by Lemma 2.7 we know that ¢, = 1 if and only if b € 2®, and ¢, = 2 if and
only if b € A\ 20.

With these preliminaries established, we begin with the first part of the even-k analysis,
namely the situation when b € 20 U 2710,

Theorem 3.13. Let (p, k) be circular, with k even, and b € 29 U 271®.
(1) If20N27'® £ & (thus, 20 = 2@ and 4 € B), then 2t, + ty1 = 3.

(2) If20N27'® = &, then

ifbe27td and 271 € A,
ifbe2® and 27! € A,
if b€ 20 and 271 ¢ A,
ifb€27'® and 27 ¢ A.

Uy + L1 =

— N R Ot

Proof. All the ingredients we need are readily in Lemma 2.9.
Notice that if b € 2@, then t, =t, =1, and b= € 271®. So

tp1 =tyg1 =1 <= 20 =210 «— 4 .

Now, when 2® = 271® we have 2t;, + t;,-1 = 3 which is (1).

[f20N27'® = &, then t, 1 =2 <= 27! € A and otherwise ¢,-1 = 0. This accounts
for all cases in (2) where b € 20.

Finally, let b € 27'®, then b~! € 2®, and t;,-1 = t, = 1. Similar as before:

ty =tg-1 =2 <= 271 € A, and t, = 0 otherwise.
This covers the remaining cases of (2). O
Now we handle the rest.
Theorem 3.14. Let (p, k) be circular, with k even, and let b € F*\ (20 U271®). Then

ifbe ANA™,
ifbe A\ A,
ifbe AN\ A,
ifbg¢d AUAL

2ty +1p-1 =

S N = D
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Proof. We apply Lemma 2.7(1) directly. If b ¢ AU A~! then the sum is 0.
If b€ A, then t, =2 and if b= € A, then t,-1 = 2, and both values are zero otherwise,
as 20 U 271® is not considered. This completes the proof of the theorem. O

Thus the evaluation of 2t;, 4 t;,-1 is complete: for odd k the values are given in Theo-
rem 3.11, and for even k it is covered by Theorems 3.13 and 3.14.

4. The sets A, A~!, and AN A~!

The theorems in the previous section show that the sets A and A~!, together with their
intersection A N A~!, play a central role in determining the number of solutions to the
equation x™ 4 by™ — bz™ = 1 over the finite field F'.

The main objective of this section is to characterize A N A=, Our principal result is
Theorem 4.11. Although the statements are formulated over C, they remain valid over
finite fields provided that the characteristic of F' lies outside the exceptional set Q and
that 6 | k or 10 | k.

Observe that when k is even, the characteristic p = char(F) is odd, so 2 # 0 in F. In
many cases we will assume 6 | k. Then the subgroup ® contains the element p = cp%,
which has order 6. Being a primitive 6th root of unity, p satisfies the relation p?—p+1 = 0.
This notation will be used freely throughout this section whenever appropriate.

4.1.  Structural Properties of A, A™', and D

We begin with the case of even k, leaving the odd case to the next subsection.
When £k is even we have 20 C A. For, if ¢ € ®, then —1, —¢ € &, and so
2 = —yp(-1—-1) € A.

Lemma 4.1. Let k be even and i € k\ {5}. Then o' — 1 € Dex ;0. Consequently,
(A\20) CD and (A~1\2719) C D.

If 6|k, then {2,-2} C @c%%, and {271,271} C ®c
(AUAH CD.

& k. Therefore, in this case,
276

Proof. For the first statement, as i £ g, we have ¢' # —1. For A € ®,

k

A —1) = A + 17— 1) = (@8 = )7 — 1) € By, CD.

“2=pi —1=p% (gt~ 1) (pt ~1) € Dery CD,

and therefore {2, -2} C ®ci &, which implies 2¢ C D and thus A C D. Similarly,

672

—27t = (=2)7! € ®cp i © D, so {271 —271} C ®cx i, which yields 271 C D, and
hence A= C D. O
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Remark 4.2. The case gog —1 = —2 for even k is excluded from Lemma 4.1 except when
6 | k. In fact, ensuring —2 € D essentially requires 6 | k. This subtlety, together with the
relation between A and D when k is odd, will be revisited in the next subsection, where
we analyze the situation over the complex field C.

In many situation, ® sits inside A N A~L.

Lemma 4.3. Let 6 | k. Then for s € k we have

P —1ed < se{kF}

In particular, since gpg — 1€ ®, it follows that ® C (AN A™1).

Proof. We write k = 6/. As o' = p, we obtain ¢* —1 = p —1 = p? € ®. Therefore if
@*—1 € P, then ¢/ s = % € ®. By Lemma 2.5 this forces s = = % ors=k—{ = %. O]

We we have seen in Theorem 2.13 that a nontrivial overlap can only occur when 6 | k.
In this case, many of the occurrences of overlaps are related to elements in AU AL

First, we notice that when 6 | k, certain cosets ®(¢' — 1), 1 < i < k — 1, collapse.
In this case, a primitive 6th root of unity p = gog lies in ®. This immediately gives the
following collapsing identities

20 =3(p° —1), P=0(p-1)=d(p° 1), PO’ -1)=d(p'—1). (17

)

Now, the following lemma says that every element in A which is not in U;_;®(p" — 1)

is involved in an overlap; likewise, every element in A~! which is not in UJ_;®(p" — 1)~!
is involved in an overlap.

Lemma 4.4. Let 6 | k and g € F*.
(1) Ifge (' — 1) with1 <i<Z, then g € ®ci ; = Py

) 5 —1,21"
(2) If g€ ®(p" — 1) with 1 <i < %, then g € ¥, b=Poyk_

Here, @c%yi = q)c%ﬂ-’?i and (I)CZ-% = @ch% , are nontrwwl overlaps unless i € {6, 3

Proof. Write £ = 6. By symmetry it suffices to prove (1), and it is enough to consider
g=¢" —1. Using ¢* = —1 = p=3 and ¢’ — 1 = ©* we compute
230+1) _ |

) ( 2 1
i _ 30+i _ ¥ P
1= ) = (=) Pt — 11— 3t

Now, from
2 2%
e S VAV
1 — @3t ¥ O3 — 1 € ez i,

and o; .
e =1 gt =1
1—gotvi P i
we see that we have an overlap (¢,7 | 3¢ — i, 2i). Except for i € {¢,2¢}, which gives trivial

€ (I)Cg’l',

overlaps, this overlap is a member of O;. n
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Remark 4.5. (1) Theorem 2.13 lists all nontrivial possible overlaps in their normalized
forms. The theorem indicates that a nontrivial overlap can occur only when k is even and
is divisible by 3, 5 or 7. We shall see later in Theorem 4.11 that if AN A~! # &, then
k has to be divisible by 3 or 5. Moreover, the structure of AN A~ will be determined
there.

(2) Note that AU A™! does not cover all elements of F* which are involved in overlaps.
For example, for k = 300y, ¢, € N, (¢1,3¢; | 3¢1,11¢) is an overlap and ¢, 3, is not a
member of AU AL,

(3) Though the condition i < £ seems violated in the specific overlap (i, ¢ | 24, 3¢ — i),
it is still legitimately a member of O;. Indeed, if i > £, then ¢’ — 1 = ("' — 1)(—¢).
Thus ¢’ — 1 and ©*~* — 1 belong to the same coset of ® (cf. Lemma 2.8), allowing us to
restrict to ¢ < g Notice that i = £ is not possible as 2¢ must be in k. Transformations

2
like this and in the following paragraph are explained in (8) and lead to the normalized

form (9).

Furthermore, if % < i < g, then we put j = 3¢ —¢ = 5 —1i < 7 and we obtain
(1,0 ] 26,30 — i) = (30 — 4,0 | k—24,5). As in the first part we can transform this
into the overlap (3¢ — j, ¢ | 27, 7). Therefore (p;i LD = 2L which is equlvalent to

2]1

“’3:/ ]1 Ly — ¢2J 1<I> This last overlap reads in shorthand: (4,25 | ¢,3¢ — j) with j < Z'

k k

ST

To facilitate the analysis of A N A~!, we now assume for the rest of this section that
F' is an arbitrary field having a subgroup ® of F* of order k. In particular, F' is not
necessarily finite.

To begin with, we’ll give examples for subsets in AN A~L.

Theorem 4.6. Let F be an arbitrary field and assume k to be even.
(1) 27! € A if and only if 20U271® C (ANA™!). Otherwise (20U27'®)N(ANA™Y) =

(2) If 6 | k, then ® C (AN A™1).
(3) If 10 | k, then ®(C — 1) U®(¢®* —1) C (AN A™Y), where ¢ € ® is of order 10.

(4) If 12 | k, then ®(c — 1) U®(c® — 1) C (AN A™Y), where o € @ is of order 12.
While 2® = 27'® is possible, the cosets in (3) and (4) are distinct.

Proof. (1) The first part is immediate. The complementary case follows since AN A™! is
a union of cosets of .

(2) This is already in Lemma 4.3, where the proof does not require F' to be finite.

(3) The 10th cyclotomic polynomial reads z* — z3 4+ 22 — z + 1. Thus,

C-DEC-)=¢-C-(+1=-€?,
which implies
(-1 =0(° -1 C(ANAT), o -1=0(C-1)"C(AnAT).
(4) The 12th cyclotomic polynomial reads z* — z? 4+ 1. Using 0% = —1,

(c—1)(0c°-1)=0°-0"~0+1=—0(c"+1)= -0’ €,
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and the claim follows as in (3).
The final statement is a consequence of Lemma 2.8. O

Remark 4.7. In the theorem, we have

(-1 =2 —1), OF-1)=2(¢"-1).

Thus the choice of ( among the four possible elements of order 10 in ® makes no difference.
The same applies to o of order 12. This symmetry ensures that the coset structure is
invariant under inversion, reinforcing the stability of ANA~! under group automorphisms.

Now, u € AN A7Yif and only if u = ¢*(¢" — 1) = p'(p! — 1)~ for some 4, j € k and
s,t € kg. This implies

(@ =D -1 =T - = +1=¢"" €. (18)

4.2.  The complex case
In this subsection, we investigate in C the relation between A and D and the structure of
ANAL
Assume for this subsection that F' = C, the field of complex numbers. Let
St = {e% | # € R} denote the unit circle. Put ¢ = e2™/* and we have ® = (¢) C S'.
First of all, it is worth noting that when k is odd, A and D has nothing in common.

Lemma 4.8. If k is odd, then DN A = @. In particular, PN A = .

Proof. Suppose that g € DN A. So g = gzﬁw% =¢*(¢' — 1), i#k, j#k t#k We

may assume that s = 1. Using
¢f — 1= ¢ (¢"? — ¢7"?) = ¢"*2isin(Z0) for any £ € {1,2,...,k},

we find )
Pt -1 u_j_¢sin(5ru)

¢w

, = = 2isin (Z¢).
: 27 k
¢l —1 sm(%j 2

As all the sines are real

Therefore
wHt—1—Le k3 e g+ 2u-—2j—2t € {k 3k},
which implies that k is even. O

Next, let us return to the case that k is even and ¢ = % in Lemma 4.1 over C.

Lemma 4.9. If ®(¢2 — 1) C D, then 6 | k.
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Proof. Assume that <I>(¢§ —1) € D. With ¢§ — 1 = —2, this means that —2 =
¢*(¢" — 1)1 (¢ — 1) for some 7,5 € k and s € k. Therefore,

207 +2 = 6 — g7,
which gives a vanishing sum of roots of unity of length 6 (cf. [2]):
¢§+i + gbg-ﬂ 141+ ¢§+s+j + ¢8 —=0.

As there are two 1’s and two ¢2*’s, one infers easily from [2, Theorem 6] that ¢27,
¢35 and ¢35+ has to be 3rd root of unity. Thus 3 | k, and since k is even, it follows
that 6 | k. O

For further discussions, we also recall a part of [2, Theorem 7]. It is recorded here for
the convenience of the readers.

Theorem 4.10. Suppose we have at most two distinct rational multiples of  lying strictly
between 0 and 3 for which some rational linear combination of their cosines is rational but
no proper subset has this property. Then the appropriate linear combination is proportional
to one from the following list:

T 1
Z_Z 19
cos 5 = o, (19)
2 1
cosg - COSE,/T =— (20)

We have

Theorem 4.11. Let F=C. If AN A~ #£ & then 3| k or 5 | k. In particular
(1) If k is odd, then AN A™! = .

(2) If ged(30, k) = 10, then
ANA T =0 -1)Ud(*—1),

where ¢ € ® is of order 10.
(3) If ged(60,k) =6, then AN A1 = ®.
(4) If ged(60, k) = 12, then

ANATT=0dUd(oc - 1)Ud(c® - 1),

where 0 € ® is of order 12.
(5) If ged(60, k) = 30, then

ANATT=0Ud(( - 1)U —1),

where ¢ € ® is of order 10.
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(6) If 60 | k, then
ANATT=0Ud((-1NHUPCC -1)Ud(c—-1)Ud(c® —1),
where (,0 € ® are of order 10 and 12, respectively.

Proof. Theorem 4.6 covers the inclusion “2” in all cases. For the other inclusion, we first
do the case when £ is even.

Recall that ® is generated by ¢ and we can assume that ¢ = e?™/*. From (18), we see
that if AN A™! # &, then there are i and j such that

¢~ = +1eQ, (21)

Replacing ¢' by ¢~* and/or ¢’ by ¢~/ and recalllng that —1 € ® there is no loss to
assume0<z<]<k Putt—””ands:J , then

k
0<s<—,1=t—s, j=1t+s.

k:
O<t < =
2 4

Now the condition reads ¢? — ¢'~* — ¢'™ + 1 € ®. We multiply by ¢ to obtain
o= =P+ e DO,

hence o o
2 cos ?t — 2cos ?s e byt C St

Note the left hand side is real, and ®¢~* contains real numbers if and only if ¢~ € ®.
In this case these real numbers can only be 1. Moreover, ¢ and thus s are integers, which
satisfy s < t. As cosine is strictly decreasing on the interval [0, 7|, we arrive at

27Tt 27 1
cos —t — cos —s§ = ——.
k k 2

We begin by applying Theorem 4.10 to the case when ¢t < %. This gives three cases,
where the first two come from (19) with 0 or 1 added, and the last from (20).

(a) s=0,thent =% 506 |k, thusi=j=2%

(b)t:Z,theHS:—sol2|k thus i = & andj—m,

(c)tz%,thens lo,solO]k‘ thusz— andjzﬁ
These three cases correspond to the mlmmal cyclotomic configurations that yield ra-
tional Cosine combinations and thus determine when AN A~ # @.

Ift>=% put t' = £ —t and the expression transforms into
2m Py 2T 1 ( )
cOoS — coS—sSs=— as cos(m— 1) = —cCosc.
k k 2

But then {t/,s} is {45, 25} or {%, %} which contradicts the facts that both ¢ < % and
s <k
This covers all the cases (2)—(6).
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Hence we’re left with the odd k case. Then ® is a subgroup of the group ¥ of order 2k
and there exists a generator 1) of ¥ with ¢ = 1)2. Assume there are i and j with satisfying
(21). Then we obtain

w21+2]_w21_w2j_1€ (I)g .

But the configurations in (a)—(c) all require even k, yielding a contradiction.
This covers the rest of the theorem. []

This completes the classification of AN A~! over the complex field C. The divisibility
conditions 3 | k£ and 5 | k arise precisely from the minimal cyclotomic configurations
identified in Theorem 4.10. Such structural classification under ged conditions will serve
a purpose in Section 5, where it validates the enumerations of N, recorded in Table 1.
In the next subsection we turn to finite fields, where analogous structures appear under
suitable restrictions on the characteristic.

4.8.  Finite field analogues of AND and AN A1

Coming back to finite fields, we let (p, k) be a Ferrero pair.
For every solution of eq. (21) there exist i,j € k and s € ko, such that ¢ is a zero of
the polynomial

foij(@)=2%(2" = 1)(27 — 1) =1
— xs—i—i—‘rj _ ws-l—i _ ZES+‘j +° 1.

Thus there is an element in AN A~" if and only if fs;;(¢) = 0 for some s € kg and
1, €k.

Solutions as described over C in Theorem 4.11 correspond to solutions over finite fields—
except when the characteristic lies in a finite exceptional set A,. However, there can be
more solutions over a finite field F. Just like P, and Q,, there is a finite set Ay of
exceptional primes with the property that this can only happen if the characteristic of F
is in Ag. For all other characteristics the solutions correspond exactly to those over C
(cf. |11]).

To find Ay, one may use |11, Prop. 3.4] as in the proof of [11, Theorem 3.3|, and show

Lemma 4.12. Let ¢ be a primitive kth root of unity in C and N : Q[¢] — Q be the
Galois norm. Then

A, = {p |p a prime divisor of N'(fs:;(¢)) for s € ko, 1,5 € k, N(fs.,(¢)) #0}
U {p is a prime divisor of k}.

In particular, Ay is finite.
The following lemma is the key for us to use Theorem 4.11 in the context of finite fields.

Lemma 4.13. If6 | k or 10 | k, then Ay C Q.
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Proof. Let i,j € k and s € kg such that

¢*(¢' = 1)(¢/ —=1) —1=0.

Then
¢*(¢' = 1)(¢' —1) =1.
Suppose that 6 | k, and write k& = 6£. Then ¢° is a primitive sixth root of unity, thus
p* — ¢* +1 = 0. Using ¢3* = —1, one can derive (¢°° — 1)(¢* — 1) = 1. From (18), we
know that there is some s € ky such that

¢*(¢' —1)(¢’ —1) —1=0.

Therefore,
¢*(¢' = 1)(¢" — 1) = (¢” = 1)(¢' —1) =0,

which is an equation that shows up with overlaps. As in the proof of |11, Corollary 3.7|
one can see that each prime from A is also in Q.

Similarly, when k = 10¢, using ¢~2(¢* —1)(¢* — 1) = —1, we see that each prime from
Ay 1s also in Q. O

Remark 4.14. Supported by data, we conjecture that for all £ we have A, C Q. A
proof in the case that k is odd with 3 | k or 5 | k is easy: Clearly, Ay C Ay, and we know
from Lemma 4.13 A, C Qop.

Now, with Lemma 4.9, we can sharpen Lemma 4.1.

Lemma 4.15. Let p ¢ QU Ay. If k is even and i € k\ {£}, then ¢’ — 1 € Dex ;o
Consequently, (A\ 2®) C D and (A1 \ 271®) C D. Furthermore, 2 € D if and only if
6 | k. Hence, in this case, (AU A™1) C D.

Also, we have the following analogues result on A ND from Lemma 4.8 provided that
pis in O U A U By, where By is a finite set of primes depending on k which can be
determined explicitly just like O, and Aj.

Lemma 4.16. Let k be odd. Then there exists a finite set of primes (depending on k)
such that if p is not in this set, then AND = .

With Theorem 1.11(1), we can refine Theorem 3.11.
Corollary 4.17. Let p & Qr U Ai. If k is odd and b € F*, then

2 ifbe A,
2+t =41 ifbe A

0 otherwise.
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Combining Theorem 4.11 and Lemma 4.13 we get
Corollary 4.18. Let k be even and assume p ¢ Qp U Ay, Then {2,271} ¢ AN AL
Proof. Since the coset containing
2= (-D((-D) =1 = (-1)(¢* ~ ) € B(pz ~ 1) C 4,

does not appear among the relevant cosets listed in Theorem 4.11. Thus, 2 ¢ AN A~
and so 271 € AN A1 as well. O

We have now characterized the intersection ANA~! both over C and in finite fields. The
complex case reveals that this intersection is tightly constrained by cyclotomic identities,
occurring only when £k is divisible by 3 or 5. In the finite setting, these constraints
persist except for a finite set of exceptional characteristics, captured by A, and by B, if
applicable.

5. The case 2" 4 by™ — bz =1, part 11

Recall that when +b &€ ®, the counting formula for N, takes the form
Ny = |S|+|T|= (k + s)m® + (2t + ty1)m?* + m. (22)

In this section, for even k, we determine the numerical quantities s, and 2¢, +¢,-1. The
results are consolidated in Table | and Theorems 1.3—1.4, with Theorem 1.5 completing
the classification of the remaining cases. Their possible values have already been classified
in broad terms: Theorems 3.3-3.6 describe the cases for s;, and Theorems 3.13-3.14 give
the corresponding distinctions for 2¢,+4¢,-1. Section 4 provided the structural ingredients,
with Lemma 4.4 showing how overlaps arise in A U A~!. In the proofs that follow, the
enumeration of s, is guided by Theorem 3.6, the overlap classification, and Theorem 4.11
on AN A~! while the values of 2t, + t,-1 are established using Theorems 3.13 and 3.14.

5.1.  Enumeration forbe€ AU A™!

For completeness, we recall here that the first row of Table 1, where b € @((pg —-1) =9,
falls into the boundary of the next subsection. It has already been treated in [12], with
the result recorded as Theorem 1.1.

The following subsection covers the second and third rows of Table 1. In these cases,
we will see that overlaps are not present.

5.1.1. b€ 2P U271d. We begin with the cases in the second and third rows of Table 1,
namely when b lies in the exceptional cosets 2® or 27!®. These situations were excluded
from Theorem 1.2, and their enumeration requires separate treatment. The formulas
will depend on whether 6 | k, as indicated in Table 1, and and the proofs draw on the
preparatory results of Section 4.
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Theorem 5.1. Let (p, k) be a Ferrero pair with p ¢ Q. We have
(1) If 6 1 k, then
N, — {km3+2m2+m if b €20,
Emd +m?+m  ifbe 2.

(2) If 6 | k, then
N (k+2)m*+2m*+m  if b € 29,
’ (k+2)m*>+m*+m  ifbe27'd.

Proof. By Corollary 4.18 we have 2 € A\ A~' and 27! € A='\ A. Therefore Theorem 3.13
gives the 2t, +t,-1 = 2 if b € 2® and 2t, +t,-1 = 1 if b € 271®, which account for the m?
parts in both cases.

When 6 1 k, Lemma 4.15 says that 2,271 ¢ D, and so s, = 0. Putting this together
with 2t, + ¢,-1 into (22), we have (1).

Assume that 6 | k. By Lemma 1.1 we have 2, —2 € ®c¢

Suppose that cx  is involved in a nontrivial overlap o = (£,%| s,t). Since

N

and 2_1, —271 ¢ (I)Ckﬁ-

E 2’6
2
we know from (11) that o has to match one of (£,% | £ %) and (£,% | & %) after applying
some permutations listed in (8) and vice versa. However, no permutation in (8) can

k kof (k k| k k k k| kk
transform ¢ and 5 of (5,5 |5,%) or (5,7

k
6
is involved,

) into the same left-hand half, and so Ck &

6124 6°4 142
cannot be involved in a nontrivial overlap. Therefore, Theorem 3.5 yields s, = 2. Again,
this and 2t;, + t,-1 together yield the result by (22). O

5.1.2. Enumeration for b€ ®(p" — 1), 1 <i < £ and beyond. This subsection corre-
sponds to the fourth row and onward of Table 1 together with Theorems 1.3. Now,
elements b from ®(¢' — 1) (1 < < %) are naturally involved in overlaps. With this in
mind, we proceed to their proofs.

When 6 | k the involved overlaps for b € ®(p" — 1) are nontrivial except for the special

indices 1 = % or i = % For the trivial overlap cases, we just need to take care of the
situation when i = £ as i = £ has been done in [12].

Theorem 5.2. Let (p, k) be a Ferrero pair with p ¢ Q. and 6 | k. We have

v [ m o dm? m ifbe d(ps — 1),
Tk mProm’ tm ifbe d(ph — 1)L,

Proof. Again, write k = 6(. Let b € ®(p5 —1) = ®(¢* —1) C A. By Lemma 1.3, b & .
Since ®(p3 — 1) N ®(p? — 1) = @ by Lemma 2.8, we have b & 20.

Moreover, Theorem 4.11 together with Lemma 4.13 shows that b ¢ A~!. Thus, we have
2t;, + t,-1 = 4 by Theorem 3.14. As b and b~! are not involved in any nontrivial overlap
by Theorem 2.13, and g #* g we have s, = 4 by Theorem 3.5. Now, the result follows
from (22).

The case b € ®(ps — 1)~! C A~! can be handled exactly the same way. O
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With the enumeration for the 4th and 5th rows of Table 1 now established, we are left
to face the situation when b is involved in some nontrivial overlaps. Theorem 3.6 comes
into play.

The first of the three cases in Theorem 3.6 is b € <I>ck U <I>ck k with 12 | k. Let us
discuss it in some detail. So we assume that 12 | k and write k = 12¢. The only nontrivial
overlaps containing 6/ = % are the ones in (1), namely (2¢, 3¢ | 3¢, 6() and (3¢,2( | 6¢, 30).
Thus for

be (I)ngygg = (1)634’64 = (I)C%,g or be (I)ng,gg = CDCG@’gg = (I)C%%, (23)

we have s, = 6 (and there are no other cases with p ¢ Q).
As ¢ is a root of the 12th cyclotomic polynomial z* — 22 4 1 we have

60— 1 2 g 2
C = =
3¢,6¢ SOS@ -1 SOS@ -1 QDSE _ 1’

30 1 QOM -1

cd(p* —1) C A

The coset ®(p3 — 1) plays a central role in both the overlap structure and the block
intersection count. By (23), we have
2

k —
P(p1 — 1) = P(p* — 1) = Pegrz0 = Pegper = ‘1)%03@ 1= A

Similarly,

k -1 30 -1 P -1 -1
1—1)7 =0(p”" = 1) = Peyra = Pegrz = @ 5 C A

D(p

Theorem 5.3. Let (p, k) be a Ferrero pair with 12 | k and p ¢ Qk. Then we have

1)7
— 1)L

Nw »t:-\a-

N (k+6)m®>+4m*>+m if be ®(yp
Tk 6)mP2md v m ifbe ®(p

Proof. In both cases, we have s, = 6 by Theorem 3.6. Thus, with (22),
= (k +6)m?® + (2t + t,-1)m* + m.

We are left with finding 2t, + t,-1.

Ifb € 2, then 20 = (¢ —1)®, and % = — 31 € &. This contradicts Lemma 2.8,
Therefore, b € A\ 2®. Theorem 4.11 with Lemma 4.13 implies b ¢ A~!. Now by
Theorem 3.14, 2ty + ty—1 = 4 if b € (P> — 1) = Dy g, and 2ty + ty-1 = 2 if
be @(gOSE — 1)_1 = CI)ng’Qg. ]

Another instance for 12 | k occurs when b € AN A™! as stated in Theorem 4.11(4)
(as well as in Theorem 4.6(4)). In this case, with a 12th root of unity p in ®, we have
Plc—1)UP(e®> —1)=ANAL
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Theorem 5.4. Let (p,k) be a Ferrero pair with p ¢ Qi and 12 | k. Then for b in the
union of cosets ®(p1z — 1) U Dot — 1) we have

Ny = (k +8)m* + 6m?* + m.

Proof. By Theorem 4.6(4) we have b € (AN A™')\ (20 U27'®), thus by Theorem 3.14
2ty + tp-1 = 6. Lemma 4.1 gives that b is involved in a nontrivial overlap, but not in a
triple overlap by Theorem 2.13. Thus Theorem 3.6 implies s, = 8. Now (22) yields the
result. O

Having completed the enumeration for the 12 | k cases, we now move to the second of
the three cases in Theorem 3.6 for those b that are involved in triple overlaps. These are
precisely the cosets listed in the remaining rows of Table 1 under the condition 30 | k as
we shall see next.

Suppose that b € ®c;; and is involved in a nontrivial triple overlap. By Theorem 2.13
we have k = 30¢, ¢ € N. Thus there exists 7 € ® of order 30. Then 7° is a primitive 6th
root of unity, hence 71 — 7% +1 = 0.

Notice that each nontrivial triple overlap involves csp e Or ¢y 50 for some u (see Theo-
rem 2.13). Therefore, we find that b or b~! is contained in
T —1 T —1 B

- —O(r" — 1) C A, (24)

75 —1 710

(I)C5€,u€ =

Also, we have
(I)(Tu + 1) — (I)<_7_15+u 4 1) — (I)<7'15+u . 1) g A. (25)

These identities will be used freely in what follows.
We first do the triple overlap (3¢,5¢ | 5¢,9¢ | 6¢,12¢). In this case, we have b € <I>c§7% =
Pesk x = Pear x € AN AL by Theorem 4.6. Here we note that b=! € ®(7? — 1), and by

10’6 575
Lemma 2.8, b and b~! are from different cosets.

Theorem 5.5. Let (p, k) be a Ferrero pair with p ¢ Qy and 30 | k. Let T = 0% € D,
which is of order 30. For b € (13 — 1) we have

Ny = Ny-1 = (k +12)m® + 6m* + m.

Proof. Write k = 30/, as before. As b € AN A~!, Theorem 3.14 shows 2t; + t,-1 = 6.
Also, as ¢z ¢ is involved in a triple overlap, s, = 12 by Theorem 3.6. Putting this into
(22), we obtain the result.

For b~! the same arguments apply to give the same result. O

We are now going for the remaining nontrivial triple overlaps. By Theorem 2.13 these
are

(10,20 46,9¢ | 5¢,140), (46,50 | 8¢,11¢ | 9¢,14¢),
(20,30 | 50,80 | 7¢,140), (26,50 | 3¢, 8¢ | 4¢,130).
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In each case we have b € AU A7 (and so b™' € AU A™! as well). For example,
the first triple overlap contains the constituent (¢,2¢ | 5¢,14¢). This is equivalent to
(50,144 | ¢,20) by applying the permutation (sy, s2)(t1,t2) (cf. (8)). Another application
of the permutation (sq, ), we get (50,0 | 14¢,2¢) = (%,i | & —4,2i) with ¢ = 4. Thus,
we see from Theorem 4.4 that if b is involved in the first triple overlap, then it is from
P(p' — 1) C A.

Theorem 5.6. Let (p, k) be a Ferrero pair with p ¢ Qy and 30 | k. Let 7 € ® have order
30. For
bed(r* —NHUB( — 1)U —1)Uud(r* - 1),

we have

Ny = (k 4+ 12)m?® + 4m? + m,
Ny-1 = (k +12)m? + 2m? + m.

Proof. In all cases b € A. Moreover, from the preceding remark, we find that b and b~*
are involved in a nontrivial triple overlap. Theorem 4.11 gives b € A\ A~!, and thus
ble A7h\ A

Now, Theorems 3.14, and 3.6 together with (22) give the result. O

With the triple overlap cases resolved, all rows of Table 1 have now been accounted
for: be @, 20U 2710, B(p5 — 1) Ud(p5 — 1), B(pt — 1) Ud(pi — 1)L, and ANA~L,
What remains is the generic situation, where b € A U A~'but no triple overlaps occur
and all previously discussed special cases are excluded. This is precisely the setting of
Theorem 1.3, which we now prove.

Proof of Theorem 1.3. As bisinside AUA™!, but not in AN A~! and no other special
cases present, there is a nontrivial overlap by Lemma 4.4, but no triple overlap. Thus
sy = 8 by Theorem 3.6. The numbers for 2t;, 4+ ;-1 come from Theorem 3.14. ]

This completes the proof of Theorem 1.3. Together with the special cases and triple
overlaps already resolved, we now have a full enumeration of the solution counts for all
cases with b € AU A~!. In the next subsection, we turn to Theorem 1.4, which addresses
the remaining situation.

5.2.  Enumeration forbe D\ (AU A7)

This subsection addresses the situation outside A U A~!. The enumeration is given by
Theorem 1.4. For the remaining cases, namely when 3 { k, the enumeration is provided
by Theorem 1.5. Together, these two results complete the classification for all

be D\ (AUA™) when k is even.

First, we prove Theorem 1.4.

Proof of Theorem 1.4. As 2® C A and likewise 271® C A~!, Theorem 3.14 applies to
give 2ty + t,-1 = 0. It remains to determine s,. The first two statements are direct from
Theorem 3.5 with s, = 2 and 4, respectively. For the third case, we assume that b € ®c; ;
is involved in a nontrivial overlap and £ ¢ {4, j}. In this case, 6 | k by Theorem 2.13. If b
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is involved in a nontrivial triple overlaps, then b € AN A~! as we have seen in the previous
subsection (explicitly, Theorems 5.5 and 5.6 and the discussions). Since we have assumed
that b ¢ AU A~!, we see that b cannot be involved in any nontrivial triple overlap. By
Theorem 3.6, we have s, = 8. O

Remark 5.7. (1) Here is a list of the relevant overlap cases in the preceding theorem:
o 42 | k: all of 042.

e 60 | £: all of Og, with all variations.
o k=300 (see Oy):

(01,30, | 361, 1161), (76,901 | 961,136,), (£1,40, | 261, 9¢,),
(201,76, | 36,,1401), (361,40, | 801,130,),

with only the inverses as variations.
(2) When 6 | k, b ¢ AU A1 is equivalent to requiring 7 # g, j# g, and i # 27, j # 2i.
For example, if b is in Py, 4, o1 (IDCZ_:%, then b ¢ AU A~'. However, ¢, 0, = ' +1 =
(—1)(p5th —1) € A.
Finally, for the remaining cases when 3 1 k, the enumeration is given by Theorem 1.5.
Since the cubic term is already determined in Theorem 3.5 and the quadratic coefficient

« has been fixed in Theorems 3.13 and 3.14, no further proof is required here.
With all cases now resolved, the enumeration of solutions to equation

" +by™ —bz" =0,

is complete for Ferrero pairs (p, k) with even k and p ¢ Q. Each instance of b € F*
has been accounted for, and the corresponding value of N, determined. Together with
Theorems 1.6 and 1.7 announced in the introduction, which settle the odd-k cases subject
to the exclusion of the finite sets of exceptional primes Qp and A, the enumeration of
N, is complete for all values of k.

5.8.  Algorithms and examples for the enumeration of N,

We systematize the enumeration of N, by separating the analysis according to the parity
of k£ and, in the even case, the divisibility by 3. This yields three distinct procedures:
Algorithm | applies when k is even with 3 1 k; Algorithm 2 applies when k is even with
3| k; Algorithm 3 applies when k is odd. Each algorithm is accompanied by an example
or two worked out in the finite field F' = GF(q) with ¢ = 83% = 6889. For this ¢, we have
8| (¢q—1),12 | (¢ —1),and 7| (¢ — 1), and in each case the prime p lies outside the
excluded sets: p & Qg, p &€ Q1o, and p € Q7 U A;. The worked examples show how the
branching criteria lead to termination in different cases. Let ¢ be a primitive element of
F.

The first algorithm applies when k is even with 3 1 k. The pseudocode is given in
Algorithm 1.
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Algorithm 1 Enumeration of NV, for even k with 31k
Input: ¢, k (even, 3{k), m=(¢—1)/k, be F;\®

IF b€ 2d U2 'd THEN // Theorem 5.1(1)

N Em3 +2m?2+m  if be 2P
b:
Em3 +m?2+m if be27 1
ELSE IF b€ ®c; ; THEN // Theorem 1.5
Nb:{(k+2)m3+am2+m ifi:%orj:%

(k+4)m3 +am? + m  otherwise

CASE: // Theorem 3.14 gives a = 2t, + 1,1
6 if be AnA!

)4 if beA\AT!
“TN2 ifbean\a
0 if b¢g AUAT!

ENDCASE

ELSE // Theorem 1.2
Ny =km® +m

ENDIF

We illustrate the algorithm for & = 8 by computing N, for b = (! in F*\ ®, & = ((™)
with m = 861. We have

P = {C8617 <17227 <2583’ C34447 <43057 45166, C60277 1}

According to Algorithm 1, we first check if b € 2® or 27'®. Since 2 = (34, we have
20 = (¥ ¢ ® and 2710 = (0 & ®; hence b € 20 U271®. Next, to determine if b € D, we
arrange the representatives ¢;; in a £ x £ matrix D, which allows each coset ®¢;; to be
recognized by its (¢, j) position:

CO €3137 C6232 C404O

3751 0 3095 903
¢ ¢ ¢ ¢

D= C656 C3793 CO C4696

C2848 <5985 <2192 CO

Note that b € ®c;; if and only if b~'c;; € ®. We compute b~*D = (¢} ;) with each

1,J

/ —1
Cij = b~ c; j:
(6788 (3037 (6132 (-3940
3651 6788 2995  ~803
b™'D = C556 C3693 C6788 C4596
¢ ¢ ¢ ¢

C2748 <5885 C2092 <6788
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Algorithm 2 Enumeration of N, for even k with 3 | k
Input: ¢, k (even, 3[k), m=(¢—1)/k, be F;\®

IF be AUA-! THEN // Table 1

IF b matches a row of Table 1 THEN
N, = the value given in the corresponding row
ELSE // Theorem 1.3
(k+8)m?+4m?*+m  if be A\ A~!
- {(k;+8)m3+2m2+m if be A1\ A
ENDIF

ELSE IF b & ®c; ; THEN // Theorem 1.4

(k+2)m*>+m if i=% or j=14

Ny=q (k+4m>+m if g ¢ {i,j}, and w/o nontrivial overlap
(k+8m3+m  if g ¢ {i,j}, and w/ nontrivial overlap

ELSE // Theorem 1.2
Ny = km?® 4+ m.

ENDIF

Since none of the entries of b= 'D belong to ®, we conclude that b & D. Therefore, b
falls into the final branch of Algorithm 1, and we obtain

Ny = km® 4+ m = 8-861° + 861 = 5,106, 219, 909.

The second algorithm applies when k is even with 3 | k. The pseudocode is given in
Algorithm 2.
The smallest even integer to which Algorithm 2 applies is £k = 6. In this case, we have

A=3(p—1UR(F* —1)UD(p* — 1) = D(ps — 1) UD(p7 — 1)U D(p? — 1).

Thus, if b € AUA™!, then b matches one of the first five rows of Table 1. By Theorem 2.13,
however, b is not involved in any nontrivial overlap. Consequently, when b ¢ AU A™!, for
b € Oc; 5, we have N = (k+2)m® +m or (k+4)m® + m depending on whether £ € {i, 5}
or not, and for all other b, N, = km?3 + m.

The first true overlap situation arises at k=12 when overlaps enter Algorithm 2 in a
substantive way. Let us illustrate the algorithm for k& = 12 by computing N, for b = ¢*%°
and b= (™ in F*\ ®, ® = (¢™) with m = 574. We have

b = {45747 41148’ <1722’ 4‘22967 C28707 C34447 C40187 C45927 C5166; <57407 46314’ 1}

First, consider b = ¢?%5. According to Algorithm 2, we first check if b € AUA™L. Notice
that b € AUA Y if and only if b1 (AUA™Y)N® # &. Thus, we arrange the representatives
¢' —1 and (¢* —1)7! in a matrix A, which allows each coset ®(¢' — 1) and ®(¢" — 1)~}
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to be recognized by its (1,) and (2,4) position:

C6167 62296 C2625 C5894 C5887 <3528

A= < (T2 (4592 (4263 994 1001 C3360) :
Now, multiplying by b~!, we get

— (5922 (2051 (2380 (5649 (5642 (3283
bA:( ).

C476 C4347 C4018 C749 C756 C31 15

Since b1 (¢® — 1)7! = ¢4018 € @, it follows that b € ®(p® — 1)L = B(pt — 1)~L. Thus
Algorithm 2 terminates in the first branch, matching the second row of 12 | k cases. We
thus have

Ny = (k+6)m> +2m? +m = 18 - 574 + 2 - 574% + 574 = 3,404, 805, 558.
Next, consider b = ¢°*. We have

— C5663 <1792 C2121 C5390 <5383 C3024
- )

<217 C4088 C3759 <490 <497 C2856

which has nothing common with ® and so b € AU A~!. According to Algorithm 2, we
next check whether b € D. As explained in the example for Algorithm 1, this is done by
comparing b~'D with ®. Thus, we arrange ¢; ;’s in the matrix D and compute

C6384 62513 C2842 C6111 C6104 C3745
C3367 C6384 C6713 <3094 C3087 C728
<3038 <6055 C6384 C2765 C2758 C399
C6657 <2786 <3115 C6384 C6377 C4018
66664 C2793 C3122 C6391 C6384 C4025

C2135 C5152 C5481 C1862 C1855 C6384

We find b 'cy6 = (1% € @. Therefore, b € Py = ®C§,g7 and Algorithm 2 terminates
in the second branch. Matching up Theorem 1.1, we obtain

Ny = (k+2)m® +m = 18 - 574 + 574 = 3,404, 146, 606.

The third algorithm applies when k is odd. The pseudocode is given in Algorithm 3.
We illustrate the algorithm for k& = 7 by computing Ny, for b = (%92 in F*\ ®, & = ((™)
with m = 984. We have

d = {C9847 C19687 C29527 C39367 4-49207 <5904’ 1}

According to Algorithm 3, we first check whether b € D or not. To do this, the matrix
D with entries ¢;; is used, and b='D is computed:

C6396 C4872 <1584 C2076 <6348 <1968
61032 C6396 C3108 C36OO C984 C3492
C4320 4’2796 C6396 CO C4272 C6780
C3828 C2304 C5904 C6396 C3780 C6288
<6444 <4920 C1632 <2124 C6396 C2016

C3936 <2412 <6012 C6504 C3888 C6396
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Algorithm 3 Enumeration of N, for odd k
Input: ¢, k (odd), m=(¢—1)/k, be F;\®

IF be D THEN // Theorem 1.7

IF p=2 THEN // Theorem 1.7(3)
(k+4)ym®>+2m?*+m if be A
Ny =4 (k+4)m3+m? +m if be A7!
(k+4)m>+m if bg AUAT!
ELSE IF —be€ ® THEN // // Theorem 1.7(2)
(k+2)ym3+2m2+2m if be A
Ny=4q(k+2)m®+m?+2m  if be A1
(k +2)m? + 2m if bg AUAT!
ELSE // // Theorem 1.7(1)

(k+2)m3+2m?>+m if be A
Ny =< (k+2)m® +m? +m if be A™!
(k+2)m® +m if bg AUAT!

ENDIF
ELSE // Theorem 1.6

Em2+2m2+m if be A
Ny =< Ekm®>+m? +m if be A7!
km? +m if bg AUAT!

ENDIF

From this, we see that b = c34 € D. As p # 2, Algorithm 3 indicates that we need
to check if —b = ¢3%3¢ is in ® or not, which is the case. This leads us to check whether
be A, be A", or neither. Thus, we compute b='A where A is the matrix with entries
@' —1and (o' — 1)1

5586 4062 774 1266 5538 1158
blz:<< g (T g ¢ c)_

(38 (1842 (5130 (4633 (366 (4746
Since no entry of b 'Aisin ®, b & AU A, Algorithm 3 terminates in the third branch
of the first branch. By Theorem 1.7(2), we obtain
Ny = (k+2)m>+2m =9-984 +2-984 = 8,574,877, 104.

6. The general case ax + by —cz™ =1

We now turn to the general equation
ax™ 4+ by™ — cz™ =1, (26)

for a,b,c € F*, where F' = GF(q) with a primitive element (, ¢ a prime power, m | (¢—1),
and ® = (p) with ¢ = (". Denote by N the number of solutions of (26) over F. We do
not impose the circularity condition, but will highlight when notable phenomena arise.
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Recall that D = U{®(p/ — 1) (o' — 1) | i,j € k} = =D, and for r € F*, E, =
{® 4+ ¢ir | i € ko}. Set UE, = UM (® + ¢'r). These constructions allow us to describe
precisely when intersections of ®-blocks contribute to the solution count.

Theorem 6.1. Let u,v € F*. Then
(1) @ N (Pu+v) # @ if and only if v € ® — @u for some j € kg, i.e. v € E_,,.

(2) Suppose ® N (Pu+v) # @ and v € D — plu for some j € kg. Then | &N (Pu+v)|=
¢ > 1 if and only if v € ® — pliu for exactly ¢ values j; € ko. In the case { > 2,
both u,v € D.

Proof. (1) We have
vEP—YucE , <= v=¢" —pu = ¢ =putvecdn(dutv)#a.
(2) The first part is a straightforward consequence of (1). Suppose that ¢ > 2. This

means that v € (® — p/1u) N (P — p2u) for some j; # jo. Hence, v = \; —@/lu = Ay — %20
for some distinct A, Ay € @, and so u = kAL At JIM €D. Also,if \,y € ®

A2—A1 /\
such that A = pu+v € ®N(Pu+v), then p'A=u+p~'v e <I>ﬂ (@v—i—u). Consequently,
|® N (Pu+ v)|= [P N (Pv + u)|. Therefore, —v € D, and so v € —D =D as well. O

Corollary 6.2. Assume (F,®) is circular and u,v € F. Ifv € UE_,, then v is contained
wn at most two blocks from E_,,, and containment in two blocks occurs precisely when u € D
and v € D.

Proof. Suppose that v is contained in more than two blocks from E_,. Then &N (Pu-+v)
contains more then two elements by the first part of Theorem 6.1(2). From the circularity
we infer that & = ®u + v. By [l, Proposition 5.4], it follows that v = 0 and ® = Pu.
Since this is not the case, v is contained in at most two blocks from E_,. The second
part follows from the second part of Theorem 6.1(2). O

Theorem 6.1 describes the precise conditions under which intersections of cosets con-
tribute to the solution set of (26). To translate these structural facts into explicit counts,
we employ an algorithm, whose pseudocode is presented in Algorithm 4.

This algorithm decomposes the enumeration into three stages. First, it checks whether
the equation reduces to a previously solved form. Second, it accounts for solutions with
zeros in one coordinate. Third, it analyzes solutions with all coordinates nonzero. The
following subsections detail these stages.

6.A. Checking for reduction possibility
First we check whether the Eq. (26) reduces to one of the previously settled forms. If
a € ® and simultaneously bc™! € ®, then a® = & and b® = c¢®, which make (26)
“equivalent” to

x4+ by™ — b2 =1,
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Algorithm 4 Enumeration of N in the general case
Input:

q (prime power), m|(¢—1), a,b,c € F =GF(q)
Set k=(¢—1)/m, p=char(F), ¢ a primitive element of F

Algorithm:
1. Comstruct ® = (p), p=("
2. Check membership and eligibility
® If k£ is large, go to Step 3
® Check membership conditions: a € ® and be ! € ®, or b€ ® and ac™!
- If membership fails, proceed to Step3
- If membership holds, check prime eligibility
* If pe€ Q and p € Ay (when k is odd), proceed to Step 3
* Otherwise, apply Algorithms 1--3 to get N
3. Compute ng = |®N{a,b,—c}|
® Contribute ng-m
4. Compute t, =[N (Pb—c)|, t, =|PN(Pa—c)|, t.=|PN(Pa+D)|
® Set t =1, +1t,+1,
® Contribute t-m?

5. Compute s =), 4|(®Pa+ A(—c)) N (1 — b))

® Contribute s-m?

Output:

Number N of solutions of az™ +by™ —cz™ =1 in F
N=s-m3+t-m?>+ng-m

in the sense that there is a one-one corresponding between the solution sets of both
equations. Similarly, if ac™' € ® and b® = @, then (26) is equivalent to

2" +ay™ —az™ = 1.

In such cases, Algorithms 1-3 apply directly provided that p = charF is not in Oy
or Q. U A, when k is odd. Recall that A, C Qr if 6 | k£ or 10 | k. This is not true
in general (cf. Table 2). When £k is large, one simply skips the prime-eligibility test and
proceeds with Algorithm 4 as computing 9 and A; may be not feasible. Thus, failure of
the membership conditions, failure of prime eligibility, or the case of large & all lead into
the general intersection analysis.

We note that prime eligibility (p € Q or p & Q) U A; when k odd) is only relevant
when (26) reduces to one of the canonical forms. If reduction succeeds, as in Example 6.3,
prime eligibility determines whether Algorithms 1-3 can be applied. If reduction fails,
then prime eligibility has no effect, and Algorithm 4 must be used. In such cases, the
general intersection analysis may even yield zero solutions, as illustrated in Example 6.4.
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6.B. Solutions with zeros involved

The equation ax™ =1 (by™ = 1 and —cz™ = 1, respectively) has solutions if and only if
a€ ®(be ®and —c € D, respectively), and, in this case the number of solutions z € F*
(y € F* and z € F*, respectively), will be m (see also Lemma 3.7).

Next, the equation az™ + by™ = 1 has nontrivial solutions x,y € F* if and only
if ® N (Pa+b) # @. By Theorem 6.1, this occurs exactly when b € E_,, and that
|® N (Pa + b)|> 2 if and only if a,b € D. Each of the intersection points contributes m?
solutions from F* x F* x {0} to the equation.

The equations ax™ — cz™ = 1 and by™ — cz™ = 1 can be treated in a similar way.

6.C. Solutions with no zeros involved

Suppose that (z,y,z) € (F*)3 is a solution to the equation. Put e = 1 — by™ € 1 — ®b.
Then az™ = cz™ +e € PanN (Pc+e). If e =0, then b € &. In this case, Pa = Pc, and
(26) is equivalent to axz™ + y™ — az™ = 1. Thus, failure of the membership conditions
necessarily implies either e # 0 or p = charF lies in Qy or A; when k is odd. In this
situation we proceed with the general intersection analysis.

From ®a N (®c+e) =a- (PN (Pa"'c+alte)), we see that a~'e € UE_,-1, when the
intersection is nonempty, and a~'c,a"'e € D exactly when the intersection has at least
two elements.

Conversely, if e € F* is such that e = 1 — \b for some A € ®, and that |Pan(Pc+e)|=
¢ > 0, then the equation az™ + by™ — c2™ = 1 readily has m? solutions from (F*)3.

Thus, the factor for m? is given by

D 1@an (@c+ (1= Ab)[ = |(Pa+ Ac) N (1 — b))

Aed AED
= |(Urea(®a + Ae)) N (1 — Bb)].

Some examples will illustrate what we put down above.

Our first example illustrates the general situation in which Algorithm 4 applies outside
the circular setting. Here reduction succeeds and prime eligibility fails, so Algorithms 1-3
do not apply. This shows that Algorithm 4 functions in the noncircular case as well,
providing the correct intersection counts and solution enumeration.

Example 6.3. Consider F' = GF(41?) with k = 8, so m = 210. Since 41 € Qg, for
arbitrary a,b,c € F*, Algorithms -3 are not applicable. Let ( be a primitive element,
and ® = (¢*1%). Let a = ¢(**® and b = ¢ = (1%,

(1) Witha € ® and b=c & ®, ng = m.

(2) We have
N (Pa+b) =2,
N (Pa—0b) =0,
B0 (B 1) = (¢, ¢, ¢}

and so t = 3. Note that the third intersection shows that (F, ®) is not circular.
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(3) Next, since a € @, we have
U,\gq,(é[)a + )\(—C)) = U)\@p()\a + (I)(—C)) = U)\Qp()\ - @b),

and so
1—®b Q U)\€q><q)a + A(—C))

This gives
|(1 —®b) N (Ures (Pa+ A(—c)))|= |1 — b= k.
Hence the number of solutions of the equation ax™ + by™ — bz"™ =1 is
N = km?® + 3m? + m = 8m® + 3m? + m = 74, 220, 510.
The next example highlights the complementary case. Whereas Example 6.3 shows
reduction succeeds but prime eligibility fails, Example 6.4 demonstrates that when reduc-

tion itself fails, prime eligibility becomes irrelevant. Here we again take ' = Zj93 with
k = 8, which gives a circular Ferrero pair, and Algorithm 4 may yield no solutions.

Example 6.4. Consider F' = Zy93 with £k = 8 so m = 24. Take ¢ = 5. We have
F*={((), and ® = (9) = {9,81,150,192,184,112,43,1}. Note that (F, ®) is circular. Let
a=(=5b=( =37 and c = (® = 185.
(
(

1) As a,b,c & O, we see that az™ = 1, by™ = 1, and ¢z™ = 1 has no solutions in F.

2) We have

da + b= {42,59, 18,185, 32, 15, 56, 82},
®a — ¢ = {13,30,182, 156, 3, 179, 27, 53},
®b — ¢ = {45,55,99, 61,164, 154, 110, 148},

and all three have empty intersection with ®. Thus, there is no solution for the
equation ax™ 4 by™ — cz™ = 1 with 0 € {z,y, z}.

(3) Also one checks that 1 — ®b and Uyeqo(Pa+ A(—c)) are disjoint, and so there are no
)\1, )\2, )\3 € ® such that a\; + by — C)\3 =1.
Thus, 5™ + 37y™ — 1852™ = 1 has no solutions over Zig3.

We continue with the same parameters F' = Zj93 and £ = 8 as in Example 6.4, and
provide with this circular Ferrero pair a setting in which Algorithm 4 distributes contri-
butions among the m?, m?, and m terms.

Example 6.5. In this example, we consider F' = Z93 with k =8 and ( = 5.

Suppose that we take a = 1, b = ¢, and ¢ = (* = 46. Then one checks that 1 — ®b and
Uxea(Pa + A\(—c)) are disjoint, and so there are no Ay, Ay, A3 € ® such that
aX; by —cA3 = 1. The total number of solutions (with zero is involved) for the equation
ax™ + by™ — cz™ = 1is m? +m = 600.
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If we take a = =5, b=(? and ¢ = (*. As a,b,c € ®, we see that ax™ = 1, by™ = 1,
and cz™ = 1 has no solutions in F. One checks that ®a + b, b — ¢, and ®a — ¢ all
have empty intersection with ®. Therefore, there are no solutions with zero is involved.
Indeed, the number of solutions of az™ + by™ — cz™ = 1 is 3m?.

Next are two more examples, taken from circular Ferrero pairs in a different finite field,
which further illustrate the possible distributions of contributions among the m?3, m?, and
m terms.

Example 6.6. Let us consider the Galois field F' = GF(19%) with primitive element (.
For k = 10, the equation ™ + (*°y™ — (2™ = 1, where m = (19> — 1)/10 = 36 and (*°
is in the prime subfield of F', has 2m? + m? + m solutions. The m? part came from the
solutions without zeros; the m? part came from the solutions with z = 0 but x # 0 and
y # 0; the m part came from the solutions with y = z = 0.

On the other hand, the equation 2™ + (%™ — (2™ = 1 has 4m3 + m solutions. The
m?3 part came from the solutions from (F*)3. Note that there are four \’s in ® satisfying
|®a N (Pc+ (1 —bA))|= 1, each contributes m? solutions to the equation. Finally, the m
part came from the solutions with y = 2z = 0.

Examples 6.4, 6.5, and 6.6 together demonstrate that in circular pairs, all possible
combinations of contributions can occur: absence of the m? term, absence of the m?
term, absence of the m term, as well as cases where all three appear simultaneously. This
confirms that the three-stage decomposition of Algorithm 4 is exhaustive, and that each
type of contribution is realized in practice.
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